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328 V Methods of generalized comparisop

salisfies in wy. ; the linear parabolic equation
(ze)y = Alaz.) + bz,

where we have denoted by «. I the smooth functions

i
u::/ O (1 + 7.0 + (1 = nudt. ) d.
Jo

i
b= / O (nua(t 7.0 + (1 = udt, rdy.
Jo

Furthermore, 7, = 0 on |0. T — 7] x d€),

Let us consider the function 2, (0), x) = {1 (7. X) — uep(x)]/7 in (1. Since by the
Maximum Principle «, > ¢ Y€) in wy (recall that Q(u) > O for all « > (). then
for atl x € O\, we have 2.0, x) = |u (1, x) — ¢ (e))/7 = 0. Furthermore, let
us consider the function v(7. x), a classical solution of equation (9) in (0. T) x €
with the conditions v(0. x) = uep(x) in o, v = ¢ "(e) on (0.T) x 3. It is
critical, since by (12)

Ad(ute) + Olutey) = Aplugy) + Q(;;S Yep(ug) + €)) = Adug) + Qlug) > 0 in .

and therefore v(z, x) = v(0, x) in (0. T) x 4. From the comparison theorem we
then obtain 1w, = v = u, in (0, T) x £y, Therefore z.(0. x) = O in () for any
T7e(0.7).

Thus, z. > (0 on the parabolic boundary of the domain wy_,, and by the
Maximum Principle z, > 0 in wr.,. Hence, by passing to the limit € — 0% and

7 - 0%, we obtain that «(/, x) does not decrease in 7 in wy and therefore i, > ()
in Pr|ul. Necessity of condition (12) is obvious, O

2 An operator comparison of solutions theorem

We shall tirst demonstrate the possibilities of the operator method of comparison
using relatively simiple equations. The comparison theorem we obtain in the process
will be used in § 4 in the study of the localization in boundary blow-up regimes,

Let us consider in wy boundary value problems for two different (degenerate)
purabolic equations (v = 1,2):

" = D = G ) ()
WO ) = () = 00x > O (1

W) = > 0,0 <1 < T (15)
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Let the functions in the statement of the problems (13)—(15) satisfy all the require-
ments of subsection | concerning the functions k, iy, w; in the statement of problem
(1)—(3), and assume that there are in wy non-negative generalized solutions of the
problem we are considering.

Let us introduce a function E(j7). which is twice continuously differentiable
for all p > 0, such that, morecover, E(0) = 0, E(o0) = oo and E'(p) > 0 for all
p > 0. The last condition means that £ is a bijection R, = R,. Therefore the
inverse mapping £ '(p) is defined on R, ; it satisfies all the requirements made
on the function E(p),

Let « > E 'u'") on y;. The problem of the operator (functional)
comparison of solutions «® and «'" is to determine conditions under which
W > E-Yu'Y) everywhere in @y, In the following theorem we use to that
end pointwise estimates of the highest order derivative of the majorizing solution,
which follow from its criticality.

Theorem 3. Let o' > E- 'Yy on vy, that is,

(h )

u{,z’(.\‘) > [ l(uu (x)). ve Ry,

) 1 (16)
W2 = . 0 < < T

Moreaver, let the solution of problem (13)-(15) be critical for v = 2 and assume
that for all p > O the conditions

K (py — kVE(p)) = 0. amn
II‘Q,(I))/I‘“)(L‘(I’))L,(I))I/ = (). (18)

hold. Then «? > £ YY) evervhere in wyp,
Proof. et us set £ (") = V. The function V' satisties in @y the equation
Yy _ pithy,yth th thy —
v Ly gy vy =

KDEVIDEW) a9
TS Vi,

i

k(i)([:~(v(i)))\/(\|\) +

and, by (16). 1’ = V'V on y4. The solution u'(1. x) of the equation

& 0,02 2 2 2,00, (D n, 2 032
wy” = LW P ey = kP el R et ad ) (20)

)

is critical, that is, 1t~ > O in P¢]u'®], which ensures that in Py|u®| we have the

pointwise bound

My 2
@y KD oy (21)

T e e
RN TEITPAEI
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It is not hard to see that the inequalities (17), (18) are the conditions for direct
comparison of solutions ol parabolic equations (19), (20), if we have the estimate
(21) (see Theorem 2 of § 1),

Let us use the fact that generalized solutions of the problems (13)—(15) can be
obtained as limits as & — o0 of sequences of classical strictly positive and bounded
solutions {1} of the corresponding equations, It is not hard to see that monotone
decreasing with & sequences of infinitely diﬂ‘crgnl'mblc functions {u‘f’(()‘ x)} and
{ukz)(l‘())], canverging to the functions “u (%) and u (1) can be chosen to be
critical.

Existence of the sequence {uf'(l‘ 0)} with the required properties is obvious,
As far us the initial function is concerned, this problem reduces to approximation
of a piecewise smooth convex function U'P(v) = ¢ PP (x) WP > 0 at
all points where U(‘)” = () by a sequence of smooth convex positive functions
{(1)‘2'(1113)((). X))} uniformly bounded away from zero. Clearly, this can always be
done,

In the construction of the approximating smooth solutions {uk’"] it is not hard
to have u(f} > V(kH = [ 1(“1”) on yr for any k = 1,2..... The functions uiz'
are critical and satisty the inequality (21). Therefore by Theorem 2 u( = V”' i
wy for each k& = 1.2,.... Hence by passing to the limit & — oo we lmvu that
12 > Vi wy, O

Corollary. Let the function I be suel that
KB = kP (). p o> 0. (22)
and «'V = E V" on yp. Let us have, furthermore. that
'ty <00 p=0. (23
Then u'? = E 10"y evervichere in wy.
The inequality (23) is equivalent to the following ane:

/\(2)’(/\(2) ‘(I’)) ! .
............ =3 , - bkl
KO RO T () 20 7 (p) # 0. p > 0), (23"

Let us note that in the conditions of the corollary there is no assumption of
criticality of «@. Validity of the inequality 12 > E~ 0"y = VO in wy follows
from a direct comparison of equations (19) and (20). The first of these can be
written in the form

A Dy eyt
KW EWD) e

(2t
VI ._(l\ (V )V\ )\+ E/(V(H) !
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from which, if' (23) holds, it follows that V' is a subsolution of the problem
(13)=(15) for v = 2, and since '’ > V" on yr, ' > VY everywhere in wr.
In the proul“ of Theorem 3 we used our ability to approximate a critical initial
function ut,’ x) by a sequence of positive smooth critical functions. Under the
assumption that this can be done (see Theorem 2), the comparison theorem is valid

in the case ol boundary value problems for parabolic equations with a source:
“;1) V. (l\u‘)(“(lb v“(l " (—(u (u) L= 12 (24)
where Q' € C'(|0. 2)) are given tunctions.

Theorem 4. Let o' = E '™y on yr. and let the solution '™ be critical, that

is, ut "> 0 Prlat?|. Assune, moreover, that we have the inequalities
K2 (py — KYNE(p)) = 0. (25)
K2 /K EENE (P = 0. (26)
QM (KM EPY) = QMEPHEP (pIE (1) = 0. 7

Then !> > E 0"y everywhere in wp.
Proof. To prove the theorem, it is convenient to write the equation satistied by the
function VO = E V(') in the form

kM (EE” g
V}”:V-lk“’(h‘)VV”)I—F (r IVV“)I QFf ) (28)
Then the inequalities (25)-(27) are the conditions for a direct comparison of so-
lutions of equations (24) for v = 2 and (28) (see Theorem 2 in § 1). ]

Using the Maximum Principle it is not hard to check the validity of the following
simplest possible version of the operator comparison theorem;
Corollary. Let the function IX be such that the inequality (22) holds, and let
1 = E- Yy on vy, Assume, moreover, that for all p > 0
E"(p) = 0,0%(p) z Q) /E (p).

2 . .
Then ' > [ Y™y in wy.

Yr-criticality conditions

In this section we present one possible generalization of the concept of criticality
of a solution, and derive a new class of pointwise estimates of the highest order
derivative of a solution of a quasilinear parabolic equation in terms of lower order
ones, These results can be used to prove more general comparison theorems for
solutions of different equations; they can also be applied in other areas,



332 V Methods ol generalized comparison

1 Definition of a ys-critical problem

Let () be a bounded domain in RY with a smooth boundary 8}, In this section
we consider a boundary value problem for a quasilinear parabolic equation:

o= A = V. k@)Vu) + Qo 1 = 0, x € £ (h
(0, x) = uplx) > 0.x € {; (2)
wt. ) =0.0<1t<T.xed. 3)

For simplicity we shall assume that the positive in wyr solution of the problem
(1)~(3) is classical.

Suppose we are given a function (p). which is twice continuously differen-
tiable for p > 0, ¥(0) = 0, o € C(10. 00))

Definition. The problem (1)~(3) and its solution will be called -critical (with
respect to a given function ), if everywhere in wr we have the inequality

w1, x) ~ (s, x)) = 0. 4

In accordance with the definition of § 1, we shall call a zero-critical problem
(that is, w-critical with respect to o = 0) simply critical. From inequality (4)
follow more general estimates of the highest order spatial derivative of the solution
in terms of the lower order ones, than those obtained in § 1:

k' (10) z//(u) — Q1)
Ay z - ——|Vu e N Wy (5
k| k(1) !
LUsing estimates of the form (5) with a sufticiently general function ¢ widens the
scope of the direct and operator methods of solution comparison.

2 Sufficient conditions for yr-criticality of a problem

Let iy € C*AHYNC . ue C Howr) 0 C,\ (@y). Let us note that the smoothness
requirements on the solution in wy (and. in part. on the initial function 1) can in
principle he weakened, Under these assumptions we have

Theorem 1. For-criticality of the problem (1)-(3) it is sufficient that the function
uy satisfies the condition

AGp(x) — frlig(x)) = 0. v e (), (6)
and that for all p > 0 we have the iequalities

[Ch)' k1 () = 0, o
|k’z/l3 _ Qz(l\'lll/Q)/KI)) > (). (8)
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The inequality (8) can be written in the more compact form

4 1 /Q !
l//'(I){ <%—l>} () =0.p>0. (8)

Let us note that (8') makes sense also for values p > () where (p) = 0 (similarly,
(8) is defined at points where Q = 0).

Proof. Let us set 2 = «, — Q). From (6) and the condition ¢(0) = 0. it follows
that 7 > 0 on yy. Using the equalities

l 2
wy, = 4 ), An = m{: + () - Qta) — k' oV}, (9)

it is not hard to obtain the parabolic equation satistied by =

5 =k(Az = 2k («)Vu - V2 ~

k'(w) k(10 , k')
—_ {l\(u) I\—(W(ZI/I(H QuOY + Q () + k(i) {7(—(—7] [V~ } (10)
, ) 4 ko) } 1 {(k(u)z//(u))’ ' 2
Koo - 0 Ky | ==L gy
{ (o () ~ O (w) [ o } Ko + k() o0 [V

To derive this equation, it suftices to notice that 7, = «, — ' (1)u, and then to
determine from equation (1) the derivative u,,. simplifying by using the equalities
(9.

Conditions (7). (8) guarantee that the right-hand side of equation (10) is non-
negative, which by the Maximum Principle ensures non-negativity of the function
sz~ () inwp if 22 0 an yp 0

Remark 1. In the case v = M = const < 0. criticality conditions for an operator
A have the following torm: (k'/k) = O, |(Q/M — 1)/k|' = 0. They hold, for
example, for k() = (1 + w)”, o > (), and @ = 0. Thercfore the solution of
the equation u, = V- ((1 + 10)” Vi), which satisties conditions (2), (3). has the
following interesting property

(1, x) > 'm‘l; 1,0, x) = 'm$l;{V S 1) Vug) Y.
AL A

that is. for 7 > 0 the solution cannot decrease in ¢ faster than it did at the initial
time,

Remark 2. Let ¢y(p) = 0 for p > O. Then from (4) it follows that everywhere
in wr the solution of a y-critical problem is related to the initial function in the
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following way:

nit ) I
/ _(_7“;:1, O0<t1<T. (Ih
. W1 (m)

Hpy ()
This incquality provides us with a pointwise lower bound from for the solution
(for an application of this kind of bound, sce § 6).

Remark 3. As we already mentioned ubove. the smoothness requirement u €
~2 3 P appeee I . . . - i
ChHwr) N CA(@y) can be weakened, if we prove the claim first for the function

1
() = el 4 T1x) = (e )| = et x)) T € (0.T),
T
and then pass in the inequality £ > 0 in wy - to the limit as 7 — 0F,

Remark 4. Theorem 1 holds also in the case of gencralized solutions of the
problem (1)~(3). If] for example, we use the regularization of the proof of Theorem
2. § 2, then under the assumption ¢liug) € (), Adlug) + Qug) > Pi(uy) in £,
for initial functions weo = ¢ (Plig) + €) > b~ L(e) in ) we obtain

Adluey) + Qliten) — W(iten) = Adplrg) + Qlutey) — i) =
> Quten) ~ Qlug) — | (uen) — g} = o)

as € — 0! in Q. Here (1), — (i) = =i '(€)) = o(l) as € — 0! on
(0, T) x 8Q). Theretore if inequalities (7). (8) hold, by the Maximum Principle we
have that

(1) — yprlue) > 'l;ﬂ'{(“e)r = yr(ue)) = o(l)

as € — 0 in wy. Now, passing to the limit € — (' we derive the inequality
w, — (1) = O in Pelul.

It is possible to give u different proof. Let us consider, for example, the case
of radially symmetric solutions, n == w(z, ¢), r = |x|. Let Prlul = (0.T) x
{0 < x| < (). As in the proof of Theorem 1, § 2, we use continuity of the
derivative: (p(n)),” — 0 as ¢ — ¢ (7). Then we can find in Pylu] a subset
(0.7)x {0 < r < e}, such that, tirst, e,(1) € (L) —€e. L)) for ull 1 € (0, T),
and, second, 1, — fr(1) = =5 at the point (1, r, (1)), where € > (), 6 > 0 can be
arbitrarily smull. In the derivation of the last inequality, the value r = r.(1) is
chosen from the condition 1, (7, r, (1)) > 0, while the estimate 1, — (i) > —8 for
r = r,(1) follows from the conditions r, (1) € ({(1) — €. { (1)), #(0) = (. Therefore
the argument of the proof of Theorem | shows that by the Maximum Principle
2=~ () = —§ in ull interior points of the set (0, 7)) x {0 < r < r. ().
Hence, letting € and 8§ go o zero, we obtain that 2 > 0 in Py ul.

Remark 5. It is not hard to extend the proof of Theorem 1 to the Cauchy problem.
In this case 1g(x) must be such that z = 1, — () — O as |x] — oc lor all
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1 € (0, 7). Under the restrictions of Remark 4, the same statement also holds it 1
is a generalized solution of the Cauchy problem with compact support.

§ 4 Heat localization in problems for arbitrary parabolic
nonlinear heat equations

The main result of this section is the proof of existence of the heat localization phe-
nomenon in media with arbitrary dependence ol the thermal conductivity coefficient
on temperature. In § 5 we obtain a slightly less general result on non-existence of
lacalization.

Proofs of these assertions are based on the operator comparison theorem formu-
lated in § 2. A different approach to the study of the heut localization phenomenon
in general media is suggested in Ch. VI

1 Formulation of the problem

We are going to consider in wr = (0, T) x R,. T <« o0, the first boundary value
problem tor a degenerate parabolic equation:

ll,:(l\’(ll)Ll\)\ E((/)(H))\\: ([)
(0. x) = up(n) = 0.x e Ry g e CRY). sup g < o (2)
(it Q) =y (1) >0, O <t <7 1y € CHO. TH. (3)

where the boundary function (1) blows up in finite time:
(1) - oot — T, 4)

The function k(i) (thermal conductivity coefticient) is sufticiently smooth: &k €
CHR ) N CHO. 20)) and is positive for 1 > 0. k() = 0. Moreover, we shall
assume that the inequality

ok
/ K0 du < oc (5)
0

Hi

holds; this is a necessary and sulficient condition for finite speed of propagation of
disturbances in processes described by equation (1) (see § 3, Ch. ). We shall also
assume that &'(u) > O for all sufticiently small « > (). The initial function rg(.x)
will be taken to have compact support, which by (5) ensures that the solution of
the problem (1)~(3) has compact support in x far cach O <+ < T, Furthermore,
let sup {{d(up) | < oc.
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Under these assumptions there exists in @, = (0. 7) x R, . 7 < T, u unique non-
negative generalized solution of the problem (1)-(3). We remind the reader (see
§ 1, Ch. III) that by definition problem (1)--(3) with the given boundary regime
with blow-up will exhibit hear localizarion if there exists a constant I < oc, such
that

meas supp n(/. x) <0<t <T. (6)

The smallest possible value of [I* in (6) is called the localizavion depih.

If on the other hand meas supp u(s, x) — oo as 1 — T~ then there is no
heat localizedian ia the problem (in this case the thermal wave heats to infinite
temperature the whole half-spuce x > ().

In this subsection we solve the following problem: given a (sufficiently ar-
bitrary) thermal conductivity coefficient k() in equation (1) find the classes of
boundary regimes with blow-up {u, (1)) which lead 1o heat localization.

To that end we use the method of generalized comparison of solutions of two
different parabolic equations (see § 2).

2 Sufficient conditions for heat localization

The main result of this subsection is

Theorem 1. Let the thermal conductivity coefficient k(1)) satisfy for sone « =
const = O the condition
[1(0) < 2., (7)

Then there exist bowndwry blow-up regimes, which lead to heat loealization in the
problem (1)~(3).

Therefore the existence of the heat localization effect is independent of the
behaviour of k(«) #s « — oo, Naturally, the form of the boundary regime with
blow-up, which leads to localization is primarily deterinined by the behaviour of the
thermal conductivity at high temperatures. Sharp estimates for classes of loculized
boundary regimes will be obtained below,

2.1, Let us consider first the case of unbounded coefficienrs k. when

k(u) — ow. u — o, (%)

In this case the localization effect will be anulyzed using the operator compari-
son method for solutions of equation (1) and un equatian with pawer nonlinearity,

= (1), (N

where > ( is ¢ constant,
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The operator method will be used to compare the solution of the problem (1)~
(3) and the separable solution of equation (9) (S-regime):

ey (1 x) = (T = 1) V7 (1 = x/xo) xo = [2(0 + 2/ ]2, (10)

This solution was studied in detail in Ch. III. §§ 2. 3, It graphically illustrates the
heat localization property., Here /* = x4, Note that the function i, is critical,
since (3/dr)n (1, ¥) > 0 almost everywhere in wy,

Given a thermal conductivity coefticient & in (1), let us find out which functions
(operators) £ ensure that if the inequality u,, (7. x) = E '(u(z, x)) holds on yr,
then it holds in wy. It tollows from Theorem 3. § 2, that for that it suffices to
find at least for one & = 0 a solution E(p) of the system of ordinary differential
inequalities

P k(E() =0, p >0, (11
{_“_134___] >0.p >0 (12)
KE()E' ()

We remind the reader that the mapping £ : R, — R, must be bijeetive and
monotone, that is £'(p) > 0 for p > 0, F(0) = 0, F(co) = oo.

Inequalities (11), (12) follow directly from the comparison conditions (17),
(18) of Theorem 3, § 2, if we sct there k™" () = k(w), k' (w) = .

The following assertion gives necessary conditions for solvability of the system
of inequalities (11). (12),

Lemma 1. Let the thermal conductivity coefficient satisfy () for some a > 0.
Then for any O < o < ooy = /o there exists a solution I of the system of
inequadities (11). (12),

!

Proaf. For convenienee let us set £ 7 = A, Then the inequalities (11), (12) take

the form
k(p) < HY. p> 0., (11"
k() } ,
e <0, p>0. (12"
[H"(p)H’(p) P
Let us set
k(p) 1

[ . p >0,
HTH'(p)y  w(p)
Then, clearly, inequality (12) will be satistied if
w(p) > 0.0’ () =0, p> 0. (13)

The function H () has the following form:

7 Lt i 1)
H(p) = [(l “+ (r) / k(n)w(n) (I7)} AR (14)
Ja
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By condition (7) and the assumption o < o, we have

Therefore we can always find a smooth function w(p), satisfying the inequalities
(13). such that

w(p) > [/(”"([7)] . p >0, (15)

since the expression in the right-hand side is bounded for all p > 0.

Let us substitute into (14) an arbitrary function w. which satisfies conditions
(13), (15), and let us show that the operator (14) constructed in this way is a
solution of the system of inequalities (117), (12'). Indeed. in the new notation
(11"y tukes the form

r ,

k(n) {[k'/”(n)] - w(n)} dn <0
Jo
and by (15) is satistied for all p > 0.

Next, from (14) it immediately follows that H(0) = 0, H'(p) > 0 for p > 0
(the latter inequality is ensured by the first condition in (13)). Moreover, using
(15), we have from (14) that

I , LAt tery
H(p) = [(l + o) / k(m) [l\'l/”(n)} (I'q} = k""" (p).
Jo

Hence by (8) H(oo) = o0,

Thus the function H : R, — R, defined by (14) satisfies the system (11"),
(12'y. Therefore = H ' R, — R is u solution of the original system (I1),
(12). m]

Remark 1. [t is not hard to see that the claim of the lemma is still valid without the
restriction (8) on the coellicient &, since no conditions on the rate of increase of the
function w(p) (apart from (13), (15)) arise in the course of the proof. Therefore
we cun always choose the function w so that the integral in the right-hand side of
(14) grows without bound as 7 — oo, which ensures that H(oo) = oo, or. which
is the same, that £(00) = oo.

Remark 2. Let us show that from (7) 1t follows that condition (5) holds. Indeed,
by (7) there exists a constant M > 0, such that k(u) < Ma'/* forall 0 < 1 < 1,
and therefore

'k
/ lﬂ diu < Mo < o,
0 t
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Let us note that there exist coefficients & for which condition (7) does not hold
for any « > 0 and system (11), (12) has no solutions. This is true, for example,
for a coefticient k& which has for u e (0,€].e < 1, the form k() = (= Inw)*,
where 0 < —1 is a constant, At the same time condition (5) for finite speed of
propagation of perturbations is salistied.

Let us observe also that solvability of the system of inequalities (11), (12),
which detines conditions for heat localization in this problem, depends only on the
behaviour of the thermal conductivity coefficient k(u) for small u — 0.

From the method of proof of Lemma 1 we immediately have

Corollary. Let condition (8) hold, and asswne that there exists a constant o > 0,
sueh that
[k ()" = 0, p > 0. (16)

Then £ = k "(pb'™y, where k U is the function inverse to k (k™' exists due 10
monotonicity of k; this follows from (16)), is « solution of the svstem of inequalities
(1D, (12) for o = 1/«

Now using Lemma | and the operator comparison theorem from § 2, we can
formulate sutficient conditions for heat localization in the problem (1)—(3).

Theorem 2. Let the thermal conductivity coefficient k() satisfy (7) for some « >
0; let E be some solution of the system of inequadities (11). (12), corresponding
10 u fixed o € (0, 1/a|. Moreover, let the bowndary conditions of problem (1)—(3)
satisfy the inequalities

SN\ e
uy(x) < E {T'”" <l - ;.L) ] ca > (17
Xy 4
uﬁt)gE[(T»»t)“””}. 0<1<T. (18)
Then evervwhere in wy u(t, X) = Elwg, (1o )| where w8 defined o (10).

Therefore there s heat localization with depth ' = xy in problem (1)—(3).

Remark. In § 4, Ch. 1l it was shown that solution of the problem for equation
(9) with the boundary regime «(r.0) = (T ~ N~V 1 e (0.7) and ap initial
function (0. x) € C(R,) is bounded uniformly in 1 € (0.7) for all x > xy =
[2(or + 2)/er]"*. Using this result, it is not hard to show that the restriction (17)
on uy(.x) in the theorem is not cssential: if 4l the other conditions hold, in order
to have localization, it is sufficient for 1y to be a function with compact support.
A method to prove this type of assertion will be presented below.

The result of Theorem 2 proves Theorem | in the case ol unbounded thermal
conductivity coefficients k, which satisly (8),
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Let us consider now some gpecific examples of the use of Theorem 2 (all
the coefficients of the examples below satisly the condition of finite speed of
propagation of perturbations).

Example 1. Let k(«) = «" /|1 + p(0) | > 0, where p(e) is an arbitrary smooth
function, satistying u(«) > 0, ¢’ > 0, 1 > 0.

tn this case a solution of the syslc,m of inequalities (11), (12) is the identty
transformation £(p) = p. This is cquivulcnl to an application of lhe direct compar-

ison theorem to solutions of equations (1), (9) (sec Theorem 2 in § | and Example
I considered there). Thcrdorc by Thu)rcm 2, there is heat loculization with depth
I* < xo = |2 +2)/0]M in problem (1)-(3) with boundary conditions that

satisfy the inequalities

(X)) < w00, xe R uq() < (T —1)° b 0«t T,

Example 2. Lel k() = [¢" — I]*. where A > 0 is a fixed constunt. in this
case inequality (16) holds for er == 1/A, and therefore a solution of the system of
inequalitics (11), (12) with o = A is the trunsformation

Egpy =k "p"=In(l+p. p>0.

Then from Theorem 2 we conclude that boundary conditions that satisfy the in-
equalitics

wplx) < Injl 4 w00 v e Ry,
w () =l 4+ (F =0 Y. 0<-1<T.

engure occurrence of heat loculization in the problem (1)-(3) with the depth /' <
[2(A 4+ 2)/A]"7? (let us observe that here w(r, v) < Inj14 1y, (2. x)] everywhere in
wy).

Example 3. Let us congider the cocfficient k(1) = wexplu?’}, which satisties
condition (16) for «« = 1. Therefore the transformation E(p) = k '(p) is the
required one, and if inequalitics (17), (18) hold, there is heat localization in the
problem (1)-(3) with the depth I* < \/6 Let us estimate the asymptotic behaviour

as 1 — T of the boundary regime leading to localization. Since

I'Inlnu
k) 2 Int Py — e 1 0,

for localization it is enough that

|“3 I In|In(F - nj

N = | In(F —1 e
() < [In( ) AT~

-
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Example 4, Let k(«) == exp{e”— 1}~ 1. Here the required operator £ corresponding

oo=11Is
E(p) =k Y(py=In|l + In(l + ],

and therefore if 1p(x) < Elu,(0. x)] in R, and

W < {1+ (7 -1 Hhoo<reT

then heat localization with the depth I* < /6 oceurs in the problem (1)—(3).
Using the methods of the theory of a.ss. (see Ch, VI). it can be shown that
the estimates of localized blow-up regimes obtained in Examples 2-4. are optimal
and cannot be improved.
Let us consider now an example for which this is not the case.

Example 5. Let k(u) = In*(1410). A > 0 is a hixed constant. In this case condition
(7) is satisfied. for example, for @ = 1/A, and therefore we conelude from Lemma
I that for any o € (0. A there exists a solution of the system of inequalities (11).
(12). Following the proof of Lemma 1. let us construct the desired £

Let us Jix arbitrary o € (0. Al Inequality (15) is equivalent to the inequality

Ajo ]
(u( I;) > i\. EMN_(_LTMI__)) ,
T 1+ p

> (). (19

The function in the right-hand side is hounded from above by the quantity

A (A Mo A
(',\,,:-—<-~l> cxp{l~~—}‘tr(/\.€.\,\:l-
o

Hence, taking into account conditions (13), we conclude that to achieve the maxi-
mal growth rate of £(p) as p — o0 (and therefore the maximal admissible growth
rate of boundary blow-up regimes «; (1) < E|(T —1) Ml as 1 — T ), it is nec-
essary 1o set w(p) = Cy, in (14), Recall that H = £ !, and therefore the slower
H(p) grows as p — oc, the faster will £(p) grow,
Thus, from (14) for o € (0, A] we obtain
It Lo b
Hip=E '(p) = [(l + 0)C z0 / In*(1 +n) dn
Jo

Hence

] 1L ren

I3 l(p) o u,\,,(pln’\ p)m” ).u,\,, =[] + ) Carl

Egn =a M40y *pM o A p

for sulticiently large p.
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From Theorem 2 we conclude that in this problem localization i1s produced by
any boundary blow-up regimes that satisfy as 1 — ¥ the condition

(Lier)
r

() < ENF =0 Y = Moo+ DIV = 07O e~ 0t (20)

Recall that Itere the value of the parameter « € (0, A] is arbitrary. In particular,
decreasing  we have that any power law boundary blow-up regimes

() =T -=0", 0<1 < T, n=rconst <), (21

will be localized.

However, the right-hand side of (20) does not allow rigorous passage to the
limit as o — 01 (because, among others, the estimate I” < xy = |2(0 + 2)/(r|”3
does not make any sense then) and therefore we cannot obtain in this way the
precise houndary of localized regimes.

Such a boundary will be determined in § 2, Ch. VI by constructing approxi-
mate sell-similar solutions of this equation. To this boundary there corresponds a
function of exponential form,

w1ty = exp{(F —n) "YY< < T,

which agrees on the whaole with the fact that the exponent n < 0 in the family
(21 of localized regimes is arbitrary,

2.2, Let us now consider the case of bounded coefficients k. Without loss of
generality we shall assume that

ktpy <1, p>0. 22

In § 4, Ch. 11 we studied the action of boundary blow-up regimes on a medium

with constant thermo-physical properties, diffusion of heat in which is described
by the linear equation

=0, 0<t-<T, xeRy; (23

v(0, x) = 0 (which is not essential by the superposition principle).
It was shown, in particular, that the boundary blow-up regime

v(1.0) =exp{(F =0 ') 0 <1< T (24)

leads to effective heat localization with depth L' = 2. This means that v(s. x) —
oo as 1 — 1 for all 0 < x < 2, while for v > 2 the solution is bounded from
above uniformly in 1 € (0, )

vl x) < (T ) =

a7 12 ~ : (
=7 [l~<%>} / e " Vdy < .

(VG (4T

1o
N
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This result will be used in the operator comparison of solutions of equations
(1) and (23); comparison conditions are inequality (22) and the inequatity

JKE(PHE (M) =0, p=0 (26)

(this is equivalent to (12) if o = 0),
Setting H = £ '. we rewrite (26) as

IH' (p)/k(p)] = 0. p=0.

Hence "
E I(I;) = H(p) = / k(myom)dn, p > 0. (27)
Jo

where w(p) is an arbitrary bounded function. which satisties (13) and the condition
Y
/ k(mwinydn = o<, (28)
J0

The restriction (28) ensures that /£(o0) = ~o.
From (27) it follows that in the case

X
/ k(m)dn = oo, (28")
S

in order to have the maximal growth rate of £(p) (or minimal for E='(p)) as
p — 00, we have to require that the non-decreasing function w be bounded in R,
for example, by setting o = 1.

Thus, if conditions (13), (28) hold, operator £ in (27) guarantees comparison
of solutions of equations (1) and (23). Without loss of generality we can consider
only the case 1y = 0 in R,. Then, since the boundary condition (24} is critieal,
we conclude from the operator comparison thecorem (see § 2) that the boundary
blow-up regime

m (1) < Elexp{(F =0 ')}, 0 <1< T, (29)

leads to effective heat localization in the problem (1) -(3) with depth L* < 2, such
that, furthermore

Wit.x)y <Elw(T 0], 0<t1<T, x»2. (30)

In the next theorem we “pass™ from effective heat localization to localization
in the strict sense.

Theorem 3. Assume that in the problem (1)=(3) wg(x) = 0, and that the boundary
blow-up regime satisfies condition (29), where £ Ry — Ry iy a solution of the
system of inequalities (22), (26). Then there is heat localization in the problem,
and there exists a constant I* > 0, such that

i, ) =00, 7)) x {x=[I"} 31)
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Proof. Let us fix arbitrary x* > 2. Then it follows from (30) that u(, X') <
Elu(T . a")| < oo for any 0 < 1 < F, and therefore by the comparison theorem
for solutions of parabolic equations (see § 1. 3, Ch. ) in (0.7) x {x > 1"} the
function u(r. x) docs not exeeed the solution of the problem

Uy = k(U 0=1<T, x>,
(32)
UO.x)y =0, x> x" U, ) =EwT 29 0<t<T.

The solution of this problem is a self-similar one (see § 3. Ch. II) and has the
form U1, x) = f({), where { = (x — .\")/1”3. The function f is determined from
the following boundary value problem for an ordinary differential equation:

1
(Y +=]C=0, >0
il 2,/5 4 %

SO = EJu(T™, <M, foo) = 0.

Existence of a solution of the problem (33) for any linite f(0) > () has been
established in |23, 68] (sce § 1, Ch. D). There it is also shown that under condition
(5), the function f(¢) has compact support, that is. f(¢) = O for all { >
(Lo = Lo(x") < oo depends on the choice of 4% > 2).

Thus. everywhere in (0, T) x {.x > x*} we have the incquality

=2
wt, )y < U, x) = f <"",TT"“> .
Hence we immediately infer that
meas supp u(f, x) < x" + meas suppl/(1, x) =

= X Lo e 3 L) TR < oo

Therefore the problem (1)-(3) exhibits heat localization in the sense of (6).
while tor loculization depth we have the estimate

I' < int {\ + g”(.\"y/"”} < oc, (34)
A s2

which completes the proof. O

Remark. In § 4. Ch. Il it was shown that the opposite “passage,” from strict (for a
function uy(x) of compact support) to elfective localization (when wy(x) € C(R )
is an arbitrary (unction) is also possible. It is made by deriving a special energy
estimate for the difference of two solutions of equation (1) which correspond to
the same boundary condition.
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Let us note that there is no restriction (7) on the thermal conductivity coelticient
in Theorem 3: it is sulficient that the condition for finite speed propagation of
perturbations holds. Let us consider some examples.

Example 6. Let k(1) = 27 7 arctan . Then condition (22) is satistied (inequality
(5) also holds). Setting w = | in (27), we obtain
| 7 2 T | 5
E7(p)y= kimydn=p+—p [urcum p— _.} —~ = In(l 4+ p7)
Jo ™ 2 T

~xp—z2inp

for sufficiently large p. Hence E(p) = p+2/m Inp, p — o¢, and by Theorem 3
we conclude that localization with depth (34) is produced by boundary regimes,
which satisty the estimate

2
w1y < Elexp{(T — 0" ")) ~exp{(T =) '} + ;—"T('l" .

as 1 — T .
Example 7. Let us consider the coefficient k() = ufl + 2uln(l + w)| " In thig
case condition (22) holds, since 2uln(l 4+ «) > 2142/(1 + «) for all n > O and
therefore

k() < a1 + 2112/(1 +wy] ‘= a(l + {1 4+ u(l + 2u)] el

for any u > 0. Equality (28") also holds. Then from (27) for w = | we have

ndn o

17
e [ e
» Jo 14+ 2pln(l 4+7)  2Inp P o0

Hence E(p) = 2pln p, and therefore the localized regimes satisty
(1) < Elexp{(T =0 "W =2T =0 YexpT =0 ') 1 =T .
Example 8. Let k() = 2u/(1 + %), In this case conditions (22), (28) hold.

Setting in (27) w = 1, we have E '(p) = In(l + "), E(p) = (e ~ )72,
Therefore any boundary regime of the form

= 1 . .
(1) = fexplexp{(T — 1) l]] - l]"~ 2cxp{—5cxp{('l — 1) ’]}. =T,

leads to strict localization with depth (34) (and to effective localization with

L' < 2).



346 V Methods of generalized comparison

Estimates of localized boundary blow-up regimes obtained in Examples 7, 8
are not optimal. Sharp estimates for these cases will be derived in Ch. VL

Example 9. Let k() = /(! +uY). Then condition (28'y is not satisfied. Choosing
w(p) = p (conditions (13) are satistied), we obtain from (27)

l 143
EYp)y==In(l + pHy, E(p) = (u'*” - l) >l p— oo,
3
and therefore the localized regimes are
(1) = explexp{(T — n l]]. - T .

Setting now w(p) = p/In p as p — oo (conditions (13) are still satisfied), we
obtain from (27)

E-Y(py = Inln p, E(p) = exple”), p — 00,
and localization is produced by blow-up regimes
0, (1) < explexplexp{(T —1) "IN 1 — T .

As w we could also take the function w(p) = p/iIn pInln py] as p — o0 and so
on.

Proceeding in this fashion, we conclude that in this case all the blow-up regimes
of the form

wi (1) < explexp ... {exp{(T —~1)”']]...]. 1 —T7.

with any finite number of exponents in the right-hand side, will be localized.
In § 2, Ch. VI we shall obtain results showing that under the condition

/ k) in < 50 (35)
Iy n

all boundary blow-up regimes are localized. (Actually, this can be proved by
comparison with a solution of travelling wave type, which, if (35) holds, blow up
in finite time; see § 3, Ch. Iy, [t is not hard to see that the coefficient & of Example
9 satisties this condition.

3 Effective heat localization

All the results of the previous subsection can be used to analyse effective local-
1Zation,
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A solution of problem (1)-(3), which blows up in finite time, is called effectively
localized if it becomes infinite as 1 — T on a set of finite measure:

L" = meas{x e R, | lilp w(l, x) = o) < oo (36)
[

(L is the localization depth).

In this definition there is no requirement on the initial function uy(x) to have
compact support; it is only necessary for it to be bounded in R,. Moreover,
condition (5). of finite speed of propagation of perturbations, is not necessary.

To study effective localization, it is not hard to modify Theorems 2, 3. as well
as the results obtained in Examples 1-9. Then analysis of unbounded coefficients
k() uses the operator comparison methods and the derivations of § 4, Ch. 1Il. As
a result, for the localization depth we obtain the estimate L < |2(o + 2)/0’]'/2.
where o € (0. 1/er} is the parameter in the system of inequalities (11). (12).

The case of bounded coefficients is analyzed ag in subsection 2, Note that the
boundary blow-up regimes mentioned in Examples 6-9 lead to effective localization
with depth L* < 2, ‘

Example 10. Let k() = 1/(1+4ua). Setting @ = | in (27), we obtain E(p) = c’?—l.
Hence the boundary regimes

m (1) = explexp{(T —1) M- T,

lead to effective localization with depth L™ < 2 (this upper bound for localized
boundary regimes is not optimal; see § 2, Ch, VI).

4 Heat localization in the Cauchy problem
The solution of the Cauchy problem for equation (1) with an initial function of
compact support

(0. x) = ug(x) >0, x € Ry ne C(R), uy 0. [RYD]

is called localized 1Y its support is stationary for some finite time, that is. there
exists T € (0, n0), such that

supp u(z, x) = suppug(x), 0 <1 <71 (38)

(here, naturally, we assume that condition (5) is satisfied).

It is well known (see Remarks) that stationarity of a front point of a generalized
solution of equation (1) is determined by the asymptotics of the initial function in
a neighbourhood of that point. However, the magnitude of the localization time

T*, which is of physical importance, depends on the “global™ spatial structure of

the function ny(.x), This dependence is reflected in the theorem stated below,

|
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Theorem 4. Ler the coefficient k satisfy condition (7) for sone a > 0, and let I
be a solution of the system of inequalities (11), (12), which corresponds 1o a fixed
o e (0, 1/a). Let uy(x) satisfy the inequalities

0 < () < Eltn(l = 1x1/x:077 ], x €R,

where w,, X, are fixed positive constants. Then the solution of the Cavchy problem
(1), (A7) is localized in the domain {{x| < x,,) and for localization time we have
the estimate T* = ox3, /| 2u% (o + 2)|.

The validity of this statement is deduced from Theorem 2 using a technique
applied in § 3, Ch. Ill to a similar analysis of equation (9). To illustrate Theorem
4, let us constder

Example 11. Let k(i) = ¢~ 1. In this case a solution of the system of inequalities
(1, (12) for o = 1 is the function E(p) = In(l + p). Then from Theorem 4 we
have that the solution generated by the initial function

ug(x) = In{l 4w, (1 — I.\'I/,\’,,,)i], reR,

ig localized in the domain {|x| < v, ) for time not less than .\',3,,/(641,.:),

§ 5 Conditions for absence of heat localization
1 Formulation of the problem

As in § 4, we shall consider in wy the first boundary value problem for a degencrate
parabolic equation:
= (ko) (h

wO.x)=0, v eR,; a(t,0) =up(1) > 0. 1€ (0. 7). (2)

where the boundary function «; € C'(JO. T)), «; = 0, blows up in finite time.

Let all the restrictions imposed on the function k(«) in subsection 1 of § 4
hold. In particular, we assume that the condition for finite gpeed of propagation of
perturbations is satisfied:

N l\'
/ () d(m) < oo. 3
JO n

There will be no localization in the problem (1), (2) if

meas supp u(l, x) — oo, + —> T, 4
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that is, as 7 — T heat penetrates arbitrarily far from the boundary v = 0,
Let us remark that (4) is equivalent to the condition

u(t.x)y - ocinR,. 1 - T 5

(the truth of this statement is proved by the method used in the proot of Theorem
Jof § 4).

2 Sufficient conditions for the absence of heat localization

Let us denote by 1, (1. x) the solution of the equation with a power law nonlin-
earity
w, = (" uy),. o =const > 0, (6)

which satishes the boundary condition
Wy (1.O) = (T =", 0 <t <T: n=const < —1/a, (7

ey (0.x) € C(R ).

In § 2. 3 of Ch. I it is shown that the function 1, is not localized. and that
there exists a4 constant ¢y > (), such that

meis supp g, (1, X) = ag(T ~ parOE s s T (8)

This result will be used in the comparison of solutions of equations (6) and (1).
Below we shall assume that the conditions

K@) > 0.1 >0, k(oo) = oo, 9

are satistied, Conditions for the absence of localization in the case of bounded
caefticients k() will be obtained by a different method in Ch, VL

Suppose we are given an arbitrary coefticient & € C'z(R..) N C(]0. 00)), which
satisties conditions (3), (9). Let us find what functions /7 enable us to apply opera-
tor comparison methods to the solution «,,, of equation (6) and the solution of the
original problem (1), (2), that is, when does the inequality «(r, x) > E~ Nitgy (1, 1)
hold everywhere in wy.

Since the solution (s, x) 1s critical, from Theorem 3, § 2 we have that o
that end we must find the solution E(p) ¢ R, + R, of the system of ordinary
differential incqualities

k(p)y —~E7(p) =0, p> 0. (1)
. ,
{m__(i’),ﬁ__} = 0. p >0, (n
TP E(p)
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These inequalities coincide with the comparison conditions (17), (18) of Theorem 3
of § 2, if we set there k' () = u”, kP (u) = kqu). Sufticient conditions for
solvability of the system (10), (11) are given by the following

Lemma 1. Assume that conditions (9) are satisfied and that there exists « constant
@ > 0, such that
1K1 () > 0. (12)

In addition, let the function k| (1) have for n > 0 a finite number of zevos. Then
for o = 1/« there exists a solution E of the svstem of tnequalities (10), (11).

Proof. Let us set k() /IE7(E ()] = ljw(p). The inequality (11) will be
satisfied if’

w(p) =0, w'(p) <0, p>0. (13
Then
p /(o)
E(p)= [(l + o) / k(n)w(n) (IT)] .
Jo
Inequality (10) then takes the form
o ,
/ k(n){{k'/”(n)l - w(m} dy > 0. p>0, (14)
Jo

Assumption (12) for v = 1 /o enables us to construct the function w(p) satisfy-
ing conditions (13) and the inequality w(p) < (kM) (p) for all sufficiently small
p > 0. The second condition of the lemma means that the function {k””]l(p) is
monotone for all suffictently large p > p, > 0 (this condition, obviously, is not
optimal), Therefore there existy lim ,,u.xlk‘/”lr(p) =k, If & > (), we can set
for p > po w(p) = inl’,,u(,v,,,,{{k’/”|I(p)]. It on the other hand k = 0, we sct
w(p) = k'] (p) for p > p.. In both cases such an extension of the function
w(p) for large p > 0, while preserving conditions (13), (14), allows us to achicve
the equality I<(00) = . 0

Remark. There exist coetficients &, tor which condition (12) is not satistied for any
a > 0, This is true, for example, for the tunction k(1) = exp{—1"}, v = const < 0.
From the method of proof of the lemma we deduce

Corollary. Let conditions (9) hold, and let there exist a constant a > ), such that
Ik ()" =0, p=>0, (15

Then the fimction I: = k" (p) is a sohuion of the system of inequalities (10), (11)
foro=1/a,
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It is not hard to see that if (9), (15) hold, then the function k defines a bi-
jective mapping {0, 00) — {0, 00). Thercfore the mapping £ = k“ has the same
properties.

Using Lemima | and the operator comparison theorem, we state

Theorem 1. Ler k(oo) = oo, and suppose, furthermore, that condition (12) iy
satisfied for some a > 0. Let E be « solntion of the system of inequalities (10),
(I for o = 1/a. If for sufficiently large 1 < T we have

(= E7VWT — )%, n = const < —1/cr. (16)

then there is no heat localization in the problem (1), (2): u(t. x) — o everywhere
in Ry ast — T and there exists a constent @y > 0, such thet

meas supp u(r, x) > ao(T — )" — 00, 1 = T, (17)

Proof. The proof ts based on comparing in (7. T) x R, the solution «(1, x) of the
problem (1), (2) with v, = vu(, (1. a0 a self-similar solution of equation (6),
The constants 7 € (0. 7), v > 0, are chosen from the condition u(r, x) > v, (% x)
inR,. Since v.(7. v) — Oand supp v, (7. x) — {0} as v — 0", this can always be
achieved, Then the claim of the theorem follows from the inequality « > E™'(v,)
in (7. T) x R, . Furthermore, in (17) @y = ayt”/*, where ay = ag(n, o) > 0 is the
constant in (8). O

Example 1. Let k() = «’{l + u(u)], o > 0. where x4 € C*(R,) satisfies the
conditions x> 0, &' > 0. In this case a solution of the system (10), (I1) is
E(p) = p. which is equivalent to applying the direct solution comparison theorem
to equations (6), (1) (see Theorem 2, § 1). From Theorem | we then obtain that
boundary regimes 1w (1) > (T =1, 1 — T , where n < —1/o, do not lead to heat
localization.

Example 2. Let us consider the cocfficient k() = In*(1 + ), where A > 0 is a
fixed constant. Then for cv == 1/A, condition (15) holds, and therefore the function

Epy=k"*prsind +p. E Y(p)y=el -1,

is a solution of the system of inequalities (10), (11), which corresponds to o =
I/ = A, Thus there is no heat localization in the problem (1), (2) if

iy =exp{(T-n -1, 1—-T7, (18)
where n < —1/A, There exists a constant @, = (), such that

meas supp w(r, x) = ag(T’ — it oy (52
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Example 3. Let k(u) = Infl 4+ In(1 + ). Since k"Ge) < 0 in R, the required
operator is the function

Ep)y =k(p) E "(p)y =exple’ — 1) - 1.
which satisties (10), (11) for oo = 1. Therefore boundary regimes
w () =explexp{(T ="y =1} -1 1~1T, (20)

for n < —1 lead to absence of heat localization:

(L2

meas supp ulr, x) = aog(l" -1 o, = T (21

The lower bounds of non-localized boundary blow-up regimes we have com-
puted in Examples 2, 3 are not optimal. In § 2. Ch. VL by constructing a.s.s. for
cquations under consideration, we shall establish sharp bounds for such regimes.
In particutar, it will be shown that in Example 2 there is no localization for any
n < —=1/(1 + A in (18), and unlike (19)

meas supp u(r, x) = ho(T — ) e

where by > () is a constant, which depends only on i, A,
In Example 3 absence of localization is caused by boundary blow-up regimes
that are weaker than (20):

wy (1) = cxp{(T — 0 In(T -~ 1} 1}. 1 — T (22)

where n < — 1. Furthermore, estimate (21) hotds for some @y = ag(n) > 0.
Joet us stress that the limiting exponents in these non-localized boundary regimes,
n=—1/(1+A) in (18) and » = —1 in (22), are sharp and cannot be replaced by
larger oncs.

Example 4. Let k() = ue®. In this case condition (12) holds for every e € (0. 1]
(note that (15) does not hold for any « > 0). Therefore it follows from Lemnia
I that for any o = 1/ = | there exists a suitable solution of the system of
inequalities (10), (11). For example, let us set o = 1. Then conditions (13), (14)
are satisfied for w = | and the transformation £ has the form

n 172 5
E(p) = {2 / 71("’(!7)} ~2pel)'7 p = .
Jo

Hence £ (p) = 21n p ~ In(d1In p) for large p. and therefore under the influence
of boundary regimes of the form

u(n > 2T —n '~ ln{4ln|('['~l)“|}, [

there will be no heat localization.
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§ 6 Some approaches to the determination of conditions for
unboundedness of solutions of gquasilinear parabolic equations

In this section the methods of §§ 1-3 are used to derive conditions of global
insolvability of quasilinear parabolic equations of the form

1, = V- (k(\Vu) + Q) = Agi) + Q). (hH

where k, Q are sufficiently smooth non-negative tunctions, such that Q(u) > 0 for
u > 0and QG = 0.
We consider two problems for ¢quation (1): a boundary value problem for
r >0, x € £ () is a bounded domain in RY with a smooth boundary 8€}) with
the conditions
10, x) = 1) = 0. x € £ 1y € CY), (2)

w(t.x) =0.1>0. x e il (3)
and the Cauchy problem with the itial condition
10, x) = uy(x) > 0, x € RY: uy € C(RY). (2"
It is assumed that the function  satisties the inequality

v

dn
L Q)

< . (4)

which, as we know (see § 2, Ch. ). is a necessary condition for existence of
unbounded solutions of the problenis we are considering. In the following we shall
use extensively results obtained for the equation with power type nontinearitics,

=9V +uf >0, B> 1. (5)

which appear in § 3, Ch. V.

1 A method based on i-criticality of the problem

Let ug consider the boundary value problem (1)-(3). A solution of the problem is
called wp-critical, i everywhere in the domain we have

w, (1, x) = flu(r. x)) = 0. (6)

Sufticient conditions of y-criticality of the problem were established in Theorem
t. § 3. Assuming that the solution is sufficiently regular (it is also assumed that
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W€ CH(0. 00)) N C0. 00)). #(0) = 0, uy € C2(€))). these conditions have the
form

Alug) = V- (k(ug)Vig) + Qluy) = plug). x € {1 (7)
[k /K] (p) = 0, p > 0. (8)
Ky = Q7 (kyr/ Q) [(p) 2 0, p > 0. 9

We shall use the inequality (6) to determine conditions for unboundedness of
solutions to the problem. Let the function o be positive in Ry and

~od
/ N . (10)
NI /16))]

Then, if the solution of the problem is -critical. it follows from (6) that the
function u, (1) = max, . u(r. x) will be for all 1 > 0 not smaller than the solution
Y (1) of the following Cauchy problem for the ordinary differential cquation,

1Y
£*~(1)—1/1(Y(1))=()A 1 >0, (1
dt
Y(0) = 1 (0) = nm!;uz(,(.\') > (), (12)
113

By (10) the function Y (1) is defined on the bounded interval (0. 1%). where

~ !
= / “n < 00. (13
Janor ()

Hence it follows that the original problem (1)-(3) has no global solutions and that
there exists Tg < 1*. such that

l_iE,,,-,-“ max u(z, v) = 00. (14)
e}

As g we can take any non-trivial non-negative solution of the boundary value
problem for the quasilincar elliptic equation

V  k(ug)Vig) + Qlug) = Wiug). x € {1 uglyg = 0. (15)

In the one-dimensional case this equation can be integrated in quadratures, which
allows us to give a reasonably detailed description of the spatial structure of ity
solutions (sce subsection 2). For N > 2 the question of solvability of the problem
(15) s an interesting and sufficiently complicated problem in its own right (see §
3, Ch. V).

Let us indicate another application of the inequality (6). If (10) holds then
from (6) we can deduce the following upper bound for the unbounded solution (it
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is derived by integrating (6) over (1, Tqg). where Ty is the time of existence of the
unbounded solution):

~ 4
/ 1> Ty =11 €(0.Ty). xel. (16)
it ) '/f("))

Example 1. Let k(p) = |, and let the function Q be convex: Q“(p) = 0 for all
p > 0. Then as ¢ we can take f(p) = vQ(p). where v € (0. 1) is a constant.
Indeced. inequalities (8), (9) are satisfied. while (10) holds in view of (4). As
an initial function satisfying (7), we can take a solution of the boundary value
problem

All() + (] - l’)Q(ll()) =0, vell; ll(;l;;” =), (17)

This problem does not always have a non-trivial solution. For example, if {2 € RY,
N = 3. is star-shaped with respect to some point (in particular, if it is convex) and
Qi) = uf, then for B8 = (N 42)/(N —2) there are no solutions (see § 3, Ch, 1V),
At the same time, in the case of annular domains 1 = () < a4 < |x] < h <o), a
solution exists for all 8 > 1 (see the Comments section). @
Thus. let the initial function g satisfy (17). Then it follows from (13) that the
solution of the problem grows without bound in finite time not longer than

~ d
;o) / i < 0% U (0) = max .
Juntn QM)

Let us observe that r(p) = »Q(p) satisties the inequality (9) also for arbitrary
non-increasing coefficients & (when &'(p) < 0 for p > 0).

Let us see now what can be deduced from the estimate (16). Let the solution
be i-critical with respect to the function (p) = vQ(p), v € (0, ). Then

> dny :
= (T ~ 1) in (0, Tg) x (1.
.[u‘\) Q) ! )

In particular,
it Qay

i

uf B > 1. then
Bl ) S = DT Ty
2 if Q= (1 + (1 +u). B > 1 (Q" 20 inR,). then
ulr.x) < cxp{]u(B_. DY RRALALIY e 1/(,,_““} _
3) if Qu) = e, then

wr, xy < Inje""(Ty — 1 o1 e (0. Tg).
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All these cstimates are sharp in their dependence on (T4 — r). This 1%
demonstrated by comparing 1(r. x) with the spatially homogeneous solution v
V(1) = Quln)). w(Ty) = 0o. By the comparison theorem of § 4. Ch. 1V, u(s. x)
must intersect v(7) for any 1 € (0. Ty). and therefore sup, u(r. x) > () in (0. Ty).
which produces the following lower bounds for the amplitude:

Dysup u> (B—1) YWE-D(Ty— 1By

2y sup, u > cxp{(ﬁ 1) MB(T, - 1) mﬁm} 1

3)ysup > Inj(To— 07", 16 (0. Ty).

Let us consider two examples of degenerate parabolic equations (the possibili-
ties of derivation of ¢-criticality conditions are discussed in § 3).

Example 2. Let us consider cquation (5) for 8 > o + 1. Let us set ¢ (p) = pp®.
where i > 0, a € (1. 8 — | are constants. Inequalities (8). (9). which reduce,
respectively, to (a — a4+ o) > Oand g — (0 + o — B)p/" @ > (), are satisfied.
Since @ > 1. condition (10) holds as well. Choosing the initial function in the
form ug = (o + Dug]/* . where vy 50 is a solution of the problem

Avg + [+ DugP M p) (o 4+ Dyg)™ Y = 0 in € vy = 0 on 31,

we have that for some To = 1* = [max wo] ™ /|r(a — )] (14) is satisfied.
Example 3. let equation (1) have the form

w, = V- (In(l + )Vuy + (1 + 1) A+ ). (18)

where 8 = 2 is a constant. Let ug take (p) = v(I + p)In"(1 + p). v > 0.
ge(l.p-1 (for e > 1 the integral in (10) converges). Conditions (8) and (9)
assume, respectively, the form o — 1 = O and v ~ (@ 4+ 1 — ) In? (1 + p) = 0.
and since by assumption a € (1. 8 — 1), hold for p > 0. Therefore if wy satisties
inequality (7). the solution of the problem becomes unbounded after time Ty which
is not larger than

1t = || 1 4 max wpl}' " /vl ~ 1] < oo,

There is a close connection between the results of Examples 2, 3. Let us make
the change of variables 1 = ¢!/ — 1 in (18). Then the function U satisfies the
equation

U, = V- (UVU)+ UP + UIVUI, (19)

which differs from (5) for ¢ = | by the presence of the additional non-negative
term {J|VU|* in the right-hand side. Therefore solutions of equations (19) and (5)
for o = 1 are related by U1, x) = atr. x) it it holds for 7 = 0 (here we are in fact
using the simplest version of the operator comparison theorem), This argument
allows us to derive unboundedness conditions for solutions of one equation from
similar conditions for another one (see subsection 3),
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2 Unbounded solutions of the Cauchy problem with a critical initial function

In this subsection we show that criticality of solutions of a wide range of equations
(1) frequently leads to global insolvability of the Cauchy problem,

An initial function and the solution of the problem (1), (2') are called ¢rtical.
it o, > 0 in Ppla]. Thus 1 does not decrease in 7 in (0. T) x RV. As can be seen
from the results of § 2. for criticality of a solution it is, in general, sufficient that
the initial function satisfies the incquality

Vo (k(ug)Viuy) + Qlag) =0, vefxe RY | ug(x) > 0}. 20)

In particular, a critical function is any non-negative solution of the ‘boundary prob-
lem
V- k() Vi) + Q@) = 0.3 € (7 wglag =0 (21)

(1 ¢ R is an arbitrary bounded domain with a smooth boundary 9(}) extended
by zero into RM\(L.

When {1 is a ball, all radially symmetric solutions of the problem (21) can be
determined from the equation

(k(u())uf,)' + iv—%—lk(u(,)u(, + Qug) = 0. 1= |x] > 0. (22)
and the boundary conditions
1o (0) = 1, 10y (0) = 0, (23)
where w,, > () is an arbitrary constant,
In the one-dimensional case cquation (22) can be integrated and the solution
of the problem (22), (23) has the form
up(x) = Xk(l)(,\'). (24)
where X} is the function inverse to
k(n) dn

ll//l
Xipls) = / e 5. 8 € 0. u,,). (
o {2 / k(s’)Q(;)di}
Jy

3]
wn

Hence it lollows that the function (24) is defined and strictly positive for all
lx| < rolte,,), where

1
rolu,,) = Zmeas supp uy = X, (26)
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Equalities (24)—(26) give us an idea about the nature of the dependence of the
spatial structure of a critical initial function g on the magnitude of its maximum
1, and the coefficients k, Q,

For arbitrary N > |, equation (22) can be integrated, for example, if Q(u) =
veh(u). v = const > (). where

() = / k(m)ydn, u> 0. 27
Jo

Then by a change of variable 1wy - é(uy) it reduces to a linear equation, the
solution of which is the function 3 M1 5 (0 ), where Jiv 30 is the
Bessel function,

Let us now state the main results, Let us fix an arbitrary R = (. We denote by
Qg the ball {|x¥] = R} and introduce the function

dr(x) = Cor® M0 12(A ). (28)

which is positive in (Qg¢ here
1 th 2 79
=|zpn /R]. (29)

and :,‘N“ is the first (smallest) positive root of the Bessel function Jy_2,2. The
constant Cy is determined by the condition [[¢hrgll;iqy,, = 1. It is not hard to verify
that g(x) solves the problem

Adrg -+ Adrg = 0, g = 0 on I Yy, (30)

We set ihe = 0 in RV\ (g,
Let us consider the function

Hp() = (1, x). ¢rg) = / u(t, X)pp(x)dx, 3
Sy,
Taking scalar products in L7(€Qx) of both sides of equation (1) with g and as-
suming for simplicity that the function Hg(1) is differentiable in 7. we obtain the
cquality

dHg/dt = (AdpGo. ) + Q0. gg), 1> 0. (32)

Lemma 1. For all admissible 1 >

(A . frg) = —A(p()  frg). (33
Progf, If the solution 1 > (O is a classical one, (33) is timmediately verified, Indeed,
using Green’s formula, we have

dep(u) iy

~ (u
n ¢ )()n

(APQo). ) = (P(1), Adoy) + / (1/’R ) ds. ()
JiaChy
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where d/dn is the derivative in the outer normal direction to dQ2,. However,
Y = 0. 8ihg/on < 0 on 9Qg (the lust statement follows from positivity of g in
Qg). Therefore, taking into account (30), we obtain from (34)

(Adu), ) = (b)), Arg) = —~A(P(1). Yg).

If. on the other hand. 0 is a generalized solution, then the estimate (33) is
proved by a standard regularization argument. i
Using (33) to estimate the right-hand side of (32). we deduce the inequality

dHy/di = = Abn). ¢ + (Q). ). 1> 0, (35)
which forms the basis of the following analysis.

Lemma 2. Asswme that the function Q satisfies condition (4), as well as the in-
equality
Q") = 0. u =0, (36)

and that there exists a constant p > 0, such that .

o) < pQu) in R, 37

Then the solution of the Cauchy problem (1), (2') is unbounded and exists at most

Sor time
LS ~ o d
1" = min e m / ek x, (38)
UM -z N ,u Wty (1)

Proof, Let us choose the constant R > =4 u!'/? such that Hg(0) > 0 (this can
always be done if uy#0). By (37). from inequality (35) we have

dHy R = )
di ~ R?

Hence, using Jensen's inequality for convex functions |211]. (Q(0). ) >
Ol )| = Q(H ) (recall that [[¢helly g, = 1), we derive the estimate

(Q(u dg) 1= 0, (39)

dHy R - ()

: o (H = ().
di — R =0H
From this estimate, in its turn, we obtain
Nty R? ("m a
/ dn_ L N L, (40)
Dy QOp) R?

Hence My (1) is unbounded on (0, 7*]. which, in view of Hgx(i) < max,gp
w(l, x). ensures that (14) holds, O
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Theorem 1. Let conditions (4). (36) hold, and assume that there exist constants
@ >0, h >0, such that for all u > I inequality (37) holds, Let the initial function
wy he critical, and that, moreover, wy(x) 2 h for all |x| < a, where the constant
a > 0 s such that

|~ u(z§ /) > 0. (41)

Then the solution of the Cauchy problent (1), (2') exists at most for time

2 s d
A (1(“ / 1 < 0, (42)
~ (T ) i Q)

Proof. By criticality of the initial function, we have the inequality u(z, x) > h
for all |x| = a and admissible 1 > 0. Let us take R = a. Then é(u) < puQ(n)
everywhere in (1,,. Therefore from (39) follows validity of the inequality

1H, -
e zZ M‘(WL“--_(Q(M Y, =0,
dr o’

which by (41) ensures global insolvability of the problem (see the proof of Lemma

2), O

A stronger vesult than that of Theorem | will be obtained for N = 1, Here we
shall assume that the condition

Pk
/ w(n dn < (43)
Ju n

holds. which ensures that the solution of the problem has compact support in x if
meas supp ug(x) < o¢ (see § 3. Ch, 1),
Let us denote by
ve(t.x) = (). = .\’/11/3. (4d)

the self-similar solution of the equation
v = (k) 1 >0, x e Ry, (45)

which satistics
ue(1,0) = qt,, vyt oxo) =0, 1 >0 (46)
(here 1, > 0 is a tixed constant),

The function () is determined from the following boundury value problem
for an ordinary dillerential equation;

k() +ﬂ~« fC=0, 000 ) = n,. foo) =0, (47)
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where f' = df'/d{, Existence and uniqueness of the solution of problem (47) for
sufficiently arbitrary coefficients & have been established in |23, 24, 68]. There
it is also shown that if (43) holds, the function f({) has compact support; o =
meas supp f < oo and wherever it is positive, it is strictly decreasing.  Thiy
guarantees the existence of a point ¢ = ¢, € R, such that () = n,, /2.

Theorem 2. Assume that the conditions (4). (36). (43) are satisfied and that the
funtction Q/¢h is non-decreasing, that is,

O’y — Quyk(uy = 0. u > 0, (48)

Let the initial function wy be critical*, wid max wg(x) = 1, > 0, Then for N = |
the solution of the Canchy probient (1). (2') exists at most for time

) L 2 ~ /
I*ZQM N +2/ —(JL<C>0. (49)
Q(“m/:-)) i ATV Q(U)

Proof. For definiteness, let sup g be adained at v = 0, that is, 1y(0) = 1,,. Then
by criticality of the initial function we have the inequality u(r. 0) > u,, for all
admissible 7 = 0. Comparing cquation (1) (for N = 1) and (45), we sce that

nit, x) = [t (50

everywlere in the domain of definition of the solution of the Cauchy problem
we are considering, The validity of this conclugion follows from the Maximum
Principle; also taken into account are condition (46) and the assumption (43); in
addition, we make use of the fact that vy — 0 as 1 — 0% cverywhere in
R\ {0].

Let us set fy = 1, /2, o = b))/ Q). Then by (48) for all u > I,
inequality (37) holds for g = w,. From (50) we have that for all 1 > 17, where

,)/J~m (1y,2 AL (/)(“Ill/z (l) 2

R R . (51
gl” Q(lI’”/’) g,n

on the interval [A] < a, = £,00)Y we have the inequality a(r, v) =k, =

ty /2. This choice of the constants fi,. @y, d, ensures that (41) holds (here
,um(:(,J’/u,,,)2 = /2 < 1), By Theorem | this guarantees unbounded growth of
the function M, (1] + 1) in ime which does not exceed

2 ~ / ~ ]
Izz—w—fﬁ’_'___“_ / an 52/ il < 00 (52)
’ /J~m(~ ) i’u,,,(’;) Q(U) d, 2 Q(n)

T'without loss of generality we can take g to be defined by (24). 1t is not hard to show
thitt (24) is the minimal critical initial function baving a maximum w, > 0.
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(in the derivation of the last inequality we used the obvious estimate H,, (1]) >
wy/2). Adding (51) and (52) together, we arrive at the required result, i

The conditions of Theorem 2 are satistied, for example. by coefficients of
equation (5) for 8 > o + 1 (this restriction is connected with (48)). It 1s known,
however (see § 3, Ch, 1V), that for | < 8 < ¢ -+ 3 all non-negative non-trivial
solutions of the Cauchy problem (5), (2') are unbounded in the case N = |, Hence
we have

Theorem 3. [t the initial function wy 20 of the problem (5), (2') for B > 1,
N = 1, be critical. Then the problem has no global solutions.

This theorem can be extended to the multi-dimensional problem (5). (2') under
the condition | < B < (o + )N +2)/(N=2),. Let us briefly explain the method
of proof.

I ag(x) is a critical initial function with compact support. then assuming that
w(t, ) 1s a globul solution leads to the following conclusion: u(r, x) — o¢ in RY
as 1 — oo, If that is not the case, then two possibilities arise: either u(r, x) is
bounded uniformly in 7 in RY, or u(r. x) stabilizes from below as 1 — o o
singular stationary solution fi, (x). defined, for example. in R¥\{0). and i1, (0) = oc
(such solutions exist for 8 > (o4 )N/ (N --2) .2 see 201, 227]). By monotonicity
of u(r. x) in ¢ (which implies existence of a Liapunov function — [ (1. x) dx
with an arbitrary compact subset K < RY, and hence the estimate ’}\ [, ()] €
L'((1,00)), which would be sufficient to pass to the limit as 1 = 14 — 00),
the first assumption leads by standard arguments to the conclusion that u(r. x)
stabilizes from below to a stationary solution u,(x) > 0 in RY, which does not
exit for B < (o + )N +2)/(N —2),. (For the case u, = u(]x]) this has been
established in § 3, Ch. 1V: non-existence of asymmeltric in |x| solutions of the
equation Au”t! + uf = (0 in R has been proved in [201].)

The second assumption reduces to the first one, It means that u — oo as
1 — 00 only at the point x = 0. However. u(r, x) < @,(x) in Ry x lé/". since
t, > 0 in Py ju] by the Maximum Principle 101} (z = 1, > 0 in @ neighbourhood
of any point where the equation for z is uniformly parabolic). Therefore there
exists vy € RY, sueh that u(r. x) < i1, (x + xy), and therefore u(z, 0) < i, (xg) < 00
for all 1 > 0. which means that the solution  is uniformly bounded in R, x RY.

Thus, if 1 is a global eritical solution with compact support. then 4 — ¢ in
RY as 1 — oo, Therefore sooner or later u(r. x) will sutisly the conditions of
Theorem 1 (the case 8 2 o + 1) and eventually will become unbounded, For
I < B <o+ 1 every solution u # () of the Cauchy problem for (5) is unbounded
(see § 3. Ch, 1V).
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3 Application of generalized comparison theorems

In this subsection unbounded solutions of equation (1) are studied by comparing
them with various solutions of equation (5), properties of which were studied in
detail in § 3. Ch. 1V.

For convenience. let us introduce the function

Upplt. 5Ty = (T = 1) VB VAL = |x]2(F = 1) 'lli*(4r+l>]/([3«-l>/(lll1’/"‘
(53)
()f-jl < T, .\'ERNi (r>()_ﬁ>> 1.

where T a. A are some positive constants, the latter two of which satisfy the
relations

1A 4 1-p

= >
oo B-1

. < L, 2N \) |+ 2N + 2/ A" Jd? =i
) L A .
B~ 1 o 1B~ (r + DB~ 1) +4A [ (0a?)

(54)

In § 3. Ch. 1V it is shown (Theorem 1) that it the inequalities (54) hold, the
function (53) is an unbounded subsolution of equation (5). We shall use the fact
that for | < 8 < o + | 4+ 2/N all the non-trivial solutions of the Cauchy problem
(5), (2') are unbounded (Theorem 2, § 3, Ch, IV).

3.1, First we use the direct solutions comparison theorem (Theorem 2, § 1),

Theorem 3. Let the coefficients k. Q in (1y sausfy for all u > 0 the nequalities

k() = a0’ (k) /0"y > 0, Q) > P k(. (55)
where o > 0, Be (l.o+ 1 + 2/N) are fived constants, Assunte that the initial
finction ug(x) £ 0 in (2 iy eritical. Then the Cauchy problem (1), (2') has no
global solutions,
Example 4. Let us consider the equation

;= V. (uc”I Vi) + u”e”l, B 1. (56)

It is not hard to see that conditions (55) are satisfied with ¢ = 1. Then it follows

from Theorem 4 that in the case of | < 8 < 2(N+1)/N any critical initial function
iy # 0 generates an unbounded solution of the problem,



364 V Methods of gencralized comparison
Let us consider in more detail the problem (56), (2') for N = |, Here

n l 1
() = / k(m)dn = =" ~ D.u> 0.
Jo 2

It 1s casy to cheek that
sen{1Q/@) ()} = sgn [Buﬁ' e = 1) 214’”1] > sgn[(B=2)uP 1| = sgn (B—-2)

Hence it follows that for 8 > 2 inequality (48) holds, and then, using Theorem 2,
we conclude that for N = [ any solution of the problem (56), (2') corresponding
to a critical inttial function (defined, for example, by (24)), is unbounded.

3.2, Below we apply to the Cauchy problem (1), (2') the operator comparison
method in the form presented in the corollary to Theorem 4, § 2. The following
claim 15 proved using the results of § 3, Ch, 1V,

Theorem 4. Let there exist a monotone increasing function E . ﬁ+ — R.. such
that
E') < 0.u > 0, (57

k() = [E@))”. Q) = 1E@P/E . u> 0> 0.8> 1 (58)
Then: 1) if | < B < o+ 14 2/N and 1y #0, the Cavchy problem (1), (27)
has no global solutions*;
i
(X)) > I '{U,,ﬁ((). o), xe R", (59)
Jorsome T < oo (E7V is the function inverse 1w E), then the solution of the problem
sexists for time Ty < T, and for all O <t < Ty we have the estimare

wit, ) = I U 00 0 T)). v e R, (60)

Let us consider some examples.

Example 5. Let E(wy = In(l + ). Condition (57) is satisticd, and examples
of functions k, @ which fulfill the requirements (58) are the coeflicients of the
equation

w, = Vo (In" (1 + V) + (1 4+ ) In? (1 + ). (61)

Therefore for | < B8 < « + | 4 2/N all non-trivial solutions of this equation are
unbounded. In the ecase B 2 o + | 4+ 2/N a solution will be unbounded if the
inequality (59) holds; here it has the torm

tplx) = expll/ g0, i) - 1, x e R,

2 . . . . . . . . .
“1p this case the interval of time of existence of the problem satisfies the upper bound
obrtained in Theorem 2 of § 3, Ch. 1V.
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In § 7, Cho IV 1t 1s shown that for o = 0, 8 > 1| + 2/N for sufticiently small
initial functions ug equation (61) has global solutions.

More detailed information concerning unbounded solutions of equations of the
type of (61) is obtained in § 7, Ch. 1V by a different method.

Example 6. Now let £(u) = u/In(e? 4 w). 1t is not hard to check that the function
E is monotone increasing and concave in R, . Then conditions (58) are satistied
by the functions

k() = o/ In? (¢ + u). Qu) > 20 0B’ + i),

Therefore the Cauchy problem for equation (1) with such coefticients does not
have global solutions inthe case 1 < 8 < o+ 1 +2/N, 0.

As other examples of functions /7 : R, — R., which satisty (57). we could
take, say. E(u) = o' In(e? + u). E(u) = cx[)lln”l(l +)} — 1 and so on.

§ 7 Criticality conditions and a comparison theorem for finite
difference solutions of nonlinear heat equations

In this section we show that the assertions concerning criticality and the com-
parison theorem can be extended without requiring major modifications to cover
the cuse of finite difference solutions of the same parabolic equations. that is, the
solutions of implicit difference schemes constructed using an approximation of
the parabolic operator in divergence (conservative) form. This indicates that quite
subtle properties of the heat transfer process are shared by its correctly constructed
finite difference approximation, This fuct is of supreme importance for us, since
at all stages of the investigation ol nonlinear processes of heat conduction and
combustion we use numerical methods extensively, The theory of comparison ot
solutions of different parabolic equations is one of the main tools of our study.
Therefore it i1s important that this theory can be used alimost as freely at the level
of finite difference solutions.

Below we present our analysis using as an example the nonlinear heat equation

w, = (Plu)) (h

for which we shall consider a boundury valuc problem in (0, T) x (0, /), where T,
[ are fixed positive constunts, with the conditions
w0, x) = up(x) = 0. x e {0, 1} (2)

alt, M) = () = 0,0ty =16() =0, 0<t <T. (3)
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The non-negative function ¢ € C*(R;,) NC(0. 00)) is strictly increasing: ¢’ (1) >
0 for u > 0, () = 0. The functions ug, t;, 1 are taken to be sufficiently smooth,
up(0) = uy (0), gy = ux(0).

Let us introduce a spatial grid

wp=xp=kh,h =0 k=1,2,.... M~ 1. IiM=1j

and a (non-uniform) grid in time .. generated by a system of time intervals

Let us denote by

the corresponding grid functions, which coincide with wy(x) and «,(#) at the nodes
of the grids w, and w,. respectively.

Corresponding to the problem (1)-(3), let us set up the implicit (nonlinear)
difterence scheme:

i — .
(), = ——— = (P (1L 2) € ey = wy X Wy (4)
T
]
0 . .0 0 .
o= wtgn = 0, 8 € wyy vy = ugl0), vy = tp(): 5
By =ty = 0,0y =2, 20, 1 € w;. (6)

Here we have introdueed notation which is standard in the theory of difference
schemes |346): § = r},{' L v, = v} is the unknown function, (1), = (v — v 1)/h.
(Vi) = (D yy — ) /D are first order difference operators, so that

PO 1, D T ) = (b)) = El—zl(l)(ivk D = 2000 + G, 0l (D

The problem (4)—(6) 1s a system of nonlinear algebraic equations, Questions of
existence and uniqueness of the solution of the resulting finite difference problem
are considered in § 5. Ch. VII, lterative methods of solution of similar nonlinear
finite difference problems are considered in detail in |346],

We shall assume that the solution of the difference problem (4)—-(6) is detined
everywhere in wyy,, and that at cach j-th step in time the system of equations is
solvable for all 0 < 7 < 7,, We shall also assume that in some class of grid
functions vi” close to v} the mapping 7 — v,’\’H is @ bijection and continuous
in Clwy,) and that n,’\“ —~ v} as 7 = 0' in wy,. The last requirement is natural:
the two preceding conditions are not restrictive and are satistied in o more general
setting (see § 5. Ch. VII).
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1 A Maximum Principle

Let us denote by dw,, the parabolic boundary of w.,, that is, ()w,,, =[I=0,v€
aplUlt € weodv = 0lU1 € wpo v = 1), @y = [v = kik =0,.... M}, In
the following lemma (it is repeatedly used below) we obtain restrictions on the
finite difference approximation of the parabolic operator. under which the solution
of the problem cannot take negative values. that is, it satisfies a weak Maximum
Principle.

Lemma 1. Let the grid function 2} be the solution of the problem

= 0,0 5 Ske) 0wy, (8)
7y

where the function 8,(a, b, c), wiich is continuons on R x R x R, is sueh that
Oya.b.cy=0uh.b. by >0.a> b ¢ > b (9)

Let 21 > 0 on dwep. Then 2} > () in wyy,

Proof. Let I = max{j|z; > 0. v € wy; 0 = 1§ = j} < N. Then there exists v € wy,

(a point of negative mimmum in ¥ in wy). such that AR (N AR
{H > /” Theretore. using (8), we obtain from (9)

At

<4 “h o A R S BN | P A Y A I R A |

»WTI« = ) (x,k o -~-A-n) = (A Nt ) = 0. (10
Therefore =7 '' > 1. which contradicts the choice of the number J. i

Corollary. The solution of the problem (4)~(6) satisfies the weak Maxinn Prin-
ciple: v{\ >0 in wy, If v(z > 0 in wy. then v{\ >0 in weye

Proof. Let us consider the system of equations

() = “;""":"A* =0 2GS0 = WG L UL Y € way. (Ih
!

with the boundary conditions (3), (6). where if(v) = (Jv))sgnv. It is not hard
to check that for this problem all the conditions of Lemma | are satisfied, so that
b > 0 in wy. However, for 2 = 0 cquulion (ll is the same as (4), so that
by uniqueness of solutions (see § 5, Ch. VI = > 0 in wy,. The second
assertion follows unmediately from the zmaly.sxs ol LchlllOn (10) with right-hand
side (11). O



368 V Methods of generalized comparison

2 Sufficient conditions for criticality of the finite difference solution

Definition. A solution of the problem (4)~(6) will be called critical it for all
! € wy

Dy = Uy = 0, xe wy. (12

In the case of the problem (4)-(6), the theorem concerning criticality of the

solution is to all intents und purposes the same as its differential analogue of § 1.

Theorem 1. Criticality of solution of the problem (4)—(6) is enswed by the in-
equalities
((/)(“()h))u > ()- X € W] (l’%)

uy (1) = 0.5 = 0. 1 €0, T). (14)

Of course, (14) van be replaced by a condition of non-decreasing of the (unc-
tions w, (1) (i = 1,2).
Proof. Let us set 2 = (i — vy)/7,. Then Z; is a solution of the prablem

Sk

= OG5, Sy =
7
- . c 2 (15
= ;j“ll)h(w VAT u T A v T )
1
= oo ) () € e
K 0 0 0 . R R
o= oenUl U ) X E gl o= Ty = (0 (16)
I T T fia, — Uy,
lo = LN = , 1€ w,. (17
7 7y

To deline the inttial function in (16). we have introduced an additional fictitious
time level with index j = —1: 7. > 0,

Uk)l = ”(k) -7 l/’h("(k) 1 ”(k)- 1'(241)
in wy.

Let J = max[j|z} » 0,x € w,s 0 < < j} < N, Since "[ > () In wy,, we
deduce from (4) that (d)(v'[));\ = -{ > (O In wy. Let us consider (15) for j = J.
By assumption, &7, = i — vy —~ O as 1, — 0' in Clwy). Therefore there
exists 7, > 0, such that 7,3 = 0 for some x € w, and 7,504y = 0 (7, > 0 by
the condition (i ))t, > O in wy). Then from equations (15), (7) we arrive at
a contradiction, since its right-hand side #,(Z;, 1. 0. %4, 1) 18 non-negative by the
conditions ¢'(t) > O for u > 0, 5y = 0. O




§ 7 Criticality conditions for finite difference solutions 369
3 A comparison theorem
Let us consider in wyy, the two finite difference problemsy corresponding to boundary

value problems for two different (v = 1,2) nonlinear parabolic equations with
operators of the form (1):

(e = 75 = B (18)
v(k"’“ = uf,’,’" >0, x € wy (19)
":)'J = “1, > 0.0y, = (2 >0, ! € w,. (20)

The following assertion is quite similar to the comparison theorem of § 1. The
methods of proof are. however, significantly different.

Theorem 2. L¢t

(2)0 (Ho

v > L€ wyl 11:2'(1) > u“’(l). O<r<T.i=1,2, 2n

IA

and let the boundary conditions of the problem for v = 2 be critical:

2) (0 2}, A0
f‘l"}, )v: W= (! )(vk e > 0, x € wye

Assume that for all p > 0
(/)(1)’(17) - (/)'”l(p) >
(62 " (] =

v V
S T o5
[FER (S

~t2) At
Then 0,7 > 9, in we

Proof. Setting £ = v‘k : v:". we obtain for this grid function the problem

Sh— ) ~ PO . 2y~ (1 Aty
e == (5 WL Sy = 0T =D

T, )
and by (21) 3, = 0 on dew,y,: “‘,: > 0wy, Using the method of proof of Theorem
1. we have that 2, > 0 in e, 16 ¢,(5 1.0, Z6,0) = 0 where 3.4y = 0 (here we
have introduced the notation 2, = .f” J=max{jlz > 0inw,: 0 <0< j).
Since
On(Ze 1. 002000 = 0,0,0.0) = SPp oD

the theorem will be proved if
(23 ~12) WY A2 I "l -(’)) (24
£, il — P V= T—{(/)( - (/)“)( )+

+ (/)( ) .( ) (ZS(I)(»( ) 71(/)(")(47) _ (/)(l) '~( } “ > 0.
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From the criticality of the solution f)([))

it follows that in w,, we have the

inequality
) 1 ) n R
(j)}—)f):?-) — h ld( )(*( )1) _+_(/) )( (7) - 2(/)( }(U( })l _>_ 0.
Therefore
(D (2y, Al
) ) () + (
171“)5((/)(”)) ! (/ ’)‘/’ "nl)>‘ (25)

where (b)) ! is the function inverse to ¢
Since '~

'V does not decrease in R, (sce (22)), using (25) we obtain

/m(»( ) _(/)(1>(~( Y <

[(/)( l({)( 2t _+_d)( )("‘ 2 )] —

7 1 2 2 A, o~
-t <(¢u) 1 <§ ((/)(ﬂ(“;f}l) + Dy :1))>> ‘

Substituting this estimate into (24), we obtain

IV 3 2 9 [¢ (1}(6(A2 D)(i( "
(]’( ) A ( ) “j";’“f)({) - h: {(l)(n (((/)(_,) 1 (/) & s b k+1
(26)

1
— ;;{(/)”’(fr: ,’ + (/)(”(‘( ! ){}

91—

. . 2, A2
Let us introduce the notation ¢ (7,7 ) = wyq

Then the last inequality can
he written in the form

2 I
LIRS 7—_) {d)m <((/)(l))” <nu 1—:unx>> B
2

2) (2
L

o —

(27)
[(/)(I)((¢< N Y 1))+(/)m((d)(1)) I(U'HI))]}

However, inequality (23) ensures that the function ¢! ((¢h
since

(1)) is concave,

[d)(”((c/)”)) »I(p))]” = [(/)‘z’,(n)] ! [(/)(”,(

where n = (pt¥

m/g o] <0,

)y Yp). Since f((my + m2)/2) = [fm) + f(m)]/2 for any
concave function f(n) and any 5. n2 > 0, we have that the right-hand side of
(27) 1s non-negative, which completes the proofl’

O
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Remarks and comments on the literature

Results of § 1, as well as ol subgection 1 of § 2, are presented in detail in
{147, 148, 151}, Comparison theorems proved here, which are based on spe-
cial pointwise estimates of the highest order spatial derivative of the majorizing
solution, can be considered as generalizations of well-known assertions concern-
ing the relations among subsolutions and supersolutions of equations or systems
ol equations of parabolic type (see, for example, {101. 338, 361, 378)). Earlier
criticality theorems for solutions ol semilinear parabolic equations were used in
{356, 357. 378]. Criticality conditions for a generalized solution of a scalar quasi-
linear heat equation were obtained in [295]. Particular compurison theorems for
solutions of specilic quasilinear parabolic equations, proof ol which uses the sign
ol the second spatial derivative of one of the solutions. can be found in [252].
Slightly after [147. 148, 151], the same method was used in {45] to establish the
comparison theorem for operators (33) with A7 = 0 (see § 1): the comparison
condition then has the form of the first inequality (34).

The operator comparison theorem, particular cases of which are Theorems 3, 4
of § 2. stated for sufficiently arbitrary nonlinear parabolic equations, which uses
estimates following trom sh-criticality of the majorizing solution. was proved in
[117, 118] (in [118] the results are presented using an example of quasilinear
equations with a source).

Sufficient conditions of p-criticality of solutions (Theorem 1, § 3) of problems
in one space variable were obtained in 117, 118}, In [117] in the case ol the
Cauchy problem the dependence i = (1. 1,) was analyzed (the setting of the
Cauchy problem allows us to determine the sign of the function (0. x) = 1,(0. x) ~
(). ug(x))). Later concepts equivalent to -criticality were introduced in
{364, 365); these papers contain applications to unbounded solutions See other
applications to explicit solutions in | 139],

Most of the results of § 4, 5 are contained in {146, 154|. A diiferent approach
to the analysis of the localization phenomenon is used in Ch. VI Theorem 4
of § 4, concerning heat localization in the Cauchy problem, was proved in [146].
Conditions for immobility for a finite length of time of the {ront point of generalized
solutions of equations with k(u) not of power type, were studied in {252]. For
k() = u”, o > 0 such studies are 1o be found in |58, 232, 248|. For the
multidimensional equation some results in the same direction are contained in {59].
There (see also |328)) the authors also study the properties of the degeneracy
surface, which corresponds to an arbitrary generalized solution of the Cauchy
problem for the equation u, = An”''. Most of these results are analyzed from a
general standpoint in the monograph | 103].

The method of analyzing unbounded solutions of parabolic equations with a
source (subsection 1, § 6). based on y-criticality conditions of the problem, was
presented in |120, 125|. To establish upper bounds a similar approach was used
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independently by |108] and in a large number of consequent papers. In proving
assertions of § 2, we use a method (called in the terminology of 289} the method
of eigenfunctions), which was also applied for a similar analysis of boundary value
problems in bounded domains for semilinear (k(u) = 1) [243, 289). quasilinear
{120, 121, 125. 225] parabolic equations and systems thercof {161].

Proof of Theorems -3 in § 6, which uses a new idea, viz., criticality of the
initial function, 1s given n |120. 127|. Part of the results of subsection 3 of § 6
is to be found |150}. For other methods applicable to the study of unbounded
solutions see Ch. 1V, VII. For short surveys concerning unbounded solutions of
evolution problems see | 157, 289, 334].

The results of § 7 are a particular case of the statements proved in {126}, where
criticality of finite difference solutions has been established for parabolic equations
of general form «, = L(e, u,.1,,). |126] also contains comparison theorems (or
solutions ol implicit difference schemes for two different equations of the form
0 = L™ )y,



Chapter VI

Approximate self-similar solutions of nonlinear
heat equations and their applications
in the study of the localization effect

§ 1 Introduction. Main directions of inquiry

In this chapter we propose a general approach to the study of asymptotic behaviour
of solutions of quasilinear parabolic equations

= (kGon ) k@) > 0,10 > 0, (hH

where k € C7((0, 20))NC (0, 20)). For this equation we shall consider a boundary
value problem in wy = (0, 7) x R,, T" < oo, with the initial condition (0, x) =
up(x) > 0 in R, and with the fixed boundary behaviour (s, 0) = (1) > 0,
1 € (0, T), which shows blow-up behaviour:

() —oc,t—T . (2)

We shall be interested in the asymptotic properties of solutions of the problem
under consideration, which are expressed at times sufficiently close to the blow-up
time 7 = T, and in particular the restrictions on n(1.0) = «; (1) under which the
problem admits or does not admit localization of heat (understood in cither the
strict or the effective sense: see § 1, Ch. 1),

We want to undertake such a study for sufticiently arbitrary boundary regimes
w (1), and for a wide class of coefticients k(w) as well,

As we have mentioned already (see Ch. 1-111), an efticient method of studying
such problems consists of constructing and gmalyzing self-similar or some other
mvariant solutions of equation (1), which satisty some ordinary ditferential equa-
tions. These particular solutions have a simple spatio-temporal steucture, which
defines the form of the boundary condition «(r, Q) = (1) and supply us with
the necessary information concerning the asymptotic behaviour of the process.
Reasonably detailed information concerning invariant solutions of equation (1) is
contained m Ch. 1-I11.
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However, the group classitication of equation (1) performed in [321, 322} shows
that the number of solutions of this equation invariant with respect to a Lie group of
point transformations is not large. The more general Lie-Biicklund transformations
do not significantly enlarge the class of invariant solutions; new possibilities here
arise only for k(u) = (I +u) * (see [221. 51, 262]). For k(1) not of power
(kGry #£ a7, o = const) or not of exponential (k(n) # ") type. equation (1)
admits only two types of nontrivial invariant solutions: us(f. x) = fy(x/(14+0173))
and ng(r, x) = fg(x — 7). Of these only the second one, in the case when the
integral ff“ (k(m)/m) dm converges, 1s generated by the boundary blow-up reghne.
Equations (1) with a power law or exponential nonlinearity admit other invariant
solutions of interest for us (see § 3. Ch. 1D).

The fact that certain parabolic equations of the form (1) admit a wider class
ol invariant solutions provided one of the main stimuli to the development of the
special comparison theory for solutions ol vartous nonlinear parabolic equations
(see Ch. V). However, the upper or lower bounds of solutions of equation (1) of
general type, obtained in the framework of comparison are (requently not sharp
enough. and thus do not allow us to describe the asymptotic stage of evolution
of the process. Using the theorems proved in Ch. V. it is not always possible to
single out. using upper und lower bounds, a sufficiently narrow “corridor™ of the
solution’s evolution in time (narrow enough to enable us to speak about a correctly
determined asymptotic behaviour of the solution). This is mainly connected to the
paucity of invariant solutions of equation (1),

To determine asymptotic behaviour of solutions of equation (1), we use in
the present chapter approximate self-stmilar solutions (a.s.6.), which, though they
do not satisty equation (1), do deseribe the asymptotic properties of its solutions
correctly. In cach of the following sections we shall describe a different method of
congtruction of a.s.s. The main problem is that of determining the principal (or we
can say, detining) operator in the right-hand side of the equation, which dominates
the fully developed stage of evolution of a boundary regime with blow-up. Of
particular interest are the results of § 2, where we determine a class of coeflicients
{k(0). for which the defining operator is a first order operator, and finally the
asymptotics of a heat transfer process is described by invariant solutions of an
equation of Hamilton-Jacobi type.

It has w0 be noted in particular that every non-trivial self-similar solution of
the nonlinear heat equation (1) is, as a rule, asymptotically stable with respect to
small perturbations not only of boundary conditions, which is quite natural, but
also of the equation itself (that is, to perturbations in the coefficient k(1) with
respect to the corresponding invariant dependencies). It has to be said that in the
latter case the term “small™ does not have to be taken literally. since frequently
an a.s.s obtained from an invariant solution as a result of a small perturbation of
kQu), does not look anything like it



§ 2 Approximate self-similar solutions in the degencrate case 375

As discovered in [184, 185, 186, 187], the set of sufficiently “regular” asymp-
totic behaviours of solutions of equation (1), which grow unboundedly, can be
subdivided into three classes, depending on the character of growth of k(u) for
large u: each of these classes consists of three subclasses, ordered by the form of
the boundary functions {«a;(7)}. The first class, k(«) of “weakly linear” form, is
considered in § 2: the second class, ol k() “close™ to power law dependence. is
studied in § 3. In § 4 we propose another method of constructing a.s.s., applicabil-
ity of which is perhaps more restricted: this study leads, nonetheless, to intriguing
general conclusions.

In this chapter we do not consider the third class, of nonlincarities k(i) close
to exponential, since in the analysis of asymptotic stability of the corresponding
a.s5.5., a boundary value problem in a bounded domain with moving boundaries
has to be considered [186[. so that this case cannot be applied in the study of heat
localization in half-space.

Questions related to construction of as.s.  connected with usual boundary
regimes without blow-up: (1) — 20 as 1 — oo, are not considered here, In
this regard. sce the papers [ 184, 185, 186, 187[; in the last of these a classification
of such as.s. in the “plane of boundury value problems™ is made. &

§ 2 Approximate self-similar solutions in the degenerate case
1 Statement of the problem
Let us consider the first boundary value problem:
o= (k(nuy),, .x)ewyr=,T)xRy; (1

Q. x) = my(x) = 0. x e Ry, uy e C(RL), supuy < oo (2)
Wt Oy =) > 0. 0=<r =T
)y = oc, =T 5 uyp e CH0.T)). (3)

We shall take the function u; in (3) to he monotone increasing,

In this section we construct a.s.s. for a large class of equations (1) with non-
power law nonlinearitics, These as.s. are shown to satisfy certain first order
(uasilinear equations,

The construction of a.s.s. is done under the following restrictions on the coef-
ficient k: A" () £ 0 for u > 0O,

(7 me——

[k(s)/K' ()| — o0, 5= 00, NS
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-
/ M 4m = oo, (5)
o M+l

Condition (5) places a restriction from below on the behaviour of k(u) for
large u, while condition (4) restricts its behaviour from both above and below. In
particular, it follows from (4) that for any « > 0 and all sufficiently large s > 0.
we have the estimates

s < k(s) < 5T 4)

In the following we shall need the function E defined by the equality
Fs) k
/ ﬁl dn =3 5> 0. ®)
0

The function E is positive and strictly increasing in R,, £ € C*((0,oc)) N
C0,00)), E(0) = 0, and E(o0) = oo (the latter is dssured by Londmo (5))
Terefore I is a one-to-one mapping R, — R, and there exists £ ' R, — ﬁ
a monotone function inverse to .

For all v > 0 let us define the function

pil) = m;}x)l\(L(n )
from (4) it follows that
Py /u— 0, u— oc (8)

(we shall need this result below).

Some typical coeflicients k(). which satisty conditions (4), (5), are shown in
Table 1. There we also give the leading terms of the asymptotic expansions of the
functions E(uir) of (6) for large u. These are needed in the determination of the
form of a.s.s.

Table 1

k(n) = o T TR =
exp{in®(l + )} 0 < a < | exp {Int T (1 + 2 “’;’ly‘,“”)}
In“(l -+ ). > 0 exp{|(1 + n)u|1/‘“")]
In| 1+ In(l + )] expin/Inu)
] e’
{14 1n[1 + (1 + )]} ! expfuIn n}
A+ I+0) 0w <] exp{l(1 — ayu]/h @)
TESTIENN exple”]
[V Ingl )] M+ )]+ In(1 407" | explexple])

We shall show that from the point of view of study of the localization phe-
nomenon, the most interesting boundary regimes with blow-up are of the form

w(t, ) = (1) = E[(T =", 0 <1 < T, (3)
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where n < 0 iy a fixed constant. As E(00) = oo, the function (3') describes a
regime with blow-up,

2 Formal determination of a.s.s.

Below we shall demonstrate that under the assumptions made above the solution
ol the problem (1)-(3") converges asymptotically in a special norm to the exact
invariant solution u, of the following first order equation (a Hamilton-Jacobi type
equation):
_ l\(u ) ’
i, = p —(1,)". (1. X) € wy. 9

The function u, is an a.s.s. of the original equation (1) and has the form
u (1. x) = E[(T = 0)"8,(&)). &= x/ (T — 't (10)

The non-negative tunction 6, is the solution of the boundary value problem for
the ordinary differential equation obtained by substituting the expression (10) into
(9):

CARES igo +nf =0, £ > 0.

3

(1n
8,(0) = 1. 6,(o0) = 0.

Existence and uniqueness of solutions of the problem (11) were established in
§ 4. Ch. 11 There we also studied its properties. and. in particular, obtained the
following estimates:

0/(&) = 0. € €[0.&y):
Ya mznnx (€)= (1 -~ n) /4 < o0,

0.4

(12
where &, = meas supp,; morecover. & = oo tor n € (—1,0) (that is. #, > 0 in
W éh=2forn=~—1and
o = 2=n)"2(~1 =y HimA
for n < —1. For n = —1 the solution of the problem (11) is the function
B,(0) = (1 — x/2)3 x>0 (13)

(in this case £ = x). By the condition #,(0) = I, the function (10) satisties (3').
Let us denote hy A1, £) the similarity representation of the solution of the
problem (1)—(3"). defined by the spatio-temporal structure of the as.s. (10):

0. &) = (T -1 "E Nuu. &T —=n""h) (10 x) € wy. (14)
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3 The convergence to a.s.5. theorem

Let us show that the similarity representation of the solution of the problem under
consideration converges as 1 — T to #,, which ensures that the solution n(r. x)
is close to the as.s. (10). Thus we establish asymptotic convergence ol non-
stationary solutions of equations of different orders: a parabolic one (1), and one
of the Hamilton-Jacobi type (9). The physical reason for this sort ol degeneration
of the original equation in the case of k(i) = | was discussed in § 4. Ch. IIL It
is not hard to present the samc kind of analysis for k() of general form.

Theorem 1. Ler conditions (4). (5) he satisfied. Then the similarvity representation
(14) of the solntion of the problem (1)-(3") for n € | =1.0) comverges us 1 — T~
1o the funcrion 8.(&). the solution of the problem (11). Moreoyer, we have the
estimaie

16 ) ~ 0. Ollew.) = sup Bt §) — 6,(6)] =

feR.
t o T = )"
:()((T—I)”' M(/T)—*().I—*T
Jo r—7
(15)
Proof. Let us introduce in wy new functions U, U, defined by U = E-Yu).

U, = £ '(u,). Substituting u = E(U) and n, = ). into, respectively. (1) and
(9). we obtain the equations

U, = k[EW)U,, + U7, (16)

(W), = Wk (17)

Letus set U@, x) U, (1. x) = z(1, x). As follows from (16), (17). the tunction
2 sutisfies the parabolic equation

o= kIEU) |z +KEW U+ U+ U)) (18)
and the conditions
200x) = E ag(o) = T, (T v e Ry 2(1,0) =0, 1€ (0.T). (19)

Below we shall analyse the solution of cequation (18) with the help of the
Maximum Principle. To justity its use, we make the following remark.

The generalized solution n(r, x) (and therefore Uz, x)) of the degenerate equa-
tion (1) does not necessarily have the smoothness required for the formal appli-
cation of the Maximum Principle (see § 1. Ch. I). However the function u(r, x)
(U, x)) can be represented as the limit as & — oc of a sequence of smootl,
positive in wy solutions 1y € C,I;z((ul-) (U, € C,'\’z(w-,-)).
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For n = —1 the function U, = (T — 1) '(l - ,\'/2)?’, also does not have the
requisite smoothness; U, ¢ C,l;z(wr) (but, which is very important, U, € C'(w7)).
Therefore we shall be using the fact that the non-negative generalized solution of
the first order equation (17) can be obtamed as the limit as € — 0* of a sequence
of classical positive solutions U¢ of parabolic equations

(US), = (U + €U, € > 0. (20)

satisfying the same boundary conditions as U, [257, 260]. Here, since we have
that U, € CY(wy). we have the uniform in € € (0. 1) estimate KU, < const
m@d. 7)) xR,: 0 <8 <71 < T are constants (this is important i the proof of
convergence (o a.8.5.).

The sequence ol functions &f = Uy ~ U € (7,'_;3(w7) converges uniformly as
k — 00. € — 0. to a function z on each bounded set w, C w, = (0.7) x Ry,
7 € (0. 7). From the argument above, we shall formally assume that the function
z(r. x) is sufficiently smooth, Here we are implicitly assuming that the necessary
estimates are first derived for the smooth functions (7, x), and the final result is
obtained by passing to the limit as kK — oo, € — 0'. Let us note that i equation
(20) is used instead of (17), the equation for 2§ includes an additional term, which
15 not essential for the tinal estimate (15) as € — O,

Thus, let 7 € C!*(wr) N C@r). Then from equation (18) by the comparison
theorem we conclude that

max z(rLx) < 2N, minz(n, ) > o (),
! !
where the smooth functions 2¥(7) satisfy the inequalities

dztjdr < sup k[EU, xn}sup(Uy),, (1. ). 2h
! !

dz fdr 2 0. 0<1 < T, (22)

and moreover z7(0) = max 2(0, x) < 00, 27(0) = min z(0. x) > o0,

I the derivation of (22) we take into aceount the first of the inequalities (12),
Using the notation (7) and the explicit form of the function U, = (" — 1) "6,(§),
we obtain

supk[EW)) = sup  k[EMS)) = p(T = 0",
\ se]0F =]

sup(Uy),, = (T — 1) ! 1}111()(()"'((5) =(T~0""g. 1 = T".
\ £=0
Substituting these equalities mnto (21), (22). we derive as 1+ — T the estumates

! T—-0"] dz
di 5(,,,1’11},__,).,' ds
1

>

T —1 ot T



380 VI Approximate self-gimilar solutions

Hence by the inequality
16, ) = 8,()llc < (T —n""max{z" (). =70 <1 < T,

we deduce the validity of the estimate (15),

We need only to demonstrate convergencee of 6 to 8, as + — T, Resolving
the indeterminate in the right-hand side of (15), and taking (8) into account, we
obtain (T — 1)

. . gn Pk -
im0 ) = 6.Clle = lim T VI
[

Theorem 1 allows us to determine asymptotically exactly the dependence of
the depth of penetration of the thermal wave on time, From the convergence
estimate (15) it follows that x., (1) satisties as 1 — T~ the equality (1, x. /(1)) =
L/ QENT — n").

Hence, using the specific form of a.s.s, 1, (1, x) (see (10)), we obtain

(23)

E VBT = 112
Repl) = (T = 1)o7 ) [ EWT = 171/ '} T

(T — 1)”

Here 6, ! is the function inverse to ¢, (¢7' exists on the interval (0, 1) in view of
the monotonicity of §,),
Let us demand in addition that

i 2822 (24)

Then it is easily veritied that £ "(E(5)/2)/s — 1.y — . Since 67'(&) =
(1 = &/ (=m'? for small ¢ > O, we derive from (23) the following estimate for
the penetration depth of the thermal wave:

y (T~ pytms E'E|(T = 1)"}/2)
Xy (1) 2 e | ] .
1) (<mi (T =1y

. (25)

which holds for all ¢ sufticiently close to T,

Let us consider separately the case n < —1, For n < —1 the function (Uy), has
a jump discontinuity of the first kind at the “front” point (1) = &(T ="/ o
that U, € C(wy). Therefore additional ditficultics arise in the proof of convergence
1o a.8.8, lor n = ~1, Below we obtain an estimate of the rate of convergence (15)
for n < —1 for the case k() = 1, when E(s) = exps — |, so that the similarity
representation (14) has the form

01, &) = (T — 1)y ™" In[ 1 4 w(t, &T — 1) (14"
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Theorem 1. Let k(1) = 1, Then for any n < () the following estimate of the rate
of convergence 1o a.s.s. is valid:

oy = 6. llew., = OUT =) " IKT =D} + = T . (15"

Progf. The case n € [—1,0) was considered in Theorem 1. Let us note for k = |
(15) is the same as (157, since then g (1) = 1 (see (7).

Thus, let n < —1 and without loss of generality w,(x) = (). Then the solution
of the problem (1)—(3') has the formn

’ ' - \
.0 =3 | CXP{‘m}lexpu'r—r)"l— Hu=n *ar,

The main problem is to estimate (s, x) on the weak discontinuity surface of
as.s. (10), xp(1) = E(T — 1)1 +72 on which the a.s.8, 1, = ) and does not have
the requisite smoothness, Setting in the last equality & = £y(T — n)'"*"/2 and
introducing a new variable of integration by (T — 1)(f — 7)° ' = s, we have the
following estimate:

&

A
w(t, xg(1)) = ",) A2 / exp{=A"P ()]s 2 ds.
27T /2 o

where we have introduced the notation A = 7"~1 — 0' .1 — T, and P, (s) stands
for the function £3s/4 — (1 +)"s ".

It 1s casily checked that P, (s) is non-negative exactly for &, = 2(~n)"*(~1 -
wy D2 Therefore the above integral converges and goes o zero as A = T—1 —
0*. Hence u(r, xp(1)) = o((T — )2y and thus U, xo(1)) = O[|In(T — )]} as
1 — T, Since w, (1, x) <0 (sce § 2, Ch. V), this estimate holds everywhere in
{x = xp(n)]. In the domain {0 < x < xg(n)], where U, € C™, the method of proof
of Theorem | can be applied, which gives us as a result the estimate (157) of the
rate of convergence to a.s.s. 0O

4 Sufficient conditions for absence of localization

Theorem 2. Assume that conditions (4), (5) hold. Then therve is no localization
in the problem (1)-(3") for n < —1. The solution grows withow bound ast — T~
everywhere in Ry, Furthermore,

E Y, 1))

L, Ly —TF—IF— =1, xeR,. (26)
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If equation (1) admits finite speed of propaguation  of perturbations  and
meas suppup < 00, then for the size of the support of the solution we have the
estimate

£ (1) = meas suppu(t, x) = (T =" g —e(n). 0 <1 < T, (27)
where £g = meas supp, = 2(~n)"?(—1 — n) Y2 and the non-negative func-
tion (1) — 0, t — T, If k = 1. then by Theorem 1" we have equality in
(26).

Proof.  Let us denote by (1. x) the solution of problem (1)-(3) in (0,7) x
(0, xp(1)), xp(t) = (T — D' satistying fi(r, xo(1)) = 0, 80, x) < ue(y) in
(0, xp(0)).  Since (0, ro()) = 0 in (0, T), by the comparison theorem u > i
in (0, T) x (0, x5(1). But u, € C'2(0. Ty x (0. xp(1))), (1, x0(1)) = 0.
Therelore as in the proof of Theorem 1, we see that 6(1, &) — 6,(€) ast — T in
C (0, &)) with the rate of convergence given by (15) (here 6(1, £) is the similarity
representation (14) of the solution 7)., Then the claim of Theorem 2 follows from
the inequality w > i1 in (0, T) x (0. xp(1)); in the derivation of (27) we use the
expansion

0) = — eyt 0. £ — &5 (28)

]

Theorem 2 provides sufficient conditions for the absence of localization in the
problem (1)—~(3'). Unfortunately, Theorem I cannot be used to establish the parallel
result for presence of localization for # > —1. In the vase n = —1 we can prove
the following assertion:

Theorem 3. Agssime that conditions (4), (5) hold. Then the solution of the problem
(=3 fur n = =1 swisfies the relation

EYu(r, x)) o\’
{ e —— - ¢
(111'}_1 Tt - (l 7) R reR,. (29)

Remark. I n € (—1,0) in (3), then £ Y@, x)[ = o((T - "), t = T, mR,,

Relation (29), which follows from (15) and (13) for 6,(£) in the case n =
—1, means that (s, x) grows without bound for all ¥ € (0,2) and w(r, x) =
E(T —1n YW1 - ,\'/2)24 [as ¢+ — T . If, on the other hand, x > 2, then w(r, v) =
o(E[(T = 1) '). which, however, does not ensure uniform boundedness of the
solution, At the same time it is clear that a. s, s, (10) (which correctly describes
the asymptotic behaviour of the solution of the problem) is localized lor n > —1.
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In the case k(u) = 1, localization of the solution of (1)—~3') for n > ~1 is proved
in § 4, Ch, III, by analyzing the heat potential, All the arguments above, as well
as the results of numerical computations, indicate that for n > —1 the solution of
the problem (1)-(3") is localized.

5 Examples
Let us consider other examples,
Example 1 (compare with Example 2, § 5. Ch. V). Let k() = In*(1 + u), where
A > 0 is a constant. Conditions (4), (5) are satisfied. The transformation E in (6)

has the form (see Table 1) E(n) = exp{[(1 + Du[' """} — | and therefore, setting
my = n/(l 4+ A) in (3") we obtain

() =exp{(l + HYTAT Ly~ 0 <1 < T (30
To this boundary blow-up regime corresponds the as.s, N
u,(1x) = exp{(l 4+ )TV gttt N ey 3

where £ = x/(T — plt A2,
From Theorem 1 it follows that for n € [—1,0) the similarity representation
(14) converges as 1 — T 1o the function 6,, and that we have the estimate

6. ) =6, =0T -n"")y—= 0. 1= T".

From the structure of the as.s. (31) it can be seen that for ny < ~1/(1 4+ A)
there is no localization in the problem, and that n(s. x) ~ exp{(T — )"}, 1 —~ T,
for any v € R, Equation (1) describes processes with finite speed of propagation
of perturbations. Therefore for ny < —1/(1 + A) the size of the support of the
solution can be estimated using (27).

For ny = —1/(1 + A) ass. (31) are localized.  In particular, in the case
ny = —1/(14A) (S-regime) the following equality holds asymptotically as 1 — T~
(see Theorem 3):

w(t, 1) 2= expl(] + MR gy e '\A/z):*/n-w\;l L.
Penctration depth of the thermal wave depends on time thus:

AT EA) 7
o)D) = "(Mlim)\_)“—__ln;: Pl e
(=na(1 4 Ap'72
Hence it follows that in the case A = | for ny € [~ (A= 1)"".0) in (30) penetiation
depth decreases to zevo as + — T . This conclusion also holds true for the
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boundary HS-regime, which heats up to infinite temperature the whole half-space
R, (see § 4, Ch. 1I1). For A = | the behaviour of x.,(f) is practically independent
of the parameter u: X,/ (1) = O(T - nYhot— T,

The above conclusions confirm that, in general, shrinking of the half-width is
not sufficient for localization.

Example 2 (compare with Example 3, § 5, Ch. V). Let us consider equation
(1) with coefficient k(1) = In[1 -+ In(1 + 1) [. Since here E(u) = exp{u/ Inu} as
1 — oo, from Theorem 2 we deduce that the boundary blow-up regime

wg (1) 2 exp{(T = )" /In (T — nHf}, 1 = T 7, (32)
leads for n < ~1 to absence of localization. Here
meas supp(t, x) 2 Eg(T =" 0o 1> T

If on the other hand #n > —1, then the as.s. are localized. To the boundary

S-regime (n = —1) corresponds an a.s.s. of the following form:

(r—n"' (= x/2),F

[ In(T —1)] {l 4 7ln[(l - .\-/2)+|}
T =)

wll, x) = (1, x) 2 exp

1T 0<x <2,
From the relation (25) it follows that in this problem (n = —1) the half-width

decreases ags 1~ T

Xop () = (=) AT~ PP | InT -0 = 0, 1> T,

Example 3. Let
k() = [1+ In(l + )] *. (33)
In this case E(u) = exp{e” — 1} — 1, therefore it follows from Theorem 2 that the
boundary regime
(1) = explexp{(T' = "} ~ 1) — 1 (34)
ensures for n < —1 unbounded growth of the solution of problem (1). (2), (34)
everywhere in R,. On the other hand, it n > —1_ then we should expect heat
localization in the problem (at least the corresponding a.s.s. have this property).

Example 4. Let the thermal conductivity coefficient have the form

3’ (1 + In(1 + 1)
k() =
1+ In(l + )
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Conditions (4), (5) are then satisfied and the function £ defined by (6) has the
form
E(u) = explexp{u'/?) — 1}~ 1},

Therefore in this problem the boundary blow-up regime
w (1) = explexpl(T — "} — 1} — 1}

will produee no localization for n < —1/3. For n > —1/3 the a.s.s, are localized.

6 Localization conditions for arbitrary boundary blow-up regimes

In the construction of a.s.s. in the degenerate case we made subgtantial use of
condition (5). If the integral in (5) converges:

>~ k()
ay = — 7 < X, (35
‘ /() S n )

then the funetion E in (6) is defined on the finite interval (0, a;). and therefore
E~" is uniformly bounded in R,. Thus it makes no sense to consider the family
of boundary blow-up regimes (3'), and no a.s.s. of the form (10) exist here.

To clarify the meaning of the yestriction (5). let us consider

Example 5. Let the coelficient i equation (1) have the form

k(o) = [1 4+ In(1 + 0| [T+ In(1 +In(l +up[ ' x...

| (36)

x| T Inh oo+ In( 4wy [ > 0.

In cach successive bracket the number of logarithms is increased by one. Let the
last bracket contain M logarithms, that is, (36) has M factors (for M = 1 the
cocfficient (36) coincides with (33)),

The transformation £ is determined from (6):

EQo = explexpl...{¢" —~ 1}, )~ 1} =1},

where in the right-hand side M + | exponents are used. Therefore from Theorem
2 we conclude that the boundary regime

() = E(T - n"| =
(37)
=cxplexp .. fexpl(T ="} -1}, -1} =-1. 0<1 <T,

is not localized for n < —1. Comparison of (36) and (37) shows that increase in
the number of logarithms in the last square bracket of (36) leads to the following



386 VI Approximate self-similar solutions

situation: to bring about the HS-regiime without localization. faster and faster (more
rapidly increaging as 1 — T 7) blow-up regimes are required. As M — oo the
intensity of these regimes does not have an upper bound (in a certain sense). At the
same time as M s increased, the “rate of divergence™ of the integral (5) becomes
lower, Therefore as condition (35) becomes satistied, the intensity of minimal
boundary regimes that lead to absence of localization and unbounded growth of
the solution in the whole space, becomes infinite.

If condition (5) holds, all the types of boundary blow-up regimes are possible;
HS-, S-, and LS- regimes (under the restriction (4) this was practically establighed
in Theorems 1. 2), On the other hand. if k() satisfies (35). then, apparently, there
are no non-localized HS-regimes, Let us state again the result which can be proved
by comparison with travelling wave solutions (see § 3. Ch. ).

If the condition
~ k()
e (7)< OO (38)
foSr

holds, any boundary blow-up regime in the problem (1)-(3") leads 10 localization,

Condition (38) is satistied, for example, by the following coelficients: k(n) =
e k= +1) o= 0, k() =[] +In(l + )| * and

ko = [ +Intl +0] "< {1+ [l +In(l +0[) 4 A > 1,

§ 3 Approximate self-similar solutions in the non-degenerate
case. Pointwise estimates of the rate of convergence

In this section we consider non-degenerate a.s.s. of the nonlinear heat equation.
which correspond to given blow-up regimes on the boundary v = (. Unlike
the degenerate as.s, of § 2, they satisfy (under other conditions on the thermal
conductivity coefticient) a second order parabolic equation.

Main ussumprions and formal definition of a.s.s. As before. we shall consider
in wy = (0. T) x Ry the first boundary value problem

1, = AQ) = (k1)) (h
(0.0 = 1p(x) = 0. v e Ry: g € C(R ). supuy < 00; (2)
w(1.0) = (1) > 0. 1€ (0.T). wy € C*[0,T)). (3)

where the function u; of (3), which blows up in finite time, is taken to be monotone
increasing,

Let us introduce the necessary restrictions on the coefficient k(u) €
CH(0.00)) N C0. 00)). We shall assume that k') > 0 for 1 > 0, k(0) = 0,
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k(o0) == oo, The function & defines a bijective mapping R, — R, and therefore
we can define k' : R, — R, the inverse function to k,
Let us set
Dpley = (kG 7Ry op 1o - (4

The main condition on & is as follows: there exists a constant o € R, such
tbat*

D) — Lo n— oo, (5)

In Table 2 we list some coefficients &, which satisfy condition (5). In all the

cases the constant y > (O is chosen sulliciently large. In the right column of the
table we list the principal terms of the expansion of the function k ') as 1 — o,

Table 2

(_mk(“) — T

a W Inty +m W T I g

" In ey 4 ) QM ey

aexp{n®(y + ). 0 < @ < | W exp(—ormtat i pe gy

Iny + n) ” , Ina ¥
n’exp { e b v > 0 | 0V exp { T e
p { In“In(y + ) P In“Inn

It will be convenient for us to write the boundary condition (3) in the following
way:
w(r,0) = w(y =k '@y, 1€ . T). (A

where (1) is a smooth monotone increasing function. ¢(r) — oc as t — T7.
We shall seek a.s.s. of the problem (1)~(3") in the fonn

(1. x) =k (87| € = x/h(1). (6)

where the unknown functions 6,(£). ¢(r) are determined from conditions of con-
vergence of the solution u(r, x) to the as.s. w, (7, x). It is assumed that 6,(0) = [,
so that a.s.5. (6) satisfies the boundary condition (37).

Let us make some necessary preliminary computatious. Let us set

U, x) = k(u (1, x) = (087 (). (7)

The function U, satisfies the eguation

— a - s - (rfl)_, s 5
(U =a@” P Hne &) (l// (/)> (¢ dE (8)

"For o = 0 relation (5) is equivalent o the equality @ (%0) = oo, This cuse was
analysed in § 2.
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or, equivalently,
! ! ')U\
W), = (%«) i, — (-(Z‘S—> (1).\'%««. (8
v é :

Let us introduce another piece ol notation:
U, x) = k(u(, x)), 4, x) € wyr. 9)
For [/ we obtain the equation
Ur =Dy (U) + [De(U) = /o U7, (10)

where

I
D, (U)=UU,, +—U>. (11)
a

Let us observe that U1, 0) = U@, 0) = (1) for t € (0. T). Below we shall

analyse the equation satistied by the difference : = U — U, using the Maximum
Principle, and we ghall derive conditions such that

167, ) — 07 llew,y —~ 001 =T, (12)

where we have denoted by 8(r, ¢) the similarity representation of the solution of
the problem (1)~(3"):

01, &) = —J———l/“”(z, Epln)) = ~l~l<“"(u(1. g, 1e0.T), £20. (13)
1) i) ’

The convergence condition (12) ensures that as + — T the solution of the
problem under consideration and a.s.s. (6) have the same properties. Then the
function ¢(r) determines, modulo a constant factor, the dependence of the depth
of penetration of the thermal wave x. () on time.

Under the above assumptions, the construction of a.s.s, uses exact self-similar
solutions of the equation with power type nonlinearity:

i = (), (14

(here the constant or > () is the same as in condition (5)). We shall need two types
of sell-similar solutions of equation (14) (see § 3, Ch. 1l):
. us(t, x) = (T = 1)'6,(£).& = x /(T — )Ftmen/?,
1€ (0, Ty n=-const <0 (15)
11 ug(l, x) = ¢'6,(£). £=x/expler/2).r > 0. (16)
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Here the functions 6,(£) > 0 satisfy ordinary differential equations obtained by
substituting ug(r, x) into (14):

l+nU'

I, @6y - - B E4nb, =0, &> 0; (1

1. 076y —H =0, = 0. &> 0, (18)

as well as the boundary conditions
0,0y = 1.6,(c0) = 0. (19)

Under these assumptions on k(u) the method of constructing a.s.s. in each
specific case depends on the for of the boundary regime.

1 Approximate self-similar solutions of type 1

In this subsection we construct a.s.s. of the problem (1)—(3') with I'unuion Oy
satisfying equation (17). The problem (17), (19) ways studied in detail in § 2, Ch,
111, where it was shown that for any n < 0 its solution exists and is umque. For
n < —1 /o the function #, has compact support: &y = meas suppd, < oo, while
for n € (=1/er, 0) we have 6,(§) > 0 everywhere in R, . Moreover,

B(&) = CeIH 0 4o ol C=Cn, o) = const > (). (20)

In the case it = — 1 /o the solution can be written down explicitly:
} é_ 2/ . 2(”__+_2) /2
H‘(.;):{<l_m> ] =0 §():{~——~] . 2n
£o o

To prove covvergence Lo as.s. we shall need

Lemma 1. Ler 6, be the solution of the problem (17), (19). Then

20
gn = sup = (€) < —ner, £y = meas suppo,. (22)
iy dE
Remark. For n = — /o we have (see (21)) ¢, = h/f() =a/(o+2) < I

Proof  Letus set g,(¢£) = 67(£). The function g, satisties the equation

l+;

" l ;2
&g+ ;(A’.‘)" - &+ nog, = 0. (23)
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Let us assume that there exists a point £ = £ € R, such that g/ (£*) = ~no.
Let us show that this leads to a contradiction.

Let us consider first the case n < ~1/o. Then 6,(¢) 0 for ¢ &y =
meas supp g,, and (¢! ¢)) (&) = 0. It is not hard to show using the Banach
contraction mapping theorem that as £ — £; we have the expansion

i

v

| + ner

I — ner 5
aéoléy — )+ — (g~ ) ... (24

(&) = 07(¢) =
8.(g) (£) T

Hence ¢(€;) = (I —no)r/|2(o+1)| < —no. Therefore ¢ < &yoie. g (€7) > 0
Then, setting ip (23) € = ¢, we obtain

1 + ner
r

g = & (25)

Let us rewrite (23) in an equivalent form:

1 1
(/g0 — ———~+2' g/

Integrating both sides of the equation over the interval (£7, &) we obtain

¥ * ’ -4 l + *
~g(Eh {m& ) - o } +

l &n
+o ( +om‘ + ”> / 2" ydn = 0.
Y Je-

a4+ nog!” =0.¢ > 0. (26)

(27

Hence, takinpg (25) into account, we arrive at a contradiction, since

'(fl
/ ¢ (mydy > 0.
Jer

Now let n > —1/o. Then g, = 0 in Ry and g/(c0) = 0. We have to consider
two ecases. The lirst case is n € (—1/o. —1/(r + 2)), when gV € L'(R,) (see
the asymptotics (20)). A contradiction in this case is obtained by integrating (26)
over (£*,00). The sccond case is n > —1/(o + 2). Then, integrating (26) {rom
£ =010 £ = £, and using (25), we obtain the equality

oo +2) ( | > /‘: x/ ,
_— - | 2 (0).
5 ,”+(r+2 1 (mdm = g,(0)

which cannot possibly hold in view of the conditions 1 > —1/(r 4 2), ¢/(0) < 0
0

Theorem 1. Ler condition (5) hold, and let the function i in (3 satisfy the
conditon

1
iy @) — —0 =T 5 n=const € |—1/0.0). (28)
n
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Then the problem (1)~(3") has w.s.s. (6), where

b = |—n™ i) 2o e 0.7, (29)

the function 6,(€) is the solution of the problem (17), (19) and the limiting equality
(12) holds.

Let us make some preliminary computations and see what equation ts satisfied
by as.s, (6) under the conditions of Theorem 1. From (17) it follows that

(I._f

Substituting this equality into (8). we derive the following equation for the
function U,:

1 1*e” 1 167 : 1 167
g = - e (‘ > e g (30)

' no tdET ne? 2neor dé¢

U ) l(l/lf [ (1 (rrd?().’\) I (/:r l/ )1 IH”) +
O = o= e
' n 08, de o ) ( dg

l+;r . do? (,,d) (IH;’
o e - () oG

Setting now §7 = U, /", £ = x/¢h, we have

l r 42
(U), = —~ <l/l(<}[> (I)DII(U_\')+G(I)(U{)\\
n\

where G() = [InG/' /) (1), | = (1 4 nor)/(2n) and D, is the operator (11).

L[y ? .
However, by the choice of ¢ (see (29)) —~ (I/ii/)w) (1) I. Therefore the

i

n
equation for U, has the form

(U = Dy (U) + Gy, x. (31

Setting in accordance with (7) U, = k(u,), we deduce that under the conditions of
the theorem a.s.s. (0) satisties the equation

1 ,
(“\)l = A(“\) + ['— — (l)l\(l\'(“x))] k,(“\)(“.\): + (;(1)(“,\)\-\3 (32)
a

which differs from the original equation (1) by two additional terms in the right-
hand side,

Remark. [t is interesting to note that a different equation can be derived for an
equivalent a.s.s. For example, from (17) we have the equality (here n % —1/0)

(m:’fm 2 H,,(F_(f(4 I ((I(” L
de” Tl | dE? d¢ [T R
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Substituting it into (8), we derive for U, the equation

2 P’ 2nar if | + ner
U\ TR e ! D( U\ l - U-“ I: '
(Wak l+n(r<u">() L ')+l+n(r<nq§>() 2

If instead of (29) we define the function ¢(r) so that

’) r
- - (f./.).(l)_> (1)
1+ no \

then, setting in (33) U, = k(1) we have for a.s.s, (6) another equation,

(uy), = AQ,) +

+ ;l;*-‘l)k(/\'(u‘))]k'(u ya,)? + l’\‘((’l“) 124";” (lx’(’})) (1).

which differs from both (32) and the original equation (1), In the sequel we shall
only use equation (32),

Proof of Theorem 1. letus set o = U — U, in wy. 2 € C(wy). Then it follows
from (10). (31) that = satisfies in wy the parabolic equation

;= ,(./{[;’, 4 .(./‘32‘, + M. x) + N, xo). (34)

Here &, is the linear elliptic operator obtained by transforming the difference
D(r(U) - D(r(U\):

Fio=Uszs, + (~1)_(U\ +WoOzG Sz= WU (35)
M ig a function of the following form:
M x) = -Gy, 2 (36)
N is the nonlinear operator
N, vz = U, + 2 = oWy, + 07 (37)
Here 2(r. 0) = 0. My = sup (0. .0)| < oo,
Below we shall derive upper and lower bounds for z in w; by constructing

spatially homogeneous sub- and supersolutions for equation (34).
Thus. let condition (5) hold, Theu there exists a continuous function H (u):

~Ha) < D)~ /o < Hao. u > 0, (38)
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such that
H) > 0 and H () is nov-increasing for u > 0, (39)

Hu) — 0. u— 2o, (40)

Let us obtain an upper bound for z(7, -). A lower bound will have the same form. It
follows from the form of the operator N that the function ¢ satisfies the inequality

<Y+ M+ Notoxn oy, P =S+ S,

where N is
Nott. o o) = HWU, + 2)0U,). + 20"

Using the fact that by assumwptions (39), (40) H(U, + 2) < H(z) forall 2 = 0, it
is not bard to show that z is u subsolution of the equation

S =g b M HEOW, 42

in the domain {z* > 0}. Therefore - < o' (' = 0) t wy if this ivequality bolds
for 1 = 0 and on the boundary (0, T) x {x = 0}.

It is obvious that the function ' s, in its turp, a subsolution of the parabolic
cquation

wh =Lt 4wt sup W +sup, M+ HaH)ee! + 20wl +
+ HQue'ysup (U wt > 0in wr.

Appealivg to the usual comparison theorem (with respect to boundary data; see
§ 1. Ch. 1), solution of this equatiop cap be estimated ip terms of the spatially
bomogeneous solutiop w(r).

Summarizing all the above, we bave the following estirpate;

|21, x)| < w(1) ip wy, 41

where the fubction w satisties the following boundary value problemw for an ordinary
differential equation:
dw

— = wsupU,),, + sup [M] + H(w)sul)(U‘)z\,I e (0, F);
(II 1 v 1 (42)

w(()) = My = sup 20, x) < oc.

Takivg into account the specitic fornm of /7, (see (7)), as welt as (29). it is not
hard to see that for n e [—1/0.0)

(/I (12 Sllp“(}"r(f)]” — q_" ﬂgl‘

5 U, W E e B
Sl\lp( ) (1) — (1)
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sup M| = (Gl sup 1), xl = p GO (1),
1 A
Pao= sup &) < oo

P WY
— — = — i ().
—n h(1) -nl/ W

sup(U,)7 =

4

Y= sup [(H“’)'] < o,
Therefore equation (42) bas the fonm

I ! i ! ‘11 aa r
am = A ﬂur + G+ '—1//” l1// H(). 43)
di —n i ~-n

Sivee for all 7 € (0, F) we bave by (44) that

174 14 1 (1)
“H (1, ¢) ~ ()‘ (')”( = "“'(;*)‘ sup |:,(I. )| =< (44)

W =W
to prove the limit equality (12), it sulbees to cheek that w() /" (1) — 0 as
A

From (43) it 15 pot bard to obtaiv an estimate of 10(r). for example, on the
interval (¥/2, 7). To estimate the last (noolinear) term ip the right-band side of
(43). let us use the ipequality

dw g ()
_— I — —

.
dr 7 =)

from wbhich it follows that for all 1 € (F/2.7T)
w1y = My [ " My = (T 2Ty 70,
Therefore ip view of (39), (40) we bave the inequuality

I " ' - -Il T~ ’ -
A W T IGL + H M e,
di —nifr —n

Consequently, forall 1 € (F/2.T)

4

w(t) < MU Ny 4 paget M) / f7 Gyl dT +
Jroa

. !
+ ’_’;llllr[,,/( n)(,) / l//lr | SRRV “)(T)I/I’(T)[‘[(M[l/ll"‘/‘ﬁ”)(T))(IT =
- JT72

=h () + by + B,
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us consider the relation

-
3

O < 1omy/¢" () = L™+ @) + LBy " () =
=J1() + 420 + J3(0).

By Lemma | ¢, < —po and therefore
S = M9/ =0 g T

Let us consider the expression for J+(7). Consecutively resolving all the inde-
terminacies that arise as 7+ — 7T . and using the exact form ol G(1). as well as
conditions (28). (29). we obtain (bere € > 0 are some constants)

lim Ja) = C lin i/vI-IGI =
Iy 1T

/l
g LU L - 2 2
(o 1/’ T/ ten ) N/
=C lin )= ARV NP A
= =g {o+ [E) )= cl-5 (o)l o

Similarly. by (40)

lim J3(1) = C lim HM /') = C lim HQoy = 0.
LR 1T [ e ¥
Thus (1) /(1) — 0 as 1 — T, which, as shown by (44). ensures that (12)
holds. This concludes the proof, a

Remark. For n < ~1/u, by (24) the function (#7)¢ experiences a jump at the
point € = &y. that is U, does not have the smoothness required for the proof by the
above method. In this case convergencee to the a.s.s, is easily proved for #i(r. x), the
solution of the problem (1), (3') i the domain (0, T) X (0. xo(1)) (there U, € C,\”)
satisfying (7, xo(7)) = 0 on the moving right boundary xy(7) = &,¢(r). Then using
the estimate (22). which bolds for any n < 0, we obtain the same estimate of the
range of convergence 0. & — 17(&) as 1 — F7oin C((0. &)). From this
estimate we conclude that there is vo localization i the origival problem (1)—(3")
for n < —1/o and derive, iv particular, a lower bound on the size of the support
ol the non-localized solution (see proofl ol Theorem 2, § 2).

Table 3 shows functions ¢b(1) corresponding to various boundary regimes (3'),
iv which ¢ satisties condition (28). Properties of the resulting as.s. are largely
dependent on the relation between the quantities »n and or, Thus, for n < —1/0 the
half-width of the a.s.s. grows without bound as 1 — T, that is, the solution of the
problem (1)~(3") is not localized (HS-regime). On the other hand. it n > —1/o
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1.3. The case B > o + 1. This is the most interesting case: both the stable
set W and the unstable set ¥ are then non-empty. Below we shall assume that
B>c+1for N=1.2and that Be (o + |, (7 + I}N+2)/(N-2)) for N >3,
First we shall prove a theorem concerning local solvability of the problem.

Theorem 3. Assinne that o+ 1 < B <o+ | 4+ 2(0 + 2)/N. Theu there exists a
coustant T, > O such thar on the interval [0, T, ] problent (5). (6) has a sohaion,
which satisfies the inclusions (7). (8).

The proot relies on the following lemma {282, 283].

Lemma 2. Ler a function v be such that |v]"v € H{(Q). Then for any B > 1 if
N=12 and forl < B = (o+ )N+2)/(N=2)if N = 3 we have the estitnate

.
: L derg 1)
el gy < (“7{}2”“([1' ") y n} ol g
{

Here v = N(B— D/{(B+ o+ D2 +2Y+ Naol), Ca = {1+ (o +2) /{25 + H
for N =1.2 aud C7 = [2(N = )/(N = 2}|* for N > 3.
Proof of Theorewr 3. Let us use Lemma 2:

2 "
—- Vi i l ty
/ D))y dy = (lv‘ " { E ”"'('”m' thy) } ll”lll”'l;nxl‘”)‘
. 12(¢h

N(B - - IWN+2
b = (B—-1 ‘vz:B(Z Ny + (o + 1) (N4 )((r+2)>0‘
2o+ 2y 4+ No 20+ 2)+ No
(24)

where by the restriction 8 < (o + 1) + 2(o + 2)/N we have thut »; < [. This

allows us to apply Young's inequality to the right-hand side of (24), as a result af
which we derive the estimate

N
Dt (0, XYyl x =
I P

Substituting this estimate into inequality (18). which is first differentiated, we
obtain

)
- 0w
} ¢ “”m“, o (g;,) , (25)

’ Ut " tt)
X, 14(h

]

d
=l 19 A, < a8

L3

Hence it follows that w,, are bounded in L™ (0. T, 172 (Q) il T, = 0 is suf-
ficiently small, Then l'mm (l7 and (25) it follows that the functions (Ju,, |7,
are bounded in L0, T L2, lww|w,, are bounded in L™>(0, T,: H(‘,(Q)L and
this concludes the Pl()()l, O
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This theorem is presented to illustrate prools of local solvability using a mintmal
mathematical apparatus, In the course of the proof” of Theorem 3 there appears
an inessential restriction from above on the size of 8. This restriction does not
arise in the construction of the local solution as a limit of a monotone sequence
of classical positive solutions, Uniform boundedness of the sequence of classical
solutions in a damain of the form (0, T',) x £ follows from comparing each of
these solutions with the spatially homogeneous solution (see § 1, 2, Ch, I).

Sequences of strictly positive classical solutions ., which converge monotoni-
cally to 1 as € — 0, cun be construeted in & number of different ways. For example,
as e we can take solutions of the original equation (5) with different conditions:
e = €y for t =0 in Q, 4, =€ on (L. Ty x . Then «, > € in (0. T) x (),
and therefore on cach solution ., equation (5) is uniformly purabolic. We could
also do this differently: leave boundary conditions as they were. and regularize the
equation by replacing in (5) the operator Au”*! by (o + V- (1 + €))7 Vu).
A priori estimates, that guarantee, in particular, convergence of . to « as € — 0
are derived in practically the same way.

Let us move on now to constriict the stable set W, First let us prove certain
auxiliary statements.

Lemma 3. Ler ()| v(x) € H(l)((l). Let us set

| o+ |
J(n) = () — e e b(vy,
2 B+u+1
where
ANy :
() = (1] ) Ch(v)y = / drxy)yd,
,}; dx, LA JA1
Then we luwe the inequality
d = inl  supJ(Av) > (. (26)
A lI",ﬁUv A0
1 £0
Proof. Tt is not hard to see that
1, o+ 1
Ay = AT () — e AP
( 2 al B+o+1 )

therefore, using the estimate (12). we obtain

AR (o b
sup J(Av) =1 |v (‘l(”)>
A0 h(n)

" 18 i ot )
B—t(r+1) 1:(({(11))/“ ’l] . B—-(or+1) . declipal:

it

T 2B+ + 1

e > (),
(h(v)yHrih “2B+o+ 1) ! -

0
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Let us introduce the set
W= {v: [v7veH{(Q): 02 JA) <d. Ae]0. 1]} 27

The distingnishing property of this set. which follows from the method of its
constructian. is reflected in

Lemma 4. Eguality W =W, U {0} holds. Hete
W, = (v v v e HyE)., avy = b(v) > 0. J(v) < d}.

Proof. Let v e W, 10, Then

fA J <mm>Mme| I
sup fAv) = T E— = .
A ?) b(n)

and therefore a(v)/b(v) > 1. whence v € ‘W, On the other hand. let v € W,,
Then

sup f(Avy = Ju) < d, s
A0, 1)

sa that v e W, O
Same other important properties of W are contained in
Lemma 5. The quantity d in (26) is finite; the set W is bounded and contained

in the ball
2B+ + 1) I}

p el v e Hyt . atn) <
lll 0 ) ) — B ”__+_ l)
Proof. Under these assumptions the boundary value problem
A, + {/L',/,j/“” Y= 0in ) v, = 0on .

has a positive solution in € for some v € Ry (see [332]). (Moreover. such a
solution exists for all p > 0. its positivity follows from the formulation of the
corresponding variational problem: see [339. 96, 297].)

Let us set v = /D Then v e 1)) and

ARt
dEJ{UF'('L)} }
bh(v)

Hence by the equality «(v) — rb(v) = 0. we have

d < JMIB Gl o B~ o+ 1) ()2 OB i

< 00,
2B+ -+ 1)
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Take v € W, v%0. Then by Lemma 4 a(v) — b(v) > 0 and therefore

1 - 1
i bv) = Mu(v),

1
| > Hu) = =~ (V) — =
¢ > Hv) 2({(1) ,B+(r+l) T 2AUAB+ o+ 1)

Let us now prove a theorem cancerning global solvability of the problem,

Theorem 4. let B> o+ 1 for N=1,2ando+1 < B < 5+ 1H(N+2)/(N=-2)
Jor N = 3. Asswme that the initial funetion wg in (6) s suelt that wy € W, Then
Jor any T = 0 there exists a generalized solwtion of the problem (5), (6), wlhich
satisfies the inclusions (7). (8) and belongs t0 W for all t > 0 (W s the closure
of W in the set {u}v]"v e HLU())),

Proof. As in proofs of previous theorems, the solution of the problem is constructed
by Galerkin’s method. Then the equivalent of (17) can he written in the form

4o + 1)

!
AR U, ()74, (8) 'l
(o +2)2 /() ll“ T (0]

s = St = S, (1), (28)
[RIT$3]

Hence it follows immediately thiat «,, € ‘W for all 1 == 0 and sufticiently large 1.
since uy € W. J(uo) < d and lugy "y, — ug ' in H(Y) as m — oc. Then by

Lemma 4 «(u,, (1)) > bluy,tr)), and therefore

Mo+ 1) [ .
s )/ Hetm (72 1, (8))
{

1y
(o +2)7 . ds &

2
) llllm)

,
< Jlupa) < c.
Lt

Therefore the functions {{u, " «,}" are bounded in L (w;) and ju,,|"u, are
bounded in L™(0, 70 H}(£2)). From that point on the theorem is proved as the
preceding ones. o

B-(r+1) [& H a4 v
Tagra Zl i, (1 ()

Thus for B8 € (o + 1, (o + )N + 2)/(N — 2),) the problen: has a global
solution, if the initial function is sufficiently small. Let us note that the asymptotic
behaviour of global solutions « € W here is completely different from the case
B e (1,o+ 1]. The point is that every stationary solution U > O in 1 of the
problem AU + U8 = in (). U/ = 0 on 84, is unstable (concerning existence
and stability of U/ see [331, 334, 96. 200, 296}, This is casy to demonstrate.
when. for example, €1 is star-shaped with respect to x = ().

Indeed. in that case the function /,, = alU(a“x), mt =B~ (o + 1}]/2 = O. for
any « > ( is a statienary solution in the domain 2, = {a"x € ), I a € (0. 1),
then clearly ) ¢ €),, and supg, U, < supg U. Therefore il in the original problem
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tty < U, in €], then by the Maximum Principle u < U, in R, x (). Therefore
« cannot stabilize to U as 1 — oo, even though the difference uy — U in C(€))
as o — | can be arbitrarily small, Similarly. choosing o > 1 we can prove
instability of a stationary solution from above,

It is not hard to show, using Lemma 4, that if' the condition «y € ‘W holds,
the function w(f. x) stabilizes as + — oo to the trivial solution U = ). Indeed, if
tyy € W, then by (28) for nt — oo we have J(u(t)) < J(uy) < d, However. if
U0, then J(U) = d, and stabilization of « to U as t — oc is impossible,

Let us show now that in problem (5), (6) for 8 > ¢ + | all sufticiently large
initial functions «, belong to the unstable set 17 (the analysis here employs methods
different from those of § 6, Ch, V),

Theorem 5. et o+ 1 = B<o+ 1420+ 2)/N and
Juy) < 0, gl o0y = 0. (29)

Then the problem (5), (6) does not have a global solution, and we can find Ty, €
(0, T,]. where

. IB+(’-+1 (3 hjteri2 1B
r.= B-D[B~-(o+ l)l(mmsu) po )n“”HiJ"fm)

such that

< 0Q,

Jim (il = 20,

0]

Proof. Recall that the restriction 8 < a -+ 1 + 2(a + 2) /N ensures local solvability
of the problem. Let us show that u cannot be defined for all 1 = (). By passing to
the limit in (28) we obtain J(u(1)) < J(up) ae.. and thercetore

2o +
Bt+o

Then or m = o< we derive [rom (18) the (ollowing inequality:

1) .
a(ur)) < e I:(u(t ) ae, mR, .

HeOTS 5, = Huoll]) 3, +
(30)

(o0 + 1) sy |
+ (o + ’)):B’B +__m mC’ds(l)“ B/t 2y / lers ”7”""'“" ds. t = 0,
Jo
In deriving this inequality, we used the estimate

l(l /i)/(rﬂ’)” o ”/i'!ril

P00 > (meas € T

pites gy =

Taking into account the fact that nu()||"',7m) > ( and using (29), we deduce the

required result from (30). ]

Let us note that condition (29) of unboundedness of a solution of the problem
is in a certain sense the opposite of the inclusion wy € W (see (27)),
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2 Equations of general form

In this subsection we consider the problem (1)-(3) with coefticients ¢ (u), Q) of
sufticiently geneval form; Q(u) is taken to satisty (4), The main task is to analyze
the set ‘W, which is studied by two different methods, In subsection 2.3 we study
the unstable set.

I Conditions for global solvability for arbitrary initial functions (V = ¥)
Derivation of global integral estimates for the solution.

Here, as in the previous subsection, we apply the Galerkin method. The main
restriction on the coethcients ¢(w). Q(u) consists ol the tollowing: there exist
positive constants My, M3, such that the inequality

Q) =M+ Mad(s), v =0, 3N

holds; moreover,
My < Ay, (319

For simplicity we shall also assume that
&G0 /11 + > ()] < My = const = 0 lorn = 0. (32)
For convenience, let ug introduce the function
By 5
ih(s) = / [ ()2 dn. s = 0.
Jo
Theorem 6. Let conditions (31), (32) be satisfied. Then for any T = O there exists

a generalized solution of problem (1)-Q), such that n(t. x) = O we, in ) for any
Jixed t = O and the following inclusions hold:

: 2 J bl e 32
Py € L0, T3 LA, :‘;; p) € L3O, T 12, (33)

PG € 1.0, T Hy(EY). (34)

Remark 1. Condition (31), which plays a crucial part, will be necessarily satisfied
i’
Qs)/ p(s) = 0, s — o<, (35)

Remark 2. 1l in (1) we set (s) = Q(s). then (31) holds for My =1 (M = (),
Thevefore (31°) holds it Ay > 1, Thus in this case existence of a global solution
depends only on the domain €1 (this situation occurs lor equation (5) for B = o+1).
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The above theorem is proved by Galerkin's method, practically in the same
way as Theorem 1. It is shown that the approximate solution a,, (1) satisfies for
all T > 0 the inclusions (33). (34), Condition (32) then allows ug to prove that
(¢(n,,)) are bounded in L0, 7: L'(€1)): this estimate is needed to pass lo the
limit (for examples of similar analysis of quasilinear equations of general form,
see [125, 294]).

In the course of proof of Theorem 6 (and Theorem 1), it is possible to derive
explicit and practically useful integral estimates of the global solution in various
norms. In particular, the lemmas we proved above permit us to do that at least for
equation (5). More illustrative estimates tn the norm of C({)) will be obtained,
together with the global gsolvability condition, by a different method. Let us note
that construction of the set W for equation (1) of general form by the method
of subsection 1,3, requires quite awkward computations and a certain effort. It is
much casier to do by comparigson methods.

2 Analysis nsing a family of stationary sohitions

Here we present an application of the method of stationary states, which is different
from the onc of § 1. The method is used here to determine conditions of global
solvability of the problem. Here we shall not be needing any preliminary results,
as all the necegsary material is contained in § 1,

Below we shall assume for simplicity that a local solution of the problem (1)-(3)
exists and belongs to ;> wherever it is positive and has for all 1 > 0 a continuous
derivative V. h(u(t, x)). Then the solution obeys the Maximum Principle and
depends in a continuous monotone lashion on the initial function; in particular,
the comparison theorem is valid for solutions of equation (). The proof of these
assertions proceeds by constructing the generalized solution as a limit of a sequence
of classical strictly positive solutions of equation (1), In the following we assume
that ¢(ng) € .

Let {U} be a family of radially symmetric stationary solutions of equation (1)
(see (1.6), (1.7)). We shall only need the estimate (1.9)¢

UtriUp) 2 U 0Ug) = ¢ " [po)(d = 72 /rf) ] ) {WM‘MU“’} " 36)
. > (o = . = =12 3
O 3] [} 0/ ¢ 3} Q(U())

Here {7y > 0 is the parameter of the family, » = |x]|. Let us note that in certain
particular cases, for example for N = 1 or Q(n) = w0, exact cqualities, which
were derived in § 1, can be used,

Theorem 7. Under the above assumptions the stable set of the problem (1)-(3)
containy the set

W= fuy 2 013U > 00 Csupp U Ug) . ng(x) < U@riUgy e (1. (37)
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Proof. The proof is based on the Maximum Principle. Indeed, if 1q € ‘W then by
construction of W we shall have for all 1 > 0 the inequality u(r, x) < U(r;Uyg).
x € ), since U(r:Uy) = 0 on 8, The latter follows from the condition () C
suppU(r; Ug). O

L.et us note that (37) allows us to describe the structure of initial functions in W',
In particular, the choice of the size of Uy in (37) determines the maximal amplitude
of the global solution, sup . u(t, x) = Uy, 1 > 0. The magnitude of Uy depends
to a large extent on the geometrical dimensions of the initial perturbation: the
“wider” it is, the larger must the value of the parameter Uy be. because otherwise
the function «y(x) will not be majorized from above in {} by the stationary solution
U(r;Ugp). Inequality (36) allows us to obtain a reasonably good estimate of this
dependence.

Corollary 1. Let
l_im_ [p(8)/ Q)] = o0, (38)

Then the problem (1)-(3) has global solutions for all initiad functions.

Indeed. if (38) holds. by (36) we have U(r; Uy) — oo along some subsequence
Up = U} — oo in R¥. Therefore for any domain () and functions uy(x) there
exists Uf, such that up(x) < U(r;Ub) in €, which by the Maximum Principle
ensures boundedness of the solution uniformly in /. For equation (5) this case
obtaing i 8 < o+ 1.

Corollary 2. Let L
lim [p(5)/Q(s)] = p = const > 0. (39)

Then if Q1 is eontained in a ball of radius (2N w)'/2, the problem (1)~(3) has a
global solution for all initial functions,

This claim follows inmediately {rom (36), Furthermore. from (36) we obtain

Corollary 3. Let
P($)/Q(s) — 0. 5 — 20, (40)

Then, f supp U(r:Uy) — 0] as Uy — oo, the set W', defined by (37) is bounded
in CQV), If, on the other hand, suppU(riUp) = RY for all sufficiently large
Up > 0% then W contains functions uy(x) of arbitrarily large norm in C(£2).

Let us note that it is precisely in the case (40) that we should expect the
appearance of unbounded solutions for sufficiently large initial functions wg(x).
which do not belong to the stable set (37),

Yhis possibility occurs. for exampie. it condition (1.12') holds,
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3 Analysis of unbounded solutions using the eigenfunciions method

This methad is similar to the one used in subsection 2, § 6. Ch. V. As well as
the method based on conditions of -criticality, it is useful in the analysis of
unbounded solutions of boundary value problems in bounded domains.

Let us impose some restrictions on the functions that enter equation (1), We
shall take the functions ¢, Q to be convex in R, . We ghall assume that the function
P(s) = O(¢~'(s)) is also convex, and that s/P(s) is non-increasing in R, These
conditions can be written down in the form

¢(s) = 0.07(s) = 0, (41)
Q"' (s) = Q)" (5) = 0. (42)
Q')Ps) — QNP (8) = 0. 8 » O (43)

All the inequalities are satishied, for example. by the coefficients of equation
(5) for B> o+ 1. As shown above, it is exactly for these values of the parameters
that unbounded soluiions can be expected.

As usual, we shall denote by wy(x) the positive in £ eigenfunction of problem
(9). which corresponds to ithe minimal cigenvalue Ay > 0. We shall choose the
function wy, such that gl g, = 1.

The main result is contained in the following theorem. where we have intro-
duced the notation

Iy = / Wl g () dx.
J

Theorem 8. et conditions (41)-(43) hold and let the function uy in (2) be such
that

Ad(Eg) < Q(Eg). (44)
Then problem (1)-(3) does not have a global solution and there exists Ty < T,

where .
QUEy) ™ dn

= < O
Oy — Ayl S, Q)

*

such that
lim supu(r. x) = oo, (45)

oy )

Proof. Let us set
5y = (u(t, X)), wi(x)) = / (. x)w(x)dy.
g}

Then E() = £, As in subsection 2, § 6, Ch, V, we obtain for (1) the equality

dEW)/dt = =X (. p(u)) + (wy, Q). 1 > 0, (46)
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which we shall analyze below.
By Jensen's inequality for convex functions, from (42) we have the estimate
oy, Q) = oy, P(dhu))) = Pl p(a))|. using which we ohtain (rom (46)

dE . Pt }
s p A e b )
- [Goy. () I{l P{(“’l h(u) I “n

However, the function s/P(s) 1s non-increasing in R, (see (43)). and therefore
in view of the convexity of ¢, and thus also Jensen's incquality Gy, dp(u)) =

Lo )| = G, we have (g () /Pl dtu))] < HEY/QUE). Then from
(47) we get

(TI“— > Plwy. ()] { é([‘)} . (48)

From (48), (43). (44) we conclude that () > O, that is. that £() = Ey.
Then from (48) and Jensen's inequality it follows that L'(1) = QUEUNH|I —
Ap(Eg)/Q(Eg)]. Hence we have that the function £(/) caanot be bounded for
all 1 € (0. 7,] and there exists T, < 7., such that L) — o< as t — T, . Since
E(t) < sup (1, x), (45) follows immediately, which concludes the prool. 0

Remark. The incquality

E
[’:I > /.L()Q([:‘).() << ’I Mo = 1 — /\1(25( 0) > (). (4‘))

Q)
obtianed in the course of the proof of Theorem &, allows us in a (airly general case
to derive an upper bound of «(t, -) in the norm ol L™(RV), Indeed, {rom Theorem
3in § I itis easy to obtain a condition on the functions ¢ and Q. under which
E(T)y = oo, il T is the blow-up time. Then integrating (49) over (1, T) we have

™ dn
el s (T 1) (50)
/,m O = H

Finally, if in the computation of (1) = (uts, x), wi(x)) in (50) we use the es-
timate (1.26) of the solution «(r. x) in terms of «(f,0) und the structure of the
function U given by (1.9), then (50) leads to an upper bound for the function
u(t.0) = sup, «(t, r). Inanumber of cases in terms of dependence on the nonlinear
coelficients (1) and Qur). this bound is quite sharp, which is casily verified.

This is a typical example of the situation. in whieh from an ordinary diflerential
inequality for some “energy-like™ functional of the solution, using an inequality of
the same sign for the “energy.” an L™ estimate of the solution is derived.

Let us make one observation. It ¢ = Q. then condition (44) assumes the form
Ar < 1, Therefore the solution becomes unbounded for all initial functions uy 2 0.
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Recall that it Ay = Aj(£)) > 1. then the boundary value problem is always globally
solvable (see Theorem 6).

To conclude, let us note that practically all the results of § 1 having to do
with S- and LS- blow-up regimes can be used to describe asymplotic behaviour
of unbounded solutions of the boundary value problem (1)-(3). In particular, for
the problem with power type nonlinearitics (5). (6), Theorems 5. 6 of § 1, as well
as the results of § 6. Ch. 1V, remain valid. All of these allow us to provide a
sufficiently exact description ol the singularity ol the limiting profile u(Tg . x).

§ 3 A parabolic system of quasilinear equations with a source

This section is concerned with the study of the propertics of solutions of a parabolic
system of two quasilinear equations of nonlinear heat conduction with sources:

= Al 4P, (nH
po= At {2)

Here u > 0. v > 0. p = 1, ¢ > | are constants. This system describes processes
of heat diffusion and combustion in two-component continua with nonlinear heat
conductance and volumetric heat release. The functions «, v can be interpreted as
temperatures of interacting components of some combustible mixture. We shall
be especially interested in the conditions for existence of unbounded solutions as
well as conditions for their localization m the Cauchy problem,

Let us observe that there are four parameters in (1), (2), and therelore, even
though the nonlinearities are of power type, for arbitrary u, v, p, ¢ the system does
not admit self-similar solutions, which, as we know, provide us with a detailed
desceription of asymptotic behaviour of unhounded solutions and, in particular, of
the localization property of finite trme blow-up regimes.

We shall consider inttially the first houndary value problem for (1), (2):

w(Q), x) = ng(x) = 0. v, 1) = vy(x) > 0, x e(l, 3)

u, x) = v x) =0, 1=>0,x € . (4)

where €1 is @ bounded domamn in RY with a smooth boundary 92 ug. vy are
bounded continuous functions, u}'™ € Hi(). vy"* € Hi(€)). First we shall de-
termine the conditions of its global insolvability. Then, nsing an approach based
on the analysis of a family of stationary solutions of the system, we shall derive
restrictions on the parameters of the problem for which it is always globally solv-
able for arbitrary nitial functions ug, vy, and establish a condition for the absence
of localization in finite ime blow-up in the Cauchy problem for (1), (2).
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It turns out that much depends on the sign of only one parameter m = pqg — (1 +
(1 + o). If m < O then the boundary value problem has only globally bounded
solutions (there is no blow-up) and unbounded solutions in the Cauchy problem
are not localized. This result appears to be optimal, that is, the inequality m < 0
is a necessary and sufficient condition for both these properties of solutions.

In this section we study only the most general properties of solutions of the
system (1), (2). A more detailed numerical investigation of systems of this kind
is undertaken in § 4, where we also consider self-similar solutions, which exist
under some restrictions on the parameters of the problem.

1 Conditions for absence of global solutions of the boundary value problem
for p>1+p,gx1+w

Below, under the indicated restrictions on the parameters, we single out an
unstable set V" in the space of initial functions, such that the inclusion {ug. vy} € ¥
implies global insolvability of the problem (1)~(4). This means that there exists a
blow-up time Ty < oo and

T (e sy + 10 0 gy, ) = 200 (5)

I W

Let us note that formally in (5) it can happen that only one of the functions u
or v grows without bound as 1 — 7';. However, because of the “entangled” nature
of the source terms in (1), (2) the functions w, v have 10 become unbounded at the
same time,

“ In the proof of the propositions formulated below. we shall assume that the
local solution of the boundary value problem satisfies the natural mclusions

(! HY ), e 120, TR,
(6)
Wt oeRt e L0, T HL (W), T < T,

Under the assumption of boundedness of u, v these can be ecasily derived by
Galerkin approximations. It is also not hard 0 establish a weak Maximum Prin-
ciple, so that il «, v are bounded in (0. 7) x £}, then v > 0, v = 0 ae. in (],
0<r1<T.

[ Derivatian of a systems af ardinary differential inequalities

Let us denote by wy(x) > 0 {2 und Ay > 0, respectively, the first eigenfunction
and the corresponding (smallest) eigenvalue of the problem

Auw 4+ Aw =0, x € ), wyy = 0. )]
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Let us choose the function w; so that
lwillpr = 1. (8)

Taking the scalar product in L*(£2) with 1w, of both parts of the equations (1),
(2) and integrating the resulting expressions in 7, we obtain the system of equalities

(u(ty, ) — (g, wy) = —Ay (u ( cwy) ds + / (v (). w) ds. (9)

JO

(v ) = (g wy) = —A A’(v““(,s-). wy)ds + /U’ (). un) ds. (10)
Let ug introduce the notation
ap = (g ) = 0. by = (vy, wy) = 0. (1
and let us set
Py = P oy Y DRy = ), w1 (12)

From the Holder inequality and (8) it follows that

(). ) < "y o)UY = Py,
(13)
vy wy) < Wy Y = R,

Furthermore, taking into account the fact that p = 1 + 4, ¢ = 1 + v, we have
WPy, wy) = Ry, 'y, wy) = P, (14)
Using the notation of (11), (12) and the estimates (13), (14), we conclude that

the solution of the problem (1)~(4) satisties for all admissible 1 > 0 the system of
inequalitics

1 1

Py —ay = —A) / P sy da + / RV(s) ds. (15)
JO )
1 1

R(1) — by = — Ay / R4 (s) dy + / PA(s) ds. (16)
J0 JG

In conjunction with (15), (16) let us consider the following system of ordinary
differential equations:

dPjdi = =\ P 4 RP, (7
AR dr = =M R*Y 4 P9, 1 > (), (18)
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Let the functions P, R satisfy the conditions
P0) = ay = 0. ROy = by = 0. (19)
A direct comparison of (135), (16) with the problem (17)~(19) shows that for all

admissible 7+ we have the inequalities
Py = Puy. Ry = Ru). (20)
Therefore the system of equations (17). (18) allows us, in view of (20). o
define the conditions under which the functions P(7), R() cannot both be bounded
for all 1 > 0, that is lim max{’(). R()} = oc. 1 — Ty < oo, In view of the
inequalitics

by 1y

e P/ ly
Pay < " e

AT
flpl/ger iy [FAYTRR D!
Ry = e A e R

this ensures that (5) holds.

2The case p=1+pu . q=1+v

Theorem 1. Ler p =1+ pu. g = 1 + v and uy + vo %0 in . Moreover, lei the
domain {} be such tha
Ay < L. 2h

Then the problem (1)-(4) has na glabal salutions. and conditiant (5) halds far
some Ty < o,
Proof. Let us set E(r) = P(r) + R(). Adding up equations (17) and (18) for
p=1+4u g=1+r wehave that £ satistics the equation

dEjdi= (1 = APV 4 RVH| 1> 0, (22

where we also have by ussumption that I2(0) = (g + vy, 1) > 0.
We have to consider two separate cases.
a) Let = v. Then, using the mequality
L+e" =20+ gz0, (23)

and (21), we get from (22) that
dEJdi > (1= A2 "B+ R = (1= A2 EY" 1> 0.

Hence it follows that there exists a time 1 = T, < T,, where

ol
T, = e [T "(0) <« 2.
A e
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such that E(/) — oc as 1+ — T,. Therefore the solution of the boundary value
problent is unbounded in the sense of (5).
b) Let u # v and for definiteness o > v. Then, using Young's inequality

Rl [ > ERIMr — gl I)/(/’“")A(),

where € > () is an arbitrary constant and

Ao = s—v ( | +U>u,¢l)/(“«m o
pt+ 1T \l4+pu

we obtain from (22)
dEjdr = (1 = AP 4 eRM | — (1 — A Age'r s Dt (24)

Let € < 1. Then, using (23), we derive from (24) the following cstimate:

dE/di = (1 — A)€2 "EVT = (1 — e gy (25)

=3

Let us set

€ =ep=min{l,|2 " 'EV0) A"

).

Then for all £ > £(0) the right-hand side of (25) is positive and therefore E(r) —
oo ust — Ty where Ty < T,

21 ~ (IT)
I = a1 — A / [ EN T, T e/ 1 < o0
€n( 1 JEo gl — 2" Age,

Therefore in the cuse under consideration the unstable set V' is ull the space
[ty vy | uo + vy # O} U

It is not hard to obtain the same result in a different way. In Figure 8() we have
drawn in a schematic way the integral curves ol the first order equation
(”5 R“"—/\II_’I“‘ ~

= B, R0, (26)
dR "~ Plr — ) RVin

which is equivalent to the system (17). (18). in the case Ay < |, u = v. The
”““”. the dashed and
dotted line shows the isocline of infinity, £, ; I:’ = {/\IR“"~|”“+N, The thick
curve denotes a special trajectory, the separatrix Py: P = Pg(R). For large R

dashed line shows the isocline of zero Py: P = {A7IR 4|

_ . I-A R
Po(RY == /\l/(ln'),‘,(lep)/(ln-) . i o 27
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g R

Fig. 80. The phase plane inthe case p= 1+ g, ¢ = 1 +r, A} < |

As time advances (the direction of evolution of the trajectories is indicated by
arrows), all the mlcgml curves bunch up mto an ever narrowing nelghbourhood
of the separatrix P, which by (27) cnsures that the functions P(r), R(/) grow to
infinity in finite time.

For comparison, we have drawn in Figure 81 the integral curves of the same
equation (26), but in the case A, > |. Here the functions P, R are bounded for

sall 1 > 0, and, morcover P(1), R(1) — 0 as 1 — oo, In some sense this indicates
global solvability of the problem (the proof of this fact is found in subsection 3).

JThecase p> 1L+ u g>1+v
Let as before E(1) = P(1) + R(r). From (17). (18) it follows that
dEjdr = =M\ {P"'" 4 RUYH| 4 RP 4 P4 1> 0. (28)
Let us estimate PY, R using Young's inequality:
POz (L4 AP = Ag R 2 (1 + AR — By,

where Ag and By are constants:

g—w+1) {(u + (1 + /\.)}”””"“'””
A(): +
v+ 1 q
oo Pt {(;ur (1 +A1)]”“”“"“””
0= ] > ,
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Fig. 81. The phase planc inthe case p =1+ p g =1+ v, A; > |

Then we obtain from (28) that
diEfdr = P'Y 4 RYE — Co, 1> 00 Cy = Ay + By (29)
If p= v, using (23), we derive from (29) the iequality
dE/d1 > 2" EPYY — ¢y, 1> 0. (30

If, on the other hand, p # v, then, setting for definiteness w4 > v, and using the

estimate
_ _— — v fp4 L\
Rl%/.lle(l "‘I)(),I)():# ﬁ( + ) .
mtl\p+1
we obtain from (29)

dEjdi = 27"E"'Y — (Cy + Dy). 1 > 0. (31)

It is easy to see that the right-hand side of this inequality adnits passing to the
limit g — ", thatis, for g = v it is the same as (30). Therefore we have proved

Theorem 2. Lei p > | + u, p > 1 + v and for defintieness p > v, Let the initial
funcrions wy, vy be such thar

EW) = (ug + v, wy) > 270, 4 Dy, (32)
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Fig. 82. 'The phase planc in the case p > | +p. ¢ > 1 + v

Then the problem (1)-(4) does not have a global soluiions, and for some Ty < T,

where .
T, = ok / (IT) < DO
) Jiwy 7t = 27(Ch + Dy) '

condirton (5) holds,

Of course, the functions g, 1y satisfying condition (32) do not exhaust all the
unstable set V', Even though Theorem 2 gives an upper bound for 7', it does not
use all the information contained in the system (17), (18), A more detailed and
explicit description of the set V' is provided by the analysis of the integral curves
of the equation

dP RPN P
dR ~ P4 — A\\RVin
which is equivalent to that system.

These are given schematically in Figure 82, where we have distinguished the
isoclines of zero Pyt P = |A; ‘I?"ll/(””, of infinity, P P = |/\,R““|”". The
thick curves show the separatrices A — B und C — D. The set 'V contains all the
points {P, R} = {(ty, ). (vy, )} lying ubove the separatrix A — B. Trajectories
through points in this region converge as P, R — oo to the separatrix C— P, which
ensures unbounded growth of the functions P(1), R(r) in finite time.

Let us note that the behaviour of the integral curves lying under the separatrix
A — B indicates the existence in the problem of a stable set ‘W, Here it is charac-

L P>0, R =0, (33)
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0 7 Vi

Fig. 83 The phase plane in the case pg < (1 -+ p)(d + )

terized by P, R ~ () as 1 — oc, A rigorous construction of the set W is done in
subsection 2.

Remark. In the derivation of the system (17), (18) we used the restrictions
p=zl4u g =14 v (see (14)). Nonetheless, the phase plane of the system
(17), (18) correctly refleets typical behaviour of solutions of the original problem
(1)—(4) for arbitrary values of the parameters, 1t is not hard 1o see that the phase
plane picture depends on the sign of the one parameter i = pg — (1 + u)(1 + v),
which agrees well with results obtained below,

a) I m = ), that i5, pg = (I + u)(l + »). then global insolvability and
global solvability of the problem for arbitrary wy, vy hold for Ay < 1 and Ay > 1,
respectively; phase portraits in these two cases are the sume as those in Figures
80), 81 (see subsection 3).

b) It m = O, that is, pg > (1 4+ w)(l + p), then it follows from the analysis of
the system (17). (18) that there ave non-empty stable and unstable sets (see Figure
82 and subsection 2).

¢) Inthe case m = pg—(1+w)(1+412) < O the phase plune has the appearance as
in Figure 83. Heve therc are no trajectories to which there cortespond unbounded
solutions, so that the stable set can be the whole space of mitial functions,

We should note that the Galerkin method, which was used in § 2 to study

b

parabolic equations, cannot provide us with all the above results, Roughly speak-
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ing, in the proeess of using this technique to derive « priori bounds for solutions,
the “control” parameter m = pg — (1 + u)(1 + ») does not arise. For example,
the global solvability condition (or the system for arbitrary w, vy is given by the
two inequalities p < | 4+ u, ¢ < | + v, Clearly, this domain in parameter space is
much smaller than the (optimal) set pg < (1 + w)(1 + »).

2 The stable set for pg > (1 4+ pu)(1 4 v)

Below we shall assume that the functions u, v are in C;* wherever they are positive
and have in () continuous derivatives Vu'*?, Vo' t# (these assumptions are quite
naturaly see § 3, Ch, I). Then the solution of the problem satisties the Maximum
Prineiple and depends monotonically on initial funetions,

The stable set can be defined in two ways. In the course of applying one of the
methods, some (later shown to be isignificant) restrictions on the parameters of
the problem have to be imposed; this analysis allows us to consider quite interesting
properties of the stationary solutions of the problem (1). (2). (4),

I The starionary soluiion

Let pg > (1 4+ w)(! + v). Let us consider the (unctions U, V. which solve the
stationary system of equations (1), (2), which we write for convenience in the
form

MUYy + VP Y =0, (34)

AVIEV) + U1 U =0, x e Q (35)

(obviously, for positive U/, V this system coincides with the original one.) The
functions U, V satisfy the conditions

Ulx)y = 0. V(x) =0, x e dl, (36)

Let us muke the change of variables |U]"U — U, |V|*V — V., Then for the new
functions U. V we obtain the problem

AU+ IVIF 'V =0, AV + 1010 =0, xe L (37)

U=V =0, veil, (38)

Here we have introduced the notation a = p/(u+ 1), B = ¢/ + 1) (let us
note that @B > 1), Solving the first equation for V, V = —|AU|"* 'AU and
substituting into the second one, we obtain the following problem for the function
U

— AAUY TAUy + U1 U =0, xe Q. ' (39)

U=AU =0, xe i), (40)
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Clearly, using the comparison theorem, the stable set can be detined in terms
of the solution of the stationary problem (39), (40). However, such a construction
would not be optimal. We start with a negative result,

Proposition 1. Ler the domain () be siar-shaped with respect 1o the point x = 0,
Assume that N > 2(1 4+ 1/a) and

B = |Nja+ 201+ 1/a)||N = 2(1 + l/w)| ', (41)
Then the problem (39), (40) has no non-irivial non-negarive soluiions,

Proof. Following [332, 333|. let us take the scalar product in L2(£)) of both sides
of equation (39) with the function w(x) = Y., 5/, . Then, taking into account
the boundary conditions, using Green’s formula, we obtain

= —(A(AUY YAUY 0y 4+ (UP w0) = — (AU YAUL Ay —
(42)

I/ -1 Bl
_'[“ w‘—’—(lAUI/ AU) ds — —B-——uuuul,,‘,m)‘

where d/0n stands for derivative in the direction of the outward normal to 91
It is not hard to see that

d ,
w(x) < 0. ;—1(1A(/1‘/"’* TAU) (x) = 0. x e AL,
ol

This follows from the fact that £ is star-shaped with respect to x == (), the boundary
conditions (40), as well as the assumptions U > 0. AU < () in ), Therefore

3
ﬁ/ w-‘)L«({AUl”" AU ds = (. (43)
J g

an

and then from (42), using the casily veritied identity

~(JAUY AU, Aw)y = ( - 2) AU, s

I+ 1/«
we obtain the inequality
__N Itl/a Al B
<l T l/—- - 7> ”Al/”“u,’n(“) - B n 1 Hl./””,,l‘“) = 0. (44)

On the other hand, by taking the scalar product with U/ and integrating by parts.
we have from (39) that

WU gy = NAUT

[RaRITH I JARRET N



458 VII Some otber methods of study of unbounded solutions

and therefore (44) means that we mugt have the inequality

N N Fil/a
-2 AU < (), 45
<l + 1/ B+ l> NAULL Foiy = ()
However, if (41) holds the left-hand side of (45) 18 non-negative, and therefore
the only admissible solution is the function U/ = 0, O

Let us note that the Strong Maximuni Principle in this case gives us a strict
mequality in (43), and therefore in (45), so that this proposition is valid if we have
equality in (41).

2 A fumily of siationary solutions

Let U be a positive in £ solution of the problem (39). (40)). Returning to the
original notation, we have that the functions

Uia) = UM vy = vIhem

are a solution of the problem (34)-(36).

Let the domain () be star-shaped with respect to the point x = () (that is. from
the condition x € it follows that v € ) for all a € (0. 1)). 1t is not hard to see
that the family of the functions

U (x) = G20 Ve 0 D DIy

(46)
vu(.\') o ”2114“-‘, D/ pg o it ”IV|((L\‘).

where ¢ € (0. 1) 1s an arbitrary constant (the parameter of the family), satisties
equations (34), (35) and is strictly posttive in domains €2, with boundaries €}, =
{x]ax € 80Y), and that U, = V, = 0 on d€),. Let us note that ) C Q, for uny
a € (0, ), sothat U, > 0, V, = 0 on ).

Using the fumily (46) we can now determine the stable set W ol the problem
(D~(h.

3 The stable set for pg = (1 + u)(l + )

Theorem 3. Lei p > 1, g > |, and asswne that there exisis a noni-rivial siationary
solwiion Uy Vy of (38)=(36).  Then there exisis a non-empiy siable set "W =
{tg. vo) T = Qowg = 00 Fe € (0. 1) 1wy < Usw < Vo in ), such thar if
(itg. i) € ‘W, the problem (1)-(4) has a global (hounded) sohiion,

Proof.  The theorem lollows Irom the Maximum Principle.  Under the above
assumptions concerning smoothness of the solution everywhere in Ry x Q. the
inequalities w = U, v < V, hold. Here the value of the parameter a € (0. 1) is
chosen so that wy < U,y vy <V, In £ 0
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Remark. The conditions pp > 1, ¢ > | are more or less related to the requirement
that the solution be unique. There are reasons to expect that uniqueness holds
even if just the one condition pg > 1 is satistied (at least if pg > | the spatially
homogeneous problem ' = vf. v' = w1 > O; w(()) = v(0) = 0 has only the
trivial solution: if. on the other hand, pg < . then non-trivial solutions exist).

4 A different method of constirucring the siable sei

Let us show now that a non-empty stable set W exists under the condition pg >
(I + w)(1 4 ») even if hy Proposition | there is no stationary solution.

Let us consider first an example that gives a partial explanation of the reason
why absence of a pasitive stationary solution of the problem is not that important.

Example. Lt N > 4, p= 1 4+ p. ¢ = (I + 1)(N + 4)/(N — 4). that is, condition
(41) is satistied. For these values of parameters « = 1, B = (N +4)/(N ~4) > 1,
and therefore the boundary value problem (39). (40) does not necessarily have a
salution. Hawever, in this case equatian (39),

AU A UV Y =, v e RV N > 4,
has a strictly positive solutian

U = Calay/ta® + )™ 97 5 0, x e R,
where Cy () = |a* N(N — 4)(N* ~ 4)|‘N4 P> 0ds an arbitrary constant.
It ig clear that the family of positive stationary solutions of the original system
(34, (35),
U‘,(.\') — ICN(“)II/(I H')/(“Z + l-ﬂz)(N 4)/(2HH')|‘

IZC‘N(“)(N . 4)II/(| &p)(Nal/:)_ + l'\.ll’)l/(l«q/“)
(“l + l'\-l'l)N/ll(l'J/,xH

Valx)y = |—AU Y = . (47
constructed using this positive solution, can be used to construct a set ‘W, since
U, >0, V, > 0in . It will have almast the same form; W = {(ug, vo) |y >
O.voz 0 3a >0 wy < Uy vy < Vyin ),

Let us note that the family (47) of positive in RY functions defines in a similar
way the stable set far the Cauchy problem for the system (1), (2),

It is not hard to show that for all values of B that satisfy condition (41) (@ =
Pl e B=q/tv+ 1)), the system (34), (35) has a family of solutions that
are strictly positive in R, For example, from Propasition | (subsection 2.1)
it follows that in this case there exists a radially symmetric solution which iy
everywhere positive (see subsection 4.1 of § 3, Ch, 1V), Using such a family ot
stationary sofutions in RY, the stable set is casity determined, However, we shall
proceed in a different manner,
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Indeed, to determine W, it is sufficient to establish local solvability of the
system (34), (35), for example, lor sufficiently small |x|, The following simple
assertion, which will be frequently used in the sequel, is true:

Lemma 1. For arbitrary p,q. ., v > O ihe system (34). (35) has in ihe ball
= {lx| < 2N} a swrictly positive, radially symmetric, monotone decreasing
solwtion Uy (r), Vi(r), r = |x|, which satisfies the conditions

Uy = V) =1, U'0) = V') = . (48)

ht wy we have the estimates

2z e 5 s 1y
Pl 2
U](I')z <l%§'ﬁ> . V|(I')Z <l—*?‘_7v—> . (40)

Local solvability and the indicated properties of the functions Uy, V4 follow
from applying the Banach contraction mapping theorein to the integral equation

r o ‘g Pt
Uty = [, /)(p gN ¢ {l - / ‘(n / ¢l §)(IE} '
JO

which is equivalent to the problem,

By (46) the functions U/ (r), V(r) define a one-parameter family of stationary
solutions of the system (1), (2). Let us sel w, == {x]|ax € w;}, Then for any
a > O U, V, are defined and strictly positive in @,. Now we can determine the
stable set without any additional restrictions on the parameters of the problem,

Theorem 4. Let pg > (14 p)(1 4 vy, Then the problem (1)-(4) has a non-empty
stable set

W ={(g.v0) Ly 2 0,052 00 Fa> 0 QT w0 up <U, vg <V, in 1),
(50)

Using the estimates (49), we can also distinguish another stable set, which is
smaller than (50), but illustrative:

W = {tttg. vo) Lo > 0,09 = 0: FJa > 02 Q C{lx} < V2N/ak:

l l I/tee by
) _ at|x
wp(x) < Hrrarhm <l SN ,

ql [’ i
9 [{RY )
vo(X) < qrlarre <l - -—~~~> in €);

me= pg = (1 4+ w4+ ) = 0},

(51)
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3 Conditions of global solvability of the boundary value problem for
pg <1+ w1 +v)

As before, the main tool is the analysis of the family of stationary solutions.

I The case pg < (1 + )l + v)

Theorem 5. Let pg < (I + )1 +v). p > 1, g > 1. Then the boundary value
problem (1Y-(4) hays a global (bounded uniformly in 1) solution for arbitrary initial
functions wy, vy,

Proof, We shall be needing only one property of the functions U, V,, of the family
(46) (Uy. Vi were defined in Lemma 1) U, — 20, V, — oo as a — 0% in
R"Y. This means that the stable set (50) (or (51)) covers the space of all initial
functions. In other words, in the case of any bounded domain €1 for arbitrary ug.
uy € C(Q) we can always find a > (), so that, first of all, Ocw,=|x|ax € w)
and, secondly, ug(x) < Uy(x), nplx) < Vu(x) in Q. Then, since U, > (), V, > 0
on 3£ (that is, we always have wg(x) < Uy(x), mp(x) < V,(x) on d1), using the
Maximum Principle we conclude that 0 < Uy, v <V, in Ry X Q. and therefore
the solution is bounded from above uniformly in 7. O

2 The case pg = (1 + w)(l + )
Here the situation is completely different; existence of the global solution of the
problem (1)-(4) depends on solvability of the system of stationary equations (34),
(35) with boundary conditions (36), Below we prove the following simple (but
not optimal with respeet to the admissible domains (1) result,

Theorem 6. Let pg = (1 + )1+ v), p = 1,q > 1, and let the diameter Dy of
the domain 1 satisfy the condition

[)“ < /2N, (52)
Then the problem (1)~(4) has a global solution for any initiaf functions g, vy,

Proof. For pg = (1 4+ p)(1 + ») the tunctions (46) are not defined. In this case
there is o lamily of stationary solutions

Uglx) = all, (1) > 0, Valx) = aV ™ V() > 0. x € w, (53)

where a > 0 is a parameter and Uy, Vi are defined in Lemma |, Hence we
immediately have that

U x) = oo, V(X)) — ooinw) as a - 0o, (53
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Condition (52) means that the domain {1 can be placed in a ball of radius +v/2N.
Without loss of generality, we shall assume that Q C w. But then by (53') for
any ug, vp € C({1) there exists a sulticiently large a > 0, such thatu < U, v < V,,
in € for 7 = 0, and, since @ C wy (that is, Uy, V,, > 0 on 30 these inequalitics
hold for all 1 > 0. 0

Remark. It appears thut a necessary and sufficient condition of solvability of the
problem (37), (38) for afB = | is the inequality Ay > 1. As shown by the proof
of Theorem 6, existence of a positive solution of the problem (37), (38) implies
global solvability of the boundary value problem (1)~(4) for pg = (1 + w)(1 +v)
for practically all wy, vg. Let us note that the same condition Ay = | was obtained
non-rigorously in subsection 1,

4 On loealization of unbounded solutions of the Cauchy problem

It turns out that the spatial structure of the family of stationary solutions contains
information about quite a subtle property of unbounded solutions of the Cauchy
problem for the system (1), (2). namely. localization.

An unbounded solution ol the Cauchy problem tor (1), (2) with initial functions
with compact support,

w(0, x) = wp(x) > 0. v(0, x) = vy(x) > 0. x € RY; (54)

wo. vo € C(RY), st e HYRY), o4 e HYRY).

will be called localized il for all 1 € |0, Ty), where Ty < oo is the time for
which the solution exists, the functions w(z. ¥). v(i. x) are non-zero inside some
ball {lx] < L < oo} (L. does not depend on 1), and are identically equal to zero
for {a| > L. If, on the other hand. perturbations penetrate arbitrarily far from the
point ¥ = () as 1 — Ty (that is. as the solution grows to infinity). then we say that
there ts no localizarion in the Cauchy problem,

Here we shall not be establishing the conditions for a solution of the Cauchy
problem to be unbounded, since our main aim is different, That could be done in
a relatively simple way, for example, by constructing unbounded subsolutions as
in § 3. Ch, 1V, Let us note that all the results of subsection 1 (Theorems 1. 2)
extend also to the case of the Cauchy problem, since every unbounded solution of
the boundary value problem in an arbitrary domain {1 € RY is a subsolution of the
Cauchy problem,

The localization phenomenon in the Cauchy problem for systems of equations
is conveniently studied by constructing sell-similar solutions (sce § 4). However,
such solutions exist only for some values of parameters, Thus, for the system (1),
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(2) self-similar solutions are possible for v(p + 1) = u(g + 1), Furthermore, the
questions of existence, and even more so, of stability of unbounded self-similar
solutions for systems of equations remain largely open,

I The main result (conditions for the appearance of the HS blow-up regime)

By analyzing a family of stationary solutions we can obtain a sufficient condition
for absence of localization in the Cauchy problem. 1t appears also to be neeessary,

Theorem 7. Let pg < (1 4+u)(14v), p > 1, ¢ = |, Then all unbounded solutions
of the Cauchy problem (1), (2). (54) are not localized.

Remark. By comparing with spatialty homogencous solutions of the system (1),
(2). which satisfy the equations

=l v =yl 1> 0. (55)

we see that a necessary condition for existence of unbounded solutions of the
Cauchy problem is the inequality pg = 1. ‘

Proof.  Without loss of generality, we shall assume that Tim max{u(s, 0),
W) = oc. 1 — T, < oo, Let us consider the family of stationary solutions
(46), where U;, Vy are defined in Lemma [, By the condition pg < (14 p)(1+»)
the functions U/,, V, — oo in RY as ¢ — 07, Therefore we can find ay € (0, 1),
sueh that for all a4 e (O ag| we have that supp (ug + 1) C wyoup = Uy 1o <V,
in w,.

Let us fix an arbitrary ¢ € (0. ag|. Then it follows from the Maximum Principle
that the solution w(1, x), v(r. x) cannot be larger than the function U, V, in w, as
long as u < Uy, v <V, on do, (and thus as long as supp (i + 1) C w,). Therefore
by unboundedness of the solution t, v, for any a € (0. ag| there exists 1, < Ty,
such that supp |u(t,. x) + vi1,. O] € w,. Hence, by passing to the limit ¢ — 0F,
we obtain the required result, O

In a similar fashion we can establish the following assertion:

Theorem 8. lLet pg < (14 )l +v), p = 1. g > L and let the initiad fimetiony
wy. vy be radially symmetric and non-increasing in r == x|, Then, if the sohuion
of the Cauchy problem (1), (2), (54) is unbounded, for any fived x ¢ RY

ﬁf;? max{u(s, v). vz, )} = o,
! -

it

i.e.. at least one of the functions w or v becomes infinite as 1 — T on the whole
space,
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Therefore for m = pg - (1 + w)(1 + ») < 0 unbounded solutions express
features of combustion in the HS blow-up regime.

We are able to provide specitic bounds for the amplitude and the size of the
support of the generalized solution of the problem for i < 0. Briefly, their
derivation is as follows,

Let us write down a simple homothermic solution, which satislies equations
(55), For pg > | it blows up in finite time:

(1) = C](T() - Apt N/ py l)‘ v, (1) = CZ(T() _— 4 tpy I).
(56)
<t =Ty <o,
where

) gy |
Ci=lg+ DO p+1/ipy — e

(.2 — I((I+ l)(l}+ l)q/(l}(l _ l)AHIII/(‘u) l)'

Let us use the fact that the system of equations (1), (2), which obeys the Max-
imum Principle, has to have an “intersection™ property at least for one component
of unbounded solutions having the same blow-up time (see § 3. 4. 5. Ch, 1V),
On that basis, let us compare the solution of the Cauchy problem and the strictly
positive unbounded solution (56),

Lemma 2. Lc'l To < o0 be the blow-up time for an unbounded solution of the
problent (1), (2), (54), Then for any 1 € |0, Ty) either

max u(1, x) = C(Ty — 1) WrH/ea b (57)
v
or
max v(r. x) = Ca(Ty = 1) “rbriea 1 (58)
v

Comparing now 1, v at each moment of time with the family (46) of stationary
solutions (U, Vy are taken from Lemma 1), as was done in the proof of Theorem 7,
we arrive at an estimate of the support of the unbounded solution,

Theorem 9. Let pg < (1 + w)(1 + v) and let Ty be the blow-up time of an
unbownded solution of the Cauchy problem (1), (2). (54). where the initial functions
have compact support and are radially svunmerric, wy = uolr), vy = vo(r), 1 = |xl,
Then for each 1 sufficiently close 10 Ty either

s mip+ 1)
Hptpur -
meas supp,u(r. 1) » VINC, Dy o) T g T (59)
or
T ":(1“])
H-# N
meas supp, v, r) > V2NC, 7" (T~ ) TarrsNpg T (60)

Obviously, for m = pg — (1 + ,u)(l + r) < 0, pg =~ L. estimates (59). (60)
guarantee, in accordance with Theorem 7, the appearance of the HS blow-up regime
as 1 — T{ 7 meas supp, (i + v) becomes inhinite as 1 — T,
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2 5- and LS-regimes

In the case m = 0 the condition U, V, — o in RY as a — 0 is not satisfied
and therefore Theorems 7. 8 are invalid, We can expect unbounded solutions to
be localized for m > (),

Here for m > 0, when solutions of the family (46) become inlinite as ¢ — oo
only at the one point x = () (which i characteristic of the LS-regime), the functions
U,. V, allow us to bound from below the singularity of the unbounded solution as
1> T (sce § 1),

On the other hand, it m = 0. then the family of stationary solutions (53)
becomes infinite as « — oo at least for all x € w, (S-regime). In this case
we have, for example, the following statemient, which estimates the fundamental
localization domain of the S-regime, It ts proved as Theorem 7,

Theorem 10. Let pg = (1 + )1 + 1) p > 1. q > 1. Let the inivial functions
g, vy be radially symmuetvie, non-increasing (in v = x|, and asswne furthermore
that supp (uy + ve) C wy. If the solwtion of the Cauchy problem (1), (2). (54) (s
unbounded, then

m max{u(r, x), (7, )} = o

.

[
evervwhere in wy.
In other words for pg = (1 4+ p)(1 + 1) an unbounded solution of the Cauchy
problem cannot be localized in a ball with a radius less than /2N,
3 Comparison with self-similar results

It is of interest to compare the results with qualitative derivations, obtained by
using unbounded sclf-similar solutions of the Cauchy problem for (1), (2).
Let
vip+ hy=ulg+1). pg>1, (61)
the latter condition being equivalent to the inequality ¢ > v/ i (61) is satis-
fied. Then, as can be easily seen, equations (1), (2) admit unbounded self-similar
solutions ol the form

w1, x) = (To— 1) PHVE Dgegy, (62)

vs(1.x) = (T — 1) WD gy (63)

(64)

3 . t—-mq’u““(#i.__)sé[l U(IH—I)},

- (T(,——I)”" - 2gu — ») a 7);[~ l

O<it=<Ty<oo. teRY,
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The functions 6 > 0, f > 0 satisfy the following elliptic system of equations
obtained by substituting the expressions (62), (63) into (1), (2) and taking (61)
into account:

A — e g~ g =,
qu—v
(65)
et v 9 - N
A fP —uVf = ———f + 69 =0, £ e R,
qu v
Let this system have a non-trivial solution in RV satisfying the conditions
A&y — 0, f(&) — Oas |€] — oo, Then it follows from the form of the similarity
coordinate £ in (64) that localization of the solution ug. vy, or its absence. depends
on the sign of the parameter I = gu — v(u + 1), The critical value / = 0 (that
15, ¢ = r(p + D/ps S-regime, £ = x and (62), (63) is the solution in separated
variables) divides the space of parameters of the problem into two regions, For
[ = 0 the self-similar solution is localized ([ > 0, that is, ¢ > v(u + D)/,
1.S-regime), while for / < () there is no localization, and ug(s, x), vy(1. x) — 20 in
RY as 1 — T (HS-regime).
Let us compare the self-similar critical value

g. = (u+ Hr/u (66)

with the critical value
(PP = (1 + w1 + ), (67)

derived by the method of stationary states. By (66) we have from (61) that
Pe = ulgy + 1)/p— 1= pw+ 1) v, and therefore pog, = (1 p)(1 4+ 1), which
is exactly the same as (67).

Therefore in the “self-similar region™ of parameter vulues, the condition of
Theorems 7, 8 concerning absence of localization for pg < (1 + w)(1 + ») is not
only sufticient, but also necessary. It appears that this conclusion is valid also
without the selt-similar condition (61).

Let us observe that the rule for growth of the amplitude of the unbounded self-
similar solution (62), (63) is the same as in the right-hand sides of the estimates
(57), (58) as far as the Torm of dependence on ¢ is concerned. Those estimates
were obtained by comparison with the homothermic solution (56),

It is important to note (and this fact again underlines a certain optimality of the
results that follow from the method of stationary states). that sharper estimates of
the size of the support of the solution (59). (60) in the HS-regime coincide with
those of the self-similar solution, It can be casily checked that if condition (61) is
satishied, then we have the equalities

n(p+ 1 _ nig + 1)

Ap+p+Dipg—1  2g+r+Dipg-1)
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where » is the exponent in the expression (64) for the similarity coordinate £,
which determines the law of motion of the (ronts of self-similar thermal waves
formed in cach component in the HS-regime,

§ 4 The combustion localization phenomenon in
multi-component media

This section can be considered as the continuation of the previous one, It deals
with a qualitative and numerical analysis of combustion with finite time blow-up
in multi-component media, Most properties of unbounded solutions of quasilinear
parabolic systems of cquations presented here have not as yet been rigorously
justified,

Below we congider two different systems of equations. We shall concentrate
on properties of solutions, for which there are no analogues in the theory of finite
time blow-up developed carlier for a single quasilinear parabolic cquation. We
shall also discuss questions related to the efficacy of similarity methods. '

It turns out that unbounded self-similar solutions that can be constructed for
systems with power law nonlinearities, are not always “responsible™ for the asymp-
totic stage of the blow-up process. It can happen that the asymptotic stage of the
combustion process is deseribed by self-similar solutions of completely different
equations, that i, a.s.s, appear here,

1 A system of equations with a source
Here we consider a parabolic system of quasilinear equations. which is a gen-

cralization of the system studied in § 3. It is conveniently written down in the
following form:

w, = k(') q;u’"v”‘,
(h
vo= k(o) + ([3r'/5311"‘. 1 ~0.veR,
Here o, > 0. B, » L.y, = | (f = 1,2) are fixed dimensionless parameters,

The number of dimensional positive constants k,. ¢, can be reduced by rescaling
I — tgt, X — X, 1> Upno v - Vo,

If 6 = a2l B —~ (y1 + | — 1| B2 — (y2 + 1| 5 0, then this method can be
used to get rid of all dimensional constants of the system. by setting

— b LTS VAFRTIIRN ‘ R
Lo = q l‘/() (v() LA = l\l L/(, lo.
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g2 /8 ks (yrel-f1)/8 ga o8 ks (yiti=go/é
Uy=|— — Vo= . .
i ky qi ky

If. on the other hand, & = () then any three constants can be taken to be equal to
one; only one dimensionless parameter remains in the system, for example,

I S\l Bo
k=2 (2) i+ =B #0.
ki \q

Therelore instead of (1) we shall be considering the equivalent system
— (7 By
w, = (M), Futet (2)

vo= k(v ), + P 1> 0, x e R, (3)

where & = 1 if § # (), and k > ) is arbitrary if & = 0. For (2), (3) we formulate
the Cauchy problem

w0, x) = uplx) = 0. w0, 1) = vp(x) =0, xe R, (4

where 1y, vy are bounded functions with compact support.

I Anadysis of spatiaddly homogeneous solutions

First of all we have to work out under what conditions unbounded solutions are
possible. This can be done by considering spatially homogeneous solutions ol the
problem, which do not depend on v and satisfy the cquations

1) = 1P (o 0. v = ¥¥How (0. > 0. (5)
t(0) = gy = O, 1(0) = vy > 0. (6)
Let @, = vy, -+ | — B, % 0 (i = 1.2). Then the system has the first integral

............. =y = Mo _ B(L > (), (N

(23] ¥y (€3] (2 4]

using which it reduces to the two (uncoupled) autonomous equations

¥n Y/
! B L] .
W () =u <-w—u ~cr2C()> . (8)
(241
Yo/
/ N AL P, .
V() = v <——-v" + (nQ,) (). (9)
o

From this we derive conditions for occurrence of {inite time blow-up in cach
component, If, for example, a; > 0, @2 > 0, then for u to blow up. it suffices to
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have 81 + ajy;/a; > 1. This inequality is equivalent to the condition —y,y2 +
(81— (B2 = 1) < 0, which iy satisfied in this case (since 8; < 1 +v,). Similarly,
it can be checked that if @y > 0, @2 > (), the sccond component v also blows up
in finite time. From the identity (7) it follows that the blow-up times of «(¢) and
v(t) are the same,

An interesting situation arises if «; and > have different signs, for example, if
ap > 0, @y < 0, Here. as can be seen tfrom (7). Cy > 0, and since B2 > 14+y) > 1,
v blows up in finite time: v(¢) — 20 as ¢ — Ty < o<, The function u(e) in this
case remains bounded; (1) — (a;Cy)"/™, ¢ — T . The nature of homothermic
combustion is still more varied if a; < 0, a1 < 0,

The constant Cy in (7) can be of either sign, For Cy = 0 equations (8), (9)
lead to finite time blow-up in both the components, If Cy < 0, then u(¢) blows
up. while v(¢) remains bounded: it Cy > 0 it is the other way around.

Therefore if @y < 0 (or as < (), evolution of the components 1, v can differ;
one can blow up in finite time, while the other remains bounded,

2 Self-similar solutions
Let us introduce the notation
my=a/pop=(Bi— D(B:r— 1) = vy
If the conditions
S=0y:+ 1= B oy +1—8)) =0, (1m

my < O < 0, (1)

hold, the system (2), (3) admits unbounded self-similar solutions of the following
form:
uge, x) = (Ty — 0" NE), us(e, x) = (Ty — O™ f(£),

E=x/(Ty— 0" n= 0o, +mor +2)/4.

(12)

where the functions 6 > (), f > 0 satisly the system of ordinary differential
cquations
(070 — nt'& + 0 + OF [ =0,
(13)
k(70 = nf'E+mf + [P0 =0. § R,

and the usual conditions: #(£), f(£) — 0 as |£] — oo,

As can be scen from (12), many properties of self-similar solutions, which are
expressed as ¢ — T, < oo, depend on the sign of the parameter »,

I 0 < O then both components evolve in the HS blow-up regime. which is not
localized, ng. vy — oo in R, ¢ — 7.
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Fig. 84. Similwity functions ol the S-regime 1 = h: oy = 1.5, 07 = 2, B) = 1.9,

On the other hand, in the case n = 0 unbounded solutions are localized: if
i > 0 (LS-regime), then wug, v grow without bound as 1 — T only at the point
x =),

For 1 = 0 the S blow-up regime develops; the functions wg. vg are a solution
in separated variables, and therefore grow without bound as 1 — T, on respective
fundamental lengths L, = meas supp €, L; = meas supp /. Localization domains
of each of the components are, in general, different. As an example, we show
in Figure 84 the spatial profiles of the functions 9(£). f(£€) in the case of the
S-regime. Here Ly < L.

Numerical studies show that for @, > 0, @2 > 0 the sell-similar solution of the
S-regime is unique and stable (in the notm of the special similarity transformation,
see § 2, 5. Ch. 1V). For sufticiently general initial conditions, the system evolves to
a stable dissipative structure on a bounded domain, with each component effectively
localized on its respective fundamental length Ly or L.

An example of such evolution to a self-similar S blow-up regime can be seen
in Figure 85. The initial perturbations 1(.x), ve(x) are not symmetric. Therefore
inttially two thermal waves in 1, v (1 = 1y, 1 = 1) appear, These collide at time
1 = 1y and generate a thermal structure (¢ = 14), which evolves in a self-similar
manner in the S-regime,

For «; < 0 (or ax < 0), when the nature of homothermic combustion of the
two components can be gignilicantly different, self-similar solutions do not appear.
As a rule, in numerical computations one of the components blows up in finite
time as 1 ~> T, while the other remains bounded as 1+ — 7T,. Therefore self-
similar solutions with coordinated combustion of the components comprise a sort of
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Fig. 85. Formation of the self-sinilar S-regime structure after interaction of concentration

Lo = o= 2 k= by = (1L278,
1= (0.672, 17 = 07812, 1, = 0.7823

unstable boundary, which separates sets ol solutions with different (uncoordinated)
patterns of evolution of 1 and v.

3 The general case

A natural question arises: what happens in the general ease when condition (10)
for the existence of self-similar solutions is not satistied” First, numerical compu-
tations show that for a; > 0, @2 > 0 (that is, when 81 < 1 4 v, B2 < | + y2)
both components always blow up in finite time.

Secondly. if the similarity condition (10) is not satislied, the evolution of the two
components proceeds, in general, in an uncoordinated fashion, and can be markedly
different. For example, it is possible for the first component to blow up in finite
time in the LS-regime (unbounded growth on a set of measure zero; localization),
while the second component evolves in the HS-regime, and its blow-up set covers
the whole space as ¢+ — T . A numerical computation of such behaviour can be
seen in Figure 86. Other situations are also possible, For example, u can evolve
in an S-regime, while v evolves in an HS-regime. Alternatively. both components
can evolve in the HS-regime, but with different speeds of propagation of thermal
waves.

To conelude, let us write down for the general case sufficient (and apparently
necessary) conditions for the absence of localization of unbounded solutions of the
problem. that is, for the occurrence of the HS-regime at least for one component.
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Fig. 86. Mixed combustion reginme with finite thne blow-up (LS jn the first component,
HS iu the second): By = By = 1.5, yy =y = LS. oy = Ll oa =3k = 111 = 0.0745.
In == 0.0771

It is not bard to check that equations (2), (3) admit the following one-parameter
family of stationary solutions:
U, (x) = a* " (ax), Va(x) = a7V (ax). (14

Here a > 0 is an arbitrary constant, /1, V| is some stationary solution, for example,
one similar to that constructed in Letvma 1, § 3:

m=vyyy: ~ |81 — (o + DB — (o2 + DI

€, = 1 +7v'*"”-v“Bf- r=1.2.
It has to be expected that it (s precisely the signs of these parameters that
determine much of the asymptotic behaviour of unbounded solutions. In particular,

an elementary analysis (which uses the method of stationary states) of the family
(14) leads for small ¢ > () to the following result:

Proposition 1. Ler B, > 1. v, > | and €;/m < 0. €3/m < 0. Then every
unbounded solution of the problem (2), (3), (4) s not localized.

2 A system of equations with depletion
Below we consider the Cauchy problem for the system

= kot 1), + gov*ul,
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v o= —ppu'ut, 1> 0, x e R,

It describes the process of combustion in a nonlinear mediuni, with volumetric
energy production, which takes into account decrease in the density of the substance
due 1o its depletion as a result of burning (v = v(r. x) > 0 is the density of the
combustible substance). Here 8 > 1. v > 0, € > 0 ure dimensionless parameters:
ko. go. pu are positive dimensional constants. Diffusion of the second component
is not taken into account; in fact this has no bearing on the final results.

It 1s easy to get rid of the constants kg, go. pu by rescaling the dependent and
independent variables 1. x, u, v. Therefore tn the following we shall consider the
dimensionless system

w = (i), + 0P,

(15)
v, =—v"u 1 >0, xeR

Let the combustion process be initiated by giving an initial temperature profile
and some initial concentration of the combustible substance:

(0, vy = ug(x) = 0,00, v) = py(x) >0, ve R (16)

Observe that for » = 0 (v is the order of the chemical reaction of combustion)
the two equations of (15) are uncoupled und the temperature distribution n(r. x)
satisties an equation vonsidered in preceding chapters.

We have to find out how depletion influences the asymptotic stage of evolution
of finite time blow-up regimes in a nonhinear medium, and under which conditions
localization is possible. It is of interest to note that in this case, in general,
unbounded self-similar solutions do not describe correctly the asymptotic stage of
the blow-up process. We shall discuss reasons for that later.

I Unbounded self-similar solutions

A great advantage of the systemy (15) is that essentially for all values of the
parameters it admits self-similar solutions:

ugtr. x) = (Tg — 1) 11"0(8). (17)

vt ) = (T = DF e pay q=ev4+ (1 ~)(B~1) £0, (18)
where £ 1s the similarity coordinate,

£ = x/(Ty — ' mEn, (19

I diffusion of the sccond component is taken into account, then another dimen-

sional constant appears in the system, and self-similar solutions will exist under
an additional restriction on the parameters.
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Simtlarity representations of the temperature #(£) > 0 and of the density f(£) >
0 are determined from the system of ordinary differential equations

) - 1 .

(0°0) - S 0E ~ 0+ 97 =0, (20)
2a «

-0 ~-(e+1)

-2 (r./§+B € )./-./ 0° =0, £ €R, (21
2ev «
and the boundary conditions

fB(>0) = 0. f(20) < x. (22)

which have a simple physical interpretation,
From (17) we obtain the conditions for existence of finite time blow-up as
1= T, < oo
a=er+ (I —pr)(B-1) >0 23
In (18) the concentration vy cannot inerease with time, Therefore we need another
restriction on the parameters,
B>e+1. (24)

As usual, we classify self-similar solutions according to how the domain (half-
width) of intensive combustion depends on time. 1t follows (rom (19) that its size
depends on time according to

,\',v/”([) —~ (T() - I)((y l’)/(Z(Yl’ 0 < | < '[‘“’ (25)

Therefore three cases are possibler @) if @ < o, then x (1) — oc as 1 — Ty,
and by the blow-up time the combustion wave covers the whole space (HS blow-
up regime); b) if v = o, then x.(1) = const > 0, and the intensive combustion
domain is constant in time (S-regime). ¢) if @ > o, then x.(1) — 0,1 — T, the
intensive combustion domain shrinks, and unbounded growth of the temperature
is observed only at the one point x = () (LS-regime).

We shall not consider in any detail the analysis of the system ol ordinary
differential equations (20), (21); there is no need, Let us only note that in the
S-regime (@ = o) it simplifies drastically; for » < 1 (21) becomes the cquality

r — €

. (1 =p 1700~ .
[ = F———J} 61/, (26)
while the first equation of (20) takes the form

;o] 5 ,
(()rr()f) . ,.()_+_U~()“’H""/““‘ = (2()')
a

where
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and is easily integrated. The function #(¢) is found from the quadrature

o d: p i72
| 1T (f0~ )4 € >0, 27
A = ,,1:2/“.»,,,‘!/- {Z(UJF 2)} Eo— &) &> Q7

1 5 ol +2)(1 - )
Y = .
o+ (1 —~ )T+ 2)
Therefore 8(£), f(£) are functions with compact support: the size of the support
determines the fundamental length of the S-regime:

2o +2)}'/2 I'a/2-v/2) 1 - p) x

Ly =28y = { T =72

a
(28)

{ o —€ }""2 {(r+(l-u)(tr+2) (-2
x .
)

ol —v oo+ 2)(1 —v)

Naturally, for » = 0, € = 0 this equality defines the fundamental length in a
medium without depletion: Ly = 27 (o + I)I/Z/()' (see § 1, Ch, 1V). N

2 Asympiotic behaviowr of blow-p regimes

The above self-similar volutions are structurally unstable, that is, their (coordi-
nated in both components) spatio-temiporal structure is not observed in numerical
computations.

Figure 87 presents the results of numerical simulation of equations (15) for
values of parameters, which formally correspond to the S-regime (@ = o). The
initial functions are non-zero on an interval of length 2Lg, where (see (28))

_ rams .,
Ly = J7 rom 5.205,

Maxima of the initial distributions correspond to the self-similar solution (26),
(27). which blows up at 7§ = 1, However, the spatial profiles of tqu(x) and vy(x)
are not the self-similar ones. Ag a result, since vg(x) is too large (as compared
with the self-similar one), only a part of the energy of the initial distribution vy(x)
is needed to cause finite time blow-up in temperature 1. This can be clearly
seen in Figure 87,5, Therefore the process of substance depletion stabilizes at the
asymptotic stage of the finite time blow-up process in 1, and as 7 — T (the real
value of the blow-up time is Ty = (0.525 < 1), the density v(s, x) does not change
much in the intensive combustion domain,

Therefore as 1 — T, the equation for the concentration falls away, and asymp-
totics of temperature blow-up is described by the single equation

1, = (1e,), + Qonl, 29
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where Qg is a constant equal to ((1';, x))", the average value of the limiting
density in the intensive combustion domain. But for these parameter values 8 >
o + 1, which eusures development of the usual LS-regime, which can be clearly
seen in Figure 87, a. And in general, an S-regime perturbed in temperature and
density from above, degenerates as 1 — T; into a self-similar (with respect to
(29)) LS-regime, since from the inequality o > €, which always holds for the
S-regime (a = o), it follows that 8 > o + 1 in (29).

If, on the other hand, in the S-regime (a = o) the initial profiles are below
those of the self-similar solution, the result most often is complete depletion of the
combustible substance in the whole space and energy is no longer produced by the
mediun, The consequence is that the temperature does not blow up in finite thme.
but satisfies instead an equation without a source,

w, = (), (30

Thusg the self-similar solutions (17), (18) comprise an unstable boundary be-
tween two large classes of “degenerate™ equations (29) and (30).

In the LS-regime (with respect to (15), « > o) initial functions lying above
the self-similar ones lead to the development of the LS-regime, which corresponds
o B > o+ 11w (29). Figure 88 shows the result of numerical computation of the
LS-regime with initial data of the S-regime, as in Figure 87. As ¢ — T = 0.291
the density stabilizes, while the temperature grows in the LS-regime (8 = 6 >
o+ 1 =31 (29)).

For the HS-regiine (@ < o), these initial data are lower than the self-similar
ones. It can be seen from Figure 89 that the constant density profile vo(x) = 1t is
also too low. Therefore initially there is (ast depletion of combustible substance
in areas where the initial temperature is non-zero, and then two thermal waves
propagate into the surrounding space which has bigh density of combustible mate-
rial. Due to the higher rate of energy production at high temperatures, these waves
blow up in finite time (T = 1.72),

§ 5 Finite difference schemes for quasilinear parabolic
equations admitting finite time blow-up

An important place in this study of blow-up regimes is occupied by results of
numerical computations on the non-stationary problems being considered. In this
section we analyse properties ol difference schemes for a quasilinear parabolic
equation with power type nonlinearity in one space variable:

= WY, (h

Here, as usual, o > 0 and B > | ave constants,



§ S Finite difference schemes 477
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» Simulation of equations (15) in the S-regime with o = 2, 8 = 4. e = |, ¢ = (1.5
)e a: the first component, b the second component
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uft,z)

o+ L ~,™>0.297

a

ru( t.r)
1o}

i 1

0 4 6 x

Fig. 88. Simulation of cquations (15) in the LS-regime with o =2, f=6.€ = |, v = 0
(v = or): a: the fivst compouent. b the second component
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Fig. 89, Simulation of equations (15) in the HS-regime with o = 2, =3, e =
(ce = oy a the st component, b: the second component
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We consider for (1) the boundary value problem in the domain {r > 0, v €
(0.}, I = const > 0, with the conditions

WO, ) =up(x) 0. 0 < v <[t u},’" € H",((). . (2)
u(t, 0) = w(t. )y = 0. 1 = 0. (3

The results we obtain here give an indication of difficulties that arise in nu-
merical computation of blow-up regimes. The main emphasis is on the study of
implicit (nonlinear) difference schemes, which, in view of their many advantages
]346] as compared with explicit difference schemes, were used in all the numer-
ical computations. Below we consider such classical questions of the theory of
difference schemes as conditions of solvability of the discretized problem on a
time level, conditions for global solvability of the discretized problem. and condi-
tions of convergence of the finite difference solution to the selution of the original
differential problem.

We treat in detail the question of conditions under which there is no global
solution, that is. to the appearance of finite difference blow-up regimes. Related
to that wre two comparatively unusual properties of the implicit scheme: if the
solution grows at a fast enough rate, it can happen that at a certain time level
either the solution is non-unique. or it does not exist at all, that is, the scheme is
no longer solvable.

All these properties (unboundedness, non-uniqueness, and non-cxistence of so-
lutions) are possible in the case 8 > o + 1. when the difference operator corre-
sponding to the right-hand side of (1) is not coercive. For 1 < 8 < o+ | and
sufficiently small steps in time, a globul solution always exists; moreover, it is
unique.

Many of the obtained results also hold for difference schemes for equations of
the type (1) with sufficiently general nonlinearities.

At the end of the section we briefly consider explicit (linear) schemes; the
weak Maximum Principle is analyzed, and conditions for unboundedness of the
difference solution are established.

Let us introduce a uniform grid in space w,, with step size h = [/(M + 1),
where M > 0 is an integer: a system of time intervals {7,}. 7,4y < 7, and the
corresponding grid in time, w,. Everywhere, apart {rom subsection 1.4, we shall
take the grid w, to be finite and uniform: 7, =7 =T/ (N+ 1), 0 < j<N. N >0
is an integer, T > () is a constant (in subsection 1.4 7, — 0 as j — oc. and w, is
a non-uniform grid). Let us denote by H,, the set of grid functions

= v = v =00, 20,i=02,.... M)
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1 Implicit (nonlinear) difference scheme

Following 1346], we write down the implicit difference scheme corresponding to
the problem (1)~(3):

(=), = @)+ 0P (1 x) € w; x wy, (4)

W=y = 0. €@y i€ Hyt € w,, (5)
where we have introduced the ugual notation 11 = uf ', 0= u[ is the desired grid
function defined on the discrete sel w-j, = wy X wy. vy, = (U1 — 20 + vy 1) /07
denotes the second difference operator, and gy is the projection of ug(x) onto wy,.

In the formulation of the problem (4), (5) and all the subsequent results, we
assume that the difference solution 71 is non-negative (otherwise the operation of
takmg an arbitrary power is not defined). This is one of the properties of implieit
schemes for parabolic equations. It is easily verified that the scheme

(h—wy/r, = 0170, + max{0, ahP, . x) € wry. (6)

which is identical to (4) for /i > 0, cannot admit for any 7,, h negutive values of 1
i u > 0in wy, (furthermore, #i > O in wy if 13 0). This follows from un analysis
of (6) at a point of negative minimum in v of the function i (see § 7. Ch. V). An
analogous weik Maximum Principle holds for the differential problem (see § 2).

Let us introduce the necessary finite difference functional spaces. The space of
grid functions Vy, = {v, |i = 0. ... .. M+ L vy = vy = 0} is equipped with
the scalar product and the norm

M
1,2
(v, )y = 11}: vt Jeplnz = (Ups tp)y " (7

fal

Norms in the grid analogues of the spaces L4(0. 1), ¢ = 1. und H(')((), ) have,

respectively, the form
A Hu
|Ull|h,q = <IIZ |Un|[’> .
-1

12
Vgt =~ U |7
h '

We denote by || - |}, the norm dual to [+ [|,.2 with respect Lo the scular product
(N

M
lvallaz = <Ilz

g ()

[(va, g )
lonllfs = sup  ——rr
1 Vi 40 |REA “h,:‘
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We have the equality
Nn)scllhz = lvnllna. ve € Vi (8)
In the grid analogue of the space C(0. /), the norm takes the form

lvnle = max |y |, v, € V.,
P M

Let us introduce the extension operators py,, g by assuming that puu, 1s a
continuous function, which is linear on each interval (i, (i + 1)h). such that
prup(ily = v, G = 0.1,....M + 1), quu, is a pieceswise constant extension
of the grid function v, € Vy, which is equal to v, for all jh < x < (i + D, It is
clear that pyu;, € H(',(O, D. quv, € L9, 1), and that

lgnvaliino.n = Walng. IPoenllo.n = Ivnllaz

In the same way for grid functions v, , defined on the nodes of the grid w; .

: " s : " : _ +1 _
we mlroduu the extension operutor ¢, defined by ¢, puvrs = put™ L grqnrey =
([,,v{‘” forull jr <t < (j+ Dr.j=0.1....,N (the grid w, is assumed here to
be uniform),

Let us denote 1346] by
I 4 ) h

)\‘ ZEESIH'ET, 9)
le h/21 X
D) = m'“(”;/( D in ?,o v <l (10)
1

respectively, the first (smallest) etgenvalue and the first eigenfunction of the dif-
ference problem
U)o+ Ay =0, v € wyl fy € V. (1h

The function i, i (10) 1s chosen so that i, = 1. We observe that g, (x) > 0
n wy,.

We start by considering the question of solvability of the scheme on a time
level, that 1s, the question of existence and properties of the transition operator
1346] from one time level to the next. Below we denote by Aj. Ay, ... various
constants idependent of 7, /.

I Sufficient conditions for solvability of the difference scheme at a fixed time leyel

1. We shall show first that for 8 < o + | and also 1n the case 8 = o + 1.
Al > 1 (this imposes an upper bound on the length of the interval 0.1z see (9))
the scheme (4) is solvable with respect to the grid function #i for any magnitude
of 7. For this purpose we shall need the following assertion, which is the finite
difference analogue of Lemma | of § 2 (sce |296, 346)).
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Lemma 1. Any function vy, € Hy satisfies the estimates

2er+ 1) r4l
|v”ih.2((r,vl) = )\[, ”“h “h (12)
|vh|fi};r+l ' A”HU:VH||’/3+¢1H)/(:r|I) A I]u[“,,.“w[](u«”l)\ (13)
h B+l — 3 .

Let us consider the continuous operator , : RY — RM:
Pu(ity = (i — n) /7 — G H ~—uA k=1, .M. (14)

Existence of a root of the equation Py, (1) = 0 means that the scheme (4) 15 solvable,
Let imtially | < 8 < o + 1. Then

1, . el
(Pu(iy. 7Yy, = ;(u — . 87N, + IIu'”'Il,, Iulﬁ;'::”r (15

Using the inequality (13) as well as the easily checked estimate

(& - ) g_-(rrl > ;;_M_(§II+" - (rf" g; ne R (16)

we abtain from (15)

11
S ooy Ay o2 B ~ 2 1)
(Pal). Ya > _'"—_+_v’) w|”|h ol |”|h,/{+:r+l + Ayl llh.ﬁ«nr S8

A' = | (BrlreiBtrd
Let us estimate the second term uging Young's inequality. As a result we have

A~ Braid - A e+
il gy = |”|n provt T A2

o+ 1 __B I‘B"_ o+ 1 (Broi D/l i~f)
A= | ‘

Ao+ 1) Ao+ 1D
and then the final estimate has the form

I A e b D) I I rgl
(Pph), )/, - 3 |ll|,‘./{:_,”! - (A] + ;:3;“” b > . (17)

hoort??

From this, by the Brouwer fixed point theorem for continuous operators in a
tmite-dimensional space (see, for example |296]

), we conclude that the equation
Pp(f) = 0 has at least one solution in the ball

A e - _3 A + - WM_!_ l:r+-2 18)
|”|h,/HnH ~ A" 2 |” hoo+2 ) (
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Outside this ball there are no solutions, since there, as follows from (17),
(Py(iy, @ty = O

Let us move on now 10 analyse the case 8 = o + 1. Then from (15), (12) we
have that

Ui liuluﬁ

Ay oAt h ~
(P"(“)‘“ )" g (A] - l)lulh.:(lFH) - o+ 77 hoori2t

Therefore tor )\"‘ = | the equation Py (@) = O has at least one solution @, such that

2+ I w|”|(u2

)5S Y e
B 2t 1) ()\l]‘__ l)((l'+2)T hory?

(19)

Thus we have proved

Theorem 1. Let B < o+ 1 or B = o+ 1, Al > 1. Then for auny 7 > O there
exists at least one solution & € Hy, of the scheme (4), which belongs 1o one of the
sets (18) or (19). while there are no solutions owtside these sets.

As the estimates obtained in subsection 1.5 show, under the conditions ol The-
orem |, the difference scheme (4) has a unique solution for sufticiently smull
7> (.

2. For B> o+ 1or B=u+1, A} <1 the parabolic operator of the scheme
(4) is no longer cocrcive, so that the Brouwer theorem, which uses coercivity of
the operator, is not applicable and Theorem 1 is invalid. Therefore we shall seek
for sufticiently small 7 a solution it close to .

Let us set a—u = ? gnd let us introduce the continuous operator /7, : RY — RY:

Fr) = {rl G+ a0 o +7G+u)P k=1.2,... M)
Existence of a fixed point of the operator /4 implies solvability of the scheme
(4). We have the obvious cstimate
oA 2 B 2 2 ot i
[Fu(Dle < Uule - 12e)"T + ﬁ(|“|(' + &)™ T

Hence it follows that £/, maps the set X, = {Z[|£]¢ < Cy} into itself (here Cy > 0
is an arbitrary constant), if’

Cy
(lrele + C)P + 2/1"2(|1(|(' + ('n)'”] '

(20

T <

Therefore by the Schauder tixed point theorem |101] we have

Theorem 2. Ler conduion (20) hold. Then the scheme (&) hes « sohdion it € Hy,
such thet, moreover, |ic— ¢ < Cy.




§ 5 Finite difference schemes 485

Remark. Setting Cy = |«|c 1n (20), we obtain the following estimate of the
practically maximal possible trme step 7,,;. for which the scheme is solvable at a
fixed time level:
T = QBle® 427 i 2h
Below we shall show that as far as the dependence of 7, on |«|¢ is concerned,
this estimate is optimal. It is rmportant for large Jid¢-. when the solution exhibits
finite time blow-up. In the class of uniformly bounded jif,- we obtain the uswal
for parabolic equations estimate 7., = O(Ih%) for I <« | (see 1346]).

2 Conditions for ioic-rniguercess of the difference soliaion

Let us show that for 8 > o+ | and sufficiently small 7 the implicit scheme (4) has
in addition to the small solution constructed 1n Theorem 2 another, large solution,
which is close to the root I = 77/ V' of the difference equation

U/t =UP. (22)

This equation is the same as the original one if we ngglcu the term (@”*'y,, and
set 1 = 0, The second solution has the property that || — 00 as 7 — ().
Let us set 2 = ft—7 '*# D and define the continuous operator G, : RY — RM:

(’h ———{T( I\+T g b [i_+__r]( LT |VAV: I D Irql]
—r VB s k=12, M)

Existence of a root of the equation G, (2) = O implies solvability of the scheme
h.
Let us congider the expression

(G(3) .5y = (G471 VBB BB D 2y g
FTAGHT Yy Gl = B = L A+ = 2R,

on the sphere

Sy = ap > 0. Obviously |2]¢ < «oh /2. and therefore, by setting
no = aph” PrVH D (23)
we obtain

- n ; 2a
IZ > ""|:|h.1i(f-+7' | §X¥4 “)'\,\Hih.lT > *TW (s B h )(l _+_ :ro]ll/'l'

Iy > 2l = —aolly 2.

To estimate the term /[, we use the inequality

+ l hi
nl(+mf 1] = 37 7, (24)
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which holds for all 8 > 1, |9| < C,, where C, = C,(8) > 0 is some constant.
Then, choosing 7 so small that

) o = aph 2D < C.(B). (25)
taking (24) mto consideration, we obtam

ﬁ+1 B+1 ,
I 2, = R

Thus we have the inequality
((Jh( f =

“l 2 riy2 -+ /2
z B 5 ~un{au— [ {hdh 5+ I,),Tli URSHUVC T pee C.(B)) 1llr-}}.

Hence (Gy(), > () Tor all

2 2 e}
ez = a0 = £ {|u|,. 2 7 VD +C,(B))””I‘/“}. (26)

It remains to check that for small 7 conditions (25). (26) are compatible. Sub-
stituting into (23) the value of gy from (26), we have

o = _L,’ 1/2|“|h VB 4 h 5/1” _+_C*(B)]cmlll/2_rl[£ DI 1
.2 Wﬁ -

B-1
(27
whenee ny — O as 7 — 0 B > o4 1, so that condition (25) does not contradict

(26) for small 7. Thus we have proved

Theorem 3. Ler 8 > o + 1. Then for sufficiently small 7 the difference scheme
(4) hays in addition o the solution constructed in Theorem 2, another solution. 1f
B = a + | then this conclusion is still yalid, provided thar (see (27))

4 )
= P4 Clo + D)7 < Coto + 1.
a

Fortunately the second (large) solution, which has no physical interpretation,
is unstable. and # correct solution algorithm for the implicit scheme [346] con-
verges only to the required solution. In this context, we might observe that in any
neighbourhood of the solution 0 = 7~ V%#-1 the operator

Figd) = {r 47 VP Iz VED =1 20 M)

is not contracting, and therefore the solution & cannot be obtained by the method
of successtve approximations. This testifies to its mgtability.
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3 Conditions of non-existence of the difference solution
A second manifestation of non-coercivity of the operator of the scheme (4) for
B 2 o+ 1 is the fact that it can actually be locally insolvable (on a given time-
level).

To establish the conditions for non-existence of the solution, let us use the
estimate

Aol 2 Acra
(u ) > - , U € Wy,
T II"
in view of which we deduce from (4) the inequality
Iz w4 TP <270, (28)
which the function & must satisfly everywhere in wy,.
It is clear that it is sufticient to verify this inequality at the point at which max u
is achieved, that is, to determine the conditions under which the equality

£z lule + &7 N -2/ (29)

has no solutions in R,
let us consider first the case 8 = o + 1. Then (29) assumes the form

= ule +7e7 (= 2/l7). £€Ry,

and. as is easily seen, has no solution if

) r 2 -1
h">271>71" = 7 2] - (l - —5> . (30)

= G T 1

-

Now let 8 = o+ 1. Using Young's iequality
2

vy h-
¢ = T te £eR,,

’

B~ (r+1) {4(0 + l)}("*”/”’ i bl
e DT T D)

B
we see that (29) has no solutions if everywhere in Ry

~

L ..._i +Z-_ B
£ < fule = yet 5e".

Hence we obtain conditions for insolvability of the scheme (or 8 > o + 1:

e — 1/ 2 \VB-0
(1] > ",_.T+Lm (—-—) . (31



488 VII Some other methods of study of unbounded solutions

Theorem 4. Let 8 = o + | Then, if condition (30) holds, the scheme (4) 1s
insolvable. In the case B > o + | solutions do not exist if (31) is satisfied.

Inequalities (30), (31) provide us with quite sharp estimates of the size of the
time step, for which no iterative process of solving the implicit scheme (4) will
converge (for the simple reason that the difference solution does not exist). These
estimates can be utilized in real numerical computations. Therefore let us consider
(31) more carefully,

Let us set

B

gy =

AB~ (o + 1] [4r + 1) (B+H/IB- wr D) [ B-1 2)]/’1[J~H
N .
i s (

Then (31) hag the form
e > agr(h?) PIB @D e VB

and s satished, for example, in the case

e ] bo BIB-1
litle = Baody(h™)” RO dy = l:——‘—-—-—-—} . (32)
Baod, ( ap(B — 1)
T = Ty = do(h?)# DB Lo by (33)

At the same tinie condition (21) for the solvabrlity of the scheme with |u|¢ taken
from (32). has the form
Tyl = .’.U(hl)(ﬂ gt ‘)]A
R (33)
fo=125%(Bapdn)? ' + 27 (Bapd )] .

and has the same dependence on the size of the spatial grid as (33). Hence we
conclude that condition (21) for the solvability of the scheme for 8 > o + 1 is
optimal for large |u|c (for example, when the difference solution is unbounded).

4 Unbounded difference solutions

Let us move on now o determine the conditions for global insolvability of the
difference problem (4), (5) for 8 = o -+ ' Recall that the time grid here is not
uniform: 7; — O as j — oo and 3 70,7, = Ty < ov, where T’ is the time of
existence of the solution.

The proof of unboundedness of the solution will utilize the method used earlier
in§ 2 as well asin § 6, Ch. V.

i will be shown in subsection 1.5 that, just as in the differential case (§ 2). there are
no unbounded solutions i 8 < o -+ 1.
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1. Let us set
EVtY = E = (a, U, | € Wy, 34)
where ¢y, is the first ergenfunction (10) of the problem (11). Taking the scalar
product of the system of equations (4) with s, we obtain the sequence of equalities

E R
Rt )\“(“'H [‘ I///A)h + (“ﬁ. l//h)lu I € w,,
T (35)

~(0) N
E™ =Eg = (uop. )y
deriving which we have taken into account the fact that
((1 A,H ] \\ l[’h = (4" kl - (d’/u)"\\) A" AN l//h)h
By normalization of 4, > 0 we have the Holder inequality
(l‘llj. gy = ((”xml)lf/(:m 1y )n > (“UH W) H/(:H 1

’

in view of which we obtain from (35)

E—-FE > m:Hl I/I")’/'J/(:ml)]l )\h LA ) ('”1 l”/(”*”]'
Ty
Thence, again applying the Holder inequality (@', gry)n = (@, i)y "', we deduce
the inequality
— , Al
L_,_I_ > ¢ ‘\Il}] l/l /i/“ th) | — . | ) (36)
T, B uril)
Let Iy be such that
po =1 —AlEg 5, (37
Then from (36) we conclude that £ > E in w, for sufficiently small T, =
0.1,..., and therefore
E—k N )"1‘ B
- B A i m = ol 1 € ;. (38)
J P
Since
li)¢e = ]nzm}w i, = I 1€ wy, (39

in order to determine conditions for unboundedness of the solution of problem (4).
(5), we have 1o tind a system {7,) of time intervals , such that 3°7, = Ty < o0
and that from (38) it would follow that £ —» oo as j — oo, Then by (39) the
difference solution will blow up in finite time, that is 1! > 00 a8 | — 0,
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Tp=Ap ML =000, (40)

where A > O, @ > 0, p > | are constants. Then
To= Ap"/(p" — 1) < oc. (41)
Let us determine the conditions for A. «. p, for which
EY = Bypd o =001,
For that, it is enough that

Fop’ + T,,u(,lfﬁpl“ > kgt =001 (42)

Substituting into (42) 7, from (40) and simplilying, we obtain the condition | +
Al 1! 0D = = 0,1 This condition will hold if

1

a=-1l.p= I+A/.L()E(I,)' (43)

Therefore we have proved

Theorem 5. Let B = o+ | and let the initial function woy in (5) be such that (37)
holds. Let the fintte difference problem (4). (5) be solvable on a sequence of time
steps (40), where the constants A, «e, p satisfy (43). Thew the sohaion exists for
time (41), and

[t |¢ = Fop! — 00, j— 2.

Remark. In § 2 it is shown that in the differential (continuous) case the problem
for 8 = o+ | has an unbounded solution if A = (7 /1)* < 1. If, on the other hand,
Al > 1, then it is globally solvable. From condition (37), which for 8 = ¢ + |
takes the form A" < |, and the easily verified inequality A} < A{ (sce (9)), we
then easily conclude that it is possible for the finite difference problem to have an
unbounded solution, while the differential problem is globally solvable, This will
happen if the length of the interval 1 is such that A > | but A" < I,

Inequality (38), which was dertved tn the course of the proof of Theorem 5,
can be used to analyze the problem of insolvability of the scheme on a given
time-level, For example, from (38) it is easy o derive the (ollowing estimates for
insolvability of the scheme at the j-th tme step in the case 8 = o + 1. They are
sharper than the estimates of (30):

o’

(o 4+ D7l = Ay’

AV < LTz, =) 7
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The first one of these s optimal, since for )\’,‘ = | the solution always exists (see
Theoren 1).

Let us present an interesting corollary, which has a differential analogue (sce
§ 3. Ch. V).

Corollary. Let B € |a + 1,0 + 3y and let us be given a function ug(x) = 0,
x e R Let us fix e arbitrary > O, Then for sufficiently large M there is a
collection of time steps {1,). satisfying Ty = 3. 7, < 00, sach thar the svlution of
the finite difference problem (4), (5) for | = (M + Dl and wyy, # 0 is unbounded.
If {uontny = 2 for some M =1, then the same conelusion is valid also i the case
B=u+3

Proof. For large | po in (37) satisfies the estimate
po = 1= Uuonlyy /27 Py -8,

Thercfore under the above assumptions py > O for suffictently large /. which by
Theorem 5 ensures global insolvability of the problem (4), (5). 0O

2. To conclude, let us give an example of an unbounded solution of the tindte
difterence problem (4), (5), which can be written down explicitly. This example
shows, in particular, that the requirement (40) of Theorem 5 concerning solvability
on a sequence of time steps, s not especially burdensonie.

Let B = o+ 1. As in the continuous case (see § 1, Ch, IV), we shall seek the
difference solution of the problem in separated variables:

W, = §'6 (13 € wr x wy,. (44)

Substituting «! into (4) we obtain the following problems for the grid functions
YA

S—8§5 1.
= ~$"t e we (45)
T/ (¢
I
F e 07 = ;;u‘ YEwy 0 H, (46)

Let there be given a system of time intervals (40), where p > 1, @ = o. Then
a solution of the problem (45) is the (unction

Sl=p' j=0.1,..., A=up (-1, (47)

Let us construct # solution of the problem (46) in the particular case o = 2,
Let us fix an arbirary M > 0 and set it = 2sin{37/]2(M + 1)]). In this case the
length of the mterval 18

3wl AN
Iy = »—7;}1 (urcsm ;) 0« h <2, (48)
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Then it can be casily scen that the solution of the problem (46) has the form

172

4 NEAE
0, = {2 {3 (1 - = sin? f»’-’ilﬂ } sin(apklty, k=0.1..... M41, (49)
=

where a, = 7/l

By (44), the functions (47), (49) define an unbounded difference solution of
problem (4), (5) for o = 2, B = 3, | = I, which grows without bound at all
points of wy, conserving its spatial structure. As i — 0 the difference solution
(49) converges to a solution of the corresponding ordinary differential equation
(see § 1, Ch. V)

B(x) = (3/4)7 sin(x/3). 0 < x < Iy = 3. (50

The length of the support of this solution, /y, detfines the fundamental length of
the nonlinear medium, The difference lundamental length (48) is close to Iy = 37
for h « 1. For large It the difference can be significant; for example, /, = 9 for
h=1,1, =6tforh=2.

Let us note that the grid function (49) is not the projection onto w, of the
solution (50), the differential analogue of problem (46) for ¢ = 2, though it has
a similar structure, The dissimilarity is even more substantial in the case o = 1,
when equation (46) also has a simple solution;

B = Ay sin(bykh) + By, k=0.1,.... M+ 1,
where
by = :21!; zn‘csin!z-l, 0<h=<2 Ay = %]2(2;(,, - D'
B, = -L{1 — 12y = DI'P) Ky =1 = 3 [ (1 - '—'i>]/z
2k h? 4

which, however, does not satisty the boundary conditions and is strictly positive.
However, i1 the limit & — 0, when x, — 3/4. B, — 0, the (unction #; is the
solution of the differential problem for [ > 4.

Let us move on now o questions of global solvability of the difference problem
and of convergence of the difference solution as i — 0 to the generalized solution
ol the differential problem (1)-(3). Two separate cases have o be considered.

5 Global solvability and passage to the limit for B < o + 1

Recall that below the grid , is assumed to be uniform.
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Theorem 6. Lot B < o + . Then for sufficiently small T the difference problem
has a unique global solution. If B = o + 1, then the same assertion is brue wnder
the additional requirement

4 , Th

A= g~ > L (51

h? 21
Inboth cases B < o+ 1 and B = o+1, Ay = 1, the difference solution converges as
7. — 010 the generalized sohuioe of the differential problem (1)-(3) constructed
in Theorem 2 of § 2.

We shall need two lemmas, the first of which is verified directly. The second
is proved in [296. 346{.

Lemma 2. Forall £, € R, the following inequality holds:

(é';u-‘l ”}l)g“-—/ji(’-_l#l(flj“rkl-—nﬁ'"”)—% (S’))

+C[{max{§ T)”ﬁ 1( Flba/2 ]lhr/'l)_’_'
where C| = Cy(o, B) > (0 Is o constwit,

Lemma 3. For any grid function v, € H,,

ol

e < Al LT Ay = 1L (53)

||,,
Proof of Theorem 6. Let us fix an atbitrary 7 = 0.

1) Let ug first consider the case 8 < o + 1. By Theorem 1 the dilference
scheme (4) with B = o -+ | is solvable for any 7, that is, the tunction & is defined
everywhere in w, ;. We shall need estimates of the finite difference solutron.

Taking the scalar product of both sides of (4) by @ *' and using the obvious
inequality

|
atl . A
(£ =mg"' 2 s (T - 7", £.mEeR,.
we obtain
i 2 it 1 Attt
b =l ) R G, < LAl (54)

o -

We estimate the right-hand side of this incquality using (13) and Young’s in-
equality, taking into account the fact that 8 < o + 1. As a result we obtan the
inequality

tudl »l
|1 |{1 [3”#1!}] - ’)” ’H”h +Al (55)

o+ 1 “.B I: o+ 1 ]Zm-e-l)/w (er t 1))
4 - .

2AB+o+ D LAB+o+ 1)
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and then {rom (54) we have

| 1
nrr2 - IES o a4
;’_+2 |‘|h.:rﬂ+ “‘ ”h S— A4+ T(l'—+—2|“|h a2 (56)
Hence we obtain the estimatces
(57)

) Pl T 2
(max el S AT D) el < As
i

and, by (53), the mequulity

] H2er s 1)
( As + 7*_( +7/\5> . (58)

max [/t < Ay
O< g N
To derive other estimates, we take the scalar product of (4) with (@7 * Tt hy/r
and use the inequality (52) as well as the mequality
duy2,2
.',)] ta/ )

EH =T E - ) = G

for all . € R, where Cy = Cy(or) > 0 1s a constant. As a result, we have

ARCIEIRETIEN & ‘ ]
~ort oy 2
i — ¢ 5
1 - e (L
h.2
o+ 1 Broil Bioyl
B‘* P +l (l |h[3|ui-] | 1’1[3“!4] + (59)
Alia/2 “l ta/2 :
~ , 7 g -
+ Cyrimax{|d-. |t|e}] o
k.2

In the derivation of (59) we also used the inequality

((“UI]) l“llrll . “ll}])h < ‘___(”l}ll'}]”i‘z = ||“lr4‘]”i.2)/2

(since £(&€ — ) = (&5 = n?)/2 for any £, 1 € R,).
Let us choose N so large (that is, 7 = T/(N + 1) so small,
rimax{1dde. ule} P T < Ca/2 forall 0 < j < N. It follows from (58) tha

for this it s sufficient that

tha

B 1172+ 1) C
;) < AV (60

)
2A g A
T( 4+T(r+2
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For B < o + 1 that cun always be done. Then, summing the mequalities (59) in
j from O o N, and applying Young's inequality, we obtain

C N ~trer/2 | fer/f2 2 l
2 '“ o /\4]:!#]
S Sl
= /.:«,()! LN 2

o+ N4 Bt +1
:F+ o+ 1 e g ”““" lica

o+ 1 Bl

{A

l ri
T E v o 1 gy Z“(“m )7 M2 + A

(o derive the last inequality we used the estimate (13)). Hence we have the

estimates
N
=

max ||(u"l)"”H,37 < Ag. (62)
G-guN

\
l"H:r lﬂr" -

< Aq. (61)

h.2

o
#

Thus restriction (60) on the size of the ume step 7 ensures global boundedness
of the difference solution of problem (4). (5) for B < o 4+ 1. Let us note that by
(53), tfrom (62) follows the estimate

max |u”1|(- < Ag. (63)
O« gaN

Let us show now that in the case

(e
T < Ay P/B (64)
the solution 1s unique, Let iy, @ be two s()luli(ms of the problem. Then from (4)
we have that @y — ity = (u’l”l —- a5’ [ 'r(ul - lh) Taking the scalar product
of thix equality with u"'l -~ ’”' . we abtain
(l}l Al}__"&ufl l”’”)/, —
i 1 B ) 1 -
1 [ AR LA NN T L L T AR ARV
. - . 31, A iyl
< 7Bimax{li . ]tlgll-]{‘ (i ~ ug.u"’” a5t

Hence by (63), (64) we conclude that (7 — do, l?'l"” iyt Y, =0, that i$. &, = .
To prove the validity of passing to the limit. we shall need another estimate,
From (4) we have

HH

N =) /7l > = @ sl 2+ 18210 .

)1
"v!“‘\ \
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Therefore, taking into account (8), and using (62). we obtain

max [f(a’*! ~ ul)y/7ll; 2 < Ao (65)
Uz <N =

For convenience, let us introduce the notation

1
v T Vsp = (U“

—u) /T TSt (j+ Dr

From (57), (61). (62). (65), using the results of [339{, we obtain the
following estimates; the functions ¢, p,(u/)”*' are uniformly bounded in
L®. T Hy0. 1) and in L0, T2 LY 21400 1)) goquted)”! are uniformly
bounded in L0, T3 LY 24D Dy qrguu) 7 in L0, T3 L3O, 1)
VTqu[/,(u’)' 20 L0 T L O D) gyt in L0, T L 0.0y Vg, pu?
in L0, T H '0.h) [(,,,7,,(111)"*‘]T‘ in L>O.T:H 'O 0), qqutu’)® in
L®O. T L0, h): gua™t?y in L7420, 7). This information is sufficient to be
able to use a compactness lhem‘em [86] tu pass to the limit as 7. — 0 (details
can be found in {296, 339)),

As a result we have another proof of existence of a global generalized solution
of the problem (1)~(3) for 8 < o+ |. which satisfies all the inglusions of Theorem
I, § 2. Observe that we have in addition that «, € L*(0. T H (0., ).

2) Let us consider the case 8 = o+ 1. Applying the inequality (12) to estimate
the right-hand side of (54) for 8= o + 1, we have

I , [ L,
;;_—';"'“;‘)’”'llll;, :rjm + (l - ;\7;) H“ H“/],Z = ”__+_2u_;|“|/l.:r2}2‘ (66)

Hence (sec (51)) we have the estimate (58) with Ay = 0 and the mequalities

h
ail ” I l A ] " |:r b2 < ’f_‘Jl
1= r+ 2 Y T )\/, M Uoply e & .

Il
Let us take 7 so small that (see (60))

T(:H~2)/|J(:Ml)| < I (‘— /\ ”/\ u;l’(n;l)ll
2C,

Then it is not hard o see that the following inequality is satisfied:

T .
o L= e Y G, =
h.l 2( )\/‘> '

+1 i
= = (i 12 = a5 ) -

;lu,r/z . ”] /2

Gy
2 T

ps0)

ot —
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from which the estimates (61)~(63) follow, Subsequent analysis is carried out as
in the case B < o + 1. 0

Thus in the cases B < o+ 1 and B = ¢ + 1, A} > 1, no matter how fine
the grid in time (which, obviously, can be taken to be non-uniform), there is no
blow-up of finite difference solutions. which agrees with the conclusions of § 2
concerning the differential problem. This agreement is even more clearly seen for
B >0+l

6 Finite difference stable sets and pussing to the limit for B > o + |

Here we shall show that for 8 >  + | we can construct a difference stable set
Wy, which has a structure quite similar to the one for the differential problem
constructed in § 2. The latter will be denoted below by Wy, to emphasize that it
is Wy for h =04,

Let us define for all v, € Hy, the functional

o+ 1
B+ o+l

Broil
hoptirels

1
o) = :)“(1/1(“/1) - by (vp).

where a(vy) = (V17 5, batuy) = |l Using Lemma 1, it {s not hard

to prove (see Lemma 3 in § 2)

Lemma 4. Let B = o+ |, Then we have the inequality

dy = inl  supJu(Avy) > B “_(,{’_fr__l),,wwmm DB @Dl g
vaelun FEOA 0 B+ o+ 1)

Now we can deline the finite difference stable set W, (which is non-empty by
Lemma 4):

W=l luy € Hy, O < Jp(Avy) < dy, A €100 1) (67)
From the construction of ‘W', we obtain (see Lemma 4, § 2)
Lemma 5. We lave the equality W'y = W, U {0}, where
Wi = {oy vy € Hyoap(vy) — bytuy) > 0.0y (uy) < dy).
Let us staie the main result of this subsection,

Theorem 7. let B> o+ | and ussawe that wgy, € Wy Then for sufficiently small
7 the finite difference problem (4), (5) has « global solution whiclt belongs 10 "W,
for al t € w.. Moceover, the solution {s unique, If, furthermove uy € Wy, the
Jinite difference solution converges as v, — 0 to the generalized solution of the
original differential problem, which was constructed in Theoreun 4, § 2.



498 VII Some other methods of siudy of unboanded solutions

Remark. In the conditions of Theorem 7, no refinement of the time step 7 (which
by itself has to be sufficiently smally can lead to the finite difference solution being
unbounded, Therefore, as tollows from Theorem 7, inequality (37) cannot hold if
Upy € Wy, that is,

o+l B

/ R
| - )\]‘(“()/1- U )y, <00 uy, € W

This inequality is an additonal characteristic of the difference stable set 1,

Proof of Theorem 7. This largely follows the lines of proof of the “differential”
Theorem 4, § 2. If wy, € Wy, then by Lemma 5 we have ay () — bylugy) > 0
and therefore

o+ 1 B—tor+1)

J =~y e LY > -
1 (ttgy) 2“/. loy) Bt witon) 2 NE Lot

uy ( Uap)-

Therefore it follows from (53) that

UB + o + l) 1/020r+ 11
luople < Aq ,3'B~"m, (1toy) = A

that 1s, W, is bounded m Clwy).
Let us show that the condition
min{l, C2/(2C)})

< = - (68
T= (1 4+ Ap) P+ 20721 4+ Ay +! )

ensures solvability of scheme (4) at cach time level.

Let us make the first step in time. From Theorem 2 (see condition (20) for
Cy = 1) it follows that under the restriction (68) the scheme is solvable. Since by
(68) 'l < e+ 1 < Ap 41,

-
rimax{u e, i1l = Cop20),
and, consequently, we obtain {rom (59) the inequality

Oy Lyl o2 gyt :
2 T

1
< -U/.(ll”)*J/.(u])]. (69)
T

2

Let us prove that 1! € ‘W, Indeed, lu W' @ Wy, Then since 1! — o as
T — 0 (sce proof of Theorem 2). and ' € W, llurc cxisls a7 =1, such that
a' € Wy, By (67) this means that J, 'y = d,. Hence we have a contradiction
with (69). since by assumption J, ") < dy,.
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Thus, «' € W,. Then from Lemma 5 we have that a,(«') > byu'). Using
this inequality to estimate the second term in the right-hand side of (69), we have

7
C, (u])l-wr/l_(“())l‘wr/ﬁ - | 'B_((,—_+_ ) ! 2 1 0
& e LUID MR PR Y (T
2 T i T2B+ o0+ 1) T
Hence |
- ((l’+ ) o
5B(B +'77TT>II<u‘> P = Jyta),

and therefore ju'|c < Ajpa. This justifies making the next step in time under
restriction (68) on the magnitude of 7 and so on,

Thus, if (68) holds. the difference scheme has a global solution & € W,
|l < Ayx lor all 0 < j < N, and furthermore

l'llurlm “lwr/li" ,B-"'((l'+ ) ”A’”
- || it
T a MBro+D

TR
72 = JnCun).

Uniqueness for 7 < '/\]]3'” of a uniformly hounded solution « ¢ W, is
proved as in Theorem 6. a

The finite difference solution constructed above satisfies estimates which allow
us to pass to the limit as 7. — (. Here it is only necessary to ohserve that in
the case ug € Wy the inclusion g, € W, holds for all sufficiently small h > 0.
As u result we have the existence of a global generalized solution of the prohlem

To conclude, let us note that by the estimate (21) for global solvahility of the
finite difterence problem in the set ‘W, it is sufficient that 7 = O(h?) for h < 1,
The restriction (68) on the size of the ime step 7 is essential, since too large steps
can sooner or later “throw™ the solution out of W, and it will hecome unbounded.
The necessary shortening of the time steps 7, will he automatically performed hy
the iterative algorithm we are using, when Theorem 4 (on the non-existence of
solution) comes to the fore.

2 Explicit (linear) difference scheme

Below we shall consider hriefly unhounded solutions of the explicit difference
scheme for the prohlem (1)-(3):

(@ —w)/t, = (u"”)x\ + 1P (1 x) € wy X wy, (70)

o = oy, =0, x € wyl ite Hyl € w,. (7
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2 Unbownded difference solutions of the explicit scheme

Here we shall consider the appearance of finite difference finite time blow-up in the
problem (70). (7D) for 8 > « + 1. To that end we could apply the eigenfunction
method. which was used in suhsection 1.4; for the explicit scheme it is much
stmpler.

Below we employ a different method, In the following we take the grid w, to
he non-uniform. 7, — Q0 us j — oo, Ty = 37147, < oc.

Let the Maximum of an initial function g, # 0. the value jug, e be attained at
some point v € wy, Itis easily seen that at that point the value of the grid function
«* s estimated in terms of «f as follows:

_ 2
Wz e = Sady e o, (74)

h?

W = leegale > O,

Here we are assuming that « > 0 in @, x o, (sce Theorem §),
From (74) i ix not hard to derive conditions for the solution to he unbounded,
Let us write (74) in the following form:

2
Wt el P |l - I~;(u~’)"'H Bl 1t e w,. (75)
)2

Let the tnitial function gy, be such that

oil B

2
My = | — 71—2-|ll()/,|(- = (), (76)

Then it immediately follows from (75) that #/*' > «/ for all j = 0.1...., and
therefore we have from (75) that

Wt = ,u(,'r,(u’)ﬂ. I € w,. amn
It remains to choose suituble sizes for the time steps 7,. For example. let us set

T, = —i’—(u’)I Boj=0.1....  g=rconst > |. (78)

Mo

Then (77) assumes the form

TIARLIS qu'. j=0,1,...: a’ = Jugnle.
Hence we immediately have
al >z ougyleg's =001 (79

that is, ¢/ — s j — oo,



502 VII Same other meihods of siudy of unbounded solutions

Let ux show that this is indeed finite difference finite time blow-up. By (78),
(79) we have the following estimate {or the time of existence of the difference
solution:

o g ~
To=31,=—3 W) #=
;0 po 70
g e (80)
< i|mm|(l' ”4?,‘[”| L
Mo prt po gl -

Thus, if (76) holds. uy, belongs to the unstahle set 17,

Theorem 9. Let B > o + | and asswme that condition (76) holds. Then there
exists a sequence of time steps {1, ). defined hy (18). sucl that the solution of the
explicit seheme (70), (T1) is unbounded and the time of existence of the solution
satisfies the estimate (80)).

Let us note that to get finite time hlow-up in the explicit scheme, it 1s necessary
to choose small time steps. For example, in the framework of the above approuch,
we derive the following estimate for the magnitude of 74 (the first step): if (76)
holds, we have the inequality

|- = (27077,
and therefore from (78) we ohtain

q [4 .
¢ = le“”hl(l' B pd- BB wribl p2y08 VAR il
Mo M (81)

— ()I(hz)(lj 1113 (lf'Ol)lI‘h & I,

Nuturally, in view of (78), (79) subsequent steps will he even shorter. This
estimate has the same dependence of 74 on & as the optimal inequality (33"), which
cnsures solvability of the implicit scheme, Thus to have hlow-up in the explicit
scheme, its apparent simplicity notwithstanding, we still have to compute with very
small time steps. The reason for this is clear: from (70) it immediately follows
that marching in time with lurge time steps never leads to finite time blow-up, This
is true. for example, for a upiform grid w,. Let us also note that a restriction of
the form of (81) 1s needed to have the weak Maximun Principle (see Theorem §).

Remarks and comments on the literature

§ L. The presentation of results of § 1 largely follows | 123, 127, 131, 169, 170]
(| 131] contains a brief account of the results pertaining to the one-dimensional
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is not unlike that of 120, 125] (sec Theorem 8 of § 2): |294] uses the same
approach as {124]. A similar analysis of the boundary value problem for the
quasilinear equation ¢, = r(w)u,, + d(u) in the one-dimensional case appeared
earlier in [225]; o particular, a version of the method of eigenfunctions was used
there. A briel survey of the literature on unbounded solutions can he found in
| 157] and {290}

§ 3. The majority of results of § 3 is contained in | 161] (see also | 157)). Other
examples of the use of the method of statiopary states to derive lower bounds for
unbounded solutions cun be found in [159. 164, 174|. The problem of computing
upper bounds and thus proof of loculization for systems ol equations is almost
completely open. The single result of |105]. ohtaiped hy the method of |108].
deals with the semilinear system (1), (2) for g = ¢ = O and p = ¢. Let us
note the paper [93] (see also 1290]), which considers the Cauchy problem for a
semilinear system and shows that for (y + 1)/(pg — 1) = N/2, y = max{p. q].
every non-trivial hon-negative solution blows up in finite time. thus determining
the critical (in the sense of Fujita | 112]) exponent of the source.

§ 4. Numerical and gualitative results of subsection | are taken from |273, 279).
The analysis of subsection 2 comes from |142].

§ 5. All the main agsertions of § 5 are proved in {182, 183]. Studies of
unbounded solutions of explicit bnite difference schemes for the semilinear (o =
0) equation using different methods were conducted in 311, 312, Interesting
results concerning loculizition in the context of an explicit-implicit scheme for the
equation with o = 0, when the source term «” is taken not from the next, but from
the current time level, are obtained in {64]. b particular, it is shown there that for
B = 2 the dilference solution becomes inbinite at three central points, while for
£ > 2 it happens at a single point.

The results of § 3 and the proposition of § 4 are based on the derivations
of {161, 159]. Let us note that the practically optimal result concerning global
solvability of the boundary value problem for pg < (1 + p)(1 + #) (Theorem
5 of § 3), established by using the method of stationary states, is bard 0 obtain
by using the usual techoiques of a priori estimates, for example, those employed
ib Galerkin's method. This is indicated by the analysis of {157], as well as, for
example, the results of {299], where restrictions of the form p < 1+ p, g < 1 +v
are obtained. These restrictions are the natural ones for a single equation (see § 2).
They characterize the eusily explaibable relation between intensities of proeesses
of heat diffusion and combustion, which is pecessary for the occurrence of thermal
perturbations of tinite amplitude. As showp in § 3, these conditions are far {rom
being optimal for systems of equations. .
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Open problems

1. (§ 1) Deseribe the whole clags of coeflicients (k, (J) for which the absence of
localization condition (16) (for N = 1) is not ouly sufficient. but also pecessary
(for the case k(u) = . Q) = uf. B = o+ 1. o > 0. this bas heen done in
[129]).

2. (§ 1) Derive an upper bound for w(T,, . x) of the form (29°) in Theorem 5
for arbitrary initial functions «y(x) (for a particular class of g this bas been done
i 131, 172, 173)).

3. (§ 1) Prove localization of unbounded solutions of equation (1) with general
coefficients (30) for ¢ > 2 (in the case k) = 1, Qo = (1 + w)InP(l + ),
B > 2, this has been dove in | 189] (8 = 2) and | 177] (B > 2): see also | 192) and
§ 7. Ch. IV).

4, (§ 2) Determine conditions for which the bebaviour of unbounded solutions
of the boundary value problem (5). (6) as ¢t — T (ug) <« oo, B € (0 + 1 (o +
(N + 2)/(N —~2),) is described by the self-similar solutions constructed in § 1,
Ch. IV. Apalyze the asymptotic bebaviour of unbounded solutions of the problem
for B > (or+ 1)YN +2)/(N = 2), (let us note that in this case there is an upugual
clags of global solutions; see |314}).

5. (§ 3) Is it possible to construct a family of explicit solutiony of equation
(39) in RY for the critical value of the parameter 8 = [N/« + 2(1 + 1/a)}/|N —
201 + /)], @ # 1, similar to the one given in the example in subsection 2.4 for
the semi-linear case o = 1, B = (N + 4)/(N — 4)?

6. (§ 3) Determine conditions for localization of compactly supported un-
bounded solutions of the Cauchy problem for the system (1), (2). Is the condition
m=pqg— (1 + @)l +v) =0 sufficient for that?

7. (§ 3) What ass. deseribes asymptotic bebaviour of unbounded solutions
of the Cauchy problem for the system (1), (2) in the cases when it does not have
self-similar solutions?

8. (§ 3) Determine conditions for solvability of the elliptic system (65). What
is the structure of the set of its solutions for various values of parameters (some
pumerical results are contained in ]273, 279)).

9. (§ 4) Find conditions for localization of unbounded solutions of the problem
(15), (16).

10. (§ 5) Are the finite difterence solutions of the explicit seheme (70), (71)
localized for 8 > o + | in the case of up initial function iy, = 0 with “tompact
support”™ (that is, can it bappen that {x € wy | (T, . x) = 00} # wp)? The implicit
scheme does not have this asymptotic property.
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