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Chapter 5 

The Mathematical Theory 
of Iterative Methods 

1 

The current chapter contains results and basic concepts from the theory of 
iterative methods; these methods will be studied in the succeding chapters. 
In Section 5.1 we state the simplest concepts of functional analysis, give the 
basic properties of linear and non-linear operators in a Hilbert space, and also 
give several theorems on the solubility of operator equations. In Section 5.2, 
we give a systematic treatment of difference schemes as operator equations in 
an abstract space and indicate the properties of the corresponding operators. 
In Section 5.3, we look at the basic definitions and concepts from the theory 
of iterative processes, examine a canonical form for iterative schemes, and 
also the concepts of convergence and number of iterations. 

5.1 Several results from functional analysis 

5.1.1 Linear spaces. In the preceding chapters we studied the basic direct 
method for solving the simplest difference equations. Those methods were 
characterized by the property that it is in principle possible to obtain with 
their aid a precise solution to the difference problem after a finite number of 
operations. Naturally it is assumed that the data for the problem are exact, 
and that all the computations are performed without rounding error. 

These methods are so effective because they take into account the struc
ture of the matrix of the system being solved. The requirement that the 
matrix satisfy special properties reduces the applicability of these methods, 
limiting them to the simplest problems. 

To solve complex and, in particular, non-linear difference problems, it
erative methods are most commonly used. The essence of iterative methods 
consists in constructing a sequence of approximations converging to the so-



2 Chapter 5: The Mathematical Theory of Iterative Methods 

lution, starting with some initial guess. After a finite number of steps, the 
approximate solution is taken to be the solution of the problem. 

Iterative methods are more universal in that they allow us to solve not 
one concrete problem, but a class of prbblems possessing definite properties. 
These properties are defined not by the structure of the grid equations, but by 
more general functional properties. Since in the majority of iterative methods 
the concrete structure of the equations is not used, the theory of iterative 
methods can be constructed from a single point of view, taking as our goal 
the investigation of a first-kind equation 

Au=f, 

where A is an operator, f is given, and u is the desired elements of some 
space H. 

Before going on to construct and investigate iterative methods, we give 
here a short list of results from functional analysis (without proof). 

A linear space over the field K of real or complex numbers is a set 
H together with the operations of addition and scalar multiplication which 
satisfies the following axioms (x, y, z are elements of H, A and p. are scalars 
from K): 

1) both operations are closed in H; 
2) x+y = y+x, x+(y+z) = (x+y)+z (commutativity and associativity 

of addition); 

3) A(P.X) = (AP.)X (associativity of multiplication); 

4) A(X + y) = AX + Ay,(A + p.)x = AX + p.x (distribution of multiplication 
over addition); 

5) there exists an identity element 0 for which X + 0 = x for any x E H; 
6) for any x E H there exists an additive inverse (-x) E H such that 

x + (-x) = 0; 

7) 1· x = x. 

Depending on whether the field K is real or complex, we obtain a real 
or complex linear space H. 

In linear spaces, it is possible to introduce the concept of linear depen
dence and linear independence of elements. Elements Xl, X2, ••• ,Xn of the 
linear space H are called linearly independent if 

(1) 

implies that Al = A2 = ... = An = O. Conversely, if there exist AI, A2, ... , An 
not all zero satisfying (1), then the elements xl, x2, ... ,xn are called linearly 
dependent. 
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The space H is called n-dimensional if in H there exist n linearly inde
pendent elements, and any (n + 1 )-st element is linearly dependent. 

A non-empty closed set HI of elements of the linearly space H is called 
a subspace if Xl, X2,"" Xn E HI implies that any linear combination AIXI + 
A2X2 + ... + AnXn of these elements is also in HI. 

The sum of a finite number of subspaces HI,H2, ... ,Hn is the set of 
elements of the form 

Xi E Hi, i = 1,2, ... ,n. (2) 

Suppose that HI, H2"'" Hn are subspaces belonging to the linear space H. 
If each element X E H is uniquely representable in the form (2), then we say 
that H is the direct sum of the subspaces HI, H2"'" Hn, and the expression 
(2) is called the expansion of the element X in elements from HI, H2, ... , Hn. 

We will have in this case 

It is not difficult to show that if H = HI EB H2, then HI and H2 have 
in common only the zero element of the space. Conversely, if any element 
x E H can be represented in the form x = Xl + X2,XI E H I ,X2 E H2 and 
HI nH2 = 0, then H = HI EBH2. 

H is called a normed linear space if, for any element X E H, there is 
defined a real number II x II, called the norm, which satisfies the conditions: 

1) II x 112:: 0, and II x 11= 0 if x = 0; 

2) II x + y 11:::;11 x II + II y II (the triangle inequality); 

3) II AX 11= IAI II x II, A a scalar. 

A sequence {xn} of elements of the linear normed space H is said to 
converge to an element x E H if II x - Xn 11-+ 0 as n -+ 00. If II Xn - Xm 11-+ 0 
as n, m -+ 00, then the sequence {xn} is called a Cauchy sequence. 

A linear normed space H is called complete if any Cauchy sequence 
{xn} from this space converges to some element x E H. A complete linear 
space is called a Banach space. Any finite-dimensional linear normed space is 
complete. Subspaces of a normed linear space are normed in a natural way. 

One and the same linear space can be normed in an infinite number of 
ways. Suppose that the linear space has been normed in two different ways 
by the norms II x 111 and II x 112. If there exist constants 0 < m < M such 
that for any x E H 

then the norms are called equivalent. Notice that in a finite-dimensional space 
any two norms are equivalent. 
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If two equivalent norms are introduced into a linear space, then the 
convergence of some sequence {xn } in one norm implies convergence in the 
other. 

Suppose that H is a real (complex) linear space, and suppose that for 
any elements x,y of H there is an associated real (complex) number (x,y) 
for which: 

1) (x,y) = (y,x) (symmetry); 

2) (x +y,z) = (x,z) +(y,z) (distributive law); 

3) (Ax, y) = A(x, y) (homogeneity); 

4) (x, x) ~ 0 for any x E H, and (x, x) = 0 if and only if x = o. 

The number (x, y) is called the inner product of the elements x and y. 
The overline denotes the complex conjugate of a number. 

A linear normed space H in which the norm is induced by the scalar 
product II x 11= ~ is called a unitary space. A complete unitary space 
is called a Hilbert space. A finite-dimensional unitary space is complete. 

The inner product satisfies the Cauchy-Schwartz-Bunyakovskij inequal
ity I(x, y)1 ::;11 x II . II y II· Elements x and y of a unitary space are called 
orthogonal if (x, y) = o. An element x E H is called orthogonal to the subspace 
HI of the space H if x is orthogonal to any element y E HI. The set H2 of 
all elements x E H orthogonal to the subspace HI of the space H is called 
the orthogonal complement of the subspace HI. Notice that the orthogonal 
complement is itself a subspace of the space H. 

Suppose that HI is an arbitrary subspace of the space H, and H2 is 
its orthogonal complement. Then H is the direct sum of HI and H2, H = 
HI EB H2. Consequently, any element x E H is uniquely representable in the 
form x = Xl + X2, Xa E Ha, a = 1,2, and (Xl, X2) = o. 

A system Xl, X2, ... , X n, ... of elements of the space H is called an orthog
onal system, if (Xm, x n ) = bmn , m, n = 1,2, ... , where bmn is the Kronecker 
delta, equal to 1 for m = n and equal to 0 for m =I- n. 

If there does not exist a non-zero element x E H orthogonal to all the 
elements of the orthonormal system {x n }, then this system is called com-

00 

plete. The Fourier series L: CkXk, where Ck = (x, Xk), k = 1,2, ... can be 
k=l 

constructed for any x E H from a complete orthonormal system {x n }, it 
converges to this element, and for any x E H we have 

00 

II X 112= (x,x) = Lci. 
k=l 
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5.1.2 Operators in linear normed spaces. Suppose that X and Y are linear 
normed spaces. We say that the operator A is defined on the set D C X 
with values in Y (i.e., that A is an operator mapping from D into Y) if for 
any element xED there exists a corresponding element y = Ax E Y. The 
set D is called the domain of the operator A and is denoted by D(A). The 
union of all the elements y E Y which can be represented in the form y = Ax 
(x E D(A», is called the range of the operator A and is denoted by im A. If 
D(A) = X, im A = X, i.e. the operator A maps X onto itself, then we say 
that A is an operator on X. 

The operator A is called linear if D(A) is a linear manifold in X and if 
for any Xl, x2 E D(A) 

where .AI and .A2 are scalars from the field K. 
A linear operator A is called bounded if there exists a constant M > 0 

such that for any x E D( A) 

II Ax 112:::; M II xiiI, (3) 

where II . lit is the norm in X, and II· 112 is the norm in Y. An abitrary non
linear operator A is called bounded on D(A) if 

sup II Ax 112< 00. 
xEV(A) 

For a linear operator A, the smallest constant M satisfying (3) is called 
the norm of the operator and is denoted by II A II. From the definition of the 
norm it follows that 

II A 11= sup II Ax 112 
IIxlh=l 

or 
II Ax 112 

II A 11= sup II II . 
x,iO x 1 

Notice that in a finite-dimensional space any linear operator is bounded. Sup
pose that A is an arbitrary operator mapping from X into Y. The operator 
A is called continuous at the point x E X if II Xn - x lit ---+ 0 (x n E X) implies 
that II AXn - Ax 112---+ 0 as n ---+ 00. A linear bounded operator is continuous. 

An arbitrary operator A satisfies a Lipschitz condition with constant q if 

Xl, x2 E D(A). (4) 

Any linear bounded operator A satisfies a Lipschitz condition (4) with 
q=11 A II. 



6 Chapter 5: The Mathematical Theory of Iterative Methods 

Suppose that A is an arbitrary operator mapping from X into Y. The 
linear bounded operator A' (x) is called the Gateaux derivative of A at the 
point x of the space X if for any z E X 

lim II A(x + tz) - Ax - AI(X)zll = o. 
t-O t 2 

Here the range of the operator A' belongs to Y. 
If the operator A has a Gateaux derivative at every point of the space 

X, then (4) is valid for any Xl, x2 E X with 

If A is a linear operator, then A' = A. 

The set of all bounded operators mapping from X into Y forms a linear 
normed space, since the norm 1/ A 1/ of an operator A satisfies all the axioms 
of a norm. Let us look at the set of all linear bounded operators mapping 
from X into X. On this set, it is possible to define the product AB of the 
operators A and B in the following way: (AB)x = A(Bx). It is clear that 
AB is a linear bounded operator: II AB 1/:::; II A 1/ . 1/ B 1/. 

If (AB)x = (BA)x for all x E X, then the operators A and B are called 
abelian or commutative: in thie case we write AB = BA. 

In connection with the solution of equations of the form Ax = y, we 
introduce the concept of an inverse operator A-I. Suppose that A is an 
operator from X onto Y. If for each y E Y there corresponds only one x E X 
for which Ax = y, then using this correspondence we define the operator 
A-I, called the inverse of A, and having domain Y and range X. 

For any x E X and y E Y we have the identities A-l(Ax) = x, 
A(A-l)y = y. It is not difficult to show that if A is linear, then so is A-I (if 
it exists). 

Lemma 1. The linear operator A mapping from X onto Y has an inverse if 
and only if Ax = 0 implies x = o. 0 

Theorem 1. Suppose that A is a linear operator from X onto Y. The inverse 
operator A-I exists and is bounded (as an operator from Y onto X) if and 
only if there exists a constant b > 0 such that for any x E X 

1/ Ax 1122: b II x IiI . 

We also have the estimate II A-I 1/:::; lib. Here 1/ . III is the norm in X 
and 1/ . 112 is the norm in Y. 0 
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In other words, the inverse operator A-I exists if and only if the homo
geneous equation Ax = 0 only has the trivial solution. 

Suppose that A and B are invertible linear bounded operators mapping 
into X. Then (AB)-1 = B-1 A-I. 

If the operator A is invertible, then it makes sense to talk about the 
powers Ak for any integers (and not just non-negative ones). Namely, we 
define A - k = (A -1 )k , i = 1, 2 .... Powers of the same operator commute. 

We now introduce the concept of the null space of a linear operator A. 
The null space of the linear operator A is the set of all those elements x from 
the space X for which Ax = O. The null space of the linear operator A is 
denoted by the symbol ker A. 

The condition ker A = 0 is necessary and sufficient for the operator A 
to have an inverse. 

A subspace Xl of the space X is called an invariant subspace for the 
operator A mapping into X if A maps Xl into itself, i.e. Ax E Xl for x E Xl' 

If the subspace Xl is invariant relative to an invertible operator A, then 
it is invariant relative to the operator A-I. 

Ker A and im A are examples of invariant subspaces of the operator A. 
Notice that, if the operators A and B commute, then the subspaces ker B 
and im B are invariant relative to the operator A. 

The number 
p( A) = lim = k IjIAkII k-+oo V II ./1." II 

is called the spectral radius of the linear operator A. It does not depend on 
the definition of the norm, and peA) = inf II A II. 

11·11 

For any bounded linear operator A we have 

peA) :SII A II, p(A):S yfIAkII, k = 2,3, ... 

Lemma 2. II A 11= peA) if and only if II Ak 11=11 A Ilk, i = 2,3, ... 0 

Notice here one more property of the spectral radius. If the operators A 
and B commute, then 

p(AB) :S p(A)p(B), peA + B) :S peA) + pCB). 
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5.1.3 Operators in a Hilbert space. Assume that the bounded linear operator 
A acts in the unitary space H. According to the general definition of an 
operator norm we have 

II A 11= sup II Ax 11= sup 
IIxll=l xEH 

and consequently, for any x E H 

(Ax, Ax) 
(x,x) 

(Ax,Ax):::;II A 112 (x,x). 

Using the Cauchy-Schwartz-Bunyakovskij inequality, from this we obtain 

I(Ax,x)I:::;II Ax II II x 11:::;11 A II (x,x). 

From now on, we will only look at bounded operators. 

(5) 

The operator A* is called the adjoint operator to A if, for any x E H, it 
satisfies 

(Ax, y) = (x, A*y). 

For any bounded linear operator A with domain D(A) = H there exists 
a unique operator A* with domain D(A*) = H. The operator A* is linear 
and bounded, II A* 11=11 A II· 

We now give the basic properties of the adjoint operator: (A*)* = A, 
(A + B)* = A* + B*, (AB)* = B* A*, ('xA)* = 5.A*. If the operators A and 
B commute, then the adjoint operators A * and B* also commute. If A has 
an inverse, then (A-l)* = (A*)-l, i.e. the operations of inverting and taking 
the adjoint of an operator commute. 

Lemma 3. Let A be a linear operator in H. The space H can be represented 
in the form of the direct sum of the orthogonal subspaces 

H = kerA EEl imA*, H = kerA* EEl imA. 

Proof. In fact, suppose that Hl is the orthogonal complement of im A* in 
the space H, i.e. 
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We will show that HI = ker A. Let Xl E ker A, then for any X E H we 
have A*x E im A* and 

Consequently, Xl is orthogonal to im A * , and therefore Xl E HI. On the other 
hand, suppose Xl E HI (consequently, Xl is orthogonal to im A*). Then for 
any X E H 

Since X is an arbitrary element of H, AXI = 0 and thus Xl E ker A. The first 
assertion of the lemma is proved. The second is proved analogously. 0 

A linear operator A is called self-adjoint in H if A = A*. For a self
adjoint operator (Ax, y) = (x, Ay) for any x, y E H. 

An operator A is called normal if it commutes with its adjoint, A * A = 
AA * , and skew-symmetric if A * = - A. Self-adjoint and skew-symmetric op
erators are normal. 

It is known that if A and B are self-adjoint operators, then the operator 
AB is self-adjoint if and only if A and B commute. 

If A is a linear operator, then A* A and AA* are self-adjoint operators, 
II A* A 11=11 AA* 11=11 A 112, and 

ker A * A = ker A, im A * A = im A * , 

ker AA* = ker A*, im AA* = im A. 

Any operator A can be represented as the sum of a self-adjoint operator Ao 
and a skew-symmetric operator Al 

A = Ao +AI , 

where Ao = O.5(A + A*), Al = O.5(A - A*). If H is a real space, then it 
follows that 

(Ax,x) = (Aox,x), 

In a complex space H we have a Cartesian representation of the operator 
A: 

A = Ao +iAI , 

where Ao = Re A = 1/2(A+A*), Al = t(A-A*) are self-adjoint operators 
in H. Here for any X E H we have 

Re (Ax,x) = (Aox,x), 1m (Ax, x) = (Alx,x). 
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If A is a self-adjoint operator in H, then we have the formula 

II A 11= sup 
x¢O 

I(Ax, x)1 
(x, x) , x EH. 

Lemma 4. If A is a bounded self-adjoint operator in H, then for any integer 
n, II An 11=11 A lin. 0 

Lemma 4 is also valid for normal operators. 

From lemmas 2 and 4 it follows that for a normal (and, in particular, a 
self-adjoint) operator A, p(A) =11 A II· 

Lemma 5. Suppose that the inner product of the elements x and y has been 
defined in two ways in the space H: (x,yh and (X,y)2. If the operator A 
is self-adjoint with respect to both inner products, then II A III =11 A 112= 
p(A).D 

The spectral radius gives a lower bound for any operator norm. We now 
define the numerical radius of an operator, which allows us to obtain a two
sided estimate for a norm. 

The numerical radius of the operator A, which is real in a complex space 
H, is defined by 

p(A) = sup I(Ax, x)1 x E H. 
IIxll=l 

For any bounded linear operator A we have: JL(A) II A II~ p(A) ~II A II, 
JL(A) ~ 1/2 and, in addition, p(A n) ~ [p(AW for any integer n. If the 
operator A is self-adjoint, then p(A) =11 A II. Notice also a number of other 
interesting properties of the numerical radius. For example, p( A *) = p( A), 
p(A* A) =11 A 112. Also, p(A) ~ p(A), where p(A) is the spectral radius of an 
operator defined above. 

A linear operator A, operating in the Hilbert space H, is called positive 
(A > 0) if (Ax,x) > 0 for all non-zero x E H. For complex spaces H, the 
concept of positivity is only defined for self-adjoint operators, since in this 
case positivity of an operator implies self-adjointness. 

Analogously we introduce the definitions of non-negativity of an operator 
A (for any x E H, (Ax, x) ~ 0) and positive definiteness (for any x E 
H (Ax,x) ~ «5(x, x), where «5 > 0). 
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A non-linear operator A acting in H is called monotonic if 

(Ax-Ay,x-y)~O, x,yEH, 

strictly monotonic if 

(Ax-Ay,x-y»O, x,yEH, x-::fy, 

and strongly monotonic if for any x, y E H we have 

(Ax - Ay, x - y) ~ 811 x _ y 11 2 , 8> o. 

Theorem 2. Assume that the non-linear operator A has a continuous Ga
teaux derivative at every point x E H. Then the operator A is strongly mono
tonic on H if and only if there exists a 8 > 0 such that 

(A'(x)y,y) ~ 8(y,y), yE H.D 

Let A be a non-negative linear operator. The number (Ax, x) is called 
the energy of the operator. We will compare operators A and B using the 
energy. If ((A - B)x, x) ~ 0 for any x E H, then we will write A ~ B. 

If there exist constants 11 ~ 12 > 0 such that lIB ~ A ~ 12B for 
operators A and B, then we will call A and B energy equivalent operators (en. 
eq.), and 11 and 12 are the constants of energy equivalence for the operators 
A and B. Suppose that 

8 = inf (Ax,x) and ~ = sup (Ax, x). 
IIxll=1 IIxll=1 

The numbers 8 and ~ are called the bounds of the operator A (which is 
self-adjoint when H is a complex space). Obviously we have 

8(x, x) ~ (Ax, x) ~ ~(x, x), x E H 

or 
8 E ~ A ~ ~ E, 

where E is the identity operator, Ex = x. 
It is not difficult to verify that the inequality relation introduced onto 

the set of linear operators acting in H possesses the following properties: 

1) A ~ Band C ~ D implies A + C ~ B + D, 

2) A ~ 0 and oX ~ 0 implies oXA ~ 0, 



12 Chapter 5: The Mathematical Theory of Iterative Methods 

3) A ~ B and B ~ C implies A ~ C, 
4) if A> 0 and A-I exists, then' A-I> O. 

Further it is clear that A * A and AA * are non-negative operators for any 
linear operator A. These operators will be positive if A is a positive operator. 

Theorem 3. The product AB of two commuting non-negative operators A 
and B, one of which is self-adjoint, is also a non-negative operator. 0 

For any self-adjoint non-negative operator A, we have a generalized 
Cauchy-Schwarlz-Bunyakovskij inequality 

I(Ax, y)1 ~ V(Ax, x)V(Ay, y), x,yEH. 

Let D be a self-adjoint positive operator acting in H. Then it is possible 
to define the energy space H D , consisting of elements of H, with the inner 
product (x, y)D = (Dx, y) and norm 

II x IID= V(Dx, x), 

Notice that if D is a self-adjoint, positive-definite, and bounded operator 
in H, then for any x E H we have the estimates (using the Cauchy-Schwarlz
Bunyakovskij inequality) 

t5(x, x) ~ (Dx, x) ~II Dx 1111 x II~ ~(x,x), ~ =11 D II, t5 > O. 

These inequalities can be written in the form 

../611 x II~II x IID~ ../is II x II, 

from which it follows that the usual norm II . II and the energy norm II . II D 
are equivalent. 

We remark that a unitary energy space H D can also be constructed from 
a non-self-adjoint positive operator D. For this, the inner product in HD is 
defined as follows: 

(x, y)D = (Dox, y), where Do = O.5(D + D*). 

We now give a series of lemmas which contain the basic inequalities that 
we will require later. 
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Lemma 6. Suppose that A 2': 8E, 8 > 0 for the linear operator A. Then for 
any x E H we have 

(Ax, Ax) 2': 8(Ax, x). 

If the condition A ~ f:1E is satisfied for the non-negative self-adjoint 
operator A, then for any x E H we have 

(Ax, Ax) ~ f:1(Ax, x). 0 

Lemma 7. From the condition (Ax, Ax) ~ f:1(Ax, x), x E H, f:1 > 0 for a 
non-negative opeator A, it follows that 

A ~ f:1E, 

and from the condition (Ax,Ax) 2': o(Ax, x), 0> 0 for a non-negative self
adjoint operator A it follows that 

A 2': oE. 0 

Corollary 1. Let A be a self-adjoint, positive-definite operator. Then from 
lemmas 6 and 7 it follows that 

8E ~ A ~ f:1E, 8> 0, 

and 
o(Ax,x) ~ (Ax, Ax) ~ f:1(Ax, x), 8> 0, 

are equivalent. 

Corollary 2. From (5) and lemma 6 we obtain the estimate (Ax,Ax) < 
"A II (Ax,x), x E H, for a non-negative self-adjoint operator A in H. 

Lemma 8. Suppose that A is a bounded, positive, self-adjoint operator in H, 
A > 0, " Ax ,,~ f:1 " x ". Then the inverse operator A-I is positive definite 
A-I 2': iE. 0 

Lemma 9. Let A and B be self-adjoint positive-definite operators in H. Then 

/2 2': /1 > 0 

and 
/2 2': /1 > 0 

are equivalent. 0 
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Lemma 10. If A is a positive-definite operator A ~ ~E, ~ > 0, then the 
inverse operator A-I exists and II A-I II~ 1/~. 

Proof. The proof follows from the inequality 

~ II X 112 ~ (Ax, x) ~ II Ax II II x II, ~ > 0, 

and from theorem 1. 0 

Remark. If A is a positive operator, then A-I exists. In the case of a complex 
space H, the existence of the operator A-I follows from the positivity of 
the real component Ao = 0.5(A + A*) or the positivity of the imaginary 
component Al = i(A - A*) of the operator A. 

5.1.4 Functions of a bounded operator. In the theory of iterative methods, 
we are required to deal with functions of an operator. Let A be a bounded 
linear operator acting in the normed space X. If f(>.) is an entire analytic 
function of the variable>. with the series expansion ~k:Oak>.k, then it is 
possible to define the function f(A) of the operator A using the formula 
f(A) = ~k:OakAk. The operator f(A) will also be linear and bounded. As 
an example, we give here the exponential operator 

It is possible to extend the definition of a function of an operator to a wider 
class of functions and also to construct an operator calculus for bounded 
operators. We will give a more general definition only for self-adjoint bounded 
operators in a Hilbert space. 

Let ~ and ~ be lower and upper bounds on the self-adjoint operator A 
in H. Let f(>.) be a continuous function on the interval [~,~]. The operator 
f(A) is called a function of the self-adjoint operator A. 

The correspondence between functions of a real variable and functions 
of an operator possesses the following properties: 

1) If f(>.) = aft(>.) + f3h(>'), then f(A) = aft (A) + f3h(A). 
2) If f(>.) = ft(>')h(>'), then f(A) = ft(A)h(A). 
3) AB=BA implies that f(A)B=Bf(A) for any bounded linear operator B. 
4) If ft(>.) ~ f(>.) ~ 12(>') for any>. E [~,~], then ft(A) ~ f(A) ~ h(A). 
5) II f(A) II~ max If(>')I· 

69::;a 
6) /(A) = [j(A)]*, where the overline denotes the complex conjugate of 

the function. If f(>.) is a real-valued function, then it follows that the 
operator f(A) is self-adjoint in H. 
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From property 4) it follows that if f(>.) ~ 0 on [6,6], then f(A) is a 
non-negative operator. 

An important example of a function of an operator is the square root 
of an operator. The operator B is called the square root of the operator A if 
B2 =A. 

Theorem 4. For any non-negative self-adjoint operator A, there exists a 
unique non-negative self-adjoint square root which commutes with any oper
ator that commutes with A. 0 

The square root of an operator A will be denoted by Al/2. Notice that 
II A 11=11 Al/2 112 if A = A* ~ o. 

Theorem 5. If A is a self-adjoint, positive-definite operator, A = A * ~ 
bE, b > 0, then there exists a bounded self-adjoint operator 

Proof. The proof follows from the inequality 

and from theorem 1. 0 

5.1.5 Operators in a finite-dimensional space. We will look at the n-dimen
sional unitary space H. Suppose that the elements Xl, X2, ... , Xn form an 
orthonormal basis in H. Using the definition of a finite-dimensional space, we 
can represent any element x E H uniquely in the form of a linear combination 

(6) 

From the orthonormality of the system Xl, X2, ... , X n it follows that Ck = 
(x, Xk). 

Thus, any element x E H can be put in correspondence with a vector 
C = (Cl, C2, •.. , cn)T, the components of which are the coefficients Ck from the 
expansion (6). 

Let A be a linear operator defined on H. In the basis Xl> X2, ... , Xn , it 
corresponds to a matrix A = (aik) of dimension n X n where aik = (AXk,Xi). 
Conversely, any matrix A of dimension n X n defines a linear operator in H. 
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For this, the element Ax is placed in correspondence with the vector 

i.e. the vector Ac. 

n 

L a2k Ck, ••• , 

k=l 

If the operator A is self-adjoint in H, then the matrix A corresponding to 
it is symmetric in any orthonormal basis. Notice that the self-adjoint operator 
A corresponds to a non-symmetric matrix in a non-orthonormal basis. 

We look now at the properties of eigenvalues and eigenelements of a 
linear operator A. A number A is called eigenvalue of the operator A if the 
equation 

Ax = AX (7) 

has a non-zero solution. An element x oF 0 satisfying (7) is called an eigenele
ment of the operator A corresponding to the eigenvalue A. In other words, the 
eigenvalues ofthe operator A are those values of A for which ker( A - AE) oF OJ 
the eigenelements corresponding to the eigenvalue A are the non-zero elements 
of the subspace ker(A - AE). This subspace is called the eigensubspace cor
responding to the eigenvalue A. 

The set u(A) of eigenvalues of the operator A is called the spectrum of 
the operator A. 

1. A self-adjoint operator A has n orthonormal eigenelements Xl, X2, 

... , x n . The corresponding eigenvalues Ak, k = 1,2, ... ,n are real. If all the 
eigenvalues are distinct, then A is called an operator with a simple spectrum. 

2. If A is a self-adjoint operator, then 

where p(A) is the spectral radius of the operator A. These results are also 
valid for normal operators A. 

3. If A = A* ~ 0, then all the eigenvalues of the operator A are non
negative. Then for any x E H 

S(x, x) ~ (Ax, x) ~ ~(x,x), 

where 0 < S = min Ak, ~ = max Ak. For a self-adjoint operator A, the 
- k k 

expression (Ax, x) / (x, x) is called the Rayleigh quotient. 
The largest and smallest eigenvalues of the operator A can be determined 

using the Rayleigh quotient as follows: 

" . (Ax,x) 
u = mIn , 

#0 (x,x) 
~ = max (Ax, x). 

#0 (x,x) 
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4. We will use A(A) to denote the eigenvalues of the operator A. Let 
f(A) be a function of the self-adjoint operator A. Then A(f(A)) = f(A(A)) 
(the spectral mapping theorem). 

5. If the self-adjoint operators A and B commute, A = A *, B = B*, 
AB = BA, then they have a common system of eigenelements. Also, the 
operators AB and A + B have the same system of eigenelements as the 
operators A and B, and the eigenvalues satisfy . 

A(AB) = A(A)A(B), A(A + B) = A(A) + A(B). 

6. An arbitrary element x E H can be expanded in the eigenelements of 
a self-adjoint operator A 

n n 

X = L CkXI., Ck = (x, Xk), and II X 112= LC~' 
k=l k=l 

A number A is called an eigenvalue of the operator A relative to the operator 
B if the equation 

Ax = ABx (8) 

has a non-zero solution. An element x f. 0 satisfying equation (8) is called 
an eigenelement of the operator A relative to the operator B corresponding 
to the number A. 

7. If the operators A and B are self-adjoint in H, and if in addition the 
operator B is positive definite, then there exist n eigenelements Xl, X2, ••• , Xn 

which are orthonormal in the energy space HB: (Xk,Xi)B = Cki, k,i = 
1,2, ... ,n. The corresponding eigenvalues are real and satisfy the inequal
ities 

'Yl(Bx, x) ~ (Ax, x) ~ 'Y2(Bx, x), 

where 
. \ . (Ax,x) 

1'1 = mlnAk = mIn (B )' 
k x¢O x,x 

(Ax, x) 
1'2 = maxAk = max (B ) 

k x¢O X,X 

Consequently, the constants of en. eq. for the self-adjoint operators A and B 
in the case where B is positive definite coincide with the smallest and largest 
eigenvalues of the generalized problem (8). 
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5.1.6 The solubility of operator equations. Suppose that we are required to 
find the solution of a first-kind operator equation 

Au=f, (9) 

where A is a bounded linear operator in the Hilbert space H, f is given, and 
u is the desired elements of H. We will assume that H is finite-dimensional. 
We are interested in the solubility of the equation (9). We have 

Theorem 6. Equation (9) i3 30luble for any right-hand 3ide f if and only if 
the corre3ponding homogeneou3 equation Au = 0 only ha3 the trivial 30lution 
u = O. In thi3 ca3e, the 30lution of equation (9) i3 unique. 

Proof. The proof of the theorem is based on lemma 1. 0 

The theorem can be formulated in another way: equation (9) has a unique 
solution for any f E H if and only if ker A = 0 (see Section 5.2). 

If ker A t:- 0, then the equation is only soluble if further conditions are 
imposed on f. Recall that, by lemma 3, the space H is the direct sum of 
orthogonal subspaces: H = ker A EB im A * , H = ker A * EB im A. 

Theorem 7. Equation (9) i3 30luble if and only if the right-hand 3ide f i3 
orthogonal to the 3ub3pace ker A*. In thi3 caJe, the 30lution iJ not unique and 
i3 only defined up to an arbitrary element of ker A: 

u = u + u, U E kerA, Au = f, u E imA*. 0 

Let f be orthogonal to ker A*. The solution of (9) having minimal norm 
will be called the normal 30lution of equation (9). 

Lemma 11. The normal 30lution i3 unique and belong3 to the 3ub3pace im 
A* (i.e. it i3 orthogonal to ker A). 

Proof. Let u = U + u, u E ker A, u E im A*. Then II u 11= (u,u) =11 u 112 
+ II u 112~1I U 11 2, since u is an arbitrary element of the subspace ker A. 
Consequently, II u II will be minimal if u = u E im A * . 0 
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Suppose that f is not orthogonal to the subspace ker A·. Then the 
solution of equation (9) does not exist in the classical sense. Suppose 

f = j + 1, j E ker A· ,IE im A. 

An element u E H for which Au = 1 is called a generalized 801ution of 
equation (9); a generalized solution minimizes the functional II Au - f II. In 
fact, since (Au - f) E im A for any u E H, 

where equality is achieved if u is a generalized solution. 
A generalized solution is determined up to an arbitrary element from the 

subspace ker A. We will call the generalized solution of equation (9) having 
minimal norm the generalized normal solution. The normal solution is unique 
and belongs to im A·. 

Clearly, the concept of normal solution introduced here is completely 
consistent with the one given above. Notice that, if the classical normal so
lution exists, then it coincides with the generalized normal solution. 

We look now at equation (9) with an arbitrary non-linear operator A 
acting in the Hilbert space H. In this case it is necessary to use Banach's 
contractive mapping principle to prove the existence and uniqueness of a 
solution to equation (9). 

Theorem 8. Supp08e that, in the Hilbert 8pace H, we are given an operator 
B mapping the cl08ed 8et T of the 8pace H into it8elj. In addition, 8upp08e 
that the operator B i8 uniformly contractive, i. e. it 8ati8fie8 the Lip8 chitz 
condition 

II Bx - By II::; q II x - y II, x,y E T, 

where q < 1 and doe8 not depend on x and y. Then there exi8t8 one and only 
one point x. E T 8uch that x. = Bx •. 0 

The point x. is called a fixed point of the operator B. 

Corollary 1. If the operator B has a Gateaux derivative in H which 8ati8fie8 
the condition liB' (x) II::; q < 1 for any x E H, then the equation x = Bx has 
a unique solution in H. 

Corollary 2. Suppose that the operator C map8 the closed set T into it8elf 
and commute8 with the operator B satisfying the contractive mapping con
dition. Then a fixed point of the operator B i8 a fixed point (p08sibly not 
unique) of the operator C. In particular, if 80me power Bn of the operator B 
is a contractive mapping, then a fixed point of the operator Bn is al80 a fixed 
point (unique) of the operator B. 
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We turn now to the solution of equation (9) with a non-linear operator 
A. We have 

Theorem 9. Suppose that the operator A has a Gateaux derivative A' (x) at 
each point x E H and that there exists aT", 0 such that II E - T A' (x) II ~ 
q < 1 for all x E H. Then equation (9) has a unique solution in H. 0 

Proof. Equation (9) can be written in the following form: 

U=u-TAu+Tf, 
T '" O. (10) 

We define the operator B: Bx = x - TAx + Tf. Clearly, the operator B 
has a Gateaux derivative equal to B'(x) = E - TA'(x). From the conditions 
of the theorem we have that II B' (x) II ~ q < 1 for any x E H. Therefore 
from corollary 1 of theorem 8 it follows that there exists a unique solution to 
equation (10) and consequently to equation (9). The theorem is proved. 0 

In Chapter 6 we will look at several ways of obtaining estimates for the 
norm of linear operations of the form E - TO where T is a scalar. 

The contractive mapping principle does not exhaust all cases where the 
solution of the non-linear equation exists. To prove the solubility of the op
erator equation (9) it is also possible to use one of the variants of the fixed 
point theorem - the Browder principle. 

Theorem 10. Suppose that, in the finite-dimensional Hilbert space H, the 
continuous, monotonic (strictly monotonic) operator B satisfies the condition 

(Bx,x)~O for IIxll=p>O. 

Then the equation Bx = 0 has at least one (unique) solution in the sphere 
II x II~ p. 0 

We will use this theorem to formulate a condition which we can use to 
check if the operator equation (9) has a unique solution for any right-hand 
side f. 

Theorem 11. Suppose that we are given equation (9) in the finite-dimen
sional Hilbert space H with a continuous and strongly monotonic operator 
A, 

(Ax-Ay,x-y)~c5llx-yI12, c5>0, x,yEH. 

Then equation (9) has a unique solution in the sphere II U II~ i II AO -f II. 
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Proof. We write equation (4) in the following form: 

Bu = Au - J = 0. 

Clearly, the operator B is continuous and strongly monotonic. Using the 
condition of the theorem and the Cauchy-Schwartz-Bunyakovskij inequality, 
we obtain 

(Bx,x) = (Ax - J,x) = (Ax - AO,x - 0) - (f - AO,x) 

2 6 11 x 112 - II f - AO 1111 x 11= (611 x II - II AO - f II) II x II . 

From this it follows that the operator B satisfies the condition (Bx, x) 2 ° 
on the sphere II x 11= t II AO - f II· Therefore by theorem 10, the equation 
Bu = ° (and together with it equation (9)) has a unique solution in this 
sphere. Theorem 11 is proved. D 

Corollary 1. If the operator A has a Gateaux derivative in H and is positive 
definite in H, then the conditions of theorem 11 are satisfied. 

In fact, since any linear operator is bounded in a finite-dimensional space, 
the Gateaux derivative is a continuous, bounded, and positive-definite opera
tor in H. From theorem 2 it follows that A is a strongly-monotonic operator. 
In addition, from the boundedness of the Gateaux derivative it follows that 
the operator A satisfies a Lipschitz condition and is therefore continuous. 

5.2 Difference schemes as operator equations 

5.2.1 Examples of grid-function spaces. In Section 5.1.1, the basic concepts 
from the theory of difference schemes were introduced: grids, grid equations, 
grid functions, difference derivatives, etc. The theory formulates the general 
principles and laws for constructing difference schemes with a given property. 
A characteristic feature of this theory is the possibility of associating with 
each differential equation a whole class of difference schemes with the nec
essary properties. To construct a general theory, it is natural to get rid of 
the concrete structure and explicit form of difference equations. This leads 
us to define difference schemes as operator equations with operators acting 
in some functional space, namely in the space of grid functions. 

The space of grid functions is taken to mean the set of functions defined 
on a certain grid. Since every grid function can be put in correspondence with 
a vector whose coordinates are the value of the grid function at the nodes 
of the grid, the operations of addition of functions and multiplication of a 
function by a scalar are defined as for vectors. 



22 Chapter 5: The Mathematical Theory of Iterative Methods 

In the space of grid function, it is possible to introduce an inner product 
for functions, turning it into a Hilbert space. Various grid-function spaces 
can be distinguished from each other by the choice of the grid and norm. We 
give the following examples. 

Example 1. Suppose we have defined the uniform grid w = {Xi = ih, 0 $ 
i $ N, hN = I} with step h on the interval 0 :::; x $ I. We denote by w, w+ , 
and w- the following parts of the grid w: 

w = {Xi E w, 
w+ = {Xi E w, 
w- = {Xi E W, 

1$i$N-1}, 

1:::; i:::; N}, 
0$i$N-1}. 

On the set H of real-valued grid functions defined on w, we define an 
inner product and norm in the following way: 

N-l 

(u,v) = (u,v) ... = L UiVi h + 0.5h(uovo + UNVN), 
i=l 

II U 11= V(u,u), Ui = U(Xi), Vi = V(Xi). 

(1) 

If Ui and Vi are considered as values of the functions u( x) and v( x) of the 
continuous argument X E [0, ~ on the grid w, then the inner product (1) 
is the trapezoid quadrature rule for the integral f: u(x)v(x)dx. If the grid 
functions are defined in w, w+, and w-, then the inner product of real-valued 
grid functions is correspondingly defined by the formulas 

N-l 

(u,v)= LUiVih, u,VEH(w), 
i=l 

N-l 

(U,V) = LUiVih+0.5huNVN, u,VEH(w+), 
i=l 

N-l 

(U,V) = LUiVih+0.5huovo, u,VEH(w-). 
i=l 

It is easy to verify that these inner products satisfy all the axioms of an inner 
product, and therefore the spaces constructed are Hilbert spaces. 
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Example 2. Suppose now that we have introduced the arbitrary non-uniform 
grid 

w={xiE[O,~, Xi =Xj-1 +hi' l:$i:$N, XO=O, xN=I}. (2) 

on the interval 0 :$ x :$ I. Recall the definition of the average step nj at the 
node Xi: 

Notice that the uniform grid is a special case of the non-uniform grid (2) with 
hi == h. Here we have nj = h, 1 :$ i :$ N - 1, no = nN = O.5h. 

As above, we denote by w, w+, and w- the corresponding parts of the 
grid w. By analogy with example 1, we define the inner products in real spaces 
of grid functions defined on the indicated grids by the formulas 

N 
(u,v) = LUjvjnj, U,V E H(w), (4) 

j=O 

N-1 
(u,v) = L ujvjnj, U,V E H(w), (5) 

j=l 

N 
(u,v) = LUjvjnj, U,V E H(w+), 

j=l 

N-1 
(u,v) = L ujvjnj, U,V E H(w-). 

j=O 

These spaces of grid functions are Hilbert spaces and have a finite dimension 
equal to the number of nodes of the corresponding grid. 

It is convenient to write these inner products in the form 

(U, v) = L u(Xj)v(xi)n(xi), U,V E H(n), 
xiEr! 

where n can be taken to be w, w, w+, or w-. In addition to the indicated 
inner products, one often encounters sums of the form 

N 

(u,v)..,+ = LUiVjhi, 
i=l 

N-1 
(u,v)..,- = L uivjhj+l, 

j=O 

(6) 
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which can be used as inner products in the spaces H(w+) and H(w-). Clearly, 
the inner product (4) in the space H (w) satisfies the identity 

(u,v) = 0.5[(u,v)..,+ + (u,v)..,-], u,v E H(w). 

Example 3. Suppose that we have introduced an arbitrary non-uniform 
rectangular grid w = WI X W2 into the rectangle G = {O :::; Xa :::; la, Q = 1,2}, 
where 

Wa = {x",(i",) E [0,1",], x",(i",) == x",(i", -1) + h",(ia), 1:::; ia:::; N"" 

x",(O) = 0, x",(N",) = I",}, Q = 1,2. 

Let fi",(i",), 0 :::; i", :::; N"" be the average step at the node xa(i",) in the 
direction x a: 

fi",(i",) = 0.5[h",(i",) + h",(i", + 1)], 1 :::; i", :::; N", - 1, 

fi",(O) = 0.5h",(1), fi",(N",) = 0.5h",(N",), Q = 1,2. 

In the space H(f!) of grid functions defined on f!, where f! is any part 
of the grid w, we define the inner product by the formula 

(u,v) = L u(x;)V(X;)fi1fi2' 
x;Efl 

In particular, if the grid is uniform in any direction ha(i",) == h"" Q = 1,2, 
and the grid functions are defined in w (at the interior nodes of the grid w), 
then the inner product can be written in the form 

N 1 -1 N 2 -1 

(u,v) = L L u(iI,i2)v(i1,i2)h1h2' u,v E H(w). 
;1=1 ;2=1 

We limit ourselves here to these examples; other more complex examples 
will be considered in succeeding chapters when studying concrete difference 
problems. 
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5.2.2 Several difference identities. We move on now to consequences of the 
basic formulas, which we will use to transform expressions containing grid 
functions. We state these formulas in the case when the grid functions are 
given on the non-uniform grid defined in (2). 

Recall the definition of the basic difference derivatives of a grid function: 

Yi - Yi-l Yi+1 - Yi Yi - Yi-l 
Yx,i = h ' Yx,i = Yx,i+l = h ' Y:i;,i = n' 

i i+l. 

Yi+1 - Yi 1 
Yi,i = ni ,Yxi,i = Yx:i;,i = ni (Yx,i - Yx,i)' 

In Section 1.1.2, we obtained two formulas for summation by parts: 

n-l n 

L Ui:,iVini = - L UiVx,ihi + UnVn - Um+1 Vm, (7) 
i=m+l i=m+l 

n-l n-l 

L Ux,iVihi = - L Uivi,ini + Un -1Vn - UmVm · (8) 
i=m+l i=m 

Substituting in these formulas the relations 

we obtain, after a simple transformation, the formulas 

n-l n-l 

L U:i;,iVini = - L UiVx,ihi+l + Un-lVn - UmVm , (9) 
i=m+l i=m 

n-l n 

L Ux,iVihi+l = - L UiV:i;,ini + UnVn - Um+lVm , (10) 
i=m+l i=m+l 

n n-l 

L Ux,iVihi = - L UiVx,i h i+1 + UnVn - UmVm · (11) 
i=m 

We set m = 0 and n = N in formulas (7), (9), (11), take into account 
definition (5) of the inner product in H(w), and also the notation in (6). We 
obtain the identities 

(Ux,V) = -(u,vx )..,+ +UNVN -UIVO, 

(U:i;,V) = -(u,vx )..,- + UN-IVN - UOVO, 

(ux,v)..,+ = -(u,vx )..,- + UNVN - UoVo 

(7') 
(9') 

(11') 
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for grid functions Ui and Vi defined on the grid w. If we set Ui = aiYx,i for 
1 :::; i :::; N in (7'), then we obtain Green's first difference formula 

Analogously, setting Ui = aiYx,i for 0 :::; i :::; N - 1 in (9'), we obtain 

If we subtract 

from (12), then we obtain Green's second difference formula 

Notice that, for functions Yi and Vi which reduce to zero for i = 0 and i = N 
(yO = YN = 0, Vo = VN = 0), formula (12) has the form 

((ayx)x,v) = -(ayx,vx)",+, 

and Green's second formula (13) has the form 

((ayx)x,v) = (y,(avx)i). 

In the general case of arbitrary grid functions defined on w, the formulas 
(12) and (13) can be written in the form 

(Ay,v) = -(ayx,vx)",+, (Ay, v) - (y,Av) = 0 .. (14) 

where the difference operator A mapping H(w) onto H(w) is defined as fol
lows: 

i = 0, 

1:::; i:::; N -1, 

i=N. 

Here the inner product in H(w) is given by formula (4). Notice that (14) 
expresses the self-adjointness of the operator A in the space H(w). 
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We examined the case when the grid functions take on real values on the 
grid. If they take on complex values on the grid w, then we obtain a complex 
Hilbert space H(w) with the inner product 

N 

(u,v) = L Uivini, 
i=O 

u,v E H(w), (15) 

where Vi is a scalar, the complex conjugate of Vi. Analogously, we define the 
inner product in H(w) 

N-1 
(u,v) = L Uivini, 

i=1 
u,v E H(w), (16) 

and also in H(w+) and H(w-). Here the formulas for summation by parts 
(7'), (9'), and (11') take the form 

(U."v) = -(u,vx)",+ +UNVN -U1VO, 
(U."v) = -(u,V.,)",- + UN-1VN - uovo, 
(ux,v) = -(u,V.,)",- + UNVN - uovo, 

and the Green difference formulas take the form: 

«aYx)i,v) = -(ayx,vx)",+ + aNYx,NvN - a1Y."OvO, 
«ayx)." v) - (y, (avx)i) = «ii - a)yx, vx)",+ 

+ (ayx v - iiyvx)N - (a1Y."OvO - ii1YOV.,,0). 

Here the notation in (16) is used. 
Using the operator A defined above and the notation in (15) for the 

inner product in H(w), Green's second difference formula can be written in 
the form 

(Ay,v) - (y,Av) = «ii - a)yx,vx)",+. 

From this it follows that, in a complex Hilbert space H(w), the operator A 
is self-adjoint if all the ai are real. 

Relations analogous to Green's first and second difference formulas (12), 
(13) can also be obtained for the difference operator (ayx.,).,.,. For example, 
we state here the analog to formula (12) 

N-2 N-1 
L (aYu)u,ivini = L aiYxi,iVx."ini 
i=2 i=1 

+ [(ayu).,v - aYuV.,]N-1 - [(ayu).,v - aYuvxh-
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5.2.3 Bounds for the simplest difference operators. To study the properties of 
difference operators, we require inequalities which give estimates for operator 
bounds and for the energy equivalence constants for two operators acting in 
the space H of grid functions. 

We first look at difference operators defined on the set of grid functions 
of one argument on the uniform grid w = {Xi = ih E [0, ~, 0 ~ i ~ N, 
hN = I}. Below we will use the notation 

N-1 

(U,V) = L UiVi h + 0.5h(uovo + UNVN), 
i=l 

We have 

N 

(u,v)..,+ = LUiVih. 
i=l 

Lemma 12. Any function Yi = Y(Xi) defined on the uniform grid wand 
reducing to zero for i = 0 and i = N satisfies the inequalities 

(17) 

where 
4 2 7r 4 

'"12 = h2 cos 2N < h2 ' 

Proof. In fact, let I-'k(i) be an orthonormal eigenfunction for the problem 

1 ~ i ~ N -1, 

(18) 

In Section 1.5.1 it was noted that a grid function Yi satisfying the conditions 
of the lemma can be represented in the form of a sum 

N-1 

Yi = L Ckl-'k(i), (19) 
k=l 

From (18) and (19) we find 

N-1 N-1 

Yxx,i = L Ck(l-'k)xx,i = - L AkCkl-'k(i), 1 ~ i ~ N -1. 
k=l k=l 
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Using the orthonormality of the eigenfunctions ILk we obtain 

N-l 
(y,y) = L c~, 

k=1 

N-l 
-(Yx:z;, y) = L AkC~. 

k=1 

By Green's first difference formula (12), we have 

The eigenvalues Ak of problem (18) were found in Section 1.5.1: 

4 . 2 k1rh 4. 2 k1r 
Ak = h2 sm 2z = h2 sm 2N' 1:5 k :5 N - 1, 

where 

From this and from (20), (21) follow the estimates (17) of lemma 12. D 
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(20) 

(21) 

Remark 1. The estimates (17) are precise in the sense that they become 
equalities if Yi is taken to be 1L1(i) and ILN-l(i). Notice that 1'1 = 8/[2 if 
h = 1/2, i.e. for N = 2. For N = 4 we have 1'1 = 32/(12(2 + V2» > 8/12. 

Remark 2. If Yi reduces to zero only for i = 0 or for i = N, then in (17) we 
have 

4 . 2 7C' 8 
1'1 = h2 sm 4N ~ 12(2 + V2)' 

4 2 7C' 4 
1'2=-COS -<-h2 4N h2 ' 

If Yi is an arbitrary grid function on w, then in (17) we have 1'1 = 0 and 
1'2 = 4/ h2 • To prove these assertions, we consider in place of problem (18) 
the corresponding eigenvalue problem studied in Section 5.1.5. 

The inequalities (17) can be written in the form 

1'l(y,y):5 (-Ay,y) :51'2(y,y), (22) 

if we introduce the difference operator A defined by the formula AYi = Yf:z;,i, 
1 :5 i :5 N - 1 for functions Yi satisfying the conditions Yo = YN = O. If 
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the grid function Yi only reduces to zero on one end of the grid w, then the 
operator A is defined using the formulas 

1:::; i:::; N -1, 

i = N, if Yo = 0, 
(23) 

or 

AYi = { ~Yx,i' 
Yxx,i, 

i = 0, 

1 :::; i :::; N - 1, if YN = O. 

Taking into account that (-Ay, y) = (y~, 1)",+ follows from Green's first 
difference formulas in each of these cases, we obtain the inequalities (22) 
where /1 and /2 are as indicated in remark 2, and Yi reduces to zero at the 
corresponding end of the grid w. 

If Yi is an arbitrary grid function, then the operator A is defined as: 

i = 0, 

1:::; i:::; N -1, 

i=N. 

In this case the inequalities (22) are also valid, and 

(-Ay, y) = -(Yxx, y) + Yx,NYN - Yx,oYo = (yi, 1)",+. 

The constants /1 and /2 are as indicated in remark 2. 
Thus, we have found bounds for the simplest difference operators. We 

shall show here that all of the operators A introduced in this section satisfy 
the inequality 

I( -Au, v)1 :::; (-Au, U )1/2( -Av, V )1/2. (24) 

The idea behind (24) will be illustrated using as an example the operator 
Ay = Yxx. We introduce the space H(w) of grid functions defined on w with 
inner product 

N-l 

(u, v) = L UiVi h, u,v E H(w). 
i=1 

The difference operator A in the space H (w) corresponds to the linear oper
ator A defined by 

AYi = -AYi 1:::; i:::; N -1, 

where Y E H(w), Yi = iii for 1 :::; i :::; N - 1 and Yo = YN = O. The operator 
A maps H(w) onto H(w). 
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By (u,v) = (u,v) we have (Au,v) = -(Au,v), where Uo = UN = 0, 
Vo = VN = O. From (22) it follows that (Au,u) ~ "Y1(u,u), 'Y1 > O. Thus, the 
operator A is positive definite in H(w). 

We shall show that it is self-adjoint in H(w). In fact, from Green's second 
difference formulas (13) we have 

(Au,v) = -(Au, v) = -(uxz,v) = -(u,vxz ) = (u,Av). 

Since the Cauchy-Schwartz-Bunyakovskij inequality 

/(Au,v)/ :5 (Au,u)1/2(Av,v)1/2 

is valid for non-negative self-adjoint operators, we obtain 

which is what we were required to prove. 

5.2.4 Lower bounds for certain difference operators. In lemma 12 we actually 
found the energy equivalence constants for the identity operator E and the 
operator A which corresponds to the difference operator -Ay = -yxz for 
functions which reduce to zero on the ends of the grid w, i.e. we found 'Y1 and 
'Y2 satisfying the inequalities 'Y1 E :5 A :5 'Y2E. 

We now find an inequality which relates the operators A and D where 
DYi = PiYi, 1 :5 i :5 N -1 and Pi ~ O. To do this, we must determine Green's 
difference function for the operator A. 

Suppose that it is necessary to find the solution of the difference problem 

AVi = Vxz,i = - fi, 
Vo = VN = 0, 

1:5 i :5 N -1, 
(25) 

on the grid w defined above. The grid function Gik , which 'satisfies the con
ditions 

1 
AGik = Gxz,ik = -'h0ik, 

GOk = GNk = 0, 

1:5 i :5 N -1, 

for fixed k = 1,2, ... , N - 1, and where O;k is the Kronecker delta: 

0ik = {I, 
0, 

i = k, 
i ~ k, 

is called Green'8 function for the difference operator A. 
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We list here the basic properties of Green's functions: 

1) The Green function is symmetric, Gik = Gki, and in addition Gik con
sidered as a function of k for fixed i satisfies the conditions 

1 
AGik = Gxx,ik = -hOik, 

GiO = GiN = O. 

1 ~ k ~ N -1, 

2) the Green function is positive, Gik > 0 for i, k i= 0, N. 

3) for any grid function Yi satisfying the condition Yo = YN = 0, we have 
the representation 

N-1 

Yi = - L Gik AYkh, 
k=1 

and the solution of problem (25) can be represented in the form 

N-1 

Vi = L Gikfk h , 
k=1 

o ~ i ~ N. 

(26) 

This assertion is proved using the second Green difference formula (13) 
and property 1). 

Lemma 13. Suppose Pi ~ 0 is a grid function defined on wand not identi
cally zero. For any grid function Yi defined on wand satisfying the conditions 
Yo = YN = 0 we have the estimate 

(27) 

where 1/"(1 = max vi, and Vi is the solution of the boundary-value prob-
1<i<N-1 

lem --
AVi = Vxx,i = -Pi, 

Vo = VN = O. 

1 ~ i ~ N -1, 

Proof. Assume that Yo = YN = O. Using (26) we obtain 

(28) 



5.2 Difference schemes as operator equations 

where we have denoted 

N-l 

wk = L PiYiGik h , 
i=1 

o ~ k ~ N. 

Applying the inequality (24), from this we find 

(PY,Y) ~ (_Ay,y)I/2(_Aw,W)I/2 

or by (21) 
(py, y)2 ~ (y~, l)w+( -Aw, w). 

We now use property 1) of the Green function Gik . We obtain 

N-l N-l 

-AWk = - L hpiYiAGik = L PiYi~ik = PkYk 
i=1 i=1 

and consequently 
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(29) 

where we have denoted aik h2piPkGik, 1 ~ i, k ~ N - 1. Using the 
inequality 2YiYk ~ Y; + yi, and also the symmetry and positivity of the 
Green function Gik, from this we find 

N-l N-l N-l N-l 

(-Aw,w) ~ L 0.5 Yr L aik + L 0.5 yi L aki 
;=1 k=1 k=1 i=1 
N-l N-l N-l (N-l ) 

= 8 Yt ~ aik = 8 Piyr h ~ PkGik h . 

By property 3), the solution of problem (28) can be written in the form 

Consequently 

N-l 

Vi = L PkGik h > 0, 
k=1 

N-l 

l~i~N-1. 

1 
(-Aw,w) = L PiY;Vi h ~ Ip.ax 

1<.<N-l 
v;(PY, y) = -(PY, y). 

/1 i=1 - -

The estimate in the lemma then follows from (29).0 
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Remark 1. It is possible to show that the function Vi = 0.5Xi(l- Xi), where 
Xi = ih E [O,~, is the solution of problem (28) for Pi == 1. From this follows 
the estimate 

Remark 2. Lemma 13 generalizes to the case where Yi only reduces to 
zero on one end of the grid w. For example, if Yo = 0, then in (27) we 
have l/'n = max Vi, where Vi is the solution of the problem AVi = -Pi, 

l~i~N 

1 ~ i ~ N, Vo = ° with the difference operator A defined in (23). 

Lemma 14. Suppose Pi .~ 0, di ~ 0 are defined on w, and the function 
ai ~ Cl > 0 is defined on w+. For any function Yi defined on w which satisfies 
the conditions Yo = YN = 0, we have the estimate 

'Yl(PY,Y) ~ (ay~, 1).,,+ + (dy,y), 

where Vi is the solution of the boundary-value problem 

1 ~ i ~ N -1, Vo = VN = O. 0 

Remark 1. If Yi only reduces to zero on one end of the grid w, it is possible 
to obtain the estimate 

'Yl(PY, y) ~ (ay~, l)w+ + (dy, y) + KoY~, (31) 

where 1/'Yi = max Vi, and the function Vi is the solution of the problem 
O~i~N-l 

Av; = -Pi, 0 ~ i ~ N - 1, VN = 0, 

AYi = { ~(alYx:o_- ~o.yo) - do~o, _i = 0, 
(ayx)x,. d.y" 1 ~ t ~ N 1, KO ~ O. 

(32) 
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Remark 2. For an arbitrary grid function Yi defined on 41, it is possible to 
obtain the estimate 

(33) 

where 11:0 ~ 0, 11:1 ~ 0, 11:0 + 11:1 + (d, 1) > 0, and the grid functions Pi ~ 0, 
di > ° are defined on w. Here 1/'"'(1 = max Vi, where Vi is the solution of 

- O<i<N 
the boundary-value problem - -

AVi = -Pi, ° :5 i :5 N, 

{ 

i(a1Yz,0 - lI:oYo) - do Yo , i = 0, 

AYi = (aYx)z,i - diYi, 1:5 i :5 N -1, 
-2 
-;;:(aNYx,N + 1I:1YN) - dNYN, i = N. 

(34) 

The proof oflemma 14 and remarks 1 and 2 is carried out in the same way 
as for lemma 13. Here we use the Green function for the indicated difference 
operators A which satisfies the properties 1)-3) enumerated above. 

Lemma 15. For a grid function Yi which reduces to zero for i = N, we have 
the estimate 

y~ :5 tanh( d) [f(Y, y) + ~(y~, 1 )"'+] , f ~ 0. (35) 

A naZogousZy, the estimate 

Yh:5 tanh(El) [f(Y,y) + ~(y~,1)",+], f ~ 0, 

is true for the case where Yo = 0. For an arbitrary grid function Yi defined 
on the grid 41, we have the estimate 

2 2 8 + f2Z2 [ 1 2 ) ] 
Yo + YN :5 dv'16 + f2[2 fey, y) + -;(Yx, 1 ",+ , f > 0. (36) 

Proof. We shall first prove the validity of the estimate (35). To do this we 
use remark 1 to lemma 14. We substitute in (32) ai == l/f, di == f, 11:0 = ° 
and Po = 2/h, Pi = 0, 1 :5 i :5 N -1. Then from (31) we obtain the estimate 
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where Vi is the solution of the following auxiliary problem: 

1 
AVi = -Vxx i - 10 Vi = 0, 1:5 i :5 N - 1, 

10 ' 

2 2 
Avo = fh vx,o - fVo = -h' VN = O. 

(37) 

We write out (37) at a point 

Vi-l - 2av; + Vi+l = 0, 1:5 i :5 N - 1, 
(38) 

VI - avo = -fh, VN =0, 

where a = 1 + 0.5102 h2 ~ 1. 

We have obtained a boundary-value problem for a second-order differ
ence equation with constant coefficients. 

Using the general theory developed in Section 1.4.1, and also the prop
erties of the Chebyshev polynomials (see part 2 of the same section), we find 
that the function 

is the solution of problem (38). Here 

Tn(a) = cosh(ncosh-1 a), U (a) = sinh« n + 1) cosh -1 a) 
n sinh( cosh -1 a) , 

are the Chebyshev polynomials of degree n of the first and second kinds. 

Since a ~ 1, 
fhUN-l(a) 

max Vi = Vo = TN(~) . O::;i::;N-l '-< 

Thus, we have obtained the estimate 

for a grid function Yi satisfying the condition YN = O. This estimate is precise 
in the sense that it is an equality if Yi is taken to be the function Vi. 
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We now estimate Vo from above for any h. If we denote cosh2z = a, 
then z ~ 0 and 

f.h = 2 sinh z, N = Ilh = d/(2sinhz), 

TN(a) = cosh2Nz = coshw(z), (39) 

UN-l(a) = si~h:Nz = ~i~w(z~, w(z) = .f. 1hz . 

Therefore 

Since for fixed f. 

we have 

sm 2z 2sm zcos z sm z 

sinhw(z) 
Vo = -----'--<--::--:-

cosh z cosh w( z) 

dw = d(sinhz - z coshz) < 0 
dz sinh2 z -, 

dvo _ cosh z ~w - sinh z sinh w cosh w 
- % 2 2 < o. 

dz cosh z cosh w -

Consequently, Vo is maximal for z = O. This gives the estimate Vo = 
tanh( d). The inequality (35) is proved. 

Suppose now that Yi is an arbitrary grid function. From remark 2 to 
lemma 14 for ai == I/f., di == f., KO = Kl = 0, Po = PN = 21h, Pi = 0 for 
1 ~ i ~ N - 1, we obtain the estimate 

where Vi is the solution of the boundary-value problem 

1 
-Vx:r: i - f.Vi = 0, 
f. ' 

1 ~ i ~ N -1, 

2 2 (40) 2 2 
Eh v:r:,o - EVo = -h,' - f.h Vx,N - f.VN = -h,' 

The solution of problem (40) is the function 

o ~ i ~ N, 

where a is defined above. 
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From this we find that 

(41) 

We shall bound this expression from above for any h. Using (39) we obtain 

Since 

Vo = 1 + coshw(z) = cosh iw(z) < cosh !w(z) = rp(z). 
coshzsinhw(z) coshzsinh!w(z) - sinh! w(z) 

drp = 
dz 

1 8w 
2 8 > 0, sinh 0.5w z 

the function rp(z) is maximal for the maximal z = Zo, which is found from the 
relation ch 2zo = 1+f212/8 (h ~ 1/2). From (39) we obtain that w(zo) = 4zo. 
Consequently 

cosh2zo 1+f212/8 8+f212 

rp(zo) = sinh2zo = Vf2 [2/8 + f414/64 = fh/16 + f212· 

We have obtained the estimate (36).0 

Lemmas 13 and 14 can be generalized without any difficulty to the case 
of an arbitrary non-uniform grid w. In this case the inner product is defined 
by (4), (6), and the difference operators A are changed to the corresponding 
operators on the non-uniform grid. 

Lemma 16. Suppose that Pi 2: 0, di 2: 0 are defined on the arbitrary non
uniform grid w, Pi ¢ 0 and ai 2: C1 > 0 is defined on w+. Let KO 2: 0, K1 2: 0 
be arbitrary scalars which satisfy the condition KO + K1 + (d, 1) > O. For any 
grid function Yi defined on w, inequality (33) is valid, where 1hl = max Vi, 

O<i<N 
and Vi is the solution of the problem AVi = -Pi, 0 ~ i ~ N. Here the ~p~rator 
A is defined by the formulas 

! 1 
no (a1Yf,0 - KoYO) - doYo, 

AYi = (aYf)x,i - diYi, 

-n~ (aNYf,N + KIYN) - dNYN, 

i = 0, 

1 ~ i ~ N -1, 

i=N. 

(42) 

Proof. Lemma 16 is proved in the same way as the preceding lemmas. 0 
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Remark 1. If al == 1, d1 == 0, PI == 1, then the inequality (33) takes the form 

(43) 

where 

If in addition, Yo = YN = 0, then the inequality (43) is transformed into 
inequality (30). If Yi only reduces to zero at one end, for example for i = N, 
then, substituting YN = 0 in (43) and taking the limit as 11:1 --+ 00, we obtain 
the estimate 

'Yl(Y, y) :::; (y~, 1)",+ + lI:oY~, 8(1 +111:0)2 
1'1 = [2(2 + 111:0)2· 

Remark 2. From the definition (42) of the difference operator A and from 
the first Green difference formula, it follows that 

(-Ay, y) = (ay~, 1)",+ + (dy, y) + lI:oY~ + II:IY'1v. 

Therefore the inequality (33) of lemma 16 can be written in the form 

'Yl(PY,Y):::; -(Ay,y). 

We move on now to derive the estimate (43). We shall find the solution 
of the problem AVi = -Pi, 0 :::; i :::; N under the assumptions stated in remark 
1. We have the boundary-value difference problem 

Vxx,i = -1, 

vx,o = II:OVo - no, 
-Vx,N = II:IVN -nN, 

1:::; i:::; N -1, 

i = 0, 

i=N. 

(44) 

(45) 

(46) 

We multiply (44) by ni, sum over i from j to N - 1, and take into account 
the boundary condition (46). We obtain 

N-l N-l 
L Vxx,ini = L (Vx,i+! - Vx,i) = Vx,N - Vx,j 

i=j i=j 

N-l 
= -II:IVN + nN - Vx,j = - L ni = Xj - D.5hj -1 + nN. 

i=j 
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From this it follows that 

l:::;j:::; N. (47) 

Substituting j = 1 in (47) and taking into account that no = 0.5h1, Vx,1 = 
vx,o = KOVO - no, we obtain a relation for Vo and VN 

Multiplying (47) by hj and summing over j from 1 to i, we find 

iii 

2: Vx,jh j = Vi - Vo = (1- KI VN) 2: hj - 2: (Xj - 0.5hj )hj . 
j=1 j=1 j=1 

Since h j = Xj - Xj-I, Xj - 0.5h j = 0.5(Xj + Xj-d, we have 

Thus 

i 

2: h j = Xi, 
j=I 

i 

2: (Xj - 0.5hj )hj = 0.52: (x; - X}_I) = 0.5xr 
j=1 j=1 

Vi = Vo + Xj(l- KIVN) - 0.5x; 

= Vo + 0.5(1- KIVN)2 - 0.5(xj -I + KIVN)2, 0:::; i:::; N. 

Setting i = N, we find a second relation for Vo and V N 

From (48), (50) we obtain 

Since 0:::; 1- KOVN < 1, from (49), (51) we find that 

(48) 

(49) 

(50) 

(51) 

From this and from lemma 16 we obtain the estimate (43). If Yo = YN = 0, 
then substituting in (33) ai == 1, d; == 0, Pi == 1 and taking the limit in (43) 
as KO -+ 00 and Kl -+ 00, we obtain the bound (30) with /1 = 8/ [2. 
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5.2.5 Upper bounds for difference operators. We now obtain upper bounds 
for certain difference operators. 

Lemma 17. For an arbitrary grid function Yi defined on the non-uniform 
grid w the estimate 

(52) 

is valid, where 

/2 = max [4ha21
1 , 4h~N , max 

N 1~i~N-1 
2 (a; + ai+1 )]. 
ni hi hi+! 

If the grid is uniform, then 

If Yo = Y N = 0 then 

2 (ai ai+1 ) /2 = max - - + --
1~i~N-1 ni hi h i+1 . 

Proof. We have 

N 
( 2) L ai(Yi - Yi_1)2 
ayx' 1 w+ = 

hi i=l 
N N-1 N 

= '"' ai. y,2 + '"' ai+! Y~ _ 2 '"' ai L h L h ' L hi YiYi-1· 
i=l' i=O i+1 i=l 

Using the inequality 2YiYi-1 :S Yr + yr-1' we obtain for ai > 0 that 

Since no = O.5h1, nN = O.5hN and (y, y) = E~o niY[, we obtain the estimate 
(52) with the indicated value for /2. Lemma 17 is proved. 0 
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Lemma 18. Suppose that ai > 0, bi 2: 0, and (70 and (71 are non-negative, 
where (b, 1) + (70 + (71 =/; 0. For an arbitrary grid function Yi defined on the 
non-uniform grid w we have the bound 

(53) 

where 72 = /2 + (1 + /2) max Vi,/2 is defined in lemma 17, and v is the 
O<i<N 

solution of the boundary-vatu; problem 

(aVx)x,i - Vi = -bi, 1 :s i :s N -1, 
a1 (70 
no vx,o - Vo = -bo - no' i = 0, (54) 

aN (71 
- nN Vx,N - VN = -bN - nN' i=N. 

Proof. From lemma 16 with Pi = bi for 1 :s i :s N - 1, Po = bo + (7o/no, 
PN = bN + (7J/nN and 1\:0 = 1\:1 = 0, d i == 1 we obtain the bound 

(by, y) + (7oy~ + (71YJv = (py, y) < max v;[(ay~, l)w+ + (y, y)]' 
- O~i~N 

where Vi is the solution of the auxiliary problem (54). Using lemma 17, we 
have 

(ay~, l)w+ + (by, y) + (7oY~ + (71YJv :s (1 + c)(ayi, l)w+ 

+c(y,y):S[/2+(I+/2)c](y,y), c= max Vi. 
O~i~N 

Lemma 18 is proved. 0 

5.2.6 Difference schemes as operator equations in abstract spaces. After hav
ing changed the derivatives in the differential equation and boundary condi
tions into difference derivatives on a certain grid w, we obtain a difference 
scheme. The difference equations involving the sought-for values of the grid 
function at the nodes of w form a system of algebraic equations. This system 
is linear if the original problem was linear. 

The difference scheme is defined by the difference operator which gives 
the structure of the difference equations at the nodes of the grid, where we are 
searching for the solution, and by the boundary conditions at the boundary 
nodes. The difference operator acts in the space of grid functions defined 
onw. 
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We shall look at an example. Suppose that we must find a solution of 
the problem 

U" = -<p(x), 0 < x < I, 
U'(O) = KOU(O) - /J1, u(/) = /J2, KO ~ O. 

(55) 

on the interval 0 :::; x :::; I. On the uniform grid w = {Xi = ih, i = 
0,1, ... ,N, hN = I}, we put problem (55) in correspondence with the dif
ference scheme 

AYi = Yzz,i = -<Pi, 1 :::; i :::; N - 1, 
2 2 

Ayo = h(Yz,O - KoYO) = -(<Po + hl-'d, (56) 

YN = /J2' 

The difference operator A is defined on the (N + 1 )-dimensional set of 
grid functions on w, and maps it onto the N-dimensional set of functions 
defined on w- = {Xi E w, i = 0,1, ... , N - I}. It is clear that the domain 
and range of the operator A are not the same. 

We look now at the space H(w-) of grid functions defined on W-. The 
inner product in H(w-) is defined as in example 1 from Section 5.2.1: 

N-1 
(U,V) = LUiVih+O.5huovo, 

i=l 

We define now the linear operator A in the following fashion: AYi = - AYi, 
o :::; i :::; N - 1, where Y E H(w-), Yi = Yi for 0 :::; i :::; N - 1 and YN = O. 
Using this definition, we give a detailed description of the operator A: 

{ 
-*(Yz,O - KoYO), 

AYi = -Yzz,i, 

:2 (2YN-1 - YN-2), 

i = 0, 

1:::; i:::; N - 2, (57) 

i=N-l. 

The operator A maps H(w-) onto H(w-) and is linear. 

We now transform the difference scheme (56). Taking into account the 
condition YN = 1-'2, we write (56) in the form 

2 2 
- h(Yz,o - KoYO) = 10 = (<Po + hl-'d, 

- Yzz,i = Ii = <Pi, 1:::; i :::; N - 2, (58) 
1 1 
h2 (2YN-1 - YN-2) = IN-1 = (CPN-1 + h21-'2). 
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Comparing (57) and (58) we find that the difference scheme (56) can be 
written in the form of a first-kind operator equation 

Ay=j, (59) 

where y is unknown, j is a given element of the space H(w-), and A is the 
operator acting in H(w-) defined above. 

We list now the basic properties of the operator A. 

The operator A is self-adjoint in H(w-), i.e. 

(Au,v) = (u,Av), 

In fact, (Au, v) = -(Au, v), where UN = VN = O. Using Green's second 
difference formula we obtain 

N-l 

(Au, v) = L Uix,jvjh + (ux,o - KOUO)Vo 
j=1 

N-l 

= L Ujvix,jh + (UiV - ViU)N - (uxv - Vxu)o 
;=1 

N-l 

+ (UxV -KOUV)o = L UiVix,ih + (vxU -KOVU)O = (u,Av). 
i=1 

The assertion has been proved. 

The operator A is positive definite, i.e. 

(Au,u) ~ 11(U,U), 

where 

This assertion follows from remarks 1 and 2 to lemma 16. By lemma 10, the 
operator A has a bounded inverse A-I. Therefore, the solution of equation 
(59) exists and is unique. 

For the operator A we have the following upper bound 

(Au,u) ~ 12(U,U), 

where 
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since YN = 0 and 

(Ay,y) = (y~, 1)",+ + KOY~, 
y~ ~ ~(y, y), (y~, 1)",+ ~ :2. 

The final inequality follows from lemma 17. 

As a second example we will look at the difference scheme 

AYi = (aYx)x,i - diYi = -CPi, 1 ~ i ~ N - 1, 

Ayo = ;0 (a1Yx,0 - KoYO) - doyo = - (CPO + ;0 PI)' i = 0, 

AYN = -n~ (aNYx,N + K1YN) - dNYN = - (CPN + n~P2)' i = N, 

(60) 
on the non-uniform grid w = {Xi E [O,~, Xi = Xi-1 + hi, 1 ~ i ~ N, Xo = 0, 
XN = I}. The scheme (60) approximates a boundary-value problem of the 
third kind for an equation with variable coefficients 

(ku')' - qu = -cp(x), 0 < X < I, 
ku' = KOU - PI, X = 0, 

-kU'=K1U-P2, x=1 

for a corresponding choice of coefficients ai and di, for example for ai = 
k(Xi - 0.5hi) and di = q(Xi). 

If in the space H(w) of grid functions defined on w with inner product 

N 

(u,v)= L UiVini, 
i=O 

nO = 0.5h, 

we define the operator A = -A and the grid function J; = CPi, 1 :::; i :::; N -1, 
fo = CPo + pI/no, fN = CPN + P2/nN, then the difference scheme (60) can be 
written in the form of the operator equation (59). 

The self-adjointness of the operator A mapping H(w) onto H(w) follows 
from Green's second difference formula. 

If ai ~ C1 > 0, di ~ 0, KO ~ 0, K1 ~ 0, KO + K1 + (d, 1) > 0, then the 
operator A is positive definite in H(w), and 

(Au,u) ~ 'Y1(u,u), 1/"'1 = max V· 
I O~i~N" 

where Vi is -the solution of the problem AVi = -1, 0 :::; i :::; N. Notice that 
the positivity of Vi follows from the maximum principle, which is valid for 
the operator A under the indicated conditions. 
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If di == 0 then a crude estimate for 1'1 can be obtained as follows. From 
Green's first difference formula we obtain 

(Ay, y) = (-Ay, y) = (ay~, 1)",+ + lI:oY~ + 1I:1Y?' 

Using the conditions ai ~ Cl > 0, 1 :5 i :5 N we obtain 

where C1KO = 11:0, C1Kl = 11:1. Since 11:0 + 11:1 > 0, from remark 1 to lemma 16 
we obtain the estimate 

where 

Substituting here KO and Kl we find that (Au,u) ~ 1'l(U,U), where 

_ 8Cl(KO + Kl + lKoKl)2 
1'1 = cnl = 1(2 + 1Ko)(2 + lKd(2Ko + 2Kl + 1KoKl)" 

For the operator A we have the following upper bound (Au,u) $; 1'2(U,U) 
where 1'2 is defined in lemma 18, since 

In this example the operator A and the difference operator A are defined 
in the same space of grid functions H(iiJ) and differ only in sign. Unlike 
the first example, the right-hand sides of the difference scheme (60) and the 
operator equation (56) are the same. 

We limited ourselves here to the simplest examples. In the following 
sections, difference schemes approximating elliptic boundary-value problems 
in multi-dimensional spaces will be analogously reduced to operator equations 
in the corresponding finite-dimensional Hilbert spaces of grid functions. We 
will also study the basic properties of these operators. 

From these examples it is clear that the difference schemes can be con
sidered as operator equations with operators in a finite-dimensional normed 
linear space. These operators characteristically map the whole space into 
itself. 
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5.2.7 Difference schemes Cor elliptic equations with constant coefficients. Let 
G = {O :::; Xa :::; la, a = 1,2} be a rectangle, W = {Xij = (ihI,jh2) E G, 
0:::; i:::; Nt. 0:::; j:::; N2, haNa = la, a = 1,2} be a grid in G" be the set of 
boundary nodes of the grid w. The grid is uniform in each direction Xa with 
step ha . We denote by w the set of interior nodes of the grid. We introduce 
the space of grid functions H = H(w) defined on w. We define in H the inner 
product 

N 1 -l N 2-l 

(u,v) = L L u(i,j)v(i,j)hlh2' 
i=l j=l 

We shall look at a Dirichlet difference problem for Poisson's equation on the 
grid w 

2 

Ay = L AaY = -t,O(x), 
a=l 

x Ew, 
(61) 

y(X) = g(x), x E" 

where AaY = Yf" x"' a = 1,2. 

The difference scheme (61) can be written in the form of the operator 
equation (59). To do this we define the operator A using the formula Ay = 
-Ay, x E w, where y E H, Y E iI and y(x) = y(x) for x E w. Here iI is the 
set of grid functions defined on wand reducing to zero on ,. The right-hand 
side f in equation (56) differs from the right-hand side t,O in the difference 
scheme (61) only at the near-boundary nodes 

where 

{ 
g(O, X2), Xl = hI 

t,Ol(X) = 0, 2hl :::; Xl :::; 11 - 2hI, 

g(lt,X2), Xl = 11 - hI, 

{
9(Xl'0), x2=h2' 

t,02(X) = 0, 2h2 :::; X2 :::; 12 - 2h2, 

g(Xl> 12), x2 = 12 - h2. 

We shall investigate the properties of the operator A mapping from H(w) 
into H(w). 
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1. The operator A is self-adjoint: 

(Au,v) = (u,Av), u,v E H(w), (62) 

For the proof we take into account that 

N 2 -1 Nl-l 

(A1u,v) = (-AIU,V) = - L h2 L hI (vA1u)ij 
j=1 i=1 

= 
j=1 i=1 

since, by Green's second difference formula, the difference operator Al on the 
grid WI = {Xl (i) = ihl' 0 :5 i :5 Nt, hI Nl = It} satisfies the relation 

N 1 -l N 1-l 

L hI (vA 1u)ij = L hI (UI AI V)ij 
i=I i=1 

and, in addition, it is possible to change the order of the summations in i 
andj. 

Analogously we find that (A2u,v) = (U,A2V). From this follows (62). 

2. The operator A is positive definite and satisfies the inequalities 

8E:5 A :5l:!J..E, 8> 0, (63) 

where 

2 4 7r 2 4 
l:!J.. = L cos2 < L h2· 

0=1 h~ 2No 0=1 0 

2 4 7r 2 8 
8= L sin2 > L -

0=1 h~ 2No 0=1 l~' 
(64) 

Notice that 8 and l:!J.. are the smallest and largest eigenvalues of the Laplace 
difference operator A (see Section 4.2.1). 

This assertion is proved in the same way as lemma 12. Thus we have 
shown that in H = H(w) 

A=A*, 8E:5 A :5l:!J..E, 8> o. 

If a first-kind boundary condition y( x) = g( x), x E 'Yo is given on a part 'Yo of 
the grid boundary 'Y, and second- or third-kind boundary conditions are given 
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on the remaining part, then the operator A can be defined as above, where 
if is the set of functions which only reduce to zero on ,0, and H = H(w) 
is the space of grid functions defined on Wo = w u ('\'0)' For example, let ,0 = {Xij E W, i = 0, ° :::; j :::; N2 }, and assume that second-kind boundary 
conditions are given on ,\,0' Then the difference scheme is described in the 
form 

Ay = (AI + A2)y = -cp(x), x E w, 

y(x) = g(x), x E ,0, 

Here 

and the operator Al is defined by the formulas 

The inner product in the space H = H(wo) is defined by the formula 

where 

Nl N2 

(u, v) = L L u(i,j)v(i,j)nl(i)n2(j), 
;=1 j=o 

1:::; i :::; Nl -1, 

i = N1 , 

n (.) _ {h2' 
2 J - 0.5h2 , . ° N J = , 2· 

It is possible to show that the operator A = Al + A2 corresponding to the 
difference operator A is self-adjoint in H, and that the estimate (63) is valid 
with b = bl + b2, ~ = ~1 + ~2' 

{; 4. 2 7r 
VI = h2 SIn -N ' 

1 4 1 

4 2 7r 
~1 = h2 cos -N' b2 = 0, 

141 

Here ba and ~a are the smallest and largest eigenvalues of the difference 
operator Aa , a = 1,2. 
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Notice that the operators Al and A2 commute both for first-kind and 
second-kind boundary-value problems. Therefore, by the general theory (see 
Section 5.1.5), the eigenvalues ofthe operator A are the sum ofthe eigenvalues 
of the operators Al and A2: '\(At) + '\(A2). 

5.2.8 Equations with variable coefficients and with mixed derivatives. We look 
now at a Dirichlet problem for an elliptic equation with variable coefficients 
in the rectangle G = {O ::; x" ::; I", a = 1, 2}: 

2 a ( a) Lu = ~ ax" k,,(x) axu" - q(x)u = -c,o(x), x EG, 
(65) 

u(x) = g(x), x E r, 

where k,,( x) and q( x) are sufficiently smooth functions satisfying the condi
tions 0 < CI ::; k,,(x) ::; C2, 0 ::; dl :::; q(x) :::; d2. We denote by w = w +, the 
grid with steps hI and h2 introduced in Section 5.2.7. 

We shall put the problem (65) in correspondence with a Dirichlet differ
ence problem on the grid w: 

Ay = (AI + A2)y - dy = -c,o(x), x E w, 

y(x) = g(x), x E " 
(66) 

where A"y = (a"yx.,.)x a , a = 1,2, and a,,(x) and d(x) are chosen, for exam
ple, as: 

al (Xl, X2) = kl(XI - 0.5hl , X2), 
a2(XI,X2) = k2(XllX2 - 0.5h2), d(x) = q(x). 

Then the coefficients of the difference scheme satisfy the conditions 

We denote by H = H(w) the space of grid functions introduced in the pre
ceding subsection, and by iI the set of grid functions which reduce to zero 
on ,. 

We will write out the difference scheme (66) in the form of the operator 
equation (59), where the operator A is defined in the usual way: Ay = -Ay, 
where y E H, Y E iI, and y(x) = y(x) for x E w. 

We denote by n = nl + n 2, where n"y = YXaXa' a = 1,2, the Laplace 
difference operator and define the corresponding operator in the space H: 
Ry = -ny, y E H, Y E iI and y(x) = y(x) for x E w. 
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Lemma 19. The operator A is self-adjoint in H, and it satisfies the following 
bounds 

(Cl + dd ~)(Ru, u) :5 (Au, u) :5 (C2 + d2/c)(Ru, u), (68) 

(CIS + d1)( u, u) :5 (Au, u) :5 (C2~ + d2)( u, u), (69) 

where S and ~ are defined in (64). 

Proof. From the conditions (67) and the estimates obtained in the preceding 
subsection 

SE:5 R:5 ~E, 

it follows that for any u E H we have the inequalities 

Further, Green's first difference formula gives 

N2-1 Nl 

(A1u,u) = -(AIU,U) = L L (alu~Jiihlh2' 
i=l i=l 

N 2 -1 Nl 

(R1u,u) = -('Rlu,U) = L L (U~1)iihlh2. 
i=l i=1 

By (67), we then obtain the inequality 

Analogously we find that 

From this and from (70) we obtain 

which together with (71) gives us (68) and (69). 

(70) 

The self-adjointness of the operator A is proven by analogy with the 
preceding subsection. D 
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Notice that (68) gives the energy equivalence constants for the operators 
R and A, where dl 2: 0 and 8 2: ·8/1~ + 8/1~, so that the operators are 
equivalent with constants which do not depend on the number of nodes in 
the grid. 

We now consider a Dirichlet problem for an elliptic equation containing 
mixed derivatives 

2 

Lu= L 
Ot,P=1 

a ( au) axOt kOtp(x) axp = -cp(x), x E G, 
(72) 

u(x) = g(x), x E f. 

We shall assume that the ellipticity conditions are satisfied 

2 2 2 

CI L E! ~ L kOtP(x)EOtEp ~ C2 L E!, x E G, (73) 
Ot=l Ot=l 

where C2 2: CI > 0, and E = (6,6f is an arbitrary vector. 

On the rectangular grid w the problem (72) can be put in correspondence 
with the difference scheme 

2 

Ay = 0.5 L [(kOtPYxllk" + (kOtPYxllk.l = -cp(x), x E w, 
Ot,P=1 

(74) 

y(x) = g(x), 

We write (74) in the form of the operator equation (59), defining the operator 
A in the usual way: Ay = -Ay, where Y E H(w), Y E iI and y(x) = y(x) for 
x E w. Here the right-hand side f only differs from the right-hand side cp in 
equation (74) at the near-boundary nodes. To find an explicit formula for f 
we write out the difference equation at a boundary node, use the boundary 
condition and move the known values of y( x) on , to the right-hand side of 
the equation. 

We shall now show that, if the symmetry condition k12 (x) = k21(x) is 
satisfied, then the operator A is self-adjoint in the space H = H(w) defined 
above. To do this, we write the operator A in the form of a sum A = (AI + 
A2 )/2, where 

AOty = (kOtOtYxa + kOtPYxlI)Xa + (kOtOtYxa + kOtPYXllha' 
j3 = 3 - 0:, 0: = 1,2. 
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Using the summation by parts formulas (7') and (9'), we obtain that for any 
u,v E II 

N2-1 N1 
(A1U,V) = - L L[(klluZ1 + k12UZ2)VZ1]ijh1h2 

j=1 i=1 

N 2 -1 N 1 -1 

- L L [(kllux1 + k12UX2)VX1]ijh1h2. 
j=1 i=O 

Taking into account that VZ1 and VX1 are equal to zero for j = N2 and j = 0, 
respectively, the resulting equality can be written in the form 

N2 N1 
(A1u, v) = - L L[(klluZ1 + k12U Z2 )vztlijh1h2 

Analogously we find 

j=1 i=1 

N 2 -1 N 1 -1 

L L [(kll uX1 + k12UX2)VX1]ijh1h2. 
j=O i=O 

N1 N2 
(A2U,v) = - L L[(k22UZ2 + k21UZ1)VZ2]ijh1h2 

i=1 j=1 

N 1 -1 N 2 -1 

- L L [(k22U X2 + k21UxJVx2]ijh1h2. 
i=O j=O 

Combining (75) and (76) we obtain 

From this it follows that, if k12 = k21' 

(Au, v) = (u,Av). 

Since (Au,v) = -(Au,v), the operator A is self-adjoint in H. 

(75) 

(76) 

(77) 

We now find bounds for the operator A. We substitute the grid function 
u in place of v in (77), take into account the ellipticity condition (73) and 
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the condition u(x) = 0 for x E 'Y. We obtain 

where 'R is the Laplace difference operator. Analogously we find 

Taking into account the estimate (70), we obtain the following inequalities 
for the operator A: 

cl(Ru,u):5 (Au,u):5 c2(Ru,u), 

c1S(u,u):5 (Au,u):5 C2~(U,U), 
(78) 

where S and ~ are defined in (64). Consequently, the operator A correspond
ing to the elliptic difference operator with mixed derivatives, and the oper
ator R corresponding to the Laplace difference operator, are energy equiva
lent with constants Cl and C2 which do not depend on the number of nodes 
in the grid. The operator A has bounds CIS = 0(1) and C2~ = 0(1/h2) 
(h2 = h~ + hD, and if the number of nodes in the grid is large, then the 
operator A is badly conditioned. 

Notice that the inequalities (78) remain valid in the case when the dif
ferential operator L is approximated by the difference operators 

1 2 1 2 

Ay ="2 ~)(kaaYx..)xa + (kaaYxa)x..l +"2 L [(ka,8YX,8)xa + (ka,8Yx,8)x..l 
_1 a~l 

or 

a¢,8 

1 2 

Ay = "2 L[(kaayx..)Xa + (kaayx..)x..l 
a=1 

1 2 

+ 4 L [(ka,8YX,8)xa + (ka,8YX,8)xa + (ka,8YX,8)xa + (ka,8Yx,8)x..l. 
a,,8=1 
a¢,8 
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5.3 Basic concepts from the theory of iterative methods 

5.3.1 The steady state method. Above it was shown that difference schemes 
for elliptic equations can be written in a natural manner in the form of a 
first-kind operator equation 

Au=j (1) 

with an operator A acting in a finite-dimensional Hilbert space H. Linear 
elliptic equations correspond to linear operators A, and quasi-linear operators 
correspond to non-linear operators A. 

The theory of iterative methods for the operator equation (1) can be set 
out as one area of the general stability theory for difference schemes. Iterative 
schemes can be interpreted as steady state methods for the corresponding 
non-stationary equation. We will clarify this with an example of an equation 
with a self-adjoint positive-definite and bounded operator A, A = A* ~ 8E, 
8> O. 

Suppose v = v(t) is an abstract function of t with values in H, i.e. v(t) 
is an element of the space H for each fixed t. We shall look at the abstract 
Cauchy problem: 

dv 
dt +Av = j, t > 0, v(O) = Va E H. (2) 

We shall show that lim II v(t) - u 11= 0, where u is the solution of 
t-oo 

equation (1), i.e. as t increases the solution v(t) ofthe non-stationary equation 
(2) converges to the solution u ofthe stationary (not depending on t) equation 
(1) (we have "steady state" or "convergence into the stationary regime"). For 
the error z(t) = v(t) - u, we have the homogeneous equation 

dz 
- +Az = 0 
dt ' 

t > 0, z(O) = v(O) - u. 

Forming the inner product of this equation with z: 

(~;,z) +(Az,z)=O 

and taking into account that 

( dZ) 1 dId 2 
dt'Z = 2d/z ,z) = 2dt II z II, 

we obtain 

~ II z(t) 112 +2811 z(t) 112::::; O. 
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After multiplying this inequality by e26t > 0 we have 

~ e26t II z(t) 112~ 0, 

from which it follows that e26t II z(t) 112~1I z(O) 112 or 

II v(t) - u II~ e-6t II v(O) - u II- 0 as t - 00. 

Thus, solving equation (2) with any Vo E H for a sufficiently large t, we 
obtain an approximate solution to the original equation (1) to any desired 
accuracy. The resulting method is called the steady state method. Difference 
analogs of equation (2) also possess the analogous property of damping of 
the initial data. 

5.3.2 Iterative schemes. We look now at the general characteristics of an 
iterative scheme. Suppose that it is necessary to find the solution of equation 
(1). We will first assume that A is a linear operator defined in H. 

In any iterative method the solution of equation (1) is found from some 
initial approximation Yo E H, and a sequence of approximate solutions 
YI, Y2,· .. ,Yk, Yk+b ... is defined where k is the iteration number. The ap
proximation Yk+I is expressed in terms of the already known preceding ap
proximations using a recurrence formula 

where Fk is some function which depends, in general, on the operator A, the 
right-hand side j, and the iteration number k. 

It is said that an iterative method has order m if each successive approx
imation depends only on the m preceding approximations, i.e. 

High-order iterative schemes require a large amount of storage for interme
diate information and therefore in practise we usually limit ourselves to the 
values m = 1 and m = 2. 

The structure of the iterative scheme depends on the choice of the func
tion Fk. If this function is linear, then the iterative scheme is also called 
linear. If Fk does not depend on the iteration number k, then the iterative 
method is called stationary. 

We shall look at the general form of a first-order linear iterative scheme. 
Any such scheme, in correspondence with the definition, can be written in 
the form 

k = 0,1, ... , (3) 

where Sk are linear operators defined on H, Tk are some scalar parameters. 
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Usually an iterative scheme has the following natural requirement: the 
solution u = A-I j E H of equation (1) must be, for any j, a fixed point of 
the iterative approximation process (3), i.e. 

(4) 

It then follows that if we set 

(5) 

where Bk+1 is an invertible linear operator mapping in H, then condition 
(4) will be satisfied. Substituting (5) in (3), we obtain as a result of simple 
transformation 

k = 0,1, ... , Yo E H. (6) 

Preserving the terminology of the theory of difference schemes (see A.A. 
Samarskii, "The theory of difference schemes", 1977, chapter V), we will call 
(6) the canonical form of a two-level iterative scheme. Thus, any first-order 
linear process can be written in the form (6). If BkH == E, then the iterative 
scheme is called explicit since in this case the approximation Yk+1 is found 
from the explicit formula 

k = 0,1, ... 

If Bk is different from the identity operator for some k, then the scheme 
is called implicit. If TkH depends on the iterative approximation Yk, then 
the iterative process will be non-linear. Obviously, in a stationary iterative 
process, the operators Bk and the parameters Tk (more precisely, Bk/Tk) do 
not depend on the iteration number k. 

Notice that the scheme (6) can be considered as an implicit two-level 
scheme for the non-stationary equation 

dv 
B(t) dt + Av = j, t > O,v(O) = Yo, 

which is more general than equation (2) considered above. Here the parameter 
Tk+1 can be seen as a step in fictitious time. 

The difference between iterative schemes and schemes for non-stationary 
problems of the form (2) can be described as follows: 
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1) for any BHl and THI the solution u of the original equation (1) 
satisfies (6); 

2) the choice of the parameters Tk+l and the operators BHl is subject 
only to the requirements that the iteration converge and that the number 
of arithmetic operations needed to obtain the solution of equation (1) to a 
desired accuracy be minimized (for non-stationary problems the step length 
must first satisfy an approximation requirement). 

It was assumed above that the operator A was linear. Obviously the 
scheme (6) can be used to find an approximate solution to equation (1) in 
the case where the operator A is non-linear. Here the operator BHl is usually 
chosen to be linear. 

The two-level iterative schemes (6) are very useful. However, three-level 
schemes which describe second-order iterative processes are also used to solve 
equation (1). Three-level schemes of the "standard" type have been most 
investigated. They are written in the form 

for k = 1,2, .... Here two sequences of iterative parameters {Tk} and {O!k} are 
used. In order to realize the scheme (7) it is necessary to supply, in addition 
to the initial approximation Yo, an additional approximation Yl. Usually this 
is obtained from Yo using a two-level scheme (6), i.e. 

Yo E H. (8) 

It is possible to show that the solution u of equation (1) is a fixed point for 
(7), (8). 

If Bk == E for all k = 1,2, ... , then the scheme (7) is called explicit: 

Otherwise, the scheme (7) is implicit. 

5.3.3 Convergence and iteration counts. The basic difference between iterative 
methods and direct methods is that iterative methods give the exact solution 
of equation (1) ony as the limit of a sequence of iterative approximations 
{yA:J as k -+ 00. Exceptions are the "finite" iterative methods such as the 
conjugate-direction methods, which obtain the exact solution from any initial 
approximation after a finite number of operations if A is a linear operator in 
a finite-dimensional space. 

In order to characterize the divergence of an iterative approximation 
Yk from the exact solution u of problem (1), we introduce the error Zk = 
Yk - u. An iterative process is said to be convergent in the energy space HD 
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if II Zk IID- 0 as k - 00. Here HD is the space generated by a self-adjoint 
positive-definite operator D in H. 

The idea behind the introduction of the energy space H D is as follows. As 
we know, a sequence of elements from H which is convergent in one norm also 
converges in an equivalent norm. Therefore, to investigate a specific iterative 
scheme it is convenient to choose an energy space H D in which the operators 
A and Bk from the iterative scheme possess desirable properties, such as 
self-adjointness and positive-definiteness. 

One of the more important quantitative characteristics of an iterative 
method is the iteration count. Usually it is necessary to find an approximate 
solution to equation (1) to some specified accuracy f > O. If II u IID= 0(1), 
then the following condition must be satisfied 

llYn - U IID~ f for n ~ no (f). (9) 

Here no( f) is the minimal number of iterations needed to guarantee that the 
desired accuracy f has been achieved. This number depends on the initial 
approximation. The condition (9) can be used to determine the termination 
point for the iteration if the indicated norm can be effectively computed 
during the iterative process. For example, if A is non-singular and positive
definite then, choosing as D the operator A* A, we obtain from (9) 

slnce 

II Yn - u IID=II AYn - f II~ f, 

(Yn - U, Yn - U)D = (A* A(Yn - u), Yn - u) 
= (AYn - Au,AYn - Au) 

=11 AYn - f 112. 

To compare the quality of different methods, the iteration count is gen
erally used, determined from the condition 

II Yn - U IID~ f II Yo - u liD for n ~ no (f). (10) 

This number indicates how many iterations are sufficient in order that, 
for any initial approximation Yo, the initial error in Hv will be reduced by a 
factor of 1/ f. The condition (10) can also be used as a criterion for terminating 
the iterative process. 

The equation (1) can be put in correspondence with a great number of 
iterative schemes (6) or (7), (8) with any Bk and Tk, CXk. Then there arises 
the problem of choosing a scheme to solve a specific problem. From the point 
of view of computational mathematics, the most important consideration is 
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constructing those iterative methods which will find the solution of (1) to 
a given accuracy after a minimal amount of machine time. This economy 
requirement for a method is natural. For theoretical estimates of the quality 
of a method, this is often changed to the requirement of minimizing the 
number of arithmetic operations Q( E) required to obtain the solution to a 
given accuracy. 

The total volume of computation Q( E) is equal to 

n 

where qk is the number of operations in the computations at iteration k, and 
n is the number of iterations, n 2: nO(E). The problem of constructing an 
iterative method can be posed as (for the two-level scheme (6)): the operator 
A is fixed, and the parameters {Tk' k = 1,2, ... , n} and the operators Bk 
must be chosen to minimize Q(E). 

In such a general setting this problem scarcely has a solution. Usually 
the set of operators Bk is given a priori, and if the number of operations 
needed to invert the operator Bk does not depend on k, then qk == q and 
Q(E) = qnO(E). In this case, the problem of minimizing Q(E) leads to the 
problem of choosing the iterative parameters Tk from the condition that the 
number of iterations nO(E) be minimized. 

In order to set up a hierarchy of methods, it is necessary to compare them 
using some set of characteristics. Sometimes we use asymptotic estimates for 
the number of operations or for the number of iterations as the number of 
unknowns in the difference scheme tends to infinity. However, there exists a 
real limit on the number of unknowns when we are solving multi-dimensional 
elliptic equations by a grid method. So, for example, for the three-dimensional 
Poisson's equation with the number of nodes in each direction being N ~ 102 , 

we are led to a system of linear algebraic eqations with M = 106 unknowns. 
It is hardly appropriate to increase the number of nodes. Therefore it is 
necessary first of all to compare methods on real grids. 

5.3.4 Classification of iterative methods. Iterative methods are characterized 
by the structure of the iterative scheme, by the energy space H D in which the 
convergence-of the method is studied, by the termination condition for the 
iterative process, and also by the algorithm for realizing one iterative step. 

We will only look at two-level and three-level iterative schemes, explicit 
and implicit, for which the termination condition for the iterative process will 
be the condition 

II Yn - u liD:::; E II Yo - u liD, E > O. 
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In the general theory of iterative methods we look at methods of two 
types: ones which do and do not use (methods of variational type) a priori 
information about the operators of the iterative scheme. In the first case the 
iterative parameters T", for the scheme (6) and T"" a", for the scheme (7), 
(8) are chosen so as to minimize the norm of the resolving operator (the 
operator connecting the initial and final approximations), or the norm of the 
operator which transforms from one iteration to the next. Here the iterative 
parameters are chosen so as to ensure the highest convergence rate given the 
worst initial approximation. In methods of this type, the properties of the 
initial approximation are not used. 

In methods of variational type, the iterative parameters are chosen to 
minimize certain functionals connected with the original equation. For ex
ample, we might choose as a functional the norm of the error at the k-th 
iteration. In this case, the iterative parameters depend on the preceding it
erative approximations and possess properties which take into account the 
quality of the initial approximation. 

In the general theory of iterative methods, we avoid studying the concrete 
structure of the operators in the iterative scheme - the theory uses the 
minimum of information of a general functional character concerning the 
operators. This allows us to achieve our main goal - to indicate the general 
principles for constructing optimal iterative methods subject to the character 
and form of a priori information about the problem, and also subject to 
requirements related to the method used to solve the problem. These auxiliary 
requirements can, for example, consist of the need to construct an optimal 
method not just for one problem, but for a series of problems with the same 
operator A but with different right-hand sides. 

Undoubtedly, considering the structure of the operator in the problem 
being solved allows us to construct special iterative methods which pos
sess faster convergence rates than methods from the general theory. This 
is achieved through a special choice of the operators B", and the iterative 
parameters. Special methods have a narrow field of application. 

We examine now the role of the operators B",. For implicit iterative 
schemes, the choice of the operators B", must be subordinate to two require
ments: guaranteeing a high convergence rate for the method, and the re
quirement that inverting these operators be simple and economical. These 
requirements are contradictory. In fact, if we take Bl = A and Tl = 1 in 
the scheme (6), then for any initial approximation the solution of equation 
(1) can be obtained after one iteration. In this case, the rate of convergence 
is maximal, however inverting the operator Bl is equivalent to solving the 
original problem. 

This indicates, and this will be shown below, that there is no necessity 
to choose the operator B", equal to the operator A. It is sufficient that these 
operators be close in the energy norm. This requirement opens up the possi-
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bility of choosing the operators B from a class of easily invertible operators 
which are close to the operator A in energy. 

At the present time, we most commonly use the following approach to 
construct implicit iterative methods. The operator Bk+1 is either constructed 
in explicit form, or the iterative approximation Yk+l is found as the result 
of some auxiliary computational procedure which can be considered as the 
implicit inversion of the operator Bk+l. 

In the first case the operator Bk+1 is usually chosen in the form of the 
product of some number of easily invertible operators so that the operator 
B k+1 is close to the operator A in some sense. Here the operators entering into 
the product can themselves depend on parameters which can be looked upon 
as auxiliary iterative parameters. For example, if Bk = (E+WkAI)(E+WkA2), 
where Aa are operators, then Wk are scalar parameters. In this case, the 
variability of the operator Bk is only dependent on the indicated parameters 
Wk at iteration k. Then the construction of the operator Bk guarantees a 
well-defined computational process for finding an approximate solution at 
each iteration. 

We look now at two algorithms for finding a new approximation Yk+1 in 
the case when the operator Bk+1 has a factored form. Suppose that Bk+1 = 
Bl+1 B~+I ... B:+ I and Yk+1 is found from the two-level iterative scheme (6). 
In the first algorithm, we solve a sequence of equations 

a = 2,3 ... ,p, (11) 

where Fk+1 = Bk+IYk - Tk+1(AYk - J). Clearly, Yk+1 = vp • Each of the 
equations (11) must be easy to solve. The algorithm does not require that 
intermediate information be remembered; once it is obtained, it is immedi
ately used. A deficiency of the algorithm is the necessity of computing the 
elements Bk+IYk, but this can be avoided by a more complex procedure. 

The second algorithm has the form of a scheme with a correction: 

Yk+1 = Yk - Tk+1 vP, 

Bl+I vI = AYk - j, 
B a a a-I 

k+IV = V , a = 2,3 ... ,po 

(12) 

In this case it is necessary to store the auxiliary values of the preceding 
iterative approximation Yk until such time as they are no longer needed to 
find the correction vp • 

In the second version, the construction of the implicit iterative method 
arises, for example, from the scheme for the correction (12), and the correction 
vP is found as an approximate solution of the auxiliary equation 

(13) 
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Suppose that (13) is solved using some two-level iterative scheme. Then the 
error zm = vm - v satisfies the homogeneous equation 

where Sm+l is the operator which transforms from the m-th to the (m+ l)-st 
iteration. From this we find 

p 

zP = vP - v = SpSp-l··· SlZo = Tp(vO - v), Tp = II Sm, 
m=l 

where Tp is the resolving operator. Substituting here v = R;;~l ric and choos
ing Vo = 0, we obtain 

(14) 

where Bk+l denotes the operator Rk+l(E - Tp)-l. 

We substitute (14) in (12) and find that YlcH satisfies the two-level 
scheme (6) with the indicated operator Bk+l. If the norm of the operator Tp 
is small, then the operator BlcH is "close" to the operator RIc+l. Therefore 
it is natural to choose the operator RicH as some operator close to A. 
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Chapter 6 

Two-Level Iterative Methods 

In this chapter we will look at two-level iterative methods for solving the 
operator equation Au = f. The iterative parameters are chosen using a priori 
information about the operators from the iterative scheme. In Section 6.1 we 
pose the problem of choosing the parameters for the two-level scheme. In 
Section 6.2 and 6.3 this problem is solved in the self-adjoint case. In Section 
6.4 we study several ways of choosing the parameters in the non-self-adjoint 
case based on the volume of a priori information. In Section 6.5 we look at 
several sample applications of these methods for solving grid equations. 

6.1 Choosing the iterative parameters 

6.1.1 The initial family of iterative schemes. In Chapter 5 it was shown that 
boundary-value difference problems for elliptic equations are special systems 
of algebraic equations which can be treated as first-kind operator equations 

Au=f (1) 

in a real Hilbert space H. In certain special cases such systems can be effec
tively solved by the direct methods studied in Chapters 1-4. In the general 
case, an iterative method is one approximate method for solving grid elliptic 
equations. We will begin our study of iterative methods with the simplest 
two-level methods - the Chebyshev method and the simple iteration method. 

In order to find an approximate solution to equation (1) with a non
singular linear operator A defined in H, we consider the implicit two-level 
iterative scheme 

k = 0,1, ... (2) 
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with an arbitrary initial approximation Yo E H. Here {Tk} is a sequence 
of iterative parameters, and B is an arbitrary non-singular linear operator 
acting in H. The question of the best choice for the operator B will be 
studied separately; here we will only remark that the operator B must be 
easy to invert. 

The convergence ot the iterative scheme (2) will be studied in the energy 
space HD generated by an arbitrary self-adjoint positive-definite operator D 
in H. 

Since the operator B is not fixed, (2) generates a family of iterative 
schemes which we shall call the initial family. 

In Chapter 5 it was shown that in order to study the convergence of an 
iterative method it is necessary to investigate the behavior of the norm of the 
error Zk = Yk - u in HD as k ---+ 00, where Yk is the iterative approximation 
obtained using scheme (2), and u is the solution of equation (1). The iterative 
method converges in HD if the norm of the error Zk in HD tends to zero as 
k tends to infinity. 

Since the convergence rate depends on the choice of the iterative param
eters Tk, it follows that we should choose them so that the rate of convergence 
will be maximal. 

6.1.2 The problem for the error. We will first investigate the convergence of 
the two-level iterative schemes (2). For this we obtain an equation for the 
error Zk. 

Substituting Yk = Zk + u in (2) for k = 0,1, ... and using equation (1) 
we find 

B_Z;,:...k+:....:1,--_Z..;.;;.k A ° + Zk = , 
Tk+1 

k = 0,1, ... , Zo = Yo - u, 

i.e. the error Zk satisfies a homogeneous equation. Solving this equation for 

and setting Zk = D-1/ 2 Xk, we transform to an equation for the equivalent 
error Xk which will contain one operator. The equation for Xk will have the 
form 

Xk+1 = Sk+1Xk, Sk+1 = E - Tk+ 1C, k = 0,1, ... , (3) 

where C = D1/2 B- 1 AD-1/ 2 • Using this change of variable we have 

therefore the problem of investigating the convergence of the iterative method 
(2) in HD leads to the study ofthe scalar sequence II Xk II, k = 1,2, ... , where 
Xk is defined in (3). 
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We now find the solution of equation (3). From (3) we obtain 

k 

Tk,O = IT S; = Sn Sn-1 ... S1. 
;=1 

This leads to the following estimate for the norm of the error Zk in H D: 

II Zk IID=II Xk 11:::;11 Tk,O 1111 Xo 11=11 Tk,o 1111 Zo liD . 
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(4) 

The operator Tk,o is called the resolving operator for the k-th iteration, and 
Sk is the transformation operator from the (k - I)-st iteration to the k-th 
iteration. 

From the estimate (4) it follows that the iterative method (2) converges 
in H D if the norm of the resolving operator Tk,o tends to zero as k tends to 
infinity. 

Thus, the problem of investigating the convergence of the iterative 
scheme (2) in HD leads to the study of the behavior of the norm of the 
resolving operator Tk,o in the space H as the iteration number k varies. 

The resolving operator Tk,o is defined by the operator C and by the 
iterative parameters r}, r2, • .. , Tk. 

Considering the operator C fixed, we pose the problem of choosing the 
parameters {Tk} so that the iterative method will converge. Among the con
vergent iterative methods, the optimal method will clearly be the one for 
which the parameters Tk guarantee the a.ttainment of a given accuracy f > 0 
after the minimal number of iterations. Using the estimate (4), this require
ment can be phrased in the following equivalent form: for a given n construct 
a set of iterative parameters T}, T2, ••• ,Tn for which the norm of the operator 
Tn,o will be minimal. 

6.1.3 The self-adjoint case. We now rigorously pose the problem of the best 
choice for the iterative parameters for the two-level scheme (2). This problem 
will have a solution under certain assumptions about the operators A, Band 
D. We now formulate these assumptions. 

1) We will assume that the operators A, B, and D are such that the 
operator DB-1 A is self-adjoint in H. If this assumption is satisfied, then we 
will say that we are considering the self-adjoint case. 

2) We will also assume that we are given 1'1 and 1'2 - the constants of 
energy equivalence for the operator D and DB-1 A, i.e. the constants from 
the inequalities 

1'1 > 0, DB-1 A = (DB- 1 A)*. (5) 
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The second assumption defines the type of a priori information about 
the operators for the iterative scheme; this information is used to construct 
formulas for the iterative parameters in the self-adjoint case. The simplest 
example, for which the assumption about the self-adjoint ness of the operator 
DB-1 A is satisfied, is as follows: A = A*, D = B = E, i.e. an explicit scheme 
in the original space H for equation (1) with a self-adjoint operator A. In this 
case, the a priori information consists of bounds for the operator A. More 
complex examples of possible operators D will be considered below. 

Thus, suppose that condition (5) is satisfied. From (5) it follows that the 
operator C = D- 1/ 2(DB- 1 A)D-1 / 2 is self-adjoint in H, and 11 and 12 are 
its bounds, i.e. 

11E ~ C ~ '2E, 11 > 0, C = C* = D- 1/ 2(DB- 1 A)D-1 / 2 . (6) 

In fact, substituting x = D- 1 / 2 y in the inequalities 

we obtain (6). Thus, the assumptions made above about the operators A, B 
and D are equivalent to the conditions (6). 

We now formulate the problem of the optimal choice of the iterative 
parameters for the scheme (2). From the definition of the resolving operator 
Tk,O and the conditions (6) it follows that the operator Tk,o = Tk,o(C) is 
self-adjoint in H and the norm of the polynomial operator Tn,o(C) can be 
estimated in the following way: 

From the estimate (4) it follows that in the self-adjoint case the iterative 
parameters 71,72, ... ,7 n must be chosen so that the maximum modulus of 
the polynomial 

n 

Pn(t) = II (1 - 7k t ), 
k=l 

constructed using these parameters will be minimal on the interval [,1,,2], 
i.e. it is necessary to find the parameters from the condition 
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Then we will have the estimate II zn liD:::; qn II Zo liD for the error in the 
method (2), where 

The problem formulated above is the classical minimax problem. In Sec
tion 6.2 we will derive the solution of this problem and construct a set of 
iterative parameters Tl, T2,"" Tn. The iterative method with this set of pa
rameters is called the Chebyshev method. In the literature, this method is also 
called the Richardson method. 

6.2 The Chebyshev two-level method 

6.2.1 Construction of the set of iterative parameters. In Section 6.1 it was 
shown that the construction of the optimal set of iterative parameters TI, T2, 

.•. , Tn leads to the finding of a polynomial Pn(t) of the form 

n 

Pn(t) = II (1 - Tk t ), 
k=I 

whose maximum modulus on the interval ['y!, 121 is minimal. 

We now solve this problem. Since the form of the polynomial is defined 
by the normalization condition Pn(O) = 1, this problem is formulated as 
follows: among all polynomials of degree n which take on the value 1 for 
t . = 0, find the polynomial which deviates least from zero on the interval 
lI1' 'Y2l not containing the point O. 

The solution of this problem was obtained by the Russian mathemati
cian V.A. Markov in 1892 and was mentioned in an appendix. The desired 
polynomial Pn(t) has the form 

1 
(1) 

qn = T (..l.)' 
n Po 

where Tn(x) is the n-th degree Chebyshev polynomial of the first type, 

( ) _ {cos(narccosx), 
Tn x-I 

cosh( n cosh - x) 

2 1-e 
TO = 11 + 12 ' Po = 1 + e ' 

Ixl :::; 1, 

Ixl:::=: 1, 

1-~ 
PI = 1 +~' 

e = 11. (2) 
12 
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Here 

From this we obtain an estimate for the norm of the error Zn in H D: 

(3) 

where qn is defined in (2). 

We now obtain formulas for the iterative parameters. Since the polyno
mials on the left- and right-hand sides in (1) both take on the value 1 for 
t = 0, the identity in (1) will only be valid in the case where the roots of the 

polynomials Pn(t) and Tn (l~:Pt) are the same. The polynomial Pn(t) has 

roots 1/Tk, k = 1,2, ... , n, and the polynomial Tn(x) has roots equal to 

( 2i -1 ) -cos ~7r , i = 1,2, ... ,n. 

If we denote by Mn the set of roots of the Chebyshev polynomial Tn(x): 

{ 2i-1 
Mn = -COS--7r, 

2n 
i=1,2, ... ,n}, 

then we obtain the following formula for the iterative parameters: 

k = 1,2, . .. ,n. 

(4) 

(5) 

Here Ilk E Mn indicates that Ilk runs sequentially through all elements of 
the set Mn. 

From the resulting formula for the parameters Tk it is clear that the 
iteration count n must be known in order to compute the iterative parame
ters. Therefore we now estimate the iteration count. Usually the termination 
criterion for the iterative process is taken to be the inequality 

II zn liD::; f II Zo liD 

and the iteration count is the smallest integer n for which this inequality is 
satisfied. 

From (3) it follows that for this method the iteration count is found from 
the inequality qn ::; f. Using (2), we find the solution to this inequality. We 
obtain 
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Usually a simpler formula for no(€) is used 

2/ 1 no(€) =In- In-
€ PI 

(6) 

After the required iteration count n has been found, the formulas (5) can be 
used to construct the set of iterative parameters. 

Thus, for the implicit two-level scheme 

we have 

B Yk+l - Yk + AYk = f, 
Tk+l 

Theorem 1. Suppose that 

k = 0,1,00', Yo E H, (7) 

,ID:::; DB-1 A :::; ,2D, 11 > 0, DB-1 A = (DB- 1 A)*, D = D* > 0. 
(8) 

Then the Chebyshev iterative process (7), (4), (5), (2) converges in H D , and 
we have the estimate (3) for the error. The iteration count satisfies the esti
mate (6).0 

From the obtained estimates it follows that, in the self-adjoint case, the 
convergence rate for the Chebyshev method depends on the ratio ~ = ,1/,2, 
where the convergence rate increases as ~ grows. 

6.2.2 On the optimality of the a priori estimate. We now show that, on the 
class of arbitrary initial approximations Yo, the estimate obtained in theorem 
1 for the error of the Chebyshev method is optimal in the case of a finite
dimensional space H. It is sufficient to display an initial approximation Yo 
for which the norm of the equivalent error Xk satisfies the equation II Xn 11= 
qn II Xo II· We now find the initial error Xo which guarantees this, and the 
initial approximation Yo (using the connection between the errors Zk and Xk, 
Zk = D- 1/2 xk ) is defined by the formula Yo = u + D- 1/ 2XO' 

We now find the desired Xo. Assume that H is a finite-dimensional space 
(H = HN)' Since the operator C is self-adjoint in H, there exists a complete 
system of eigenfunctions VI, V2, 00', VN for the operator C. We denote by 
Ak the eigenvalue of the operator C corresponding to the eigenfunction Vk. 

Assume that the eigenvalues are ordered Al :::; A2 :::; ... :::; AN. Then the 
bounds for the operator C can be taken as 11 = Al and 12 = AN. 
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As the initial error Xo we choose the eigenfunction VI. From the equation 
for the error x k : 

Xk+1 = (E - Tk+1C)Xk, k = 0,1, ... , Xo = VI. 

and the equation CVk = AkVk we sequentially obtain 

Xl = (E - T1C)XO = (1 - Tl/dV1 = (1 - Tl/dxo, 

X2 = (E - T2C)X1 = (1 - T1/1)(E - T2C)XO = (1 - Tl/d(l- T2/dxo, 

n 

Xn = II(1- Tk/dxo = Pn('d(xo). 
k=l 

Substituting t = 11 in (1) and taking into account the equation I-Ta,l = 
Po, we compute Pn(/1) = qnTn(1) = qn, and consequently, 

which is what we were required to prove. 

Thus, it has been shown that the a priori estimate obtained in theorem 
1 is optimal in the class of arbitrary initial approximations. 

6.2.3 Sample choices for the operator D. We introduce now some sample 
choices for the operator D. Recall that the Chebyshev method is being looked 
at under the assumption that the operator DB-1 A is self-adjoint. Below 
we will indicate the requirements on the operators A and B for which this 
assumption will be satisfied for the given choice of D. For each concrete 
choice of the operator D, we will give inequalities which supply the a priori 
information about the operators for the iterative scheme. This information is 
used to construct the set of iterative parameters in the Ch~byshev method. 

Example 1. Suppose that A and B are self-adjoint and positive-definite 
in H. Then it is possible to choose the operator D as one of the following 
operators: either A or B. If, in addition, the operator B is bounded in H, 
then it is possible to take D = AB-1 A. Here the a priori information consists 
of the constants of energy equivalence for the operators A and B: 

11 > 0, B >0. (9) 

In fact, it is necessary to show that the following conditions are satisfied: 
the chosen operator D is self-adjoint and positive-definite in H, the operator 
DB-1 A is self-adjoint in H, and the inequalities (8) and (9) are equivalent. 
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The self-adjointness of the operators D and DB-l A for all considered 
cases follows from the self-adjointness of the operators A and B. In the case 
where D = A or D = B, the positive-definiteness of D follows from the 
positive-definiteness of the operators A and B. We show now that the oper
ator D = AB-l A is also positive definite in H. 

Suppose that the conditions on the operators A and B formulated above 
are satisfied: A = A* ~ aE, B = B* ~ PE, II Bx II~ M II x II, a,p > 0, 
M < 00. From these conditions and lemmas 6 and 8 from Section 5.1 we 
obtain that B-1 ~ kE and (Ax, Ax) ~ a(Ax,x) ~ a2(x,x). From this we 
find that the energy of the operator D is bounded from below 

(Dx,x) = (AB- I Ax,x) = (B- I Ax,Ax) 
2 

I.e. D ~ ~E. 

Consequently, the positive-definiteness of the operator D = AB-l A has been 
proved. 

We now show that the inequalities (8) and (9) are equivalent for these 
examples. Suppose that (9) is satisfied: 

/'1(Bx,x) ~ (Ax, x) ~ /'2(Bx, x), /'1 > 0, (10) 

If D = B, then DB-l A = A and, consequently, inequalities (10) and 
(8) are the same. Suppose now that D = AB-l A. In this case DB-1 A = 
AB-I AB-l A and, substituting x = B-1 Ay in (10) we obtain 

or 

i.e. we obtain inequality (8). The reverse path from (8) to (10) is obvious. 

If D = A then DB-l A = AB-l A. From lemma 9 Section 5.1 it follows 
that, for self-adjoint and positive-definite operators A and B, inequality (10) 
and 

/'1 > 0 

are equivalent. Setting here x = Ay, we obtain (8). The reverse path is 
obvious. 
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This inequality allows us to prove at once the positive-definiteness of D: 

(Dx,x) ~ (t'Yl(X, x). 

In fact, 

Example 2. Suppose that the operators A and B are self-adjoint, positive
definite in H, and commutative: A = A* > 0, B = B* > 0, AB = BA. If D 
is taken to be the operator A 2 , then the a priori information can be given in 
the form of the inequalities (9). 

The self-adjointness and positive-definiteness of the operator D follows 
from the self-adjointness and non-singularity of the operator A. Further, 
DB-l A = A(AB-l )A, and since the operators A and B commute, the op
erators A and B-1 also commute. From this and from the self-adjoint ness of 
the operators A and B, the self-adjointness of the operator DB-l A follows. 

In this case, the inequality (8) has the form 

1'1 > O. 

Substituting here x = A-I B l / 2 y and using the commutativity of the roots 
of the operator B with the operator A, we find 

'Yl(By,y) ~ (Ay,y) ~ 'Y2(By,y), 

i.e. we obtain inequality (9). The path from (9) to (8) is obvious. 

We now consider one further example. Suppose that A and B are arbi
trary non-singular operators satisfying the conditon 

B*A = A*B. (11) 

If we choose D to be the operator A * A then the a priori information can be 
given in the form of the inequalities 

'Yl(Bx,Bx) ~ (Ax,Bx) ~ 1'2 (Bx, Bx), 1'1 > O. (12) 

The self-adjointness of the operator D is obvious, and the positive-definiteness 
follows from the non-singularity of the operator A. Since the operator B 
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is non-singular, condition (11) can be written in the form of the condi
tion AB-l = (B*)-IA*, which expresses the self-adjointness of the oper
ator AB-l. From this we obtain that the operator DB-l A = A* AB-l A is 
self-adjoint in H. Further, substituting x = B-1 Ay in (12), we obtain 

'Yl(Ay,Ay) ~ (AB- IAy,Ay) ~ 12(Ay,Ay) 

or 

Thus, from the inequalities (12), (8) follows. The reverse path from (8) to 
(12) is obvious. 

In conclusion we remark that, for the case of self-adjoint, positive-defi
nite, and bounded operators A and Bin H, the Chebyshev iterative method 
converges in HD, where D = A, B, or AB-l A (and if, in addition, A and B 
commute, then we can also choose D = A2), with an identical rate, defined 
by the ratio of the constants II and 12 from the inequalities (9). 

We particularly comment on the cases D = AB-l A and D = A* A. With 
this choice of the operator D, the norm of the error in HD can be computed 
during the iterative process. In fact, for D = AB-1 A we obtain 

and for D = A * A: 

where rn = AZn = AYn - Au = AYn - f is the residual at the n-th iteration, 
and Wn = B-1rn is the correction. These quantities can be found during the 
iterative process. 

6.2.4 On the computational stability of the method. When studying the con
vergence of the Chebyshev method it was assumed that the computational 
process is ideal, i.e. the computations are carried out in infinite precision. 
In a real computational process, all the computations are performed with a 
finite number of digits, and at each stage rounding errors appear. Rounding 
errors in the results of arithmetic operations give rise to computational errors 
in the method. 

In iterative methods, the computational error of the method is formed 
from the errors arising at each iteration. If the number of iterations is suffi
ciently great, and the iterative method possesses the property that rounding 
errors are accumulated at each iterative step, then the computational error 
of such a method can be so great that it produces a complete loss of accu
racy and the iterative approximation Yn will be significantly different from 
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the desired solution. Therefore, for iterative methods it is important to study 
the mechanism whereby errors arise, and to find those steps of the algorithm 
which produce growth in the computational error of the method. In a series 
of cases, certain changes in the computational process allow us to diminish 
the growth in the computational error and to make the method suitable for 
practical computation. 

Another peculiarity of a real computational process is connected with 
the presence on a computer of a "machine zero" and a "machine infinity". 
These concepts characterize the size of numbers which can be represented on 
a computer. For example, on the BESM-6 computer in single precision it is 
possible to represent real numbers whose absolute values lie in the range 10-19 

to 1019 • These are also bounds for "machine zero" and "machine infinity". 
If the result of a computation on the computer is a number which does 
not lie in this interval, then the computation is stopped and leads to a so
called "machine exception". Therefore the requirement of an "exceptionless" 
iterative process is natural. 

Thus the iterative method must be "exceptionless" and stable with re
spect to the rounding errors. 

In Section 6.2.1 we constructed the Chebyshev two-level method. In the
orem 1 it was shown that, if we perform n iterations with the parameters 
Tk = To/(1 + POILk), ILk E Mn, k = 1,2, ... , n, then the error Zn will satisfy 
II Zn IID~ qn II Zo liD' For the ILk we sequentially choose all the elements of 
the set M n in any order. 

We now study the computational stability of the Chebyshev method. 
For definiteness we will say that ILk is the k-th element of the set Mn. Then 
a different ordering of the set Mn will give rise to a different sequence {ILk} 
and, consequently, to a different sequence of iterative parameters {Tk}. 

From the point of view of an ideal computational process, all the se
quences of Chebyshev iterative parameters are equivalent, i.e. each sequence 
must guarantee that we obtain the same approximation Yn and, consequently, 
the same accuracy after the completion of n iterations. Different rounding 
errors in a real computational process lead to non-equivalent sequences of 
iterative parameters. 

We illustrate this assertion with an example. Suppose that on the grid 
W = {Xi = ih, 0 ~ i ~ N, h = liN} we are required to find the solution to 
the following difference problem: 

Ay = Y:tx - dy = -cp(x), X Ew, 

y(O) = 0, y(l) = 1, d = constant > O. 

In Section 5.2 it was shown that the difference scheme can be reduced to the 
operator equation 

AY=f, (13) 
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where the operator A is defined as follows: Ay = -Ay, where y E iI, y(x) = 
y(x) for x E w. Here iI is the set of grid functions defined on wand reducing 
to zero for x = ° and x = 1, and H is the space of grid functions defined in 
w with inner product 

(u,v) = Lu(x)v(x)h. 
zEw 

The right-hand side f of equation (13) differs from the right-hand side cp of the 
difference scheme only in the near-boundary nodes of the grid: f( x) = cp( x), 
h :::; x :::; 1- 2h, f(l- h) = cp(l- h) + 1/h2. 

To approximately solve equation (13), we look at the explicit Chebyshev 
method 

Yk+1 - Yk + A - f Yk - , 
Tk+l 

k = 0,1, ... , Y E H. (14) 

Since the operators A and B = E are self-adjoint in H, it follows from the 
examples considered in Section 6.2.3 that it is sufficient to use the bounds 
on the operator A: 'hE:::; A :::; /2E, /1 > 0, as the a priori information for 
the Chebyshev method (14) if the operator D is taken to be B = E. It is 
obvious that /1 and /2 are the same as the smallest and largest eigenvalues 
of the difference operator A, i.e. 

4 . 27rh 
/1 = h2 sm 2"" + d, 

4 27rh 
/2 = h2 cos 2"" + d. 

The iterative parameters Tk are computed from the formulas 

Tk = TO/(l + POJ.tk), J.tk E M n , k = 1,2, ... , n, 

TO = 2/«1 + (2), Po = (/2 - ,d/«2 + rd· 
(15) 

We considered three sequences of iterative parameters, defined by the 
following orderings for M n: 

1) the "forward" sequence 

I.e. J.tk = Uk, k = 1,2, ... ,nj 

2) the "reverse" sequence 

I.e. J.tk = Un -k+l, k = 1,2, ... ,nj 
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3) the "alternating" sequence 

Mn = M~3) = {0"1,0"n,0"2,O"n-l .•• }, 

i.e. {l2k-l = 17k, {l2k = O"n-k+l, k = 1,2, ... ,n/2. 

Here we have denoted 
2k -1 

17k = - cos ---7r. 
2n 

The computation was carried out in the following way: select the number 
of iterations n and use the scheme (14), (15) for each sequence of iterative 
parameters to carry out n iterations. The actual accuracy which was achieved 
after n iterations was defined by the formula 

II Yn - U II 
factual = II Yo - U II· 

For comparison, we computed the value of qn, where 

1-~ 
PI = 1 +~' 

t _ /1 
<,,- , 

/2 

which defines the theoretical accuracy of the method, when the number of 
iterations is equal to n. In all cases the initial approximation Yo was set 
equal to zero on w. The exact solution of the difference problem y( x) = x 
corresponds to the right-hand side <p(x) = dx. The coefficient d was chosen 
so that /1 was equal to 0.1: 

/1 = 0.1, 
4 

/2 = 0.1 + h2 cos 'lrh, 

The results of the computations for N = 10 are given in table 5. In this table, 
in addition to the indicated sequence of parameters, we give the results for 
the optimal ordering of the set M~, which will be described below. 

These results show that for a real computational process the sequences of 
iterative parameters are not equivalent. The computations demonstrated two 
characteristic peculiarities of a real computational process: the possibility of 
"overflow", arising from growth in the intermediate iterative solutions, and 
the possibility of loss of accuracy in an exceptionless situation, resulting from 
the accumulation of rounding errors. 

The cause of such computational instability in the method for certain 
sequences of iterative parameters is the fact that the norm of the transfor
mation operator from iteration to iteration Sk = E - TkC is greater than one 
for some values of k. 
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Table 5 

factual 

n qn 

M~l) M~2) M~3) M* n 

16 8.79.10-1 8.14.10-1 8.14.10-1 8.14.10-1 8.14.10-1 

24 7.58.10-1 9.62.10-1 7.11.10-1 7.11.10-1 7.11.10-1 

32 6.30.10-1 3.38.103 3.55.102 5.63.10-1 5.63.10-1 

40 5.09.10-1 3.07.107 2.44.106 5.03.10-1 4.85.10-1 

48 4.04.10-1 overflow 3.46.1010 2.47.100 3.64.10-1 

56 3.17.10-1 - 1.02.1015 2.29.102 3.10.10-1 

64 2.47.10-1 - overflow 1.87.104 2.23.10-1 

72 1.92.10-1 - - 1.73.106 1.72.10-1 

80 1.49.10-1 - - overflow 1.44 .10-1 

... ... ... .. . . .. . .. 
256 4.97 ·10":'4 - - - 4.80.10-4 

.. . ... ... .. . ... . .. 
512 1.23.10-7 - - - 1.15.10-7 

In fact, since S,. is a self-adjoint operator in H, II s,. 11= sup I(S,.x, x)l. 
11%11=1 

Using the bounds 11, 12 for the operator C 

11 > 0, 

we find 

We substitute here T,. from (15) and use the equations 1-Po = TOIl, 1 + Po = 
TO l 2. We obtain 
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and, consequently, 

From this it follows that II Sk II> 1 for J.Lk < -(1- Po)/(2po). Since J.Lk E Mn, 

7r 2n -1 7r 
-cos- < Ilk < -COS---7r = cos-2n - r - 2n 2n' k = 1,2, ... ,n, 

and, consequently, for k large the norm II Sk II> 1 (this is for k approximately 
equal to n/2). Therefore, if we sequentially use enough parameters Tk for 
which the norm of the operator Sk is bigger than one, then it is possible to 
produce an accumulation of rounding errors and a growth of the iterative 
approximations which leads to computational instability in the method. 

Theorem 1 actually expresses the stability of the iterative scheme in 
terms of the initial data. In the case of an actual computational process, it is 
also necessary to investigate the stability of the iterative scheme in terms of 
the right-hand side, since rounding errors can be interpreted as perturbations 
in the right-hand side of the iterative scheme at each iteration. 

If rounding error is considered then, in place of a homogeneous equation 
for the equivalent error Xk, we obtain the non-homogeneous equation 

k = 0,1, .... 

Here Xk = D 1/ 2 (jh - u), where fh is the actual iterative approximation. 

Solving equation (16), we find 

where 

n 

Xn = Tn,oxo + L TjTn,j'Pj, 
j=l 

n 

Tn,j = II S;, Tn,n = E. 
i=j+1 

From this we obtain the following estimate: 

n 

(16) 

II Xn II~II Tn,o 1111 Xo II + LTj II Tn,j IIl~~n II 'Pj II· (17) 
j=l _J_ 
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The estimate of the norm of the operator Tn,o does not depend on the 
ordering of the set M n , and for any sequence of Chebyshev parameters Tk 

we have II Tn,o 11:5 qn' The estimate for 

n 

LTj II Tn,j II 
j=1 

depends on the ordering of the set Mn. From (17) it follows that the set Mn 
must be ordered so that this summation takes on its minimal value. 

The following lemma indicates the smallest possible value of this sum
mation. 

Lemma 1. If 1'1 and 1'2 are preci3e bound3 on the operator C, then for any 
ordering of the 3et Mn we have the e3timate. 

~ 1-qn 
0 Tj II Tn,j II~ --. 
j=1 1'1 

Proof. From the definition of the operator Tn,j we obtain 

Since 

n 

TjTn,j = (Tn,j - Tn,j_dC-1, LTjTn,j = (E - Tn,o)C-1 • 

j=1 

then it is sufficient to estimate the norm of the operator (E - Tn ,o)C-1 • This 
operator is self-adjoint in H, and if 1'1 and 1'2 are bounds for the operator C, 
then 

1 - qnTn (~) = 1 - qn 

1'1 1'1 
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Thus, it has been shown that for any x E H we have the estimate 

II (E - Tn,o)C-1x II::::; 1 - qn II x II . 
'Y1 

(18) 

Since 'Y1 is a precise bound for the self-adjoint operator C, 'Y1 is smallest 
eigenvalue of the operator C. Substituting the eigenfunction corresponding 
to the smallest eigenvalue of the operator C in place of x in (18), we find 
that (18) becomes an equality. Consequently, we have obtained the estimate 
II (E - Tn,o)C-1 11= (1 - qn)h1. The lemma is proved. 0 

6.2.5 Construction of the optimal sequence of iterative parameters" 
6.2.5.1 The case n = 2P • The order in which we use the iterative parameters 
Tk in the Chebyshev method significantly influences the convergence of the 
method. Therefore there arises the problem of constructing the best sequence 
of iterative parameters, guaranteeing the minimal influence of rounding er
ror on the method. Since the sequence of parameters is determined by the 
ordering of the set Mn, it is necessary to construct the optimal ordering of 
the set Mn. 

We now derive the solution to this problem. Assume initially that the 
number of iterations is a power of 2: n = 2P • We denote by ()m the set 
consisting of the m integers: 

Starting with the set ()1 = {I}, we construct the set ()2P according to the 
following rule. Suppose that the set ()m has been constructed. Then the set 
()2m is defined by the formulas 

()2m = {()~~m) = 4m - ()~m), ()~~~{ = ()~m), i = 1,2, ... , m}, 

m = I,2,4, ... ,2P- 1. (19) 

It is not difficult to verify that the set ()21c consists of the odd integers 
between 1 and 2k+1 - 1. 

• The method of ordering the it&ative parameters has been published elsewhere: see 
E.S. Nikolayev, A.A. Samarskii (Journal of Computational and Mathematical Physics, 12, 
No 4, 1972) for the case of arbitrary nand [8] for the case n=2P • 
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Using the set (J2 P , we order the set M 2P as follows: 

f.l. - .!:...(J(") 
/0'. - 2n. i , i = 1,2, ... , n} , 
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(20) 

This is the desired ordering of the set M .. in the case when n = 2P• For the 
sequence of iterative parameters corresponding to this ordering we have the 
estimate 

~ l-qn 
L...J Tj II Tn,j 11:5 --. 
j=1 1'1 

Comparing this estimate with the estimate in lemma 1, we ascertain that this 
ordering of the set M: in fact guarantees the minimal influence of rounding 
error on the convergence of the Chebyshev method. 

We now give several examples of construction of the set (In. 

1) n = 8 
(J1 = {I}, (J2 = {1,3}, (J4 = {1,7,3,5}, 

(Js = {1,15,7,9,3,13,5,11}. 

The set (Js has been constructed. The set Ms is ordered using the formula 
(20). 

2) n = 16. Using the set (Js found above, we construct the set (J16 using 
formula (19): 

(J16 = {1,31,15,17,7,25,9,23,3,29,13,19,5,27,11,21}. 

3) n = 32. 

(J32 = {1,63,31,33, 15,49, 17,47, 7,57,25,39,9,55,23,41,3,61, 

29,35, 13,51, 19,45,5,59,27,37, 11,53,21,43}. 

From the formulas (19) there follows a simple rule for transforming from 
the set (Jm to the set (J2m: (J~~~1 = (J~m) and the sum of two neighboring 
numbers is equal to 4m: 

(J(2m) + (J(2m) - 4 
2i-1 2i - m, i = 1,2, ... ,m. 

An analogous transformation rule applies in the general case, which we now 
consider. 

6.2.5.2 The general case. Suppose that the number of iterations n is any inte
ger. We now describe the process for constructing the set (J ... The elementary 
stages of this process are the transformations from the set (Jm to the set (J2m 

and from the set (J2m to the set (J2m+1, where m is an arbitrary integer. 
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We now formulate the rules for transforming from set to set. 

1) Transformation from 82m to 82m+1 consists of adding the odd number 
2m + 1 to the set 82m • 

2) Transformation from 8m to 82m is achieved as follows. If the next step 
is the transformation from 82m to 84m or if the transformation from 8m to 
82m is the last step in the process of constructing 8n , then we use the formulas 
introduced above: 

1I(2m) _ lI(m) 1I(2m) + 1I(2m) - 4 
1l2i-l - Ili , 1l2i-l 1l2i - m, i = 1,2, ... ,m. (21) 

If the next step is the transformation from 82m to 82m+1 , then we use the 
formulas 

1I(2m) _ lI(m) 1I(2m) + 1I(2m) - 4 + 2 
1l2i-l - Ili , 1l2i-l 1l2i - m , i = 1,2, ... ,m. (22) 

Using these rules and alternating as necessary between transformations 
from a set with an even number of elements to a set with an odd number 
of elements and from a set with m elements to a set with 2m elements, it is 
possible, starting from 81 = {I} to construct the set 8n for any n. 

We introduce several examples. 

1) n = 15. In this case the transformation from 81 to 8n is performed 
according to the following chain: 

In accordance with the rules laid out above, the transformations from 81 to 
82 , from 83 to 86 , and from 87 to 814 are achieved using formulas (22), and 
for the trnasformations from 82 to 83 , from 86 to 87 , and from 814 to 815 it 
is necessary to add the corresponding odd numbers to the original sets. This 
gives 

81 = {I}, fh = {1,5}, 83 = {1,5,3}, 

86 = {I, 13,5,9,3, 11}, 87 = {I, 13, 5, 9, 3, 11, 7}, 

814 = {1,29,13,17,5,25,9,21,3,27,11,19,7,23}, 

815 = {1,29,13,17,5,25,9,21,3,27,11,19,7,23,15}. 

The set Mr5 is ordered using formula (20). 

2) n = 25. To this case corresponds the chain 

and the transformations from 81 to 82 and from 812 to 824 are obtained from 
formulas (22), the transformations from 83 to 86 and from 86 to 812 using 
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formulas (21), and the transformations from 82 to 83 and from 824 to 825 by 
adding an odd number. We obtain 

81 = {I}, 82 = {1,5}, 83 = {1,5,3}, 86 = {1,11,5, 7,3,9}, 

812 = {1,23,11,13,5,19, 7,17,3,21,9,15}, 

924 = {1,49,23,27,11,39, 13,37,5,45, 19,31, 7,43,17,33, 

3,47,21,29,9,41,15,35}, 

925 = {1,49,23,27,11,39,13,37,5,45,19,31, 7,43,17,33, 

3,47,21,29,9,41,15,35,25}. 

The procedure laid out above for constructing the set 9n for arbitrary n 
can be formalized. To do this we represent n in the form of an expansion in 
powers of 2 with integer exponents k j : 

We form the following quantities: 

j 

n . - I J L2k .-k . 
J - , j = 1,2, ... ,8, 

i=1 

and set n s+l = 2n + 1. Using the formulas (23) we construct the set 9nj : 

i = 1,2, ... ,nj -I}, (23) 

for j = 1 we choose 91 = {I}. Then using formula (24) we construct the sets 

9(2m) _ 9(m) 
2i-l - i , i = 1,2, ... ,m} (24) 

for m = nj, 2nj, 4nj, ... , [(njH - 1)/4), where [a) is the integer part of a. If 
[(nj+l -1)/4) < nj, then the computation in formula (24) is not carried out, 
the transformation to the next stage is completed. If j = 8 then the necessary 
set 9n has already been constructed. Otherwise set m = (nj+1 - 1)/2 and 
construct the set 

9(2m) _ 9(m) 
2i-1 - i , i=I,2, ... ,m}. (25) 

Then j is increased by 1 and the process is repeated, starting with formula 
(23). As a result we have constructed the set 9n • The set M~ is ordered 
according to formula (20). 
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For the case n = 2P algorithm (23)-(25) simplifies to the algorithm 
described by formula (19). In fact, for n = 2P we obtain s = 1, kl = P, 
nl = 1, na+l = 2P+1 - 1. Consequently, in algorithm (23)-(25) j only takes 
on the value one, and the computations proceeds according to formula (24) 
for m = 1,2,4, ... ,2p-l. 

We illustrate a property of the ordering constructed here for the set M~ 
on the example considered in Section 6.2.1. The given number of iterations 
was varied from 16 to 512 in increments of 8. For each n the actual precision 
attained after the completion of n iterations did not surpass the theoretical 
precision qn (q512 = 1.23 . 10-7 ), and the process was "exceptionless" (see 
table 5). 

6.3 The simple iteration method 

6.3.1 The choice of the iterative parameter. In Section 6.2 we solved the 
problem of constructing the optimal set of iterative parameters Tk for the 
two-level scheme 

B Yk+l - Yk + AYk = j, 
Tk+l 

k = 0,1, ... , Yo E H 

under the assumption that the operator DB-1 A is self-adjoint in Hand 
that we are given /1 and /2 - the constants of energy equivalence for the 
operators D and DB -1 A: 

/1> 0. (1) 

We obtain now the solution of this problem with the additional limitation 
Tk == T, i.e. under the assumption that the iterative parameters do not depend 
on the iteration number k. This problem arises when finding the iterative 
parameter T for the stationary two-level scheme 

k = 0,1, .... (2) 

We recall now the formulation for the problem indicated above: among all 
polynomials of degree n of the form 

n 

Qn(t) = II (1 - Tjt), 
j=1 

find the polynomial which deviates least from zero on the interval [,11/2]. 
Because of the above limitation, the polynomial Pn(t) has the form 
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Therefore the problem stated above is equivalent to the following: among all 
polynomials of first order which are equal to one for t = 0, find the polynomial 
which deviates least from zero on the interval [1'1,1'2]' 

This problem is a special case of the problem considered in Section 6.2. 
In this case n = 1, and from the results of Section 6.2.1 it follows that the 
desired polynomial has the form 

where 

2 
TO = , 

1'1 + 1'2 

1-e 
pO=l+e' 

2PI 
ql = --2 =Po, 

1 +PI 

1-Je 
PI = 1 + Je' 

t _ 1'1 .,,- , 
1'2 

Here TI (x) is a Chebyshev polynomial of the first kind. Since TI (x) = x, the 
polynomial QI(t) has the form 

therefore 

Thus, the optimal value of the parameter T for the scheme (2) has been 
found: 

(3) 

Since the norm of the resolving operator Tn,o for the scheme (2) (see Section 
6.1.3) is bounded as follows: 

for T = TO we obtain the estimate II Tn,o II ~ Po' From this follows the estimate 
for the error Zn in HD: 

II Zn II D ~ p~ II Zo II D . (4) 

The iterative method (2), (3) is called the 8imple iteration method. 

Thus, we have proved 

Theorem 2. Suppo8e that the 8elf-adjoint operator DB-1 A 8ati8jie8 the con
dition8 (1). The 8imple iteration method (2), (3) converge8 in HD, and the 
error aati8jie8 the e8timate (4). For the iteration count we have the e8timate 
n ~ no(e), where no(e) = lne/lnpo. 0 
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Remark. As for the Chebyshev method the a priori estimate of the error 
for the simple iteration method is optimal in the case of a finite-dimensional 
space. 

We now compare the iteration counts for the Chebyshev method and the 
simple iteration method. From theorem 1 for the case of small C we have the 
following estimate for the iteration count for the Chebyshev method: 

From theorem 2 we obtain an estimate for the iteration count for the simple 
iteration method 

lnf 1 1 
nO(f) = - ~ -In-. 

lnp 2C f 

From these estimates it follows that for C <t: 1 the iteration count for the 
Chebyshev method is significantly less than the iteration count for the simple 
iteration method. For example, for C = 0.01 the iteration count for the simple 
iteration method is approximately 10 times larger than for the Chebyshev 
method. 

6.3.2 An estimate for the norm ofthe transformation operator. In Section 3.1 
we investigated te convergence rate for the simple iteration method. There 
the simple iteration method was considered as a special case of the Chebyshev 
method. For methodological reasons it will be useful to study the convergence 
of the simple iteration method independently from the Chebyshev method. 

Thus, suppose that we are finding the approximate solution of the equa
tion 

Au =1 

using the two-level scheme (2) 

B Yk+ 1 - Yk + AYk = I, 
r 

k = 0,1, ... , Yo E H. (5) 

To study the convergence of the scheme (5) we transform to the problem for 
the equivalent error Xk = D 1 / 2 Z k : 

k = 0,1, ... , S=E-rC, (6) 

where C = D 1/ 2 B-1 AD-1/ 2 . Using (6), we find an explicit expression for Xn 

in terms of Xo: Xn = snxo , from which follows an estimate for the norm of 
the error Zn in H D 

II Zn IID=II Xn 11::;11 sn 1111 Xo 11=11 sn 1111 Zo liD . (7) 
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We will assume that the operator DB-t A is self-adjoint in H and that 
the constants It and 12 in the inequalities (1) are given. Under these assump
tions the operator C, and in addition the operator S, are self-adjoint in H 
and It and 12 are bounds on the operator C: 

It > 0, C=C*. (8) 

By the self-adjointness of the operator S, we have the equation II sn 11= 
II S lin. Therefore from the estimate (7) it follows that the iterative parameter 
T must be chosen from the condition that the norm of the transformation 
operator S = E - TC be a minimum. 

We have 

Lemma 2. Suppose S = E - TC and that the conditions (8) are satisfied. 
The norm of the operator S is minimal for T = TO = 2/( It + 12), and we 
have the estimate 

II S 11=11 E - TOC 11= Po, po = (1 - e)/(l + e), 

Proof. Since S is self-adjoint in H, from the definition of the norm we obtain 

Since cp(t) = 1-Tt is a linear function, the maximum value in modulus of cp(t) 
on the interval hI, 121 can be achieved only at an endpoint of the interval. A 
direct computation gives 

II S 11= max(11- Tit I, 11- TI 21) = {CPt«T» = 1 - Till! 
CP2 T = TI2 - , 

o ~ T ~ TO, 
TO ~ T, 

where TO is indicated in the lemma. Since the function CPt ( T) decreases on 
the interval [0, TO], and cp2(T) increases for T ~ TO, the minimum ofthe norm 
of the operator S is achieved for T = TO and is equal to po = 1 - TO'YI = 
TO'Y2 - 1 = (1 - e)/(l + e), e = II!'Y2. The lemma is proved. 0 

From lemma 2 and the estimate (7) it follows that for T = TO the error 
for the iterative scheme (5) satisfies the estimate 

II Zn IID~ p~ II Zo liD. 
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Thus, we have obtained another proof of theorem 2 formulated above 
concerning the convergence of the simple iteration method. Sample choices 
of the operator D, for which the self-adjointness condition on the operator 
DB-l A is satisfied, were considered in Section 6.2.3. 

6.4 The non-self-adjoint case. The simple iteration method 

6.4.1 Statement of the problem. In Sections 6.2, 6.3 we constructed two
level iterative methods for approximating the solution of the linear operator 
equation 

Au=f (1) 

with a non-singular operator A, defined in the real Hilbert space H. It was 
assumed that the operators A, B, and D were such that the operator DB-1 A 
is self-adjoint in H, and that the constants of energy equivalence 1'1 and 1'2 
were given for the operators D and DB-l A, where 1'1 > o. 

Under these assumptions, the problem of the optimal choice of the it
erative parameters was solved and they were constructed for the Chebyshev 
method and for the simple iteration method. In Section 6.2.3 we looked at 
several sample choices for the operator D and found the conditions for the 
self-adjointness of the operator DB-l A for each concrete choice of the oper
ator D. 

Clearly, if the operators A and B are given, then it is not always possible 
to pick an operator D for which the operator DB-1 A will be self-adjoint in 
H. Consequently, it is necessary to study iterative methods in the non-self
adjoint case also. 

In this subsection we study the simple iteration method for the non-self
adjoint case. We will consider several ways of choosing the iterative parameter 
based on the volume of a priori information about the operators of the iter
ative scheme. 

Thus, suppose that the operator DB-l A is non-self-adjoint in H. In 
order to approximately solve equation (1) we will consider the implicit two
level iterative scheme 

B Yk+l - Yk + AYk = f, 
r 

k = 0,1, ... , Yo E H. (2) 

To investigate the convergence of the scheme (2), we as usual transform 
to the problem for the equivalent error Xk = D1/ 2 Zk 

k = 0,1, ... , S=E-rC, (3) 
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where C = D l / 2 B- 1 AD- l / 2 • Under the assumptions made above, the oper
ator C is non-self-adjoint in H. From these changes and from equation (3) 
we obtain 

xn = snxo , II Xn 11=11 Zn IID~II sn 1111 Xo 11=11 sn 1111 Zo liD. (4) 

Consequently, the iterative parameter r must be selected from the condition 
that the transformation operator sn have minimal norm. 

6.4.2 Minimizing the norm oC the transCormation operator 
6.4.2.1 The first case. We now obtain an estimate for the norm of the operator 
sn. Since for any operator we have the estimate II sn II ~ II s II n, the first 
way to choose the parameter r consists of finding the parameter r from the 
condition that the norm of the transformation operator S be a minimum. We 
obtain two types of estimates for the norm of the operator S depending on 
the volume of a priori information about the operator C. 

In the first case it is assumed that the a priori information consists of 
the constants 71 and 72 from the inequalities 

'Y1(X,X) ~ (Cx, x), (Cx,Cx) ~ 72(CX, x), 71 > O. (5) 

If C = C*, then 71 and 72 are bounds for the operator C. 

Lemma 3. Suppose that 71 and 72 are given in the inequalities (5); then we 
have the following estimates for the norm of the operator S = E - rC where 
r= 1172 

II s II~ p, p = VI=e, e = 71172. 

Proof. Using (5) we obtain 

II Sx 112=11 x - rCx 112= (x,x) - 2r(Cx,x) + r 2(Cx,Cx) 
~ (x, x) - 2r(Cx, x) + r2'Y2(CX, x) =11 x 112 -r(2 - r72)(Cx, x). 

From this it follows that if the condition r(2 - r'Y2) > 0 is satisfied, i.e. 
o < r < 2172 then the norm of the operator S will be less than one. Suppose 
that this condition is satisfied, then, using (5), we obtain 

and, consequently, 
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The function 'P(7) = 1- 7'Yl(2 - 7/2) has a minimum at the point 7 = 1h2, 
equal to 'P(lh2) = 1 - ~, where ~ = '1h2. Therefore, for the indicated 
value of the parameter 7, the norm of the operator S satisfies the estimate 
II S II:::; ~. The lemma is proved. 0 

Substituting in (5) the operator C = D-1/2(DB-1 A)D-1/2, we obtain 
that the inequality (5) is equivalent to the following inequality: 

'1(Dx, x) :::; (DB- 1 Ax, x), 
(DB- 1 Ax, B-1 Ax) :::; /2(DB- 1 Ax, x), /1 > o. (6) 

Substituting in (4) the estimate for the norm of the operator S obtained in 
lemma 3, we find 

II zn liD:::; pn II Zo liD, p=~. (7) 

Theorem 3. Suppose /1 and /2 are the constants from the inequalities (6). 
The simple iteration method (2) with the iteration parameter 7 = 1//2 con
verges in H D, and the error Zn satisfies the bound (7). The iteration count 
satisfies the estimate n ~ no(E), where no(E) = InE/lnp, p = ~, ~ = 
,d/2.D 

We give now sample choices for the operator D and concrete forms of 
the inequalities (6). In table 6 are laid out: the assumptions on the operators 
A and B, the operator D, and the form of the inequalities (6). To obtain 
the concrete form of the inequalities (6) we start from the inequalities (6), or 
from the equivalent inequalities 

obtained from (6) by making the change x = A -1 By. 
Notice the inequalities 

/l(Bx,Bx):::; (Ax, Bx), (Ax,Ax):::; /2(Ax,Bx), /1> o. 

If these conditions are satisfied, then for the special cases examined in 
table 6 it is possible to choose the operator D as either the operator A 2 , if 
A = A * , or the operator A * A. For this choice of the operator D, the norm of 
the operator Zn in H D can be computed during the iteration process 
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Table 6 

AandB D inequalities 

1) A = A* > 0, AorB*A-1B 1'1 (Bx, A-I Bx) ~ (Bx, x), 

(Ax, x) ~ 'Y2(Bx,x) 

B", B* > 0 A2 or B*B 'Y1(Bx,Bx) ~ (Ax, Bx), 

(Ax, Ax) ~ 'Y2(Ax,Bx) 

2) A", A* > 0, B or A*B-1A 1'1 (Bx,x) ~ (Ax, x), 

(Ax,B-1Ax) ~ 1'2 (Ax, x) 

B=B* >0 B2 or A*A 'Y1(Bx,Bx) ~ (Ax, Bx), 

(Ax, Ax) ~ 1'2 (Ax, Bx) 

3) A", A* > 0, A*A or B*B 'Y1(Bx,Bx) ~ (Ax, Bx), 

B",B* >0 (Ax, Ax) ~ 'Y2(Ax, Bx) 

4) A=A*, B=B*, A2 or B2 'Y1(Bx,Bx) ~ (Ax, Bx), 

AB",BA (Ax,Ax) ~ 'Y2(Ax,Bx) 

We turn now to an estimate for the norm of the operator S. If the opera
tor C is self-adjoint in H, then by (5) it is positive-definite, and consequently, 
the square root of the operator C exists. Setting x = C-1/2 y in the second 
of the inequalities (5), we obtain that the inequalities (5) are equivalent to 
the inequalities 

1'1 > o. 

From lemma 2 under these assumptions we obtain the following estimate 
for the norm of the operator S: II S II~ Po, Po = (1 - e)/(l + e), e = 'YI/'Y2. 

Comparing this estimate with the one obtained in lemma 3, we ascertain 
that the estimate of lemma 3 is cruder and does not lead to the estimate in 
lemma 2 when the operator C is self-adjoint in H. 

6.4.2.2 The second case. We obtain now another estimate for the norm of the 
transformation operator S, one which reduces to the estimate in lemma 2 
when C is a self-adjoint operator in H. To do this, we increase the volume of 
a priori information about the operator C, assuming that we are given three 
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scalars 11, 12, and 13: 

11 > 0, 13 2: 0, (9) 

where C l = 0.5(C - C*) is the skew-symmetric part of the operator C. 

We have 

Lemma 4. Supp03e that the con3tant3 II, 12, and 13 are given in the in equal
itie3 (9). Then we have the following e3timate for the norm of the operator 
S = E - TC for T = TO = To(l- "'Po) 

II S II~ Po, (9') 

where 

2 
TO = , 

11 + 12 

Proof. We now derive the proof of lemma 4. Let () be an arbitrary scalar in 
the interval (0,1). We represent the operator S in the following form: 

S = E - TC = [()E - TCO] + [(1 - ())E - TC l ], 

where C = 0.5(C + C*) is the self-adjoint part of the operator C. Using the 
triangle inequality, we obtain an estimate for the norm of the operator S: 

II S II~II ()E - TCO II + II (1 - ())E - TCI II . (10) 

We estimate separately the norm of each operator. From (9) and from 
the equality (Cox, x) = 0.5(Cx, x) + 0.5(C*x, x) = (Cx, x) we obtain that 11 
and 12 are bounds for the self-adjoint operator Co: 

11 > O. 

By analogy with lemma 2 we obtain the following estimate for the norm 
of the operator ()E - TCO: 

{ () - T,l II ()E - TCO II~ max (I() - TIll, I() - T, 21) = ()' 
T'2 - , 

o ~ T ~ ()TO, 
T 2: ()TO. 
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We now estimate the norm of the operator (1 - B)E - TC1 • Since 
(C1x,x) = 0, for all x E H we obtain 

II «1 - B)E - TC1)X 112 = (1 - B)2 II X 112 +T2 II C1x 112 
~ «1 - B)2 + T2 II C1 112) II X 112 . 

From this and from (9) follows the estimate II (1- B)E - TC1 II~ [(1 _ B)2 + 
T2'Y~P/2. Substituting this estimate in (10) we have 

o ~ T ~ ToB, 

T ~ ToB. 

We now choose the parameters T and B from the condition that the estimate of 
the norm of the operator S be a minimum. Notice that the function r,02(B, T) is 
monotonic for increasing T. Therefore, to minimize the norm of the operator 
S it is sufficient to consider the region 0 ~ T ~ ToB, 0 < B < 1. In this region 
II S II~ r,ol(B, T). 

We now investigate the function r,ol(B, T). This function is monotonic for 
increasing B, consequently, the minimum is achieved for T = ToB. For this 
value of the parameter T we will have 

II S II ~ r,o(B) = r,ol(B, ToB) = 

= B(1 - TO'Y1) + Vr-(1---B)-2-+-T.-~-'Y3-2B-2 = Bpo + V(1 - B)2 + T~'Y~B2. 

Thus, it is necessary to show that min r,o( B) = Po. We will find the minimum 
0<9<1 

of the function r,o(B). We make a change of variable, setting 

The function r,o( 9) can be written in the form 

r,o(9) = cp(x) = ~(vx2 +a2 - ~x) +~. (11) 
1 + a2 1 + a2 1 + a 

From this it is clear that it is sufficient to find the minimum of the function 
v(x) 
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in the region _a2 < x < 1. Computing the derivative of the function v( x) 

'( ) x Po 
v x = V x2 + a2 - VI + a2 ' 

" a2 
v (x) - > 0 - (x2 + a2)3/2 ' 

we find that the equation v' (x) = 0 gives the point which minimizes the 
function v( x). Solving the equation 

JX2 +a2 _ ~ 
1 + a2 - po' 

we find the desired minimizing point for the function v( x): 

xo = apo / VI + a2 - p~ E (0,1), (}o = (1 - xo)/(1 + a2). 

(12) 

Substituting (12) in (11), we find the minimal value of the function cp«(}): 

cp«(}o) = 
x~ + a2 1 - Xo Xo 
1 + a2 + po 1 + a2 = Po + (}opo. (13) 

It remains to express Xo and (}o in terms of known quantities. Using the 
notation in lemma 4, we obtain 

From (12) we find 

a2 = x~(1- pn /(p~ - x~), 1 + a2 = p~(1 - x~)/ (p~ - x~). 

Therefore 
1 - Xo p~ - x~ po(1 - 11:2 ) 

(}oPo = 1 + a2 Po = po(1 + xo) = 1 + II:po (15) 

We substitute (14) and (15) in (13) 

«(}o)=II:+ Po (I-1I:2)= II:+Po =(I+II:)-e(1-II:)=I-{=po. (16) 
cp 1 + Poll: 1 + Poll: (1+1I:)+e(1-II:) l+e 

We now find an expression for the parameter T = TO(}O' Comparing (15) and 
(16), we obtain 

(}oPo = Po - 11:. (17) 
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On the other hand, from (16) it is possible to express po in terms of Po and 

Po = (Po - K,)/ (1 - K,p). 

Substituting Po in (17), we find 

The lemma has been proved. 0 

The inequality (9) can be written in the following form: 

11(X, x) ~ (Cx, x) ~ 12(x, x), (C1x, C1x) ~ ,;(x, x), 11 > o. 

Substituting here C = D-1/2(DB-1 A)D-1/2 and C1 = 0.5D-1/2(DB- 1 A
(DB- 1 A)*)D-1/2, we obtain the inequalities 

11D ~ DB-1 A ~ '2D, ,1 > 0, 
(18) 

( 
-1 DB-1 A - (DB-1 A)* DB-1 A - (DB- 1 A)*) 2 

D 2 x, 2 x ~ 13 (Dx, x). 

Substituting the estimate (9') for the norm of the operator Sin (4), we find 

II Zn IID~ p~ Ii Zo liD. (19) 

Theorem 4. Suppose that 11, 12, and ,3 are the constants in the inequalities 
(18). The simple iteration method (2) with the iterative parameter 7 = 1'0 = 
70(1- K,Po) converges in H D , and the error Zn can be estimated by (19). For 
the iteration count we have the estimate n ~ no (f), where nO(f) = lnf/lnpo, 

2 
70 = , 

11 + 12 

_ 1- ~ 
Po = I+C 

~ _ 1 - K, • 11 
- 1 + K, 12' 

Remark. Since the iteration count is determined by the quantity {, which 
can be written in the form 

the operator B should be chosen so that the ratio ( = Iti/2 is maximal, and 
13112 minimal. 
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We give here some sample choices for the operator D. If we take D to 
be the operator A* A or B* B, then the inequality (18) can be written in the 
rorm . 

'Y1(Bx,Bx) ~ (Ax,Bx) ~ 'Y2(Bx, Bx), 

(20) 

II 0.5(AB-1 - (B*)-l A*) II~ 'Y3. 

For the case D = B* B this assertion is obvious, and if D = A * A, then it 
is necessary to make the change x = A-I By in (18) to obtain the inequalities 
(20). 

If the operator B is self-adjoint, positive-definite, and bounded in H, 
then it is possible to take D to be the operator B or A* B-1 A. In this case, 
the inequalities (18) are equivalent to the following inequalities: 

'Y1 > 0, 

(21) 

(B-1 A1x, A1X) ~ 'Yi(Bx, x), Al = 0.5(A - A*). 

For D = B the inequalities (18) and (21) are the same, and for D = 
A* B-1 A, the inequalities (21) follow from the inequalities (18) after making 
the change x = A-1 By in (18). 

6.4.3 Minimizing the norm of the resolving operator 
6.4.3.1 The first case. In Section 6.4.2 an estimate for the norm of the operator 
sn was obtained, based on the inequality II sn II~II s lin. We look now at 
another way of obtaining an estimate for II sn II. This method is based on an 
estimate for the spectral radius of an operator. 

Recall (see Section 5.1) that the spectral radius of an operator T acting 
in a complex Hilbert space N is the quantity 

peT) = sup I(Tz, z)l, zEN. 
11%11=1 

For a linear bounded operator T the spectral radius satisfies the inequalities 

/-L(T) II T II~ peT) ~II T II, (22) 

where n is a natural number, and /-L(T) ;::: 1/2. 

Using the concept of the spectral radius of an operator, we obtain two 
estimates for the norm of the operator sn depending on the type of a priori 
information concerning the operator C. 
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We look now at the case where the a priori information is given in the 
form of constants 1'1, 1'2, and 1'3: 

1'1 > 0, x E H. (23) 

The complex space if is defined in the following fashion: it consists of 
elements of the form z = x + iy, where x, y E H. The inner product in if is 
defined by the formula 

(z, w) = (x, u) + iCy, u) - i(x, v) + (y, v), 
z = x + iy, w = u + iv. 

A linear operator C defined in H is defined in if as follows: Cz = Cx + iCy. 
From the properties (22), for any integer n we have the estimate 

therefore it is sufficient to estimate the numerical radius of the operator 8. 

We have 

Lemma 5. Suppose that 1'1, 1'2, and 1'3 in the inequalities (23) are given. 
Then we have the estimate 

of the norm of the operator 8 = E - TC in H for T = mine TO, KTO), where 

p2 _ { 1 - K(1 - Po), 0 < K < 1, 
- 1-(2-1/K)(I-po), K?I, 

TO = 2/(-Yl + 1'2), Po = (1 - e)/(1 + e), 

1'1 (-Y1 + 1'2) 
K = 2(-y~ + 1'n ' 

e = 1't/1'2. 

Proof. In order to prove the lemma we represent the operator C in the form 
of the sum C = Co + C1 , Co = 0.5( C + C*), C l = 0.5( C - C*). We estimate 
the numerical radius of the operator 8 = E - TC. For any z E if we obtain 

(8z,z) = (z,z) - T(COZ,Z) - T(C}Z,Z). 
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By the self-adjointness of the operator Go, the inner product (Goz, z) is 
a real number. Since G1 = -Gi, (G1z, z) is an imaginary number. Therefore 

(24) 

From the inequalities (23) we obtain 

'Yl(z,z):5 (Goz,z):5 1'2(Z,Z), II G1z 11:5 1'311 z II. (25) 

Suppose II z 11= 1. From (25) we find 

Substituting these estimates in (24), we obtain 

o :5 T :5 TO, 

T ~ TO, 

0:5 T :5 TO, 

T ~ TO. 

We choose the parameter T from the condition that the estimate for the 
numerical radius of the operator S be a minimum. Since the function !.p2(T) 

increases with T for T ~ TO: 

the minimum of p( S) over T can be found in the region T :5 TO, where the 
estimate p2 (S) :5 !.p 1 ( T) is used for p( S). 

We now investigate the function !.pI (T). Since 

!.p~(T) = 2(-y~ + 1'n > 0, 

setting the derivative 

to zero, we find the extremal point of the function !.pI ( T) 

1'1 
T = Tl = 2 2 = TOll:· 

1'1 + 1'3 

For T :5 Tl the function !.pI (T) decreases, and for T ~ Tl it increases. Therefore 
the minimal value of !.pI (T) is achieved at the point T = Tl if TI :5 TO, and at 
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the point T = TO if TI ~ TO. Thus, the optimal value of the parameter T is 
T = min(To, TO 1\;). Then 

We compute CPI (TO) and CPl (Tl). From the definition of I\; and from the equality 
1 - TOIl = Po we obtain 

Further, 

2 2 TOIl 2 2 1 - Po ( )2 TO 13 = -- - TO 11 = -- - 1 - Po . 
I\; I\; 

CPI(TO) = (1- TO l t)2 + Tg,~ = p~ + (1 - Po)/I\; - (1 - po? 
= 1- (2 -1/1\;)(1- Po), 

CPI(Tt) = (1- T1/t)2 + T;,~ = 1- 2T1/1 + T;({~ + I~) 
= 1 - T1/1 = 1 - I\;TOll = 1 - 1\;(1 - PO). 

Thus, the numerical radius has been estimated. The estimate of the 
lemma follows from the inequality II sn II:::; 2[p(s)]n. The lemma has been 
proved. 0 

Using lemma 5, we obtain an estimate for the norm of the error Zn: 

II zn liD:::; 2pn II Zo liD . (26) 

Theorem 5. Suppo$e that 11, 12, and ,3 are the con8tant8 in the inequali
tie8 (18). The 8imple iteration method (2) with the iteration parameter T = 
min( TO, I\;To) converge8 in H D, and the error Zn i8 e8timated by (26). The 
iteration count i8 e8timated by n ~ nO(f), where nO(f = In(0.5f)jln(p), and 
I\; and P are defined in lemma 5. 0 

Sample choices for the operator D and a concrete form of the inequalities 
(18) are given in Section 6.2.2. 
6.4.3.2 The 8econd ca8e. Using the concept of the numerical radius of an 
operator, we obtain still another estimate for the norm of the operator sn. 
We will assume that the a priori information is given in the form of the 
constants 11, 12, and 13, in the inequalities 

11 > O. (27) 

We have 



102 Chapter 6: Two-Level Iterative Methods 

Lemma 6. Suppose 1'1, 1'2 and 1'3 are given in the inequalities (27). Then 
we have the estimate 

of the norm of the operator S = E - TC in H for T = mine T;, KT;) where 

{ 

1- (2K - 1) 1 - po, ! :::; K :::; 1, 
1 + Po 2_ 

P - 2 

1 - (2 -.!.) 1 - po, K ~ 1, 
K 1 + Po 

1'1 + 1'2 + 1'3 K= , 
2( 1'1 + 1'3) 

T; = 2/(1'1 + 1'2 + 1'3), Po = (1- e)/(l + e), e = 1'I/1'2. 

Proof. Representing the operator C in the form C = Co + Cll where Co = 
0.5(C + C*) and C1 = 0.5(C - C*), we obtain 

I(Sz, zW = fez, z) - T(CoZ, zW + T21(C1z, zW· 

From the Cauchy-Schwartz-Bunyakovskij inequality and from the con
ditions of the lemma we find 

Since for any z E if we have the inequalities 

1'1 > 0, 

from the three preceding relations we obtain the following estimate for the 
numerical radius of the operator S: 

We now investigate the function c,o(t). This function can take on its maximal 
value only at the ends of the interval [1'1, 1'2]. Therefore 

We choose the parameter T from the condition that the estimate for peS) be 
minimal. Since the function c,02( T) increases with T for T ~ TO: 
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the minimum of p( S) is found in the region T ~ TO, where the estimate 
p2(S}~ 'Pl(T) is used for peS). 

The function 'Pl(T) achieves its minimal value at T = Tl = l/Cll +1'3) = 
KTO' since the function 'PI ( T) decr~ases for T ~ Tl, and increases for T ~ Tl. 
Therefore the minimal value of 'PI (T) on the interval [0, TO) is achieved at the 
point T = Tl if Tl ~ TO, and at the point T = TO if Tl ~ TO' 

Thus, the optimal value of the parameter T has been found: 

. (* *) T = mIn TO, KTO . 

And thus 

We now compute 'PI (TO) and 'PI (Tl)' A simple computation gives TO = (2 -
1/K)h2,"Y3 = l/(KTo) -1'1' Using these relations, we obtain 

'Pl(TO) = (1 - To"Yd2 + (TO)2"Yl"Y3 = 1- 2To"Y1 + To"YdK 

= 1 - (2 -1/K?"Yd"Y2 = 1 - (2 - 1/K)2(1 - Po)/(l + po). 

Further 

'Pl(Tl) = (1- TOK"Yl)2 + (TO?K2"Yl"Y3 = 1- TOK"Yl 

= 1 - (2K - 1hd"Y2 = 1 - (2K - 1)(1 - Po)/(l + Po). 

Thus, the numerical radius has been estimated. The estimate in the 
lemma follows from the inequality II sn II~ 2[p(s))n. The lemma has been 
proved. 0 

Substituting C = D-l/2(DB- l A)D-l /2 and C l = 0.5- l /2(DB- l A -
(DB- l A)*)D-1/ 2 in the inequality (27), we obtain the inequalities 

1'1 > 0, 
(28) 

( DB-l A - (DB- l A)* DB-1 A - (DB- 1 A)* ) 
D- 1 2 X, 2 x ~ 13(DB-1 Ax, x). 
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Theorem 6. Suppose 11, 12, and ,3 are the constants in the inequalities 
(28). The simple iteration method (2) with the iteration parameter r = 
min( r;, II:r;) converges in H D, and the error can be estimated by (26). The 
iteration count is estimated by n ~ no( 10), where 

and 11:, p, and r; are defined in lemma 6. 

We now derive the form of the inequalities (28) for certain sample choices 
ofthe operator D. If the operator D is taken to be the operator A* A or B* B, 
then the inequalities (28) can be written in the following form: 

11(Bx, Bx) :::; (Ax, Bx) :::; 12(Bx, Bx), 11 > 0, 

II 0.5(AB-1 - (B*)-l A*)x 112 :::; 13(A*x, B-1x). 
(29) 

In fact, the inequalities (29) follow directly from (28) after making the 
change D = B* B in (28). For the case D = A * A, it is sufficient to change 
x = A-I By in (28). 

If the operator B is self-adjoint, positive-definite, and bounded in H, 
then the operator D can be taken to be the operators B or A* B-1 A. In this 
case, the inequalities (28) will have the form 

11 > 0, 
(30) 

(B-1 A1x, A1X) :::; 13(Ax, x), Al = 0.5(A - A*). 

Notice that in the case D = A* B-1 A the inequalities (30) follow from 
(28) after making the change indicated above. 

6.4.4 The symmetrization method. To solve the equation Au = J with a non
self-adjoint operator A, the well-known symmetrization method can be used. 
In place of the original equation, we look at the symmetrized equation 

Au =j, A = A*A, j = A*J, (31) 

which is obtained from the original equation by multiplying on the left by 
the operator conjugate to A. In algebra, this transformation of the equation 
is called the first Gauss transformation. 
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To approximately solve equation (31), we consider the implicit two-level 
scheme 

k = 0,1, ... , Yo E H, (32) 

with the self-adjoint positive-definite operator E. For the operator D we 
choose the operator E or A = A* A. In this case the operator DE-1 A is self
adjoint in H, therefore the iteration parameters Tk can be choosen from the 
formulas of the Chebyshev method investigated in Section 6.2. The a priori 
information for this method with the indicated operator D has the form of 
the constants of energy equivalence for the operators E and A = A * A 

1'1 > O. 

The estimate of the convergence rate for the Chebyshev method (32) and the 
formulas for the iterative parameters are given in theorem 1. 

6.5 Sample applications of the iterative methods 

6.5.1 A Dirichlet difference problem for Poisson's equation in a rectangle. 
To illustrate the application of the two-level iterative methods constructed 
in this chapter we look at the solution of a Dirichlet difference problem for a 
second-order linear elliptic equation. The difference problem will be treated 
as the operator equation 

Au=f (1) 

in the finite-dimensional space of grid functions. The explicit and implicit 
Chebyshev methods will be looked at, as well as the simple iteration method. 

We will begin our look at examples with a Dirichlet problem for Poisson's 
equation in a rectangle. Suppose that in the rectangle G = {O ~ Xa ~ la, a = 
1,2} with boundary r we must find the solution of Poisson's equation 

(2) 

which takes on the following values on the boundary r 

u(X) = g(x), (3) 
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The Dirichlet difference problem corresponding to (2), (3) on the rect
angular grid 

has the form 

2 

AY=LYx"x,,=-c,o(X), xEw, Y(X)=g(X), xE" (4) 
0=1 

where, = {Xij E r} is the boundary of the grid w, and 

YXIXl = :2 (y(i + 1,j) - 2y(i,j) + y(i - 1,j)), 
1 

YX 2 X 2 = :2 (y(i,j + 1) - 2y(i,j) + y(i,j - 1)), 
2 

y(i,j) = Y(Xij). 

In Section 5.2 it was shown that the difference problem (4) can be re
duced to the operator equation (1), where the operator A is defined as follows: 
Ay = -Ay, where y E H, y E II and y(x) = y(x) for x E w. Here II is the 
set of grid functions defined on w which reduce to zero on " and H is the 
space of grid functions defined on w with the inner product 

(u, v) = L u(x)V(X)h1h2. 
xEw 

The right-hand side of equation (1) only differs from the right-hand side c,o 
of the difference equation (4) at the near-boundary nodes: 

Xl = hI, 
2h1 ~ Xl ~ II - 2h1, 
Xl = II - hI, 

X2 = h2' 
2h2 ~ x2 ~ 12 - 2h2, 
x2 = 12 - h2 . 

Thus, the boundary-value difference problem (4) reduces to the operator 
equation (1) in the finite-dimensional Hilbert space H. 
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To approximately solve equation (1) we look at the explicit Chebyshev 
method (B = E): 

B Yk+t - Yk + AyL = I, k 0 1 H "' = , , ... , Yo E , 
Tk+I 

(5) 

M * { (2i - 1)71" . 1 2 } J.lk E n = - cos 2n ' z = , , ... , n (6) 

k = 1,2, .. . ,n, 
nO(I:) = In(0.51:)/lnpI. (7) 

In Section 5.2 it was shown that the operator A defined here is self
adjoint in H, and its bounds 11 and 12 are the smallest and largest eigenvalues 
of the difference operator A, i.e. 

11 > 0, (8) 

where 
2 

4 7I"ha 
2 

4 7I"ha 
11 = L sin2 -- , 12 = L cos2 

h2 21a h2 21a 
a=I a a=I a 

(9) 

The operators A and B = E are self-adjoint and positive-definite in H. 
Therefore it follows from the examples considered in Section 6.2.3 that 11, 12 
from (8) are the constants for the Chebyshev method (5)-(7), if we choose D 
to be one of the operators E, A or A2. Then in the formulas (6), (7) 

2 
TO = , 

11 + 12 

1-e 
Po = 1 + e' 

where 11 and 12 are defined in (9). 

1- y'! 
PI = 1 + y'!' 

t _ 11 
<,,- , 

12 

Since 11 = 0(1) and 12 = O(l/h~+l/h~), e = 0(lhI2), where Ihl2 = h~+ 
h~. Consequently, for this example the asymptotic estimate for the iteration 
count no ( 1:) has the form 
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In particular, when G is a square with side 1 (11 = 12 = 1) and the grid 
w is square (hI = h2 = h = liN), we have 

8 . 27rh 
1'1 = h2 sm 21' 

h2 
TO= -, 

4 

8 27rh 
1'2 = h2 cos 21' 

7rh 
Po = cOS-, 

1 

27rh e = tan 21' 
1 - sin 'Irk 

P - I 
1 - 'Irk' cosT 

122 
nO(f) ~ -h In - ~ 0.32 In -. 

7r f f 

(10) 

Thus, the iteration count n is proportional to the number of nodes N in one 
direction. Notice that the number of unknowns in problem (4) is equal to 
M = (N - 1)2, i.e. the iteration count is proportional to the square root of 
the number of unknowns. 

The iterative operator scheme (5) for B = E can be written, using the 
definition of the operator A and the right-hand side f, in the form of the 
following difference scheme: 

YkH = Yk + Tk+l(AYk + ~), x E w, Ykl"Y = g, k = 0,1, .... 

Substituting here (4), we obtain the computational formulas 

( .. ) (1 Tk+l) ( .. )+ [Yk(i+1,j)+Yk(i-1,j) Yk+l Z,} = - -- Yk Z,} TkH h2 
~ 1 

+ Yk(i,j + 1) + Yk(i,j -1) + ( .. )] 
h2 ~ Z,} , 

2 

1 ~ i ~ Nl -1, 

The initial approximation Yo is an arbitrary grid function on w, which takes 
on the given values Yo (x) = g( x) for x E 1', the boundary of the grid. 

We now estimate the number of arithmetic operations Q(f) which are 
required in order to obtain an approximate solution of the difference problem 
(4) to a accuracy f using the Chebyshev method (5)-(7). 

Considering as given the iterative parameters Tk, we find that computing 
Yk+l at one node of the grid w requires nine arithmetic operations. Since the 
number of interior nodes of the grid w is equal to M( Nl -1)( N2 -1), realizing 
one iterative step requires Q ~ 9N1 N2 operations. Therefore Qo ( f) = nQo ~ 
9nN1N 2 , where n is the iteration count. 

For the special case looked at above, the iteration count n is defined in 
(10), and, consequently, for this example we obtain 
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To solve equation (1) we now consider the simple iteration method. The 
iterative scheme for the simple iteration method has the form (5), and the it
erative parameters Tk and the iteration count n are defined using the formulas 
in theorem 2: 

2 lnf 1- e 11 
Tk == TO = , n 2:: no ( f) = -1 -, po = --c' e = -, (11) 

11 + 12 n Po 1 + .. 12 

where 11 and 12 are given in (9). From (9) and (11) we obtain an asymptotic 
estimate involving h for the iteration count for the simple iteration method 

For the special case considered above we find 

212 1 2 1 
nO(f) ~ 2h2ln- ~ 0.2N In-, 

7r f f 
(12) 

i.e. the iteration count for the simple iteration method is proportional to the 
square of the number of nodes N in one direction (or proportional to the 
number of unknowns in the equation). 

Comparing the estimate for the number of iterations for the Cheby
shev method (10) and for the simple iteration method (12), we obtain that 
the simple iteration method requires significantly more iterations than the 
Chebyshev method. In order to compare these methods on real grids, for 
this special case we give the precise iteration counts for various values of the 
number of nodes N in one direction with f = 10-4 (the first number is the 
iteration count for the Chebyshev method): 

N = 32 n = 101 n = 1909 

N = 64 n = 202 n = 7642 

N = 128 n = 404 n = 30577. 

We now give computational formulas for the simple iteration method 
applied to this special case: 

Yk+l(i,j) = ~[Yk(i + 1,j) + Yk(i - 1,j) 

+ Yk(i,j + 1) + Yk(i,j -1)] + ~ cp(i,j). 

Because the iteration count for the simple iteration method depends strongly 
on the number of nodes of the grid N, this method is not used at the present 
time for solving grid elliptic equations. 
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6.5.2 A Dirichlet difference problem for Poisson's equation in an arbitrary 
region. Suppose that, in the arbitrary bounded region G with boundary r, 
we are required to find the solution to Poisson's equation 

(13) 

which takes on the given values 

u(x) = g(x), x E r, (14) 

on the boundary r. 
For simplicity we consider the case where the intersection of the region 

G with a straight line passing through the point x E G and parallel to a 
coordinate axis consists of one interval. 

We cover the surface with a lattice formed by the intersection of straight 
lines parallel to the coordinate axes and spaced a uniform distance h from 
each other. 

The points of the lattice xii belonging to G are called the nodes of the 
grid w = {xii E G}. We denote by ~a(xii) the interval which is formed by 
the intersection of G with the straight line drawn through the point xii E w 
parallel to the coordinate axis Ox a , 0:' = 1,2. The endpoints of this interval 
are called the boundary nodes in the direction Xa. The set of all boundary 
nodes in the direction Xa is denoted by la, and we denote the boundary of 
the grid region by I = 11 U 12. The sets of interior and boundary nodes form 
the grid W = w U I in the region G. 

We look now at one of the intervals Lla . The set of nodes xii E w lying 
on this interval is denoted by wa(x,8), f3 = 3 - 0:',0:' = 1,2. We use w;t(x,8) 
to denote the set consisting of the nodes of wa(x,8) and the right endpoint 
of the interval Lla . We define by wa(x,8) the set consisting of the nodes of 

wa(x,8) and the endpoints ofthe interval ~a. We denote by x~ta) and x~;la) 
the nodes which are closest to the point xii E wa(X,8) on the right and left, 
respectively, and which belong to Wa( x,8). 

The distances between the nodes xii and x~ta) E W are called the steps 
h;( xii) of the grid w at the point xii E w. Notice that if all four neighbors 

x~tla) to xii belong to w, then the steps h; are equal to the step-size h of 
the lattice. At the near-boundary nodes h~ S h. The steps h;t and h;; satisfy 
the relation 
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We shall put the problem (13), (14) on the grid w in correspondence 
with the boundary-value difference problem 

2 

Ay = L YZaza = -!fI(X), x E w, y(x) = g(x), x E ",(, (15) 

where 

0=1 

1 ( -1 ) YZa = h;;; Y - Y a, 

YZa = *(y+1a - y), 

y±1 a = y(x(±1a », 

Y _ ..!..(y+1a y) 
Za - ht -, 

0=1,2. 

The difference problem (15) reduces to the operator equation (1) and the 
operator A is defined in the same way as in Section 6.5.1. The inner product 
in H is computed as follows: 

(u,v) = L u(x)v(x)h2 • 

zE", 

We introduce now some notation which will be useful later. For grid 
functions de:6D.ed on w we define the inner products by the formulas 

(u'V)"'a = L u(x)v(x)h, 
zae"'a(zlI) 

(u,v)",+ = 
a 

u(x)v(x)h;(x), 
Za e",t(zlI) 

(u,v)o=«u,vtt,I)"'II' {3=3-0, 0=1,2. 

Using this notation, the inner product in H can be written in the form 

(u, v) = «u, v)"'111)"'2 = «u, V)"'2' 1)"'1. (16) 

From the definition of the operator A we obtain that 

(Au, v) = -(Au,v) 

= -« UZ1Z1I V)"'1I 1 )"'2 - « UZ2Z2 ' v) "'2 , 1)"'11 

and since by Green's difference formula we then have the equation (see Section 
5.2.3) 
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from this we obtain 

(Au,v) = (u,Av), 
2 

(Au, u) = L ('ilL, l)a, 
a=1 

u E H, u E if. (17) 

The first of these equations shows the self-adjointness of the operator A in 
H. 

In order to approximately solve equation (1), we look at the implicit 
Chebyshev method 

k = 0,1, ... , Yo E H, 

where the operator B is taken to be an easily invertible diagonal operator 

1 (1 1) By = (b1 + bz)y, ba(x) = h ht(x) + h;;(x) , a = 1,2. (18) 

We now explain this choice of the operator B. If equation (1) is consid
ered as a system of linear algebraic equations with a matrix A corresponding 
to the operator A, then the matrix B corresponding to the operator B is the 
diagonal part of the matrix A. 

Since the operators A and B are self-adjoint and positive-definite in H, 
the constants 1'1 and 1'2 in the conditions (6), (7) are the constants of energy 
equivalence for the operators A and B: 

1'1 > 0, 

if D is taken to be one of the operators A, B, or AB-l A. 

We now find estimates for 1'1 and 1'2. First of all we show that 

1'1 + 1'2 = 2. (19) 

Let u( x) be an arbitrary grid function from H. We consider the function 
v(x) which is defined as follows: 

Xi; E w. 
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We compute the value of the difference operator Av at the point Xii. We 
obtain 

Consequently, 

Av(i,j) = -Av(i,j) = (-1)i+i(2B - A)u(i,j). 

Further, since 

'Yl = min ~~u,u~, (Av,v) = 2(Bu,u) - (Au,u), (Bv,v) = (Bu,u), 
u~O u,u 

then 
(Av,v) . (Au,u) 

'Y2 = max (B ) = 2 - mm (B ) = 2 - 'Yl· 
v~O V,v u~O u,u 

The assertion has been proved. 

Using (19) we obtain that, in the formulas (6), 

Consequently, to compute the iterative parameters Tk, it is sufficient to find 
an estimate for 'Yl. From lemma 13 Section 5.2 we obtain that, for any grid 
function y E H, we have the inequality 

a = 1,2, (20) 

where "'0/ = ",O/(xp) = max vO/(x), and vO/(x) is the solution of the fol
x" Ew,,(x/I) 

lowing three-point boundary-value problem: 

V~"i:" = -bO/(x), XO/ E wO/(xp), 
vO/(x) = 0, XO/ E 'YO/. 

(21) 

Dividing (20) by "'a and summing over wp, we obtain 
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Combining these inequalities, we find 

(22) 

From (17), (18), and (22) it follows that it is possible to take 'Yl to be 

(23) 

It remains to compute KO/. To do this, we find the solution to problem (21). 

Suppose that the ends of the interval ~O/' on which the nodes of the 
grid wO/( x p) are located, are '0/( x p) and LO/( x p). From the construction of the 
lattice on the surface, the steps h; are different from h only at the boundary 
nodes (see figure 3). 

h ----I I 

Figure 3. 

Therefore, on the grid wO/(xp), the difference derivative Vx"x" and the 
right-hand side of equation (21) can be written in the form 

v- . =.!. (v+l" - V _ V - v-I" ) 
Xa X" h h h;' bO/ = ~ (~ + h~) , XO/ = 10/ + ht, 

1 ( +1 -1 ) v- . = - v "- 2v + v " 
XaXa h2 ' 

2 _ 
bO/ = h2' 10/ + hOI < XO/ < LO/ - ht, 

_ . _.!. (v+1a - V _ V - v-1a ) 
vXaxa - h ht h' bO/ = ~ (~ + h~) , XO/ = LO/ - ht· 

A straightforward verification shows that the grid function 

O/() 1 [( 1 ) (L (h;)2 - (ht )2) h2 (h-)2] v x = h2 XO/ - 0/ 0/ - XO/ + LO/ _ 10/ + - 0/ 

is the solution of problem (21) for XO/ E wO/(xp). Since 
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then 
( )

2 
a 1 La -Ia 

Ka = max v (x) ~ h2 2 + l. 
z",E",,,,(zll) 

(24) 

Substituting (18) and (24) in (23), we find the estimate for 'y!. 

A crude estimate for 1'1 can be obtained as follows. Suppose that the 
region G is embedded in a square with side 1. Then La - la ~ 1 for any a 
and, consequently, Ka ~ 12/( 4h2) + 1, a = 1,2. Substituting this estimate in 
(23), we obtain 1'1 ~ 4h2/(12 + 4h2), i.e. 1'1 ~ 4h2 /12. Since 1'2 = 2 - 1'1, then 
e = 1'I/1'2 ~ 2h2 /12. Consequently, from the estimate (7) for the iteration 
count we obtain 

[2 2 2 
no(e) ~ In In - ~ 0.35N In -, 

2v2h e e 
(25) 

where N is the maximal number of nodes in each direction. 

Thus, for the implicit Chebyshev method considered here, the iteration 
count depends only on the basic step of the grid h and not on the non-uniform 
steps h; at the near-boundary nodes. Comparing the estimate (25) with the 
estimate (10) obtained earlier, we find that the iteration count for the case 
of an arbitrary region G embedded in a square with side 1 is the same as for 
the case where the region G is this square. 

We give now the computational formulas of the Chebyshev iterative 
method for solving the Dirichlet difference .problem for Poisson's equation 
in an arbitrary region G: 

Xij Ew, Yk(X)=9(x), xE1'. 

Note that in Chapter 10 this problem will be solved by another implicit 
Chebyshev method (the alternate-triangular iterative method), for which the 
number of arithmetic operations required to realize one step of the method 
will be somewhat greater than for the method considered here, but the iter
ation count will be significantly smaller, thus guaranteeing the effectiveness 
of that method. 
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6.5.3 A Dirichlet difference problem for an elliptic equation with variable 
coefficients 
6.5.3.1 The explicit Chebyshev method. We look now at a Dirichlet problem 
for a second-order elliptic equation with variable coefficients in the rectangle 
G = {O ~ Xa ~ la, a = 1, 2}: 

z {) ( {)) 
Lu = ~ {)xa ka(x) {):a - q(x)u = - f(x), x E G, 

(26) 

u(x) = g(x), x E r. 

On the rectangluar grid 

W = {Xij = (ihl,jhz) E G, 
O~i::;Nl' O::;j::;Nz, ha=la/Na, a=1,2} 

the differential problem (26) corresponds to a difference problem 

z 
Ay = L (aa(x)Yxok, - d(x)y = -cp(x), x E w, 

a=l 
(27) 

y(x) = g(x), x E 'Y. 

If the coefficients ka(x), q(x) and f(x) are sufficiently smooth functions, 
the coefficients aa(x), d(x), and cp(x) of the difference scheme (27) can, for 
example, be defined as follows: 

al(xij) = k1((i - O.5)hI,jh2), a2(xij) = kz(ihl' (j - O.5)h2), 
d(Xij) = q(Xij), cp(Xij) = f(Xij). 

We will assume that the coefficients of the difference scheme (27) satisfy the 
conditions 

o < Cl ~ aa ( x) ::; cz, 
o ~ d1 ~ d( x) ~ d2 , 

x Ew, 
x E w, a = 1,2. 

(28) 

These conditions guarantee the existence and uniqueness of a solution to 
problem (27). 

The difference scheme (27) reduces to the operator equation (1) in the 
usual way: Ay = -Ay, where y E H, Y E iI, and H is the space of grid 
functions defined on w with the inner product 

(u,v) = L u(x)v(x)h1hz. 
xEw 

The right-hand side f of equation (1) only differs from the right-hand side cp 
of the scheme (27) at the near-boundary nodes. 
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In order to approximately solve equation (1), we will apply the explicit 
Chebyshev method (5)-(7) (B = E). In Section 5.2 it was shown that the 
operator A defined here is self-adjoint in H. Therefore the a priori informa
tion for the Chebyshev method has the form of constants 1'1 and 1'2 from the 
inequalities 'YIE ~ A ~ 'Y2E, 1'1 > 0, if D is chosen as one of the operators E, 
A, or A 2 • We will now find these constants. To do this, we introduce the oper
ator A corresponding to the difference operator A, where Ay = YXlxl +YX2 X2' 

and define the following inner product for grid functions given on w: 

(u,V)Wa = ~ u(x)v(x)ha, (u,V)wt = ~ u(x)v(x)ha, 
:to EWa xa€wt 

f3 = 3 - Ct, Ct = 1,2. 

Here 

Wa = {Xa,i = iha, 1 ~ i ~ Na -I}, w! = {Xa,i = iha, 1 ~ i ~ Na}. 

The inner products introduced here are analogs of the inner products defined 
in Section 6.5.2. 

From the definition of the operators A and A and the Green difference 
formulas (Section 5.2.2) we obtain 

(Au,u) = -(Au,u) = -«aluZ1Xl,u)Wl> l)w2 - «a2uX2X2,U)W2' l)wl 
2 

+ (du, u) = ~ (aauia, l)a + (du, u), 
a=1 

2 

(Au,u) = -(Au,u) = ~ (U~a' l)a, u E H,u E if. 
a=1 

Taking into account the inequalities (28), from this we obtain operator 
inequalities of the form 

CIA+dlE ~ A ~ c2A+d2E. (30) 

In Section 6.5.1 it was shown that the operator A has the bounds 

2 4 h 
'"' 2 7r a 'h = L.-J h'!. cos 21a' 
a=1 ~ 

i.e. we have the inequalities 

(31) 

From (30) and (31) we find that the operator A has the bounds 1'1 = cl'h +d1 , 

1'2 = c2'h + d2 • 
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Thus, the constants 1'1 and 1'2 have been found. Using them, we com
pute the iterative parameters Tk from the formulas (6), and we estimate the 
iteration count n using the formulas (7). 

Since e = 1I/12 = O(lhI2), then ~ = 1'I/1'2 = O(lhI2) and we have the 
following asymptotic estimate of the iteration count for this method: 

where the constant in the estimate depends on the extrema of the coefficients 
aa(x) and d(x), i.e. on Ca and da, a = 1,2. 

In particular, when the region G is a square with side I (II = 12 = I), the 
grid w is square (hI = h2 = h = liN), and d == 0, we obtain 

8Cl • 2 7rh 
1'1 = J;,2sm 21' 

and, consequently, 

8C2 2 7rh 
1'2 = J;,2 cos 21' 

Comparing the estimate (10) with the estimate obtained here of the iteration 
count for the explicit Chebyshev method applied to the solution of the dif
ference equation (27) with variable coefficients, we find that for this example 
the iteration count is J c21 Cl times larger than the iteration count in the 
constant coefficient case. 

We give now the computational formulas for the explicit Chebyshev 
method (5)-(7) used to solve the difference equation (27). These formulas 
have the form 

Yk+l(i,j) = ak+l(i,j)Yk(i,j) + Tk+l {:~ [al(i + 1,j)Yk(i + 1,j) 

+ al(i,j)Yk(i -1,j)] + :2 [a2(i,j + I)Yk(i,j + 1) 
2 

+a2(i,j)Yk(i,j -1)] + cp(i,j)}, 

where we have denoted 
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and the initial approximation Yo is an arbitrary grid function on w which 
takes on the following given values on the boundary 'Y: yo(x) = g(x) for 
x E 'Y. 

6.5.3.2 The implicit Chebyshev method. In order to approximately solve the 
equation (1) constructed in the preceding subsection which corresponds to the 
difference scheme (27), we will now look at the simplest implicit Chebyshev 
method (5)-(7). As in Section 6.5.2, we again choose B as the diagonal part 
of the operator A 

By = by, 

b(i,j) = :2 [al(i + 1,j) + al(i,j)] + :2 [a2(i,j + 1) + a2(i,j)] + d(i,j). (32) 
1 2 

Since the operators A and B are self-adjoint and positive-definite in H, 
the a priori information for the implicit Chebyshev method (5)-(7) has the 
form of the constants of energy equivalence for the operators 'YIB ::s; A ::s; 'Y2B, 
'Yl > 0, if D is taken to be one of the operator A, B, or AB- I A. 

We now find the constants 'Yl and 'Y2. Just as in Section 6.5.2, it is shown 
that 'Yl + 'Y2 = 2. Therefore, in the formulas (6) for the iterative parameters 
Tk, we have TO = 2/('Yl + 'Y2) = 1, Po = (-Y2 - 'Yl)/(-Y2 + 'Yl) = 1 - 'YI' 

We now estimate ']1. From lemma 14 in Section 5.2 it follows that, for 
any grid function ii E H, we have the inequality 

where "'a = "'a(xp) = max va(x), and va(x) is the solution of the following 
xaEwa 

three-point boundary-value problem: 

(aav~J"a - ~dva = -b(x) ha::S; Xa ::s; la - ha, 

(34) 

va(x) =0, xa=O,la, hp::S;yp::S;lp-hp, {3=3-a, a=1,2. 

Taking the inequalities (33), dividing by "'a, and successively summing 
over w p, we obtain 

( boo) ( 02 ) l(dO 0) "'a y,y ::s; aaYza,l +"2 y,y, a = 1,2. 

Combining these inequalities and using (29) we obtain 
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Consequently, it is possible to take 11 as 

Thus, to find 11 it is necessary to solve equation (23), find /'i,,,,(x/3), and 
compute 11 using (35). The constant 12 is found from the formula 12 = 2- /1 . 

We now obtain an estimate of the iteration count for this implicit Cheby
shev method. From the theory of difference schemes it follows that the dif
ference scheme (34) is stable relative to the right-hand side in the uniform 
metric, i.e. there exists a constant M not depending on the stepsizes of the 
grid hI and h2' such that the solution of the equation (34) satisfies 

Since b(x) = 0 (12)' h = minh", for x E w, from this we obtain that 
'" 

and, consequently, 11 = 0(h2) and 12 = 0(1). Therefore ~ = Iti/2 = 0(h2), 
and for the iteration count we have the same asymptotic estimate in h as for 
the explicit method 

In what way is the implicit iterative method to be prefered over the explicit 
Chebyshev method considered above? The answer to this question is given 
in the following theorem, which we state without proof. 

Theorem 7 *. For the iterative scheme (5)-(7) with operator A correspond
ing to the difference scheme (27), the best diagonal operator B (i. e. the op
erator for which the ratio ~ is maximal) is defined by the formulas (32). 0 

If the operator B is chosen as the diagonal of the operator A, it follows 
from theorem 7 that the ratio ~ = 11//2 of the constants of energy equivalence 
11 and 12 for the operators A and B will be maximal and, consequently, the 
iteration count n will be minimal. 

• This theorem is a special case of a more general theorem that was proved in: G. 
Forsythe, E.G. Straus, "On best conditioned matrices", Proc. Amer. Math. Soc. 6 (1955), 
340-345. 
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We illustrate the advantages of the implicit method on the following 
model problem. Suppose the difference scheme (27) is given on a square grid 
in the unit square: ht = h2 = h = liN, It = 12 = 1. 

The coefficients aleX), a2(X) and d(x) are chosen as follows: 

aleX) = 1 + C[(Xt - 0.5)2 + (X2 - 0.5)2], 

a2(X) = 1 + c[0.5 - (Xl - 0.5)2 - (X2 - 0.5)2], 

d( x) == 0, C > O. 

Then in the inequalities (28) we have Ct = 1, C2 = 1 + 0.5c, dt = d2 = o. By 
changing the parameter c, we obtain the coefficients for the difference scheme 
(27) with different extrema. 

For the explicit method it was shown that the iteration count depends on 
the ratio c2/ct. For the implicit method, the iteration count does not depend 
on the maximal and minimal values of the coefficients aa(x), but on certain 
integral characteristics of these coefficients. 

In table 7 we give the iteration counts for the explicit and implicit meth
ods as a function of the ratio c2/ct and of the number of nodes N in one 
direction. The computations were carried out for f = 10-4 • For the case 
when the parameter c = 0, i.e. aa(x) == 1, and Poisson's equation is consid
ered, the iteration counts for the explicit and implicit methods are identical 
and were given in Section 1. 

From the table it follows that for this example the iteration count for 
the implicit method is significantly less than for the explicit method. The 
dependence of the iteration count on the ratio C2 I CI is weaker for the implicit 
method than for the explicit one. 

In conclusion we give the computational formulas for the implicit Cheby
shev method: 

Yk+t(i,j) =(1 - Tk+t}Yk(i,j) 

+ ~~~;) {:? [at(i + l,j)Yk(i + l,j) + at(i,j)Yk(i -1,j)] 

+ :~ [a2(i,j + I)Yk(i,j + 1) + a2(i,j)Yk(i,j + 1)] + CP(i,j)} , 

1 ~ i ~ Nt -1, 

where b( i, j) is defined in (32), and the initial approximation Yo is an arbitrary 
grid function on w which takes on the following given values on the boundary 
'Y: Yo(x) = g(x), X E 'Y. 
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Table 7 

N=32 N=64 N=128 
C2 -
Cl 

implicit explicit implicit explicit implicit explicit 

2 123 143 246 286 494 571 

8 149 286 305 571 616 1142 

32 175 571 365 1142 749 2283 

128 192 1141 409 2283 856 4565 

512 202 2281 436 4565 926 9130 

From a comparison of the computational formulas for the explicit and im
plicit Chebyshev methods it follows that the number of arithmetic operations 
required to compute Yk+l from a given Yk for both methods are practically 
identical. Since the iteration count for the implicit method is significantly 
less than for the explicit method, it follows that the implicit method should 
be given preference. 

6.5.4 A Dirichlet difference problem for an elliptic equation with mixed 
derivatives. In the rectangle G = {O :::; Xa :::; la, O! = 1,2} with bound
ary r it is necessary to solve a Dirichlet difference problem for an elliptic 
equation with mixed derivatives 

2 f) ( au) Lu= L f)x~ kap(x)f)x =-f(x), 
a,p=1 ~ p 

xE G, 

u(X) = g(X), x E r. 

It is assumed that the symmetry 

x E G, (36) 

and ellipticity 

2 2 2 

Cl L e!:::; L kapeapep:::; C2 L e!, (37) 
01=1 a,p=1 01=1 
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conditions are satisfied, where e = (6,6)T is an arbitrary vector. 

On the rectangular grid 

W = {Xii = (ih1,jh2) E G, 0:5 i :5 N 1, 0:5 j :5 N2, 
hOI = 100/NOI , a = 1,2} 

the differential problem corresponds to a Dirichlet problem 

2 
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Ay = 0.5 L [(kOl.8Yz/I)Za + (kOl.8YZ/I)Za] = -<p(x), x E w, (38) 
01,.8=1 

y(x) = g(x), x E"'I, 

where "'I is the boundary of the grid w. 
In Section 5.2 it was shown that the difference problem (38) reduces to 

the operator equation (1) in the usual way: Ay = -Ay, where y E H, Y E H, 
and y( x) = y( x) for x E w. Here H is the set of grid functions defined on iii 
and mapping to zero on "'I, and H is the space of grid function defined on w 
with the inner product 

(u,v) = L u(x)v(x)h1 h2 • 

zEw 

It was also shown there that, if condition (36) is satisfied, then the operator 
A is self-adjoint in Hj and if condition (37) is satisfied we have bounds "'11 
and "'12 equal to 

2 4 h ~ • 211" 01 
"'11 = C1 L..J h~ sm 2101' 

01=1 

(39) 

i.e. 
(40) 

In order to approximately solve equation (1) corresponding to the dif
ference scheme (38), we consider the explicit Chebyshev method (5)-(7) 
(B = E). Since the operators A and B are self-adjoint and positive-definite 
in H, the a priori information has the form of the constants "'11 and "'12 in the 
inequalities (40), and the method converges in HD , if D = A, B, or AB-1 A. 

From (39) we obtain 

"'11 = O( ct}, "'12 = 0 G~) , e = ~: = 0 (~: h2 ) , h2 = h~ + h~. 
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Consequently, for this example the asymptotic bound in h for the itera
tion count no ( f) has the form 

nO(f)=0 --In-. (jf;21 2) 
Cl h f 

In particular, when G is a square with side I and the grid w is square (hI = 
h2 = h = liN), we obtain 

8CI . 2 'lrh 8C2 2 'lrh Cl 2 'lrh 
')'1 = h2 sm 21' ')'2 = h2 cos 21' e = C2 tan 21' 

n ~ nO(f) ~ --In- = 0.32 -Nln-, jf;212 jf;2 2 
CI 'lrh f Cl f 

i.e. the iteration count is again proportional to the number of nodes N in one 
direction, as in the case of an equation without mixed derivatives. 

With this we conclude our examination of sample applications of two
level iterative methods to the solution of elliptic equations. More complex 
examples will be studied in Chapter 14. 
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Chapter 7 

Three-Level Iterative Methods 

In this chapter we study three-level iterative methods for solving the operator 
equation Au = f. The iterative parameters are chosen using a priori informa
tion about the operators of the scheme. In Section 7.1, an estimate is given 
for the convergence rate of three-level schemes of standard type. In Sections 
7.2, 7.3 the Chebyshev semi-iterative method and the stationary three-level 
method are considered. In Section 7.4 we investigate the stability of two-level 
and three-level methods with regard to perturbations of the a priori data. 

7.1 An estimate of the convergence rate 

7.1.1 The basic family ofiterative schemes. In Chapter 6, we constructed two
level iterative methods to find an approximate solution to the linear operator 
equation 

Au =f (1) 

with a non-singular operator A acting in a real Hilbert space H. In these 
methods, the two-level scheme was linked with two iterative approximations 
Yk+1 and Yk· 

In this chapter, we will study three-level iterative schemes. A three-level 
iterative scheme for equation (1) is linked with three iterative approximations 
Yk+I, Yk, and Yk-I, so that Yk+1 is defined in terms ofYk and Yk-I. In order to 
realize a three-level scheme, it is necessary to give two initial approximations 
Yo and YI. Usually, Yo is arbitrary and YI is found from a two-level scheme. 

We limit ourselves to the study of three-level schemes of standard type. 
An implicit standard three-level iterative scheme has the form 

BYk+1 = ak+1(B - Tk+IA)Yk + (1 - ak+dBYk-1 + ak+1 Tk+1f, 
BYI = (B - TIA)yo + TIl, k = 1,2, ... , Yo E H, 

(2) 
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where Yo is an arbitrary initial approximation, B is a non-singular linear 
operator acting in H, Ok and Tk are iterative parameters. The formulas (2) 
determine the basic family of three-level iterative schemes. 

In order to find a new approximation YHb it is possible to proceed as 
follows. Let y be an intermediate iterative approximation which is found from 
the implicit two-level scheme 

y- Yk 
B--+AYk =/. 

Tk+l 

Then from (2) it follows that YHI is a linear combination of the approxima
tions y and Yk-l 

Thus, the approximation YHI is a linear extrapolation along the approxima
tions y and Yk-l. 

If we set Ok == 1 in (2), then the three-level scheme (2) reduces to a 
two-level scheme whose convergence was studied in Chapter 6. Therefore, 
the introduction of the iterative parameters Ok allows us to conclude that 
the convergence of the scheme (2) will be no worse than the convergence of 
the two-level scheme. 

Notice that, unlike two-level schemes, the realization of a three-level 
scheme requires us to store not one, but two iterative approximations Yk and 
Yk-l· 

7.1.2 An estimate for the norm of the error. We are interested now in in
vestigating the convergence of the three-level scheme (2) in the energy space 
H D generated by a self-adjoint and positive-definite operator D in the space 
H. To do this we study the behavior of the norm of the error Zk = Yk - u in 
HD as k - 00. 

Substituting Yk = Zk + u for k = 0, 1, ... in (2) and taking into account 
equation (1), we find an equation for the error Zk: 

BZHI = ok+l(B - THIA)Zk + (1 - Ok+l)Bzk-ll k = 1,2, ... , 

BZl = (B - TIA)zo, Zo = Yo - u. 

We solve this equation for ZHI and, setting Zk = D-l/2xk , we transform 
to an equation for the equivalent error Xk. The equation for Xk will have the 
following form: 

k = 1,2, ... , 
(3) 

Sk = E-TkC, 

where C = D l / 2 B-1 AD-1/2. 
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Due to the substitution z'" = n- I / 2x"" we have II x", 11=11 z'" IIv, and, 
consequently, convergence of the scheme (2) in Hv is equivalent to the con
dition that II x", 11-+ 0 as k -+ 00. 

We now study the behavior of the norm Xle in H as k -+ 00. To do this, 
we explicitly find the solution of equation (3). Using (3), we sequentially 
obtain 

Xl = (E - TIC)XO = PI(C)xo, 
X2 = Ct2(E - T2C)XI + (1 - Ct2)XO = [Ct2(E - T2C)PI(C) 

+ (1 - Ct2)Ejxo = P2(C)xo, 

Xlc+l = CtIc+I(E - TIc+IC)P",(C)xo + (1 - CtIe+t)P"'-I(C)XO 
= PIc+I(C)XO 

and so forth. 
Consequently, the solution of equation (3) for any k has the form 

x'" = PIe(C)xo, k = 0,1, ... , (4) 

where P",(C) is an operator polynomial of degree k in the operator C. Since 
Xo is arbitrary, the corresponding algebraic polynomial P",(t) satisfies the 
following recurrence relations: 

Plc+l(t) = CtIc+I(1- Tlc+lt)P",(t) + (1- CtIc+t}P"'-I(t), 

PI(t) = 1 - TIt, Po(t) = 1, k = 1,2, .... 
(5) 

From (5) it follows that, for any k, the polynomial PIe(t) satisfies the 
normalization condition P",(O) = 1. 

We now estimate the norm of X",. From (4) we obtain 

II x'" 11=11 P",(C)xo II~II P",(C) 1111 Xo II, k = 0,1, ... 

or, using the substitution Zle = D- I/2 x "" 

(6) 

Thus, an estimate for the norm of Zle has been obtained. From (6) it 
follows that the method will have the best convergence rate if the norm of 
the polynomial PIe(C) tends to zero as quickly as possible as k -+ 00. Since 
the polynomial Pie ( C) is a function of the iterative parameters TI, T2, ... ,T", 
and Ct2, Ct3, . .. ,Ctle, these parameters should be chosen from the condition 
that the norm of the operator polynomial Pie ( C) be a minimum. In other 
words, it is necessary to construct the polynomial of degree k, normalized by 
the condition P",(O) = E, which has minimal norm. 
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When we studied the Chebyshev two-level scheme in Chapter 6, this 
problem was solved under the assumption that the operator DB-l A was 
self-adjoint in H and that the constants of energy equivalence "Yl and "Y2 were 
given for the self-adjoint operators D and DB-l A: 

"YID ~ DB-l A ~ "Y2D, "Yl > 0, DB-l A = (DB- l A)*. (7) 

In order to construct three-level iterative methods, we will only consider 
the self-adjoint case, i.e., we will assume that condition (7) is satisfied. 

Suppose that condition (7) is satisfied. We will now find the optimal 
operator Pk(C) and obtain an a priori estimate for the error Zk. 

Since C = D1/2 B-1 AD-1/2 = D-1/2(DB-l A)D-1/2, then from (7) it 
follows that the operator C is self-adjoint in H, and "Yl and "Y2 are its bounds: 

"Yl > 0, C = C*. (8) 

Then from (8) we have the following estimate for the norm of the oper
ator Pk(C) 

Consequently, the optimal polynomial Pk(t) is selected using the fol
lowing condition: the maximum modulus of this polynomial on the interval 
[')'1, "Y21 is minimal. From Section 6.2 it follows that, because of the condition 
Pk(O) = 1, the desired polynomial has the form 

1 

where Tk(X) is the Chebyshev polynomial of the first kind of degree k: 

2 
TO = , 

"Yl +"Y2 

T. (x) _ { cos( k arccos ~), 
k - cosh(kcosh- x), 

1-~ 
pO=I+e' 

2p~ 
qk = 1 + 2k' PI 

Thus we have the estimate 

Ixl ~ 1, 
Ixl ~ 1, 

l-Je 
PI = 1 + Je' 

(9) 
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Substituting this estimate in (6), we find 

Therefore, the convergence rate of the three-level iterative method (2), 
whose parameters Tk and ak are chosen from the condition that the resolv
ing operator have minimal norm, is equal to the convergence rate for the 
Chebyshev two-level iterative method. 

The formulas (9) solve the problem of constructing the fastest converg
ing three-level iterative method. In Section 7.2 we will obtain formulas for 
the iterative parameters Tk and ak for this method, which we will call the 
Chebyshev semi-iterative method. 

7.2 The Chebyshev semi-iterative method 

7.2.1 Formulas for the iterative parameters. We now find formulas for the 
iterative parameters ak and Tk in the Chebyshev semi-iterative method. In 
Section 7.1, using the three-level iterative scheme of the method 

BYk+I = ak+I(B - Tlc+lA)Yk + (1- ak+I)BYk-l + ak+ITk+If, 

BYI =(B-TlA)Yo+Td, k=I,2, ... , Yo EH, 

we obtained an equation for the equivalent error 

Xlc+l = alc+l(E - Tlc+lC)Xk + (1 - alc+t}xk-t. k = 1,2, ... , 

Xl = (E - TlC)XO. 

It was shown that, for any k, the solution of this equation has the form 

k = 0,1, ... , 

and the optimal polynomial Pk( C) is defined by the formulas 

(1) 

(2) 

(3) 

(4) 

In order to obtain formulas for the iterative parameters ak and Tk, we 
will find recurrence relations for the polynomial Pk(t). 
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It is known that, for any x, the Chebyshev polynomial of the first kind 
Tk (x) satisfies the following recurrence relations (cf. Section 1.4): 

Tk+l(X) = 2xTk(x) - Tk-1(X), k = 1,2, ... , 

Tl(X) = x, To(x):: 1. 

Using (4) and (5) we obtain 

Pk+l(t) =2(I-rot) Pk(t) _ Pk-l(t), 
qk+1 po qk qk-l 

k = 1,2, ... , 

P1(t)/ql = (1- rot)/po, Po(t)/qo:: 1. 

From the definition (4) and the relations (5) it follows that 

From this we find 

(5) 

(6) 

(7) 

(9) 

Substituting (8), (9) in (6) and (7), we obtain recurrence formulas for the 
polynomials Pk(t): 

Pk+l(t) = ~ qk+1 (1- rot)Pk(t) + (1- ~ qk+l) Pk-l(t), 
Po qk Po qk 

PI(t) = I-rot, Po(t)::I, k=I,2, .... 

From this and from (3) we obtain recurrence relations for Xk 

2 qk+l ( ) ( 2 qk+l) Xk+l = --- E - TOC Xk + 1- --- Xk-t. 
Po qk Po qk 

k = 1,2, ... , 

Xl = (E - TOC)XO. 

Comparing these formulas with (2), we get 
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Thus, the formulas for the iterative parameters Tk and ctk have been 
obtained. We now transform the formula for the parameters ctk. To do this, 
we compute, using (8), the expression 

From this we obtain ctHl = 4/(4 - p~ctk)' k = 1,2, .... Substituting k = 0 in 
(10) and using (8), we find that ctl = 2. 

Thus, we have proved 

Theorem 1. Suppose that 

The Chebyshev iterative method (£) with iterative parameters 

converges in H D, and the error Zk is estimated by 

II Zk liD:::; qk II Zo liD . 

The iteration count n is estimated by n ~ no ( to), where 

InO.5f 1 - e 1 - Vl. 2p~ 'Yl 
nO(f)= In PI , Po= 1+e' PI= 1+Vl.' qk= l+p~k' e= 'Y2· D 

Remark. A comparison of the Chebyshev semi-iterative method with the 
Chebyshev two-level scheme shows that for both methods we have the same 
estimate II Zn liD:::; qn II Zo liD, if n iterations are pedormed. However, for 
the two-level method this estimate is only valid after the completion of all 
the iterations, but for the three-level method the estimate is also valid at any 
intermediate iteration. Unlike a two-level method, in a three-level method 
the norm of the error decreases monotonically at intermediate iterations, and 
this guarantees the computational stability of the three-level method. 
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1.2.2 Sample choices for the operator D. We give now some sample choices for 
the operator D and the requirements that must be imposed on the operators 
A and B so that the conditions of theorem 1 will be satisfied. 

In Section 6.2.3 we considered certain choices of the operator D based 
on properties of the operators A and B. We give those results here. 

1) If the operators A and B are self-adjoint and positive-definite in H, 
then the operator D can be taken to be one of the following operators: A, B, 
or AB-1 A. Here the a priori information can be given in the form 

'Y1 > O. (12) 

2) If the operators A and B are self-adjoint, positive-definite, and they 
commute A = A* > 0, B = B* > 0, AB = BA, then D can be taken as 
the operator A * A. In this case, the a priori information has the form of the 
inequalities (12). 

3) If A and B are non-singular operators which satisfy the condition 
B* A = A * B, then D can be taken as the operator A * A. In this case, the a 
priori information is given in the form of the inequalities 

71(Bx,Bx) ~ (Ax,Bx) ~ 72(Bx,Bx), 71> O. 

If these assumptions are satisfied for the three-level Chebyshev semi
iterative method, then theorem 1 is valid. 

1.2.3 The algorithm of the method. We consider now the question of realizing 
the three-level scheme (1). The algorithm for the method can be described 
as follows: 

1) Using the value of the parameter Ctk and the given approximations 
Yk-1 and Yk, we find Ctk+I and Tk+1 from the formulas (11) ~d we compute 

The computed CfJ can be overwritten on Yk-1, which is not needed at later 
iterations; 

2) to find the new approximation Yk+1 we solve the equation BYk+I = CfJ. 

The approximation Y1 is found from the equation BY1 = CfJ, where CfJ = 
Byo - T1(Ayo - I). Such an algorithm can be recommended in the case where 
it is necessary to economize on computer storage. 

If computation of the operator B requires many arithmetic operations, 
but computer storage is not an issue, then it is possible to use the following 
algorithm: 
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1) Given YA: compute the residual rA: = AYA: - fj 
2) solve the equation for the correction WA:: BWA: = rA:j 

3) given aA:, compute aA:+l from formulas (11), and the new approxima
tion is found from the formula 

where TA:+l is determined from the formula (11). 

This algorithm does not contain the computation of the operator B, but 
requires auxiliary memory to store rA: andwA:. 

7.3 The stationary three-level method 

1.3.1 The choice of the iterative parameters. We return now to the formu
las for the iterative parameters aA: and TA: in the Chebyshev semi-iterative 
method. In Section 7.1 we obtained the following expressions for aA:+l and 
TA:+l: 

where 
1- v'e 

PI = 1 + v'e' 
l-e 

Po = 1 +e' (2) 

The value of the iterative parameter TA: does not depend on the iteration 
number k, while the parameter aA: changes, beginning with al = 2. We now 
find the limit value for aA: as k tends to infinity. From (1), (2) we obtain 

Since PI < 1 and po = ql = 2pd(1 + pD, then a = lim aA: = 1 + p~, and 
A: ..... oo 

for sufficiently large k we have aA: ~ a. Therefore it is natural to study the 
stationary iterative three-level method 

BYA:+l = a(B - TA)YA: + (1 - a)BYA:-l + aTf, k = 1,2, ... , 

BYl=(B-TA)Yo+Tf, yoEH 

with constant (stationary) parameters 

a = 1 +p~, 
2 

T = TO = , 
1'1 +1'2 

1- v'e 
PI = 1 + v'e' 

(3) 

(4) 
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where II and 12 are the constants of energy equivalence for the self-adjoint 
operators D and DB-I A: 

liD:::; DB-I A:::; 12D, II > 0, DB-l A = (DB-I A)*. (5) 

7.3.2 An estimate for the rate of convergence. To obtain an estimate for the 
convergence rate of the stationary three-level method, we transform from (3) 
to a scheme for the equivalent error x,. = Dl/2z,.: 

X"+i = o:(E - TC)X,. + (1- o:)x,.-t, k = 1,2, ... , 

XI = (E - TC)XO, C = D l / 2 B-1 AD- l / 2 • 

From this it follows that x,. can be expressed for any k ~ 0 in terms of Xo as 
follows: 

(6) 

where the algebraic polynomial P,.(t) corresponding to P,.(C) is defined by 
the recurrence relations 

Pk+I(t) = 0:(1- Tt)P,.(t) + (1- o:)P"_I(t), k = 1,2, ... , 

PI(t) = 1- Tt, poet) == 1. 

From (6) we obtain an estimate for the norm of the error z,. in HD: 

(7) 

Therefore it is necessary to estimate the norm of the operator polynomial 
P,.( C) in the case where the parameters 0: and T are chosen using the formulas 
(4). From the conditions (5) it follows that C is a self-adjoint operator in H, 
and 11 and 12 are its bounds; consequently, 

We now estimate the maximum modulus of the polynomial P,.(t) on 
the interval lit, 12]. To do this we express the polynomial P,.(t) in terms 
of Chebyshev polynomials. It is convenient for us to consider the polynomial 
P,.(t), not on the interval [/1,/2], but on the standard interval [-1, I]. Setting 

1- Pox 
t= , 

TO 
2 

TO = , 
11 + 12 

l-e 
pO=I+e' 

~ _ 11 .,,- , 
12 
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we map the interval [-rt,")'2] onto [-1,1]. Then 

Pk(t) = Qk(X), x E [-1,1], 

max IPk(t)1 = max IQk(x)l. 
'Y19:$'Y2 1%19 
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Taking into account the choice of the parameters a and T from (4), we obtain 
from (7) the following recurrence relations for the polynomials Qk(X): 

Qk+t(X) = 2Pt XQk(X) - p~Qk-t(X), k = 1,2, ... , 

Qt(x) = pox, Qo(x) == 1. 

Then, using the substitution 

it is easy to obtain the standard recurrence relation 

Rk+t(x) = 2xRk(X) - Rk-t(x), k = 1,2, ... , 

Rl(x) = POX/PI, Ro(x) == 1. 

(9) 

(10) 

This relation is satisfied by the Chebyshev polynomial ofthe first kind Tk(X) 
with initial conditions Tt(x) = x, To(x) == 1, and the Chebyshev polynomial 
of the second kind Uk(X): 

{ 

sine (k + 1) arccos x) 
sine arccos x) , 

Uk(x) = . 
smh«k + 1) cosh -t x) 

sinh( cosh -1 x) , 

Ixl ::; 1, 

Ixl 2:: 1, 

with the initial conditions Ul(x) = 2x, Uo(x) == 1. Using the indicated prop
erties of the polynomials Tk(x) and Uk(X) and the equation Po = ql = 
2pt/(I + pi), from (10) we find an expression for the polynomial Rk(X) in 
terms of the Chebyshev polynomials 

Further, using the known estimates 
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we obtain 

From this, taking into account the changes made above, we find the following 
estimate for the norm of the operator polynomial Pk( C): 

II Pk(C) II ::; p~ (1 + k(l- pDf (1 + p~». (11) 

Substituting (11) in (8), we obtain an estimate for the norm of the error Zk 
inHD: 

II Zk liD::; ilk II Zo liD, ilk = p~ (1 + k(1 - pDf (1 + p~» , 

where il -+ 0 as k -+ 00 and ilk+1 < ilk. Thus, we have proved 

Theorem 2. The 8tationary three-level iterative method (3)-(5) converges in 
HD, and the error Zk i8 e8timated by 

Remark. It is possible to show that lim qk/ilk = lim ilk/ p~ = 0, where qk is 
k-oo k-oo 

defined in theorem 1. Therefore the stationary three-level method converges 
faster than the simple iteration method, but slower than the Chebyshev two
level method and the Chebyshev semi-iterative method. 

7.4 The stability of two-level and three-level 
methods relative to a priori data 

7.4.1 Statement of the problem. In order to approximately solve the operator 
equation Au = j, in Chapter 6 we studied the two-level simple iteration and 
Chebyshev methods, and in Sections 7.2, 7.3 we constructed the Chebyshev 
semi-iterative method and the three-level stationary method. 

Recall that, in order to compute the iterative parameters in these meth
ods, we used a priori information about the operators in the iterative scheme. 
In the case where the operator DB-1 A is self-adjoint, this information has 
the form of the constants of energy equivalence /'1 and /'2 for the operators 
D and DB-1A: 

(1) 
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In a series of cases the constants 1'1 and 1'2 can be found precisely, i.e. 
there exist elements x E H for which (1) becomes an equality. In other cases, 
an auxiliary process is used to find 1'1 and 1'2, and these constants are found 
approximately. 

The use of inexact a priori information leads to a reduction in the con
vergence rate, and in some cases to divergence of the method. The goal of 
the current subsection is to investigate the influence of inexact a priori in
formation on the converegnce rate of the methods listed above. 

We limit ourselves to the self-adjoint case, i.e. we assume that the op
erator DB-1 A is self-adjoint in H. Suppose that, instead of exact values of 
1'1 and 1'2, we are given some approximate values "h and 'h in the inequal
ities (1). We shall look at two-level and three-level methods whose iterative 
parameters are chosen using "h and 72. We first recall the formulas for the 
iterative parameters. 

For the two-level scheme 

(2) 

the parameters for the simple iteration method are determined from the for
mula 

Tk = fo = 2/(71 + 72), k = 1,2, ... , (3) 

and the parameters for the Chebyshev method are constructed using the 
formula 

Tk = fo/(l + PoJ.lk), J.lk E M~, k = 1,2, ... ,n, 

Po = (1 - ()/(1 + e), {= 7d72. 

For the three-level iterative scheme 

BYk+1 = Clk+l(B - Tk+1 A )Yk + (1- Clk+t)ByYk-l + Clk+1Tk+1f 

k = 1,2, ... , 

(4) 

(5) 

the parameters for the Chebyshev semi-iterative method are determined using 
the formulas 

and the parameters for the stationary three-level method are given by the 
formulas 



138 Chapter 7: Three-Level Iterative Methods 

From the general theory of iterative methods laid out above, we obtain 
the following estimates for the error Z1c = Y1c - u with these methods: 

1) for the simple iteration method 

II Zn IID~ ( max 11 - Tot l) n II Zo liD; 
'Yl :9~'Y2 

(8) 

2) for the Chebyshev two-level method and the Chebyshev semi-iterative 
method 

II Zn IID~ iin max Tn -_- II Zo liD, I (I-Tot)1 
'Yl ~t~'Y2 Po 

(9) 

where iin = 21h n /(1 + pin); 
3) for the stationary three-level method 

II Zn IID~ PIn m<ax< 112+p~2 Tn (I-=. Tot) + 11 +- ~~ Un (I-=. Tot) III Zo liD. 
'Yl_t_ 'Y2 PI Po PI Po 

(10) 
Here Tn(x) and Un(x) are the Chebyshev polynomials of the first and second 
kinds, 1'1 and 1'2 are the exact values of the constants from (1). 

These estimates determine the convergence rates for these methods in 
the case where the iterative parameters are computed using inexact a priori 
information. 

7.4.2 Estimates for the convergence rates of the methods. We now estimate 
the maximum modulus of the polynomials which enter into the estimates 
(8)-(10). To do this, we make the following changes in (8)-(10): setting x = 
(1 - Tot)/PO, and denoting a = (1 - To'Y2)/PO, b = (1 - TO'YI)/PO. Then the 
estimates (8)-(10) will have the form 

II Zn liD ~ pon (max Ixl)n II Zo liD, 
II~X$b 

II Zn liD ~ iin max ITn(x)111 Zo liD, 
II~X$b 

I 2-2 1 -2 I n PI - PI 
IIZnIlD~PI max -1 -2 Tn(x)+-1 _2 Un(x) Ilzo liD. 

II~X$b + PI + PI 

(11) 

We look first at the case where 11 and 12 are approximations to 1'1 and 
1'2 from above and below respectively, i.e. 

(12) 
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In this case, as is easily verified, we have that -1 :5 a :5 b:5 1. From (11) 
we obtain that the convergence rate for the simple iteration method will be 
determined by the quantity pon, for the Chebyshev two-level method and the 
Chebyshev semi-iterative method by the quantity ifn, and for the stationary 
three-level method by the quantity PI (1 + n(1 - pl)/(1 + pl)). The iterative 
methods will converge, but the convergence rates are decreased. 

We consider now an example for which condition (12) is satisfied. Sup
pose 

In this case a = -1, b < 1. Therefore, we obtain from (11) the following 
estimates for the error: 

II zn liD :5 p(? II Zo liD, 
II Zn liD :5 ifn II Zo liD, 
II zn liD :5 pt(1 + n(1 - pi)/(1 + pi)) II Zo liD . 

From the corresponding formulas for the iteration counts, we obtain that 
for the simple iteration method with an inexact value for 1'1 the iteration 
count is increased approximately 1/(1- O!) times over the value for the exact 
value of 1'1, while for the Chebyshev two-level method and the Chebyshev 
semi-iterative method, the iteration count is only increased by a factor of 
1/";1 - O!. 
Suppose now that condition (12) is not satisfied. In this case max(lal, Ibl) > 1. 
We introduce the following notation 

1 
• = max(lal, Ibl), 
Po 

Using this notation, and also the relationship between the Chebyshev poly
nomials of the first and second kinds 

we obtain 

1 
max Ixl =.' a:Sz$b Po 
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Substituting these estimates in (11), we find 

II zn liD ::; (~~) n II Zo liD, (13) 

II Zn liD ::; if: II Zo liD, (14) 
qn 

II zn liD ::; (,odp~)n(1 + n(l- ,of)/(1 + ,0;)) II Zo liD (15) 

Notice that if H is a finite-dimensional, then it is possible to select 
an initial approximation Yo for which the estimates (13), (14) will become 
equalities. 

We now find a condition which will guarantee the convergence of an 
iterative method constructed using inexact a priori information. Since the 
ration ifn/q: only tends to zero as n -+ 00 if pi > Pt, and this condition is 
equivalent to the requirement Po > Po, then from (13)-(15) it follows that 
the iterative method will converge if 

Po < p~. (16) 

Using the definitions of Po, a, and b we obtain that (16) will hold if 11-7'0/11 < 
1, 11 - 7'0/21> l. 

Solving these inequalities we find 

(17) 

Thus, if condition (17) is satisfied, the iterative method constructed using 
inexact a priori information will converge. From the remarks above it follows 
that, in the case of a finite-dimensional space H, the condition (17) is also 
necessary for convergence of the method. 

We now estimate the actual number of iterations required to achieve a 
given accuracy f. As before, we will denote by n the iteration count in the case 
of exact a priori information, by ii the theoretical iteration count computed 
using the formulas from the corresponding theorems using inexact a priori 
information, and by n* the actual iteration count required to achieve the 
accuracy f. From the formulas (13)-(15) it follows that the actual iteration 
count n* should be determined from the conditions: 

1) for the simple iteration method from the condition ,oon ::; fPon; 

2) for the Chebyshev two-level method and the Chebyshev semi-iterative 
method from the condition ifn ::; fq:. 



7.4 The stability of two-level and three-level methods ... 141 

It is easy to check that n* ;::: n, n* ;::: n, and that the iteration count 
n can be larger or smaller than n. Since the only quantitative characteristic 
of the iterative method which can be computed beforehand is the theoretical 
iteration count n, when implementing the method it is important to estimate 
by how much the actual iteration count n* is larger than n. For a theoretical 
comparison of the quality of the iterative methods, it is necessary to estimate 
the ratio n* In. 

We obtain now the required estimates for one example. Suppose 'h and 
72 are approximations to 71 and 72 from above and below, respectively, 

a;::: O. (18) 

From condition (17) and the natural requirement 71 :::; 72 we obtain that 
the methods will converge if 

a < min(e/(1 - e), (1 - e)/(1 + e», e = 7t/72' 

For this example we will have the inequalities n* ;::: n ;::: n. In fact, from (18) 
we obtain 

and, consequently, 

From this it follows that n ;::: n. We now estimate the quantities which enter 
into the inequalities (13)-(14). Since 

then 
1/ p~ = max(lal, Ibl) = lal = (1'072 - 1)/po. 

Omitting the simple calculations, we obtain 

_ 1-[ po-a 
po=---= , 

1 + e 1- apo 

ji 1 - 1!(1 - e) 1 - 1!(1 - 0 
-'.!. = 1'0;2 - 1 = 1 - ( (1 - jio) = 1 - ( (1 - Po), 
p~ 1 + a 1- apo 

_ 1-v1 po-a 
PI = 1 + v1 = 1 - apo + v(1- (2 )(1 + p~) , 
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- (1 + a)Je + V1- a2 - i; - J~[l- (1 + a)el 
PI _ 1 _ v( (1 _ - ) 
pi - (1 + a)Je + VI _ a2 PI 

[(1+a)Je+V1-a2-~ -J~[l-(l+a)el] (l+Je) 
=1- (I-pd. 

1-a+(1+a)e +2y'(1-a2)e 

We first consider the simple iteration method. From theorem 2 Section 6.3 
and from (13) we obtain the following estimates for the iteration counts n*, 
nand n: 

lne In(l/e) _ loe lo(l/e) 
n=--~---, n=--~---

In Po I-po In Po I-po 

n* lne In(l/e) 
In(po/ Po) ~ 1 - pO/Po· 

Substituting here the expressions obtained above, we find 

n* l+a 
n ~ 1 - ~(1 - e)' 

n* 1- apo - ~--..".-':....::....-:-

n 1- ~(1- er 
If a ~ ce, where c < 1, then from this we obtain 

n* ~ n/(l - c), n* ~ n/(l - c). 

Thus, if a ~ ce, then the actual iteration count n* for the simple itera
tion method is 1/(1 - c) times larger than the theoretical iteration count n 
computed using the inexact a priori information. 

We now consider the Chebyshev two-level method and the' Chebyshev 
semi-iterative method. From the definitions of ifn and q: we obtain 

Therefore we have the following estimate for the iteration count 

* lo(O.5e) In(2/e) 
n = ~ . 

In(h / Pi) 1 - PI! pt 
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Further, from theorem 1 Section 6.2 and theorem 1 Section 7.2 we obtain 
estimates for n and n: 

In(O.5f) In(2If) 
n= ~---, 

lnpI 1 - PI 

_ In(O.5f) In(2If) 
n= ~---. 

lnpI 1- PI 

Substituting here the expressions obtained above for the ratio PI I pr and 
assuming that a ~ ce, we find 

n* In ~ 1/(1 - ..jC), n* In ~ 1/(1 - ..jC). 

Thus, if a ~ ce, where c < 1, then the actual iteration count n* for 
the Chebyshev two-level method and the Chebyshev semi-iterative method 
is approximately 1/(1- VC) times larger than the theoretical iteration count 
n computed using the inexact a priori information. 
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In this chapter we look at two-level and three-level iterative methods of vari
ational type. Implementing these methods requires no a priori information 
about the operators of the scheme. In Sections 8.1, 8.2 two-level gradient 
methods are studied, and in Sections 8.3, 8.4, the three-level conjugate
direction methods are presented. Acceleration of convergence for two-level 
methods in the self-adjoint case is examined in Section 8.5. 

8.1 Two-level gradient methods 

8.1.1 The choice oCthe iterative parameters. In order to find an approximate 
solution to the linear operator equation 

Au=/, (1) 

with a non-singular operator A acting in a real Hilbert space H, we look at 
the implicit two-level iterative scheme 

(2) 

with an arbitrary initial approximation Yo E H and a non-singular operator 
B. 

We studied the iterative scheme (2) earlier in Chapter 6, where we con
structed sets of iterative parameters {Tk} and gave estimates of the conver
gence rate for the corresponding iterative methods (the Chebyshev method 
and the simple iteration method). 
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Any two-level iterative method constructed on the basis of the scheme (2) 
is characterized by the operators A and B, the energy space H D in which the 
convergence of the method is studied, and by the set of iterative parameters 
Tk. The basic question in the theory of iterative methods is the question of 
the optimal choice of the parameters Tk. 

In Chapter 6 the iterative methods were constructed and the parameters 
Tk were chosen based on the condition that either the norm of the transforma
tion operator from iteration to iteration or the norm of the resolving operator 
be a minimum in H D . An unfortunate feature of iterative methods based on 
that principle is that a priori information about the operators of the iterative 
scheme is used to compute the parameters Tk. 

The form of the necessary a priori information is determined by the 
properties of the operators A, B, and D. So, in this case where the operators 
DB-1 A is self-adjoint in the space H, this information takes the form of 
the constants of energy equivalence for the operators D and DB-1 A, i.e. the 
constants 71 and 72 from the inequalities 

(3) 

or the bounds for the operator DB-1 A in HD. 
In the non-self-adjoint case, we use either the two scalars 71 and 72 from 

the inequalities 

or the three scalars 71, 72, and 73, where 71 and 72 are the constants from 
the inequalities (3), and 73 is the constant either from the inequality 

II O.5(DB-1 A - A*(B*)-1 D)x IIb-l:5 7~(Dx, x), (5) 

or from the inequality 

In many cases, finding the constants 7b 72, and 1'3 with sufficient ac
curacy can be a complex independent problem, requiring the use of special 
computational methods for its solution. If the a priori information can be 
obtained at little computational expense or if we are required to solve a se
ries of problems (1) with different right-hand sides, then it is expedient to 
once find the necessary a priori information and then to use the iterative 
methods constructed in Chapter 6. This procedure can be recommended if 
the auxiliary time spent to obtain the a priori information is considerably 
less than the time to solve the whole series of problems (1). 
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In those cases where it is only necessary to solve one problem (1), or 
when a good initial approximation is given and computing the constants II, 
12, and 13 is a laborious process, it is better to use iterative methods of 
variational type, which we are now about to study. 

In a two-level method of variational type, no a priori information about 
the operators of the scheme (2) is required to compute the parameters Tk 
(except for conditions of a general form: A = A* > 0, (DB- 1 A)* = DB-l A, 
etc.), and these methods are based on the following principle. If an approx
imation Yk is given, and Yk+l is found from the scheme (2), then the itera
tive parameter Tk+l is chosen from the condition that the norm of the error 
Zk+1 = Yk+l -u in HD be a minimum, where u is the solution of the equation 
(I). 

The name of the methods is connected with the fact that the sequence Yk 
constructed using the formula (2), where the parameters Tk are chosen from 
the above condition, is a minimizing sequence for the quadratic functional 

I(y) = (D(y - u),y - u). 

If D is a positive-definite operator, this functional is bounded below and 
achieves its minimum, equal to zero, at the solution of equation (1), i.e. 
for Y = u. The choice of the parameter Tk+1 from the indicated condition 
guarantees the local minimization of the functional I(y) as we pass from Yk 
to Yk+l, i.e. after one iterative step. In the case of an explicit scheme (B = E), 
the move from Yk to Yk+l is performed using the formula 

Notice that, for a self-adjoint positive-definite operator A, the move from 
Yk to Yk+l proceeds along the direction -rk, which coincides with the anti
gradient for the functional (A{y - u), Y - u) at the level Yk. It is known that 
the anti-gradient direction is the steepest-descent direction for the functional. 
Therefore such methods are sometimes called gradient descent methods or 
simply gradient methods. We shall also use this name for implicit two-level 
methods of variational type. 

Our first problem is to find the parameter Tk+l from the condition that 
the norm of the error Zk+l = Yk+1 - u in HD be a minimum. 

8.1.2 A formula for the iterative parameters. We now find a formula for the 
computation of the iterative parameter Tk+l, assUlning that the operator A 
is not singular. We first write out the equation for the error Zk = Yk - u, 
k = 0,1, .... Substituting Yk = Zk + u in the scheme (2), we obtain 

Zk+l = (E - Tk+lB-1 A)Zk' k = 0,1, ... , Zo = Yo - u. 
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The change of variables Zk = D-1/2Xk allows us to pass to an equation 
containing only one operator 

(7) 

Using the equality II Zk IID=II Xk II, the problem of choosing the param
eter 'lcH posed above can be formulated in the following way: choose the 
parameter 'HI from the condition that the norm of XHI in the space H be 
a minimum. 

We now solve this problem. We compute the norm of XHI: 

II XHI 112 = «E - 'H1C)Xk, (E - 'H1C)Xk) 

=11 Xk 112 -2'HI(CXk,Xk)+';H(CXk,CXk) (8) 

[ (CXk,Xk) ]2 2 (CXk,Xk)2 
= (CXk, CXk) 'HI - (CXk, CXk) + II xk II - (CXk, CXk)" 

Since the operator A is not singular, the operator C is also not singular. 
Therefore, for any Xk, we have (CXk,CXk) > 0, and the minimum norm of 
XkH is attained for 

(9) 

Substituting (9) in (8), we obtain 

II XkH 11= PHI II Xk II, (10) 

where 

(11) 

Thus, the formula (9) defines the optimal value of the iterative parameter 
'HI' Substituting Xk = D1/2 zlc in (9), we obtain 

'HI = (DB-IAzk,B-1Azlc)' k = 0,1, .... 

Taking into account that AZk = AYk - Au = AYk - f = Tk, the residual, 
and B-1rk = Wk, the correction, the formula for the parameter 'HI can be 
written in the following form: 

k =0,1, ... , (12) 
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and the iterative scheme (2) in the form of an explicit formula for computing 
Yk+l: 

Yk+l = Yk - Tk;+l Wk, k = 0,1, .... (13) 

The algorithm for realizing this method can be described in the following 
way: 

1) for a given Yk, compute the residual Tk = AYk - j, 

2) solve the equation for the correction BWk = Tk, 

3) compute the parameter Tk+l using the formula (12), 

3) find the new approximation Yk+l using the formula (13). 

The formula (12) is still not suitable for computation, since in addition 
to the iterative quantities Tk and Wk which are known during the iterative 
process, it contains the unknown error Zk. In Section 8.2, by choosing a 
concrete operator D, we obtain formulas for the parameters Tk which only 
contain known quantities. But now, we move on to obtain an estimate for 
the convergence rate of this iterative method. 

8.1.3 An estimate of the convergence rate. We now estimate the convergence 
rate for the two-level gradient methods. Since the iterative parameter Tk+! 

is chosen from the condition that the norm of the error Zk+l in HD be a 
minimum, which is equivalent to the condition that the norm of Xk+! in H 
be a minimum, from (7) we obtain 

II Xk+! II = min II Sk+lXk II~ min II Sk+l 1111 Xk II 
rt+l rt+l 

= min II E - TC 1111 Xk 11= P II Xk II" p = min II E - TC II . 
r r 

Comparing this estimate with the equation (10), we find 

Pk ~ P ~ 1, k = 1,2, .... (14) 

From (10), (14) follows the estimate II Xk+l II~ p II Xk II, and using the 
change of variables Xk = Dl/2 Zk, from this follows an estimate for the norm 
of the error Zn in the energy space H D: 

P = min II E - TC II . 
r 

(15) 
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If the condition p < 1 is valid, then the two-level gradient method con
verges in HD. From the estimate (15) it follows that, in order to decrease the 
norm of the initial error in HD by a factor of 1/f, it is sufficient to perform 
n ~ nO(f) iterations, where 

nO(f) = In f/ln p. (16) 

Thus, the convergence rate for the two-level gradient method is deter
mined by the quantity p. Recall that in Chapter 6, when studying the simple 
iteration method under different assumptions about the operator C, esti
mates for p were obtained. The quantity p determines the convergence rate 
for the simple iteration method. Therefore, from the estimate (15) obtained 
here, it follows that any two-level gradient method converges no slower than 
the corresponding simple iteration method. 

We now give the estimates for p obtained in Sections 6.3, 6.4 under 
various assumptions about the operators A, B, and D. 

1. If the operator DB -1 A is self-adjoint in H, and 1'1 and 1'2 are the constants 
from the inequalities (3), then 

p = (1 - e)/(l + e), e = 'YJ/'Y2' 

2. Suppose that the operator DB-1 A is non-self-adjoint in Hj 

a) if condition (4) is satisfied, then 

b) if conditions (3), (5) are satisfied, then 

e - 1 - K, 1'1 
- 1 + K, 1'2' 

(17) 

(18) 

(19) 

Theorem 1. If the simple iteration method converges for the scheme (2), 
then the two-level gradient method (2), (12) also converges. The error Zn is 
estimated by 

II zn liD::; pn II Zo liD, 

where p is defined in (17) if the operator DB-1 A is self-adjoint in Hand 
the conditions (3) are satisfied, p is defined in (18) if the conditions (4) are 
satisfied for a non-self-adjoint operator DB-1 A, and in (19) if the conditions 
(3), (15) are satisfied. An estimate for the iteration count is given in (16). 0 
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Remark. If equation (1) is considered in a complex Hilbert space, then the 
iterative parameter Tk+l must be chosen from the formula 

k = 0,1, .... 

Theorem 1 remains valid, only the conditions (3), (4) should be changed to 
the inequalities 

'Yl(Dx,x) ~ Re(DB-lAx, x) ~ 'Y2(Dx, x), 

'Yl(Dx,x) ~ Re(DB-lAx, x), 

(DB-lAx,B-lAx) ~ 'Y2 Re (DB-l Ax,x), 

where Re z is the real part of the complex number z. 

8.1.4 Optimality of the estimate in the self-adjoint case. We shall show that, 
on the class of arbitrary initial approximations Yo in the case of a self-adjoint 
operator DB- l A in a finite-dimensional space H, the a priori estimate for 
the error of the iterative method (2), (12) obtained in theorem 1 is optimal. 
To do this, it is sufficient to demonstrate some initial approximation Xo for 
which the solution of equation (7) satisfies 1/ Xk+l 1/= p 1/ Xk 1/, where p is 
defined in (17). 

We now find the desired initial approximation Xo. Assume that H is a 
finite-dimensional space (H = HN). Since the operator DB- l A is self-adjoint 
in H, the operator C = D-l /2(DB-l A)D-l /2 is also self-adjoint in H. Con
sequently, there exists a complete system of eigenfunctions VI, V2, ••• , V N for 
the operator C. We denote by Ak the eigenvalue of the operator C correspond
ing to the eigenfunction Vk, so that CVk = AkVk, k = I,2, ... ,N. Suppose 
Al ~ A2 ~ ... ~ AN. Since the inequalities (3) are equivalent to the inequal
ities 

'YI E ~ C ~ 'Y2E, 'Yl > 0, 

then it is possible to choose 'Yl and 'Y2 as Al and A2 in (3). Then p, defined 
in (17), can be written in the following form: p = (AN - At}/(AN + At). We 
choose the initial approximaton 

(20) 

Then CXo = A1\/X~Vl + Am/I;'VN. Using the orthonormality of the system 
of eigenfunctions VI, V2, ••• , V N, we obtain 

(xo,xo) = Al + AN, 

(Cxo,xo) = 2AlAN, 

(Cxo, Cxo) = AlAN(Al + AN). 
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Substituting these values in (9), (11), we obtain Tl = 2/(Al + AN), Pl 
(AN - Al)/(AN + At) = p. From (10) follows the equation II Xl 11= P II Xo II, 
and from (7) we find Xl: 

Further computations give 

Therefore 

CXl = P (Al yT;Vl - ANAvN) , 

(Xl,Xl) = p2(xo,Xo), 

(CX1, xt) = p2(Cxo, Xo), 

(CXt,Cxt) = p2(CXO,Cxo). 

Consequently, II X2 11= p II Xl II· In addition, X2 = Xl - T2CXl = p2xo, i.e. X2 
is proportional to Xo. From this it at once follows that Ta = T2 = Tl, Pa = p, 
and Xa = p2Xl' Therefore for any k: 

Tk == 2/(Al + AN), Pk == P = (AN - Al)/(AN + Ad, 

II Xk+l 11= P II Xk II . 

The assertion is proved. 

Thus we have shown that, if the initial approximation is chosen using 
the formula (20), then in the two-level gradient method all the parameters Tk 

are identical and coincide with the parameter for the simple iteration method 
(cf. Section 6.3), the errors are proportional, and the convergence rate is just 
as slow. 

Notice that such slow convergence for the method is only true for a spe
cial "bad" initial approximation. In the case of a "good" initial approxima
tion, the convergence rate can be significantly better. A more detailed study 
of the way in which the method's convergence rate changes will be given in 
the following subsection, but here we will look at one example illustrating 
the above remark. 
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We shall show that, if the initial approximation Xo is taken to be any 
eigenfunction V rn , then the two-level gradient method converges in one iter
ation. 

Suppose Xo = v rn • Then a simple calculation gives 

CXo = ).rnvrn = ).rnXO, (Cxo, xo) = ).rn(XO, xo), 

(Cxo,Cxo) = ).!.(xo,xo), Tl = l/).rn, PI = 0, 

i.e. Xl = 0 or Yl = u. 
This is a new property of the two-level gradient methods - the possi

bility that the convergence rate can increase when a "good" initial approx
imation is given - which distinguishes them from the two-level methods 
considered in Chapter 6, which are inflexible with respect to a bad initial 
approximation. 

8.1.5 An asymptotic property of the gradient methods in the self-adjoint 
case. We look now at an asymptotic property of the two-level gradient meth
ods which they possess in the case of a self-adjoint operator DB-l A. This 
property concerns the fact that the sequence {pd, defined in (11), is increas
ing. Since the quantity Pk determines the rate at which the norm of the error 
decreases from iteration k to (k + 1), this property indicates a slower rate 
of decrease in the norm of the error Zn for large n in comparison with the 
rate at the beginning of the iterative process. Thus, for sufficiently large n, 
the convergence rate of the gradient methods becomes practically the same 
as that for the simple iteration method. 

It will be shown that, after a large number of iterations, the errors are 
almost proportional, if looked at every other iteration. Using this fact, we 
construct an approximate method for finding the constants /1 and /2 for the 
inequalities (3), and in Section 8.5 we construct a process for accelerating the 
convergence of the two-level iterative methods. 

Thus, suppose that the operator DB-l A, and in addition the operator 
C, are self-adjoint in H. We will show that the sequence {Pk} is increasing. 
From (10) it follows that 

II Xk+2 11= PH2 II XHI II, II XHI 11= PHI II Xk II . 

We now compute the norm of the difference XH2 - PH2PHlXk: 

II Xk+2 - PH2PHlXk 112 =11 Xk+2 112 -2Pk+2PHl (Xk+2' Xk) 

+P~+2P~+l II Xk 112 = 2 (II XH2 112 -Pk+2PHl(XH2,Xk»)' (21) 
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We compute separately the inner product (Xk+2' Xk). From equation (7) 
we find 

Taking the inner product of the last equation with CXk and using (9), we 
obtain 

Consequently, for any k we have the equality 

(23) 

and using the self-adjointness of the operator C - the quantity (CXk+1, Xk) 

equals O. 

From (22) and (23) we obtain 

(Xk+2' Xk) = (Xk+1 - Tk+2CXk+b Xk) = (Xk+1' Xk) 

= (Xk+1,Xk+1 + Tk+ 1C Xk) =\1 Xk+1 \1 2 • 

Substituting this equation in (21), we find 

From (24) it follows that either Pk+2 > Pk+1, or Pk+1 = Pk+2 = P and 
Xk+2 = p2Xk. In the latter case, it is clear that for any n ~ k the following 
equation is satisfied 

Pn+1 = p, (25) 

i.e. the sequence Pk tends to a limiting value. 

Thus, it has been shown that the sequence {Pk} is increasing. In Section 
8.1.3 it was shown that this sequence is bounded above and, consequently, 
has a limit. Therefore, after a sufficiently large number of iterations k, we 
have that Pk+1 ~ Pk+2 and, consequently, Xk+2 ~ Pk+2Pk+1Xk, i.e. the errors 
are almost proportional at every other iteration. 
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We look now at what happens when the sequence Pic converges to its 
limit value. In this case equation (25) is satisfied, i.e. xnH = p2Xn. Assume 
that the space H is finite-dimensional, and that VI! V2, ••• , VN are a system 
of eigenfunctions for the operator C. We expand Xn in terms of the eigen
functions 

From equation (7) we obtain 

XnH = (E - TnHC)(E - Tn+lC)Xn 

N 

= ~)1 - TnHAIc)(1 - Tn+1AIc)a~n)vlc. 
1c=1 

(26) 

Since xnH = p2xn, it follows that for all k for which a~n) =I 0, we must have 
that 

From this it follows that, in the expansion (26), there are only eigenfunctions 
corresponding to two different (possibly multiple) eigenvalues. Let them be 
Ai and Aj. Then Ai and Aj are the roots ofthe equation 

(27) 

Knowing Tn+1, TnH and p, it is possible to find the eigenvalues Ai and Aj 
from this equation. 

Ignoring the details, we remark that if, in the expansion of the initial 
error Xo, the eigenfunctions corresponding to the minimal eigenvalue Al and 
the maximal eigenvalue AN of the operator C are present, then, if the se
quence Pic converges to its limit value, only these eigenfunctions remain in 
the expansion (26). Therefore, solving equation (27), we find Al and AN. 

Having the sequence {pic} converge to its limit value for finite n is an 
exceptional case. In the general case it is only possible to assert that, for 
sufficiently large n, Pn+l ~ Pn+2 and Xn+2 ~ Pn+2Pn+1Xn. 

The existence of this approximate equation leads us to hope that, for 
sufficiently large n, the roots of the equation 

(28) 

will be good approximations for Al and AN and, consequently, also for 11 and 
12 in the inequalities (3). 
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We describe now a method for finding approximate values for "Y1 and /2. 
Using the iterative scheme (2) with! = 0, we perform n + 2 iterations with 
the parameters Tk+t defined in (12). Since, for! = 0, the solution of equation 
(1) is zero (u = 0), then Zk = Yk and, consequently, Pk+l can be found from 
the formula 

II Zk+t liD II Yk+l liD 
Pk+l = = . II Zk liD II Yk liD 

Having computed Tn+h Tn+2' Pn+t and Pn+2, we solve equation (28). 
The roots of this equation are approximations to /1 from above and /2 from 
below. 

In Section 8.5 we will give an example illustrating this method of finding 
/1 and /2. 

8.2 Examples of two-level gradient methods 

8.2.1 The steepest-descent method. In Section 8.1 we studied the general 
properties of two-level iterative methods of variational type. These methods 
can be used to find an approximate solution to the operator equation 

Au =! (1) 

with a non-singular operator A. The iterative approximations are computed 
from a two-level scheme 

B Yk+l-Yk+AYk=!, k 01 H = , , ... , Yo E , 
Tk+l 

(2) 

and the iterative parameters Tk are found from the formula 

k = 0,1, ... , (3) 

where Wk = B-1rk is the correction, rk = AYk - ! is the residual, and 
Zk = Yk - u is the error. The choice of the parameter Tk+l from the formula 
(3) guarantees that the norm of the error Zk+l in HD will be minimized as 
we pass from Yk to Yk+l. 

We look now at special cases of two-level gradient methods. Each specific 
method is defined by the choice of the operator D and has its own field of 
applicability. The operator D will be chosen so that the formula (3) for the 
iterative parameter Tk+t will contain quantities known during the iterative 
process. 
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We begin our look at examples with the steepest-descent method. This 
method can be applied only when A is a self-adjoint and positive-definite 
operator. 

Assume that the operator A is self-adjoint and positive-definite in H. The 
.'Jteepe.'Jt-de.'Jcent method is characterized by the following operator D: D = A. 
The operator B should be positive-definite in H. Taking into account the 
equations AZk = AYk - f = rk and A = A *, from (3) we obtain a formula for 
the iterative parameter TkH in the implicit steepest-descent method 

k = 0,1, .... 

In the case of an explicit two-level scheme (2) (B = E), we obtain Wk 

B-1rk = rk, and the formula for Tk+l takes the form 

k = 0,1, .... 

In the steepest-descent method, the norm of the error ZkH is minimized 
in the energy space HA: II Zk IIA= (AZk,Zk)1/2. The conditions for the con
vergence of the method were formulated in theorem 1, from which follows the 
estimate 

The value of the quantity p is determined by the properties of the 
operators A and B and by the amount of a priori information concern
ing them. Notice that the requirement of self-adjointness for the operator 
DB-1 A = AB-1 A in this method is equivalent to the requirement of self
adjointness for the operator B. Therefore 

1) if B = B* and either the conditions (3) of Section 8.1 or the equivalent 
conditions (cf. Section 6.2.3) 

are satisfied, then 
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2) if B ¥- B* and either the conditions (4) of Section 8.1 or the equivalent 
conditions (cf. Section 6.4.2) 

11(Bx, A-I Bx) ::; (Bx, x), (Ax, x) ::; 12(Bx, x), 11 > 0, 

are satisfied, then 

Notice, that if B = B*, then the steepest-descent method possesses the 
asymptotic property. 

8.2.2 The minimal residual method. This method can be applied in the case 
of any non-self-adjoint non-singular operator A. It is not assumed that each 
of the operators A and B is positive-definite separately; it is only required 
that the operator B* A be positive-definite. The minimal residual method is 
defined by the following choice of the operator D: D = A* A. 

The formula (3) for the iterative parameter Tk+l in the minimal residual 
method has the form 

k = 0,1, .... 

In the case of an explicit scheme (2) (B = E), the positive-definiteness 
of the operator A is required, and the formula for Tk+l has the form 

k = 0,1, .... 

The name of the method is connected with the fact that the norJIl of the 
residual is minimized. In fact, for this choice of the operator D we have 

Consequently, for this method the norm of the error in H D is equal to the 
norm of the residual, which can be computed during the iterative process and 
used to control the termination of the iteration. 

From theorem 1 follow the estimates 
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The operator DB-1 A = A* AB-1 A will be self-adjoint in H if the op
erator AB-1 is self-adjoint, which is equivalent to the requirement that the 
operator B* A be self-adjoint. If this requirement is satisfied, then from the 
conditions (3) of Section 8.1,. which in this case have the form 

'Yl(Ay,Ay):::; (AB-1 Ay,Ay):::; 1'2 (Ay, Ay), 1'1> 0, 

or after the change of variables y = A-I Bx 

'Y1(Bx,Bx):::; (Ax,Bx):::; 'Y2(Bx, Bx), 1'1> 0, (4) 

and from theorem 1 it follows that 

Notice that the condition 1'1 > ° will be satisfied if the operator B* A is 
positive-definite. The conditions of self-adjointness and positive-definiteness 
for the operator B* A will be satisfied, for example, under the following as
sumptions: A = A* > 0, B = B* > 0, AB = BA. 

In this case the inequalities (4) are equivalent to simpler ones. In fact, 
setting x = B-1/2y in (4) and using the commutativity of the operators A 
and B, we obtain 

(5) 

The conditions of self-adjointness and positive-definiteness for the opera
tor B* A will also be automatically satisfied in the case where the operator B 
has the form B = (A*)-l Bo, where Bo is a self-adjoint and positive-definite 
operator. In this case, in place of the inequalities (5), it is necessary to use 
the inequalities 

(6) 

and, in the formula for the parameter Tk+b the correction Wk can be found 
from the equation BOWk = A*rk. 

If the operator B* A is non-self-adjoint in H, then from the conditions 
(4) of Section 8.1 or the equivalent conditions 

'Y1(Bx,Bx):::; (Ax, Bx), (Ax,Ax):::; 'Y2(Ax, Bx), 1'1> ° 
and from theorem 1, it follows that p = Jf=1, ~ = 1'1/1'2. 
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8.2.3 The minimal correction method. This method can be applied to solve 
equation (1) with a non-self-adjoint but positive-definite operator A. It is 
required that the operator B be a self-adjoint positive-definite and bounded 
operator. The minimal correction method is defined by the following choice 
of the operator D: D = A* B-1 A. 

The formula (3) for the iterative parameter Tk+1 in the minimal correc
tion method has the form 

k = 0,1, .... 

In the case of an explicit scheme (2) (B = E), the minimal correction 
method and the minimal residual method are the same. 

In the minimal correction method, the norm of the correction in H B is 
minimized. In fact, for the operator D chosen above, we obtain 

The norm of the correction in HB can be computed during the iterative 
process and used to control the termination of the iteration. 

From theorem 1 follow the estimates 

The operator DB- l A = A* B-1 AB- l A is self-adjoint in H whenever 
the operator A is. Therefore: 

1) if A = A * and either the conditions (3) of Section 8.1 or the equivalent 
conditions (cf. Section 6.2.3) 

are satisfied, then 

p = (1 - ~)/(1 + ~), ~ = ,tI'2; 

2) if A i= A* and either the conditions (4) of Section 8.1 or the equivalent 
conditions (cf. Section 6.4.2) 

lIB::; A, (Ax, B-1 Ax)::; 12(Ax,x), 11 > 0, 

are satisfied, then 
p=~, ~=ltI'2. 
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Notice that, in comparison with steepest-descent and minimal residual 
methods, in the minimal correction method it is necessary to invert the op
erator B not once, but twice, first to compute the correction Wk, and then to 
compute B-1 AWk. 

Notice also that, if A = A *, then the minimal correction method pos
sesses the asymptotic property. 

8.2.4 The minimal error method. This method· can be applied, just like the 
minimal residual method, in the case where A is any non-self-adjoint and 
non-singular operator. The minimal error method is defined by the following 
choice of the operators B and D: 

B = (A*)-1 B o, D = B o, 

where Bo is a self-adjoint positive-definite operator in H. 

Substituting the chosen operator D in the formula (3) for the iterative 
parameter TkH, and taking into account that Wk = B-1 rk = B01 A*rk, we 
obtain a formula for TkH in the minimal error method 

k = 0,1, .... 

The correction Wk is found from the equation BOWk = A*rk. 

In the case of an explicit scheme (Bo = E), the formula for Tk+1 has the 
form 

Tk+1 = (A* A* )' rk, rk 
k = 0,1, .... 

In the minimal error method, the norm of the error in H Bo is mini
mized. For this method the operator DB-1 A = A* A is self-adjoint in H, and 
the conditions (3) of Section 8.1 take the form of the inequalities (6). From 
theorem 1 follow the estimates 

where p = (1 - e)/(l + e), e = "{1h2, and "{1 and "{2 are defined in (6). 

The minimal error method always possesses the asymptotic property. 
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8.2.5 A sample application of two-level methods. To illustrate the application 
of the constructed two-level gradient methods, we look at the solution of a 
model problem by the explicit steepest-descent method. As an example, we 
take a Dirichlet difference problem for Poisson's equation on the square grid 
W = {Xij = (ih,jh), 0:::; i :::; N, ° :::; j :::; N, h = liN} in the unit square 

(7) 

We introduce the space H consisting of the grid functions defined on w with 
inner product (u,v) = E u(x)v(x)h2 • 

zEw 

The operator A on H is defined in the following way: Ay = -Av, y E H, 
where v(x) = y(x) for x E wand vi.., = 0. The problem (7) can be written in 
the form of the operator equation 

Au=j, (8) 

where j only differs from <p at the near-boundary nodes 

{ 
g(O, X2), Xl = h, 

<PI = 0, 2h :::; Xl :::; 1 - 2h, 
g(l, X2), Xl = 1- h, 

X2 = h, 
2h :::; X2 :::; 1 - 2h, 
X2 = 1- h. 

The operator A is self-adjoint and positive-definite in H. Therefore it is 
possible to apply the steepest-descent method in order to solve the equation 
(8). The explicit iterative scheme has the form 

k = 0,1, ... , 

and the iterative parameters Tic are found from the formula 

k = 0,1, .... 

We give now the computational formulas and count the number of arith
metic operations expended during one iteration. 



8.2 Examples of two-level gradient methods 163 

Taking into account the definition of the operator A and the right-hand 
side J, the computational formulas can be written in the following form: 

= -(Yk)zlZl - (Yk)z.z. - t.p(Xi;), 1::; i, j ::; N - 1, 
=g; 

N-l N-l 

= L L r~(xi;)h2, 
i=1 ;=1 

N-l N-l 

(Ark, rk) = - L L r,,(xi;) [(r").;lZ1 + (r,,).;.z.] h2, r" I')' = 0, 
i=1 ;=1 

(r", r,,) 
THI = (Ar", r,,); 

3) Yk+l(Xi;) = y,,(Xi;) - THlr,,(Xij), 1::; i,j ::; N-1. 

The initial approximation Yo is an arbitrary grid function in w which 
takes on the following values on "I: Yo I')' = g. 

We now count the number of arithmetic operations. If the computation 
of the difference derivatives is carried out using the formula 

then the computation of r" requires 6(N _1)2 additions and 2(N _1)2 multi
plications and divisions. Computing (r",r,,) requires (N -1)2 additions and 
(N _1)2 multiplications, (Ar", r,,) requires 6(N _1)2 additions and 2(N _1)2 
multiplications, YH 1 requires (N _1)2 additions and (N -I? multiplications. 
In total, 14(N - 1)2 additions and 6(N - 1)2 multiplications and divisions 
are needed. Exactly half of this total number of operations is required to 
compute the inner products, i.e. to compute the iterative parameter T"+I. 

Consequently, one step of the steepest-descent method is twice as laborious 
as one step of the simple iteration method or the Chebyshev method, where 
the parameter T"H is known a priori. For implicit methods, this .difference 
will be less, since computing the inner products requires just the same num
ber of operations as in the explicit method, but the total is increased by the 
additional arithmetic operations expended to invert the operator B. 

We compute now the total number of arithmetic operations Q(e) which 
are needed to achieve a relative accuracy e. To do this, it is necessary to 
estimate the iteration count no (e). In Section 8.2.1, the following estimate 
was obtained: 

lne 
no(e) =-, 

lnp 

where "11 and "12 are, in the case of an explicit scheme, the bounds for the 
operator A: "lIE::; A ::; "I2E. 
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For this example, 71 and 72 are the same as the minimal and maximal 
eigenvalues 0 and Ll of the Laplace difference operator A. It is known that 

Therefore 

8 . 2 'lrh 
o=-sm -

h2 2 ' 
8 2 'lrh 

Ll=-cos-h2 2 . 

1 - e . 2 'lrh 
p=--=1-2sm -

l+e 2' 

and, consequently, if h ~ 1, then 

2ln ~ 2 1 
nO(f) ~ ~h2 ~ O.2N In-. 

'Ir f 

If we consider the operations of addition, multiplication, and division 
to be equivalent, then one iteration requires approximately 20N2 operations. 
Therefore, the total. number of arithmetic operations will be estimated by 
Q(f) ~ 4N4In~. 

8.3 Three-level conjugate-direction methods 

8.3.1 The choice of the iterative parameters. An estimate of the convergence 
rate. In Section 8.1, in order to find an approximate solution to the linear 
equation 

Au =1 (1) 

with a non-singular operator A, we looked at two-level iterative methods of 
variational type. The iterative scheme for these methods has the form 

B Yk+1 - Yk + AyL = I, k 0 1 H '" = ""., Yo E , (2) 
Tk+l 

and the iterative parameters Tk+l are chosen from the condition that the 
norm of the error Zk+l in the energy space HD be a minimum. Recall that 
sequence Yk constructed according to the formula (2) leads to a step-by-step 
minimization of the functional I(y) = (D(y - u),y - u), whose minimum is 
achieved at the solution of equation (1), i.e. for y = u. 

Such a strategy of local minimization, however, is not optimal, since we 
are interested in the global minimum of the functional I(y) on a finite grid; 
if some value of this functional is given, we would like to find the desired 
minimum after a minimal number of iterations. Local minimization at each 
iterative step does not lead us to the solution by the shortest path. 
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It is natural to try and choose the parameters TA: from the condition that 
the norm of the error Zn in H D be a minimum after n steps, i.e. after mov
ing from Yo to Yn' We met with an analogous situation when we studied the 
Chebyshev method and the simple iteration method in Chapter 6. It turned 
out that the method converged faster if the iterative parameters were chosen 
by minimizing the norm of the resolving operator, and not the transformation 
operator from iteration to iteration. This property is also valid for iterative 
methods of variational type. It will be shown that the iterative methods con
sidered in this section converge significantly faster if the iterative parameters 
TA: are chosen according to the rule given above. In addition, when H is a 
finite-dimensional space, these methods are semi-iterative methods for any 
initial guess, i.e. the exact solution of equation (1) can be obtained after a 
finite number of iterations. 

We move on now to construct the conjugate-direction method. We will 
assume that the operator DB-1 A is self-adjoint and positive-definite in H, 
and we will perform n iterations of the scheme (2). Transforming from the 
problem for the error ZA: = Yk - U to the problem for XA: = D1/2 ZA: we obtain 
as before, 

Xk+1 =SA:+1XA:, k=O,1, ... ,n-1, 

From this we find 

SA: = E - TA:C, C = D 1/ 2 B-1 AD-1/ 2 . 

n 

xn = Tnxo, Tn = II (E - TjC). 
j=1 

(3) 

The resolving operator Tn is an operator polynomial of degree n in the op
erator C with coefficients depending on the parameters T1, T2, ... , Tn 

n 

Tn = Pn(C) = E + I>~n)Cj, ahn) # O. (4) 
j=1 

Using the equality II Xn 11=11 Zn liD, the problem presented above con
cerning the choice of the iterative parameters Tk can be formulated as fol
lows: among all polynomials of the form (4), choose the one for which the 
norm of Xn = Pn(C)XO is minimal; in other words, choose the coefficients 
a~n), a~n), ... , a~n) ofthe polynomial Pn ( C) from the condition that the norm 
of Xn in H be a minimum. 

This problem will be solved in the next subsection, but first we ob
tain an estimate for the convergence rate of the conjugate-direction method 
constructed on the basis of the above-formulated principle for choosing the 
parameters. We obtain this estimate using a priori information about the 
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operators of the scheme in the form of 1'1 and 1'2 - the constants of energy 
equivalence for the self-adjoint operators D and DB-1 A: 

Suppose that Pn(C) is the desired polynomial. Then from (3), (4) follows 
an estimate for Xn: 

II Xn 11=11 Pn(C)XO 11= min II Qn(C)XO II~ min II Qn(C) 1111 Xo II, 
{Qn} {Qn} 

where the minimum is taken over the polynomials Qn(C) normalized, as in 
(4), by the condition that Qn(O) = E. 

We now estimate the minimal norm of the polynomial Qn(C). From (5) 
it follows that the operator C = D-1/ 2(DB- 1 A)D-1/ 2 is self-adjoint in H, 
and 1'1 and 1'2 are its bounds: C = C*, 1'IE ~ C ~ 1'2E, 1'1 > O. Therefore 
we have the estimate 

From the results in Section 6.2 it follows that the problem of constructing 
the polynomial, normed by the condition Qn(O) = 1, whose maximum modu
lus on the interval bl' 1'21 is minimal, is solved by the Chebyshev polynomial 
of the first kind, for which 

2pi 
qn = 1 + 2n' PI 

I-vie 
PI = 1 + vie' 

Consequently, we have the estimate II Xn II~ qn II Xo II for x n· 
Thus, we have proved 

Theorem 2. If the conditions (5) are satisfied, then the iterative conjugate
direction method converges in HD, and the error Zn is estimated for any n 
by II Zn IID~ qn II Zo liD. Also, the iteration count can be estimated by 

where PI = (1 - vIe)/(1 + vie), e = 1'1/1'2. 0 
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8.3.2 Formulas for the iterative parameters. The three-level iterative scheme. 
We move on now to construct the polynomial Pn(C). Using (3) and (4), we 
compute the norm of Xn: 

n n n 

2 '" (n)· '" '" (n) (n)· . =11 Xo II +2 L.J aj (Clxo, xo) + L.J L.J aj ai (Clxo, C'xo). 
j=1 j=li=1 

Th f · f . f h (n) (n) (n) S e norm 0 Xn IS a unction 0 t e parameters a1 , a2 , ••• , an . et-
ting the partial derivatives of II Xn 112 with respect to a~n) 

o II ~n t = 2 ~ a~n)(cjxo, Cixo) + 2(Cjxo, xo), j = 1,2, ... , n, oa .n L.J 
1 i=1 

equal to zero, we obtain a system of linear algebraic equations 

j = 1,2, ... ,n. (6) 
i=1 

For a self-adjoint and positive-definite operator C in H, the system (6) gives 
the conditions for the norm of Xn in H to be a minimum. 

Thus, the problem of constructing the optimal polynomial Pn(C) has in 
principle been solved. The coefficients of the polynomial a~n), a~n), .. . , a~n) 
are found by solving the system (6). But first, we construct the formulas for 
computing the iterative approximation Yn. One way of doing this is to use 
the iterative scheme (2). However, this requires us to find the roots of the 
polynomial Pn(t) and then to choose the Tic as the inverse ofthese roots. Such 
a scheme is not economical. 

A second method is to use the coefficients of the polynomial to compute 
Yn. From (3), (4), and the change of variable XIc = D1 / 2 ZIc, where Zlc = YIc-U, 
we obtain 

Yn - u = D-1/ 2 Pn(C)D 1/ 2 (yO - u). (7) 

Using (4) and the equation D-l/2CjD1/ 2 = (B- 1 A)j, we find 

n 

D-1/ 2 Pn(C)D 1/ 2 = E + L a~n)(B-l A)j. 
j=1 

Substituting this equation in (7), we obtain 

n n 

Yn = Yo + L a~n)(B-l A)j(yo - u) = Yo + L a~n)(B-l A)j-l wo , (8) 
j=1 j=1 
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where Wo is the correction, Wo = B-1 A(yo - u) = B-lro, ro = Ayo - f. 
This method is also not optimal. For each new n we must again solve 

the system (6). 

We shall now show that the sequence Yl, Y2, ... ,Yk, . .. , constructed ac
cording to (6), (8) for n = 1,2, ... , can be found using the following three-level 
scheme 

BYk+t = aHl(B - THlA)Yk + (1- aHt)BYk-l + aHlTHtf, 

k = 1,2, ... , (9) 

To do this it is necessary to display the set of parameters {Tk} and {ak} 
for which the norm of the equivalent error Xk will be minimal for any k. From 
the equation for the error Xk in the case of the scheme (9) 

Xk+l = aHl (E - THI C)Xk + (1 - aHt)xk-l, k = 1,2, ... , 

Xl = (E - TlC)XO, 
(10) 

we obtain that Xk = Pk(C)xo, where the polynomial Pk(C) has the form (4) 
(n = k). Therefore, if the parameters {Tk} and {ad are chosen so that for 
any n = 1,2, .. , the conditions (6) are satisfied, then the iterative approxima
tions Yn constructed according to (9) will be the same as the approximations 
constructed using the formulas (6), (8) for any n. 

We now construct the desired set of parameters {Td and {ad. To do 
this we require 

Lemma. The conditions 

(11) 

are necessary and sufficient for the norm of Xn in H to be a minimum for 
any n ~ 1. 

Proof. From (4), (6) it follows that the conditions (6) - the conditions for 
the norm of Xn to be a minimum - are equivalent to: 

(cjxo,Xn) =0, j=1,2, ... ,n, (12) 

for any n = 1,2, .... From this we obtain, for j ~ n - 1, 

j+1 

(Cxo, Xn) + L a~~l (Cixo, Xn) = (CXj, xn) = 0, 
i=2 

i.e. the conditions (11) are necessary. 
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We now prove the sufficiency of the conditions (11). Suppose that the 
conditions (11) are satisfied. We shall show that then the conditions (12) are 
also satisfied. From (11) for j = ° )Ve obtain that the equations (12) are valid 
for j = 1. The validity of (12) for j ~ 2 is proved by induction. Suppose that 
the conditions (12) are satisfied for j :::; k, i.e. (Cjxo, xn) = 0, j = 1,2, ... , k. 
We shall show that they are also satisfied for j = k + 1, ifthe conditions (11) 
are satisfied. 

From (11) for j = k we obtain 

k 

(C ) '" (k)(Cj+I ) (k)(Ck+l ) = Xo,X n + L.Jaj Xo,X n = ak Xo,X n • 

j=l 

Consequently, (Ck+lxO,x n ) = 0. The lemma is proved. 0 

We now use the lemma to construct the set of parameters {Tk} and {ak} 
for the scheme (9). To simplify the presentation, we will assume that Yl in 
the scheme (9) is found from the general formula (9) with al = 1. 

We look now at the scheme (10). Since Xl is found from a two-level 
scheme, it follows from Section 8.1 that we should choose the optimal param
eter Tl from the formula 

(Cxo,Xo) 
Tl = . 

(Cxo,Cxo) 

The construction of the parameters T2, T3, ... and a2, a3, ... will be car
ried out sequentially. Suppose that the iterative parameters T1, T2, ... , Tk and 
a1, a2, ... , ak have already been choosen in an optimal way. Since these 
parameters determine the approximations Y1, Y2, ... , Yk, it follows from the 
lemma that the conditions 

(CXj,Xi) =0, j=0,1, ... ,i-1, i=1,2, ... ,k, (13) 

are satisfied. 

We now choose the parameters Tk+l and ak+1 which determine the ap
proximation Yk+l' From the lemma it follows that the norm of Xk+l will be 
a minimum if the conditions 

(CXj, Xk+J) = 0, j = 0,1, ... , k, (14) 

are satisfied. 
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From these conditions we find the parameters Tk+l and ak+l. We shall 
first show that (13) implies that the conditions (14) are satisfied for j ~ k-2, 
and then from the remaining two conditions (14) for j = k -1 and j = k, we 
obtain the formulas for THI and aHl. 

Thus, suppose j ~ k - 2. From (10) and (13) we find 

(Xk+1!CXj) = aHl(xk,CXj) - ak+lTk+l(CXk,CXj) 

+ (1 - ak+J)(xk-l, CXj) = -aHl Tk+l(CXk, CXj). 

We shall show that (CXk, CXj) = 0 for j ~ k - 2. In fact, from (10) for k = j 
we obtain 

Using the self-adjoint ness of the operator C and the conditions (13), from 
this we obtain for j ~ k - 2 

Consequently, (XHl,CXj) = 0 for j:S k - 2. 

We now find THI and ak+l. Setting j = k - 1 and j = k in (14), we 
obtain from (10) and (13) 

0= (CXk-l,Xk+l) 

= -ak+lTHl(CXk, CXk-d + (1- aHd(Cxk-l,Xk-d, (16) 

0= (CXk, Xk+l) = aHt[(Cxk,Xk) - THI(CXk, CXk»). 

From the second equation, we at once find the parameter Tk+l: 

(17) 

From the first equation we eliminate the expression (C x k, Cx k-I). To do this, 
we set j = k - 1 in (15) and take the inner product with CXk on the left
and right-hand sides of (15). 
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Taking into account the self-adjoint ness of the operator C, from the 
condition (13) we obtain 

1 1 1 - Ok 
(CXk,CXk-l) = -(CXk-l,Xk) - --(CXk,Xk) + --(CXk-2,Xk) 

Tk TkOk TkOk 

1 
= ---(CXk, Xk). 

TkOk 

Substituting this expression in (16), we obtain 

From this equation we find a recurrence formula for the parameter 0k+l: 

(18) 

Thus, assuming that the iterative parameters T1, T2, ... , Tk and 01, 02, •.. , Ok 

have already been found, we obtain formulas for the parameters Tk+l and 
Ok+!' Since 01 = 1 and 

(CXo, xo) 
Tl = , 

(Cxo, Cxo) 

the formulas (17), (18) define the parameters Tk+! and Ok+l for any k. 

Substituting Xk = Dl/2 Zk in (17) and (18) and taking into account that 

C = D-l/2(DB-IA)D-l/2 d A an Zk = rk, 

we obtain the following formulas for the iterative parameters THI and Ok+!: 

k = 0,1, ... , (19) 

( 
THI (DWk, Zk) 1)-1 

0Hl - 1- -- -
- Tk (DWk-l,Zk-t}Ok ' 

(20) 

k = 1,2, ... , 01 = 1. 

Thus, the conjugate-direction method is described by the three-level 
scheme (9), where the iterative parameters Tk+! and Ok+! are chosen using 
the formulas (19), (20). For this method, theorem 2 proved above is valid. 
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From the formulas (19), (20) it follows that the iterative parameters Tk+l 
in the conjugate-direction method and in the two-level gradient methods 
are chosen using the very same formulas, and that it is not necessary to 
compute any auxiliary inner products in order to compute the parameters 
(Xk+l. Therefore to compute the iterative parameters in the two-level and 
three-level methods of variational type, practically the same expenditure of 
arithmetic operations is required. At the same time, it follows from theorems 
1 and 2 that conjugate-direction methods converge substantially faster than 
gradient methods. 

We shall show now that, if H is a finite-dimensional space (H = H N ), 
then the conjugate-direction methods converge after a finite number of it
erations not exceeding the dimension of the space. In fact, from the lemma 
it follows that the conjugate-direction methods must satisfy the equations 
(CXj, xn) = (Xj, xn)C = 0, j = 0,1, ... , n - 1 for the equivalent errors Xk. 
Consequently, the system of vectors Xo, Xl, ... ,Xn must be a C-orthogonal 
system in H N for any n. And since it is impossible to construct more than N 
orthogonal vectors in HN, it follows that XN = 0 and ZN = YN -u = o. Thus, 
on the class of arbitrary initial approximations Yo, the conjugate-direction 
methods converge in N iterations to the exact solution of equation (1). 

For special initial approximations Yo, these methods converge in even 
fewer iterations. In fact, suppose that Yo is such that the expansion of Xo in 
eigenfunctions of the operator C contains No < N functions, i.e. Xo belongs 
to an invariant subspace of H No relative to the operator C. Then it is obvious 
that all Xk E HNo• Therefore in this case the iterative process will converge 
after No iterations. 

From the remarks above it does not follow that the convergence estimate 
for the method obtained in theorem 2 is very crude, and that equality in 
II Zn IIv= qn II Zo IIv is never achieved. It is possible to construct an example 
of equation (1) and show that for any n < N there is an initial approximation 
Yo such that this equation is satisfied. 

8.3.3 Variants of the computational formulas. We give now several different 
ways of realizing the three-level conjugate-direction methods. From (9), (19) 
and (20) we obtain the following algorithm: 

1) given Yo, compute the residual TO = Ayo - I; 
2) solve the equation for the correction Bwo = TO; 

3) compute the parameter Tl using the formula (19); 

4) find the approximation Yl from the formula Yl = Yo - TlWO· 

Then, for k = 1,2, ... sequentially perform the following operations: 

5) compute the residual Tk = AYk - I and solve the equation for the cor
rection BWk = Tk; 
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6) using the formulas (19), (20), compute the parameters Tk+l and ak+l; 

7) find the approximation Yk+l from the formula 

Thus, in this description of the algorithm, it is necessary to store Yk-l, 
Yk, and Wk in order to find Yk+!. Below we will indicate the specific form of 
(19) and (20) for certain concrete choices of the operator D. Here we will limit 
ourselves to the comment that it is possible to use the residual rk in place of 
the correction Wk. To compute the residual, either the equation rk = BWk (if 
the computation of BWk is not a laborious process) or the definition of the 
residual rk = AYk - f can be used. 

In practice, there are still other algorithms for realizing the conjugate
direction method. We give one of these. To do this, we shall treat the scheme 
(9) as a scheme with a correction. From (9) we obtain 

where Wk = B-lrk, rk = AYk - f, and the parameters ak+! and bk are linked 
with ak+l and Tk+l by the following formulas: 

We now obtain an expression for bk and ak+!. From (19), (20) we find 

(22) 

From these formulas, it is easy to obtain the recurrence formulas for ak+!, 
however it is also possible to find an explicit expression for ak+l: 

(23) 

The formulas (21), (22), and (23) describe a second algorithm for the conju
gate-direction method. Here the computations are carried out in the following 
order: 

1) given Yo, compute the residual ro = Ayo - f, solve the equation Bwo = ro 
for the correction Wo, and set So = Wo; 

2) using (23) find the parameter al and compute Yl = Yo - alsO. Then for 
k = 1,2, ... sequentially perform the operations: 

3) compute the residual rk = AYk - f and solve the equation for the cor
rection BWk = rk; 



174 Chapter 8: Iterative Methods of Variational Type 

4) using (22), compute the parameter bk and find Sk from the formula 
Sk = Wk + bksk- l ; 

5) from (23) determine the par~eter ak+l and compute the approximation 
Yk+l using 

Notice that in this algorithm it is necessary to store Yk, Wk, and Sk, i.e. 
the same amount of intermediate information as in the first algorithm. 

8.4 Examples of three-level methods 

8.4.1 Special cases of the conjugate-direction methods. In Section 8.3, we 
constructed the three-level iterative conjugate-direction methods, and used 
them to solve the linear equation 

Au = f. (1) 

The iterative approximations are computed from the three-level scheme 

BYk+I = ak+l(B - Tk+lA)Yk + (1- ak+I)BYk-l + ak+lTk+tf, 

k = 1,2, ... , (2) 

BYl = (B - TlA)yo + Ttf, Yo E H, 

and the iterative parameters ak+I and Tk+I are found from the formulas 

k = 0,1, ... , 

(3) 

k = 1,2, ... , al = 1, 

where Wk = B-lrk is the correction, rk = AYk - f is the residual, and 
Zk = Yk - u is the error. 

The choice of the parameters ak and Tk from the formulas (3) guarantees 
that the norm of the error Zn in H D after the move from Yo to Yn will be a 
minimum for any n, if DB-l A is a self-adjoint and positive-definite operator. 
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We look now at special cases of the conjugate-direction methods, defined 
by specific choices of the operator D. In Section 8.2 four examples of two
level methods were considered. Each of these two-level methods corresponds 
to a particular three-level iterative conjugate-direction method. We shall list 
these methods along with the appropriate conditions on the operators A and 
B which guarantee the self-adjointness of the operator DB-1 A. For these 
methods, theorem 2 is valid, and the form of the inequalities which define the 
constants "Yl and "Y2 will be indicated in the description of the corresponding 
method. 

1) The conjugate-gradient method. 
The operator D: D = A. 
The conditions: "YIB ~ A ~ "Y2B, "Yl > 0, 
A = A * > 0, B = B* > 0. 
The formulas for the iterative parameters: 

2) The conjugate-residual method. 
The operator D: D = A * A. 
The conditions: "Y1(Bx,Bx) ~ (Ax,Bx) ~ "Y2(Bx,Bx), "Y1 > 0, 
B*A=A*B. 

IT it is also assumed that A = A* > 0, B = B* > 0, AB = BA, then the 
conditions have the form 

The formulas for the iterative parameters: 

3) The conjugate-correction method. 
The operator D: D = AB-l A. 
The conditions: "YIB ~ A ~ "Y2B, "Yl > 0, B = B* > 0. 
The formulas for the iterative parameters: 
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4) The conjugate-error method. 
The operator D: D = Bo. 
The conditions: B = (A*)-l Bo, ''flBo ~ A* A ~ 'Y2BO, Bo = B~ > o. 
The formulas for the iterative parameters: 

8.4.2 Locally optimal three-level methods. We turn now to the procedure 
examined in Section 8.3 for constructing the iterative parameters O!k+l and 
Tk+l for the conjugate-direction method. Recall that the parameters O!k+l and 
Tk+l were chosen from the conditions (CXk-l,Xk+d = 0 and (CXk,Xk+l) = 0 
under the assumption that the iterative approximations Yl, Y2, ... , Yk guar
anteed that 

(CXj,X;) =0, j=0,1, ... ,i-1, i=1,2, ... ,k. (4) 

In an ideal computational process, the conditions (4) are satisfied, there
fore the choice of the parameters O!k+l and Tk+l from the formulas obtained 
in Section 8.3 guarantees the minimization of the norm of the error Zk+l 
in Hv after the move from Yo to Yk+l. In an actual computational process, 
where the influence of rounding errors is taken into account, the iterative 
approximations Yl, Y2, ... , Yk will be computed inexactly, and consequently 
the conditions (4) will not be satisfied. In many cases, this can lead to slower 
convergence rates for the method, and sometimes even to divergence. 

We construct now a modified conjugate-direction method which does not 
possess this deficiency. In order to approximately solve the equation Au = f 
we look at the three-level iterative scheme 

BYk+l = O!k+l(B - Tk+lA)Yk + (1- O!k+dBYk-l + O!k+lTk+d, 

k = 1,2, ... , 
(5) 

with arbitrary approximations Yo and Yl E H. Assuming that Yk and Yk-l are 
known, we choose the parameters O!k+l and Tk+l from the condition that the 
norm of the error Zk+l in Hv be a minimum, i.e. from a local optimization 
condition for one step of the three-level scheme. 

We solve this problem under the natural assumption that the operator 
DB-1 A is positive-definite. To do this, we transform to the equation for the 
equivalent error Xk = D-1/ 2 Zk: 
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To simplify the exposition, we introduce the notation 

(7) 

and rewrite (6) in the following form: 

(8) 

The problem is then: choose a and b from the condition that the norm of 
Xk+l in H he a minimum. We now compute the norm of Xk+l. From (8) we 
obtain 

II Xk+1 112 =11 Xk 112 +a2 II Xk - Xk-l 112 +b2 II CXk 112 

- 2a(Xk'XI: - Xk-d - 2b(CXk, XI:) + 2ab(CXk,Xk - Xk-l). 

Setting the partial derivatives with respect to a and b equal to zero, we 
obtain a system in the parameters a and b 

II Xk - Xk-l 112 a + (CXk, Xk - Xk-l)b = (Xk' Xk - xk-d, 

(CXk,Xk - xk-da+ II CXk 112 b = (CXk,Xk). 
(9) 

The determinant of this system is equal to II Xk - Xk-l 11211 CXk 1/ 2 
-(CXk,Xk - Xk_l)2 and, by the Cauchy-Schwartz-Bunyakovskij inequality, 
is only zero when Xk - XI:-l is proportional to CXI:: XI: - XI:-l = dCXk. In 
this case, the equations of the system are proportional, and they reduce to a 
single equation 

(10) 

Since this implies that (8) has the form Xk+l = Xk - (b + ad)Cxk' then, 
assuming that a = 0 in (10), we obtain from (7), (10) 

(11) 

If the determinant is not zero, then, solving the system (9), we obtain 
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Hence, using the notation (7), we find the formulas for the parameters 0'k+1 

and Tk+1: 

k = 1,2, .... 

The formulas (11) obtained earlier can be considered as a special case of 
the general formulas (12), with 0'k+1 = 1 if the denominator in the expression 
for O'k+1 vanishes. 

The formulas (12) are more complex than the formulas for the param
eters O'k+1 and Tk+1 in the conjugate-direction method obtained in Section 
8.3. Here it is necessary to compute auxiliary inner products. However, the 
iterative process (5), (12) constructed in this section is less susceptible to the 
influence of rounding errors, and errors from previous iterations are damped. 

The connection between the locally-optimal three-level methods and the 
conjugate-direction methods is laid out in 

Theorem 3. If the initial approximation YI for the method (5), (12) is chosen 
as follows: 

BYI = (B - TIA)yo + TIf, 
(Dwo, zo) 

TI = , 
(Dwo,wo) 

(13) 

and the operator DB- I A is self-adjoint, then the method (5), (12) is identical 
to the conjugate-direction method. 

Proof. The proof is carried out by induction. From the conditions of the theo
rem it follows that the approximations YI obtained here and in the conjugate
direction method are the same. Suppose that the approximations YI, Y2, ... , 
Yk are the same. We shall prove that the Yk+1 constructed according the 
formulas (5), (12) is identical to the approximation Yk+l from the conjugate
direction method. 

From the above assumptions it follows that the iterative parameters 
Tl, T2, ... , Tk and 0'2,0'3, ..• ,O'k are also identical for both methods. If we can 
prove that the parameters Tk+1 and O'k+l are the same in these methods as 
well, then the assertion of theorem 3 will be proved. 
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Since YI, Y2, ••• , Yle are the iterative approximations for the conjugate
direction method, it follows from the lemma that the conditions 

(CXj,Xi) =0, j=.O,I, ... ,i-l, i=I,2, ... ,k, (14) 

are satisfied. Substituting (14) for j = k - 1 and i = k in (12) and using the 
self-adjointness of the operator C, we obtain 

Thus the parameters Tlc+l from the locally-optimal method and the 
conjugate-direction method are the same. It remains to prove that the pa
rameters ale+l are the same. 

From (6) and (13) we obtain 

Xle - XIe-1 = (ale - 1)(XIe-1 - XIe-2) - aIeTIeCXIe-b k = 2,3, ... , 

Xl - Xo = -TICXO. 
(16) 

From (16) it follows that the difference Xle - XIe-1 is a linear combination 
of Cxo, CXb •• • , CXIe-1 and has the following form 

1e-2 

Xle - XIe-1 = -aIeTIeCXIe-1 + "5':J3j Cxj, k ~ 2, 
j=O (17) 

where the coefficients {3j are expressed in terms of TI, T2, ••• , TIe-1 and 0'2,0'3, 

... , ale-I. Taking the inner product of the left- and right-hand sides of (17) 
with XIe-1 and Xle - XIe-1 and taking into account (14), we obtain 

(XIe-I,XIe - XIe-J) = -aIeTIe(CXIe-bXIe-I), 
(18) 

/I Xle - XIe-1 /1 2 = aIeTIe(CXIe-I, XIe-I). 

Substituting (18) in the expression (15) for alc+l and using the formula for 
the parameter TIc+ I, we obtain 

ale Tie ( CXIe-I, XIe-I)( CXIe, CXIe) 
ale+l =----~~~~~~~~~~~~--~7 

aIeTIe(CXIe-I,XIe-J)(CXIe,CXIe) - (CXIe,XIe)2 

_ (1- TIc+I(CXIe,XIe) • ~)-l 
- TIe(CXIe-I,XIe-d ale ' 

which is the same as the formula for the parameter alc+l in the conjugate
direction method. The theorem has been proved. 0 
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Substituting Xk = D1/2Zk and C = D-1/2(DB-1 A)D-1/2 in (12), we 
obtain the following version of the formulas for the parameters ak+1 and 
7"k+1: 

If we introduce notation for the inner products 

ak = (DWk,Zk), bk = (DWk,Zk-1), Ck = (DZk,Yk - Yk-t}, 

dk = (DZk-1,Yk - Yk-d, ek = (DWk,Wk), 

then the formulas (19) can be rewritten in the form 

ak+1 = ( ) ( )2 ' Ck - dk ek - ak - bk 
k = 1,2, ... , a1 = 1, 

ak 1- ak+1 bk 
7"k+1 = - + -, k = 0,1, .... 

ek ak+1 ek 

We now give expressions for ak, bk, Ck, dk, and ek for specific choices of the 
opetator D: 

1) D = A, A = A*. 

ak = (wk,rk), bk = (wk,rk-1), Ck = (rk,Yk - Yk-1), 

dk = (rk-l, Yk - Yk-1), ek = (Awk' Wk). 

2) D = A·A. 

a" = (Aw" , r,,), b" = (Aw" , r"-1), C" = (rk' r" - rk-d, 

d" = (r,,_l, r" - rk-1), ek = (Awk, AWk). 

3) D = A*B-1A, B = B·. 

ak = (Awk, w,,), b" = (Awk, Wk-t), C" = (Wk, rk - r,,_t), 

dk = (Wk-1, rk - rk-1), e" = (B-1 AWk, Aw,,). 
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8.5 Accelerating the convergence of 
two-level methods in the self-adjoint case 
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8.5.1 An algorithm for the acceleration process. In Section 8.1.5 it was shown 
that, in the case of a self-adjoint operator DB-1 A, the two-level gradient 
methods possess an asymptotic property. It appears that, after a large num
ber of iterations, the convergence rate of the method drops significantly in 
comparison with the initial iterations. It was also shown that, after a large 
number of iterations, the errors are nearly proportional if examined at every 
other step. 

Using this property, we now construct an algorithm for accelerating the 
convergence of two-level gradient methods. 

To solve the equation 
Au =/ (1) 

we look at the two-level gradient iterative method 

(2) 

k = 0,1, .... (3) 

Assume that the operator DB-1 A is self-adjoint in H. Then the itera
tive method possesses the asymptotic property, and after a sufficiently large 
number of iterations k we have the approximate equation 

(4) 

We look first at the case where (4) is actually an equality, i.e. Zk+2 = 
p2Zk. Using the already-computed approximations Yk and Yk+2, we construct 
a new approximation using the formula 

(5) 

For the error Z = Y - u, we obtain 

Consequently, in the case where (4) is actually an equality, the linear com
bination (5) of the approximations Yk and Yk+2 gives the exact solution to 
equation (1). 
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As was noted in Section 8.1, exact equality in (4) is a remarkable case 
which is only true for special initial approximations. In the general case, (4) is 
only an approximate equality, and the discussion above only allows us to hope 
that some linear combination of Yk and Yk+2 will give a better approximation 
to the solution of the original problem. 

We shall now find the best of these linear combinations. Let Yk, Yk+l, 
and Yk+2 be the iterative approximations obtained using the formulas (2), 
(3). We will look for a new approximation Y using the formula 

(6) 

We will choose the parameter a so that the norm of the error z = Y - u 
in H D will be minimal. 

First of all, using the scheme (2), we eliminate Yk+2 from (6). We obtain 

and, after substituting for Yk+2 in (6), we will have 

(7) 

where Yk+l is found from the two-level scheme 

(8) 

If we assume that Yk is some given initial approximation, then the scheme 
(7), (8) is the same as the scheme for the conjugate-direction method, and the 
parameters Tk+l and ak+l are the same as the parameters for the conjugate
direction method. From the theory of this method it follows (Section 8.4.1, 
formula (3» that the optimal value of the parameter a is given by the formula 

1 
(9) a=------~=-------~ 

1 _ Tk+2 (DWk+l' zk+d . 

Tk+t (DWk, Zk) 

Thus, we have solved the problem of choosing the optimal parameter a. 
The formulas (6), (9) define the acceleration procedure. 

Notice that, instead of using (6), it is possible to compute Y from the 
following two-level scheme: 

BYk+l = (B - Tk+lA)Yk + Tk+tf, 

By = (B - Tk+2A)Yk+l + Tk+2j, 
(10) 
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where Tk+! and TH2 are the roots of the equation 

Tk+! should be taken to be the smaller root. 

Using (10) in place of (6) enables us to avoid the use of auxiliary storage 
for intermediate information. 

8.5.2 An estimate of the effectiveness. We now estimate the effectiveness of 
the acceleration procedure. First of all, we compute the norm of the error 
Z = Y - u in HD by transforming the expression (9) for a. 

Making the change of variables Zk = D- I / 2Xk in (9) gives 

From (10) and (11) in Section 8.1 we have 

II Xk+! 11= PHI II Xk II, 
2 (CXk,Xk)2 

Pk+! = 1 - (CXk, CXk) II Xk 11 2 ' 
(12) 

From the formulas (9) in Section 8.1 we obtain 

(13) 

Using (12) and (13), we find 

TH2 (CXHI, XHJ) 1 - pi+2 2 

Tk+! (CXk,Xk) = 1- pi+! PHI' 

Substituting this expression in (11) gives 

(14) 

We now compute the norm of the error Z = Y - u in HD. From (6) it follows 
that 

Then, for the equivalent errors Zk = DI/2xk and x = D I / 2 Z we will have 
x = aXk+2 + (1 - a)xk. We now compute the norm of x in H. We obtain 
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From the equality (Xk+2,Xk) =11 Xk+1 112 proved in Section 8.1.5 it follows 
that 

Substituting here the expression (14) for a and using (12), we obtain 

Since Pk+I $ Pk+2 $ P < 1, then 

consequently, the norm of x is estimated by 

From the asymptotic property, for sufficiently large k we have Pk+I ~ 

Pk+2, therefore the effect of the acceleration procedure will be significant. 

Notice that, although the acceleration procedure is effective for large k, 
this procedure can be used at any iteration. We suggest that from time to time 
the iterative process using the two-level scheme (2), (3) be interrupted, and 
a new approximation be computed using the above formulas. The iterative 
process can be terminated with such an approximation if the computed Yk+2 

satisfies the inequality 

2 2 
Pk+2 - PHI II 112 < 2 II 112 

2 (1 _ 2p2 + p2 p2 ) Zk+2 D- E Zo D· 
PHI k+I HI H2 

In fact, in this case we obtain from (15) that II Y - u IID$ E II Yo - U liD, i.e. 
the required accuracy E has been achieved. 

8.5.3 An example. To illustrate the effectiveness of this acceleration procedure 
for the two-level gradient methods, we look at the solution of a model problem 
using an implicit steepest-descent method. As an example, we use a Dirichlet 
difference problem for Laplace's equation on the square grid w = {xii = 
(ih,jh), 0 $ i $ N, 0 $ j $ N, h = liN} in the unit square 

Au=AI u+A2u=O, xEw, ul-y=O, 
(16) 

Aexu = U XaZa ' a = 1,2. 
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We introduce the space H consisting of the grid functions defined on w 
with the inner product 

(u,V) = L u(x)v(x)h2. 
zEw 

The operator A is defined as follows: A = Al + A2, AaY = -Aav, y E H, 
where vex) = y(x) for x E wand vl'Y = O. 

The problem (16) can be written in the form of the operator equation 

Au=/, /=0. (17) 

We choose B to be the following factored operator: B = (E+wAt)(E+wA2 ), 

w > 0, where w is an iterative parameter. 

Since the operators Al and A2 are self-adjoint and commutative in H, 
the operators A and B are self-adjoint in H. In addition, it is easy to show 
that the operators A and B are positive-definite in H. Consequently, it is 
possible to use the implicit steepest-descent method 

k = 0,1, ... (18) 

to solve equation (17). 
In this method, D = A and DB-1 A = AB-1 A. Since the operator 

DB-1 A is self-adjoint in H, this method possesses the asymptotic property. 
From the theory for steepest-descent method (cf. Section 8.2.1) it follows that 
t~e convergence rate for the method in this case is determined by the ratio 
e = '"Yt/'Y2' where 'Yl and 'Y2 are the constants of energy equivalence for the 
operators A and B: 'YIB ~ A ~ 'Y2B, 'Yl > o. 

Therefore, the iterative parameter w is chosen from the condition that e 
be maximal. In Section 11.2 it will be proved that the optimal value of w is 
defined by the formula 

1 
w = VllS' 

where 

26 
'Yl = (1 + Jii)2' 

For this example 

w= , 
2 sin 7rh 

2 sin2 7rh 
'Yl = h2 1 + sin7rh' 

4 27rh 
.6.=-cos-

h2 2 ' 

2 sin 7rh 
'Y2 = h2 1 +sin7rh' e = sin 7rh. 
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Table 8 

k II Zle liD 
Pie 

(Ie) (Ie) 

II Zo liD 
11 12 Tie 

1 3.6.10-1 0.36203 - - 5.392.10-3 

2 2.3.10-1 0.63810 77.31858 236.1883 7.809.10-3 

3 1.8.10-1 0.76998 40.59796 232.1435 6.911.10-3 

4 1.4.10-1 0.81178 26.87824 233.4976 8.644.10-3 

•• 0 •••••• 0 •••••••••• 0 •••••••••• 0 •••••••••••••••••••••••••••••••••••••••• 0. 

26 3.9.10-3 0.85175 18.27141 230.5962 8.876.10-3 

27 3.4 .10-3 0.85178 18.26983 230.6607 7.338.10-3 

28 2.9.10-3 0.85183 18.27026 230.7191 8.872.10-3 

29 2.4 .10-3 0.85186 18.26895 230.7771 7.335.10-3 

••••••••••••••••••••••••••••••••• '" .0 •••• , •••••••••••••••••••••••••••••• 0 

46 1.6.10-4 0.85226 18.26677 231.4121 8.845.10-3 

47 1.4 .10-4 0.85227 18.26632 231.4375 7.318.10-3 

48 1.2.10-4 0.85229 18.26664 231.4612 8.843.10-3 

49 9.9.10-5 0.85230 18.26623 231.4849 7.317.10-3 

We give here the results of the computations with the initial approxima
tion Yo equal to yo(x) = e(Zt-Z2) for x E w, yol"Y = O. The required accuracy 
f was taken to be 10\ N = 40. 

In table 8, for several values of the iteration number k, we list: II Zle liD 
/ II Zo liD - the relative error at the k-th iteration, Pie =11 Zle liD / II Zk-1 liD 
- the value which characterizes the decrease in the norm of the error from 
the (k - 1)-st to the k-th iteration, 1~k) and 1~1e) - the approximations to 
11 and 12 found as the roots of the quadratic equation 

(1 - Tk1)(1- Tk-11) = PkPIe-1, k = 2,3, ... , 

and the iterative parameters Tie. 

The given accuracy f was achieved after 49 iterations of the scheme (18). 
For f = 10-4 , the theoretical iteration count is equal to 59. The values for Pie 
listed in the table illustrate well the asymptotic property of the method. It 
is clear that, as the iteration number increases, the convergence rate of the 
method slows. An accuracy of 4.10-3 was achieved after 26 iterations, and 
increasing the accuracy by a factor of 40 required an additional 23 iterations. 
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The quantity PI. grows monotonically, and for k = 26 we have PH1 - PI. ~ 
3 . 10-5 • The iterative parameters Tk and Tk+2 become almost equal. 

For comparison with the approximate values 'Y?) and 'Y~k), here are the 
exact values of 1'1 and 1'2: 

1'1 = 18.26556, 1'2 = 232.8036. 

After 49 iterations, 1'1 had been found to an accuracy of 0.004%, and 1'2 to 
an accuracy of 0.6%. 

The procedure described in Section 8.5.1 was used to accelerate the 
method. A new approximation y was constructed from Y26 and Y28 (found 
from the scheme (18)) using the formulas (6), (9). The given accuracy f = 
10-4 was then achieved. An application of the acceleration procedure de
scribed in this section to the two-level gradient methods allows us to decrease 
the number of iterations required for this example by a factor of 1.8. 
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Chapter 9 

Triangular Iterative Methods 

In this chapter we study implicit two-level iterative methods whose operators 
B correspond to triangular matrices. In Section 1 we look at the Gauss-Seidel 
method and formulate sufficient conditions for its convergence. In Section 2, 
the successive over-relaxation method is investigated. Here the choice of the 
iteration parameter is examined, and an estimate is obtained for the spectral 
radius of the transformation operator. In Section 3 a general matrix iterative 
scheme is investigated, selection of the iterative parameter is examined, and 
the method is shown to converge in H A. 

9.1 The Gauss-Seidel method 

9.1.1 The iterative scheme for the method. In the preceding chapters we have 
developed the general theory of two-level and three-level iterative methods 
and applied them to find an approximate solution to the first-kind equation 

Au=/. (1) 

This theory points to choices for the iterative parameters and gives estimates 
for the iteration counts for these methods; also, the theory uses a minimum of 
general information about the operators in the iterative scheme. By avoiding 
a study of the specific structure of the operators in the iterative scheme, we 
are able to develop the theory from a unified point of view and construct 
implicit iterative methods which are optimal for a class of operators B. 

In the general theory of iterative methods it was proved that the effec
tiveness of a method depends essentially on the choice of the operator B. 
This choice depends both on the number of iterations required to achieve a 
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given accuracy f, and on the number of operations needed to complete one 
iteration. Neither of these quantities on its own can serve as a criterion for 
the effectiveness of an iterative method. Let us explain. Suppose that the op
erators A and B are self-adjoint and positive-definite in H. From the theory 
of iterative methods it follows that, ifthe operator D is taken to be one ofthe 
operators A, B, or AB-1 A, then the iteration counts for the methods exam
ined in Chapters 6-8 (the Chebyshev and simple iteration methods, methods 
of variational type, etc.) are determined by the ratio e = 11//2, where 11 
and 12 are the constants of energy equivalence for the operators A and B: 
lIB::; A ::; 12B. 

Therefore, if we choose B = A, then we obtain the maximal possible 
value e = 1, and the iterative methods will give the exact solution of equation 
(1) after one iteration for any initial guess. Consequently, this choice of the 
operator B minimizes the iteration count. However, to realize this single 
iterative step it is necessary to invert the operator B, i.e. the operator A. It 
is obvious that the iteration count will be maximal. 

On the other hand, for an explicit scheme with B = E, the operation 
count for one iteration is minimal, but for this choice of B the iteration count 
will become quite large. 

Thus there arises the problem of optimally choosing the operator B in 
order to minimize the total volume of computational work needed to obtain 
the solution to a given accuracy. 

Naturally, this problem cannot be solved when stated in such a general 
context. At the present time, the development of iterative methods proceeds 
by constructing easily invertible operators B, and then choosing from among 
these the operators with the best ratio II//2. Easily-invertible or economical 
operators are usually considered to be those which can be inverted using a 
total number of operations that is proportional or nearly proportional to the 
number of unknowns. Examples of such operators are those which correspond 
to diagonal, tridiagonal, and triangular matrices, and also their products. A 
more complex example is the Laplace difference operator in a rectangle which, 
as was shown in Chapter 4, can be inverted using direct methods in a small 
number of arithmetic operations. 

Notice that taking B to be a diagonal operator allows us to reduce the it
eration count in comparison with an explicit scheme. However, asymptotically 
the order of dependence of the iteration count on the number of unknowns 
remains the same as for an explicit scheme. The use of triangular operators 
B is a more promising direction to follow. 

In this chapter and in Chapter 10 we will examine universal two-level im
plicit iterative methods whose operators B correspond to triangular matrices 
(triangular methods) or products of triangular matrices (alternate-triangular 
methods). 
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Our study of these methods begins with the simplest - the Gaw&-Seidel 
method. 

We look at the system of linear algebraic equations (1), which when 
expanded takes the form 

M 

LaijUj = Ii, i = 1,2, ... ,M. 
j=l 

In this case, we will work with equation (1) in a finite-dimensional space 
H=HM. 

The Gauss-Seidel iterative method, under the assumption that the diag
onal elements of the matrix A = (aij) are non-zero (aii ¥= 0), can be written 
in the following form: 

i M 
L aijyY+1) + L aijy~k) = Ii, i = 1,2, ... , M, (2) 
j=l j=i+1 

where y~k) is the j-th component of the k-th iterative approximation. The 
initial guess is taken to be some arbitrary vector. 

The definition of the (k + 1)-st iteration begins with i = 1: 

M 
(,,+1) '"" (k) I allYl = - ~a1jY; + 1· 

;=2 

Since all ¥= 0, we can use this equation to find y~k+1). For i = 2 we obtain 

(,,+1) ("+1) (,,+1) (k+1) . 
Suppose that Y1 , Y2 , ... , Yi-1 have been found. Then Yi IS found 
from the equation 

i-I M 

aiiy~"+l) = - L aijy~"+l) - L aijy~k) + k (3) 
j=l j=i+1 

From the formula (3) it is clear that the algorithm for the Gauss-Seidel 
method is extremely simple. The value of y~k+1) found using (3) is over
written on y~k). 
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We now estimate the number of operations required to perform one iter
ation. If all the aij are non-zero, then the computations in (3) require M - 1 
additions, M - 1 multiplications, and one division. Therefore, realizing one 
iterative step involves 2M2 - M arithmetic operations. 

If each row of the matrix A only contains m non-zero elements, the 
situation for grid elliptic equations, then performing one iteration requires 
2mM - M operations, i.e. the number of operations is proportional to the 
number of unknowns M. 

We now write out the Gauss-Seidel iterative method (2) in matrix form. 
To do this, we represent A as the sum of a diagonal, a lower-triangular, and 
an upper-triangular matrix 

A=V+L+U, 

where 

o 

U= 

an 
o 

V= o 

o a12 a13 •• • aIM 

o a23... a2M 

o o aM-I,M 

o 

We denote by Yk = (y~k), y~k), .. . ,y~» the k-th iterative approximation: 

Using this notation, we write the Gauss-Seidel method in the form 

(V + L)YkH + UYk = j, k = 0,1, .... 

(4) 

We can reduce this iterative scheme to the canonical form for two-level 
schemes 

(V + L)(Yk+l - Yk) + AYk = j, k = 0,1, ... , Yo E H. (5) 

Comparing (5) with the canonical form 

B Yk+1 - Yk + AYk = j, k ° 1 E H = " ... , Yo , 
Tk+l 
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we find that B = 'D + L, Tic == 1. The scheme (5) is implicit, the operator B 
is a triangular matrix and consequently is not self-adjoint in H. 

We have examined the so-called point or scalar Gauss-Seidel method 
assuming that the elements aij of the matrix A are scalars. A block or vector 
Gauss-Seidel method can be constructed analogously in the case where the 
aii are square matrices, in general of different dimensions, and the aij are 
rectangular matrices for i =1= j. In this case, Yi and Ii are vectors whose 
dimensions correspond to the dimensions of the matrices aii. 

Assuming that the matrices aii are non-singular, the block Gauss-Seidel 
method can be written in the form (2) or in the canonical form (5). 

9.1.2 Sample applications of the method. We look now at the application 
of the Gauss-Seidel method to find an approximate solution of a Dirichlet 
difference problem for Poisson's equation and for an elliptic equation with 
variable coefficients in a rectangle. 

Suppose that, on the rectangular grid w = {Xij = (ih 1 ,jh2 ) E G, 0:::; i :::; 
N 1 , 0:::; j :::; N 2 , ha = la/Na, a = 1,2} in the rectangle G = {O:::; Xa :::; la, 
a = 1, 2}, it is necessary to find the solution to a Dirichlet difference problem 
for Poisson's equation 

2 

Ay = LYzaza = -<p(X), x E w, y(x) = g(x), x E 'Y, (6) 
a=1 

where 'Y = {Xij E r} is the boundary of the grid w. 

In this example the unknowns are y(i,j) = Y(Xij) at the interior nodes 
of the grid. If we order the unknowns using the natural ordering along the 
rows of the grid w, starting with the bottom row, then the difference scheme 
(6) can be written in the form of the following system of algebraic equations: 

1 (. .) 1 (.. ) (2 2) (. .) - h2 Y Z - 1,) - h2 Y Z,) - 1 + h2 + h2 Y Z,) 
1 2 1 2 

- :2 y(i + 1,j) - :2 y(i,j + 1) = <p(i,j) 
1 2 

for i = 1,2, ... ,N1 -1, j = 1,2, ... ,N2 -1 and y(x) = g(x) for x E 'Y. Here 
the unknowns y(i - 1,j) and y(i,j - 1) precede y(i,j), but y(i + 1,j) and 
y(i,j + 1) follow after y(i,j). Since each equation involves no more than five 
unknowns, each row of the matrix A has no more than five non-zero elements. 



194 Chapter 9: Triangular Iterative Methods 

For this system, the point Gauss-Seidel method will have the following 
form: 

( :2 + :2)YHl(i,j) = :2YH1(i -1,j) + :2YH1(i,j -1) 
121 2 

+ :2Yk(i+l,j)+ :2 Yk(i,j+l)+cp(i,j), 
1 2 

where Yk(X) = g(x), x E 'Y for any k ~ o. 
The computations begin at the point i = 1, j = 1 and continue either 

along the rows or along the columns of the grid w. Finding YHl(i,j) requires 
7 arithmetic operations, and 7 M operations are required to perform one 
iteration, where M = (Nl - 1)(N2 - 1) is the number of unknowns in the 
problem. 

For this example the operator B (in the finite-dimensional space H of 
grid functions defined on w with inner product (u,v) = E"EwU(X)v(x)h1h2, 
U, v E H) is defined as follows: 

By=('D+L)y= (:2 + :2)y(i,j)- :2 Y(i-l,j)- :2 y(i,j-l) 
1 2 1 2 

( ) 
2 

1 1 0 1 0 

= h2 + h2 y+ LhYza , 
1 2 <>=1 Q 

where Y E H, Y E iI, and y(x) = y(x) for yEw. Here iI is the set of grid 
functions defined on w which vanish on 'Y. 

We look now at the block Gauss-Seidel method. I( we denote by Yj = 
(y(l,j), y(2,j) ... , y(NI - l,j)f the vector which consists of the unknowns 
in row j ofthe grid, then, as was shown in Section 1.1, the difference problem 
(6) can be written in the form of a three-level system of vector equations: 

-Yj-l + CYj - Yj+l = Fj, j = 1,2, ... ,N2 -1, 

Yo = Fo, YN2 = FN2 , 
(7) 

where C is a square tridiagonal matrix of dimension (N} - 1) x (N} - 1), 
defined as follows: 
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The right-hand sides F; are defined by the formulas 

F; = (h~CP(l,j) + ~~g(O?j), h~cp(2,j), ... , h~cp(NI - 2,j), 

h~cp(NI -l,j) + ~~g(NI,n) T for j = 1,2, ... ,N2 -1, 

F; = (g(1,j),g(2,j), ... ,g(NI -l,n? for j = 0,N2' 

The block Gauss-Seidel method for the system (7) has the form 

Cy(k+l) y(k+l) y(k) F . 1 2 l\T ; = ;-1 + ;+1+;' )=, ,··.,H'2-1, 
y;(k+l) _ F, y(k) = FN 

o - 0, N2 2' k = 0,1, ... , 

and finding Yj(k+1) requires the inversion of the tridiagonal matrix C. 
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(8) 

IT we write out the scheme (8) at a point of the grid, then we obtain the 
following formulas: 

- ~2Yk+l(i -l,j) + (:2 + :2) Yk+l(i,j) - ~2(i + 1,j) 1 1 2 1 
1 (.. 1) 1 (.. ) (. .) = h2Yk+1 t,) - + h2Yk t,) + 1 cp t,) , 
2 2 

(9) 

1 :$ i :$ Nl - 1, 1:$ j :$ N2 - 1, 

where Yk(X) = g(x), x E 1 for any k ~ O. In order to find Yk+1 on the j-th 
row it is necessary to solve the three-point boundary-value problem (9) with a 
known right-hand side using, for example, the elimination method, and then 
to overwrite the resulting solution on the j-th row of Yk. 

The block Gauss-Seidel method corresponds to the following operator B: 

Y E H, ii E iI. 

Suppose now that, on the grid w, it is necessary to find the solution of a 
Dirichlet difference problem for an elliptic equation with variable coefficients 

2 

Ay = ~)aa(X)YZa)Xa - d(x)y = -cp(x), x E w, 
a=1 

(10) 
y(x) = g(x), x E 1, 

0< Cl :$ aa(x) :$ C2, x E w, a = 1,2, 0:$ d1 :$ d(x) :$ d2, X E w. 
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For this problem, the point Gauss-Seidel method with the unknowns 
ordered by rows of the grid has the following form: 

al(i,j) (. 1·) a2(i,j) (.. 1) 
=~Yk+l z- ,) +~Yk+l Z,)-

1 2 

+ al(i + l,j) (. + 1 .) + a2(i,j + 1) ( .. + 1) + ( .. ) h2 Yk Z,) h2 Yk Z,) cp Z,) 
1 2 

for i = 1,2, ... ,Nl -1 and j = 1,2, ... ,N2 -1, where Yk(X) = g(x) when 
x E 'Y for any k ~ o. 

The operator B in the canonical form of the iterative scheme for this 
example is defined as follows: 

where the space H and the set if are as defined above. 

9.1.3 SufBcieot conditions for convergence. We formulate now certain suffi
cient conditions for the convergence of the Gauss-Seidel method. We require 

Theorem 1. Suppose that the operator A in equation (1) is self-adjoint and 
positive-definite in H. Then the two-level iterative process 

BYk+l-Yk +AYk=f, k=O,I, ... , yoEH, T>O, (11) 
T 

converges in HA if the operator B - 0.5T A is positive-definite in H, i. e. if 
the condition 

is satisfied. 

T 
B>-A 

2 
(12) 

Proof. From (11) we obtain the following problem for the error Zk = Yk - u: 

B ---,Zk::.,.+c.::1:....-_Z.::.k A 0 - + Zk = , 
T 

k = 0, 1, ... , Zo = Yo - u. (13) 
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We will establish the basic energy identity for Zk. We represent Zk in (13) in 
the form 

and obtain 

We take the inner product of the left- and right-hand sides of this equation 
with 2(Zk+l - Zk) and take into account that, for a self-adjoint operator A, 
we have (A(Zk+l + Zk), Zk+l - Zk) = (AZk+l' Zk+d - (AZk' Zk). As a result we 
obtain the basic energy identity 

From this and from the inequality B - 0.5r A > 0, r > 0 it follows that 
II Zk+l II~~II Zk II~, i.e. the sequence {II Zk II~} is non-increasing, is bounded 
below by zero, and is convergent. Then from the energy identity it follows 
that 

lim ((B _ ~A) Zk+l - Zk, Zk-l - Zk) = O. 
k-+oo 2 r r 

(14) 

Further, from the inequality B - 0.5rA > 0 it follows that II zk+l - Zk 11-+ 0 
as k -+ 00. Using (13) to make the change Al/2 zk = -A-l/2B(zk+l-zk)/r, 
we obtain that II Zk II~~II A-l 1111 B 11211 Zk+l - Zk 112 /r2 -+ 0 as k -+ 00.0 

We now formulate a sufficient condition for the convergence of the Gauss
Seidel method. 

Theorem 2. If the operator A is self-adjoint and positive-definite in H, then 
the Gauss-Seidel method (4), (5) converges in HA. 

Proof. From (5) and from theorem 1 it follows that it is sufficient to verify 
the inequality V + L - 0.5A > O. Since A = A *, we then have that U = L * 
in (4), and 

«V + L - 0.5A)x, x) = 0.5«V + L - U), x, x) = 0.5("Dx, x). 

Since A is a positive-definite operator, then for the point Gauss-Seidel method 
we have aii > 0, 1 ~ i ~ M, and for the block Gauss-Seidel method, the 
matrices aii satisfy aii = ati > O. Consequently, V = V* > O. Thus, V + L -
0.5A > O. 0 
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We now give without proof another condition which implies the conver
gence of the Gauss-Seidel method. 

Theorem 3. If the operator A is self-adjoint and non-singular, and all aii > 
0, then the Gauss-Seidel method converges for any initial guess if and only if 
A is positive-definite. 0 

In order to estimate the convergence rate for the Gauss-Seidel method, 
we use a different type of assumption. 

For example, if the condition 

~)aijl:5qlaiil, i=I,2, ... ,M, q<l, 
#i 

(15) 

is satisfied, then the Gauss-Seidel method converges at a geometric rate with 
multiplier q, and for the error Zn we have the estimate II Zn 11:5 qn II Zo II, 
where II Zn 11= max Iy~n) - uil. 

l~i~M 

In fact, from (3) we obtain the homogeneous equation 

i-I M 

aiiz~k+l) = - L aijzY+l) - L aijZY)· 

j=1 j=i+l 

for the error z~k) = y~k) - ui. From this we find 

(16) 

From (15) we obtain 

Mil i-III ( i-III) '" aij < '" aij < 1 '" aij L...J - -q-L...J - -q -L...J - . 
j=i+1 aii j=1 aii j=1 aii 

Substituting this estimate in (16), we obtain the following inequality: 
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Suppose that m~ Iz?+l) I is achieved for some i = io, so that II Zk+l 11= 
I 

Iz~:+l) I. From (17) for i = io we obtain 

from this follows the estimate II Zk+l II:::; q II Zk II:::; ... :::; qk+l II Zo II. The 
assertion is proved. 

The condition (15) indicates that A is a matrix with diagonal dominance. 
For the sample applications of the Gauss-Seidel method in Section 9.1.2, 
condition (15) is not satisfied (q = 1). In these examples, the operator A 
is self-adjoint and positive-definite in H. Therefore, by theorem 2, it is only 
possible to assert that the method converges in H A . An estimate for the rate 
of convergence in H A will be given below after we examine the general scheme 
for the triangular iterative methods. 

9.2 The successive over-relaxation method 

9.2.1 The iterative scheme. Sufficient conditions for convergence. In order to 
accelerate the convergence of the Gauss-Seidel method, we shall modify it, 
introducing an iterative parameter w into the iterative scheme so that 

( -n + wL) Yk+l - Yk + AYk = j, k 0 1 H v = , , ... , Yo E , 
w 

(1) 

where, as before, the matrix A is represented in the form of a sum 

A =V+L+U. (2) 

The Gauss-Seidel method corresponds to the value w = 1. 

Comparing (1) with the canonical form of a two-level iterative scheme, 
we find that 

B=V+wL, Tk =:w. 

In both the Gauss-Seidel method and this method, the operator B corre
sponds to a lower-triangular matrix, so that introducing the parameter w 
does not take us out of the class of triangular iterative methods. All that is 
new is the question of how the choose the parameter w. 
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If we write out the iterative scheme (1) in terms of the components of 
the vector Yk+!, then we obtain the following formulas: 

i-I M 

a··y~k+l) = (1 - w)a .. y~k) - w " a"y~k+l) - w " a' .y~k) + wI,· (3) 
II 1 II 1 L...J "1 1 L...J "1 1 1 

j=1 j=i+l 

for i = 1,2, ... ,M (once it has been found, y~k+!) is overwritten on y~k»; per
forming one iteration requires approximately the same number of operations 
as in the Gauss-Seidel method. 

For w > 1, the iterative method (1) is called the successive over-relaxa
tion method, for w = 1 it is called full relaxation, and for w < 1 it is called 
under-relaxation. 

In Section 9.1 it was proved that the Gauss-Seidel method converges 
in HA in the case where A is a self-adjoint and positive-definite operator. 
In addition to these requirements, an additional condition on the iterative 
parameter w is needed to prove the convergence of a relaxation method. We 
now formulate additional conditions. 

Theorem 4. If the operator A is self-adjoint and positive-definite in H, and 
the parameter w satisfies the condition 0 < w < 2, then the relaxation method 
(1) converges in H A . 

Proof. From theorem 1, it follows that it is sufficient to prove that the 
inequality V + wL > 0.5wA is satisfied for w > O. Since A = A* > 0, the 
operator V is self-adjoint and positive-definite in H, and U = L *. Therefore, 
using equation (14) of Section 9.1, we obtain 

«V +wL)x, x) = (1- O.5w)(Vx,x) + O.5w«V + 2L)x,x) 

= (1- O.5w)(Vx, x) + O.5w(Ax,x). 

The assertion of the theorem then follows if w < 2. 0 

Remark. Theorem 4 is valid both for the point relaxation method where the 
aij in (3) are scalars, and for the block or vector relaxation method where 
the aij in (3) are matrices of the appropriate dimensions. 

9.2.2 The choice ofthe iterative parameter. Theorem 4 gives sufficient condi
tions for the convergence of the relaxation method, leaving open the question 
of the optimal choice of the parameter w. A peculiarity of the iterative process 
(1) is that the iterative parameter w enters into the operator B = V + wL 
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which is a non-self-adjoint operator in H. We have already dealt with the non
self-adjoint case in Section 6.4, where the iterative parameter for the simple 
iteration method was chosen under a variety of conditions, for example from 
the condition that the norm of the transformation operator from iteration to 
iteration be a minimum. Here it is necessary to take into account the above 
mentioned peculiarity of this iterative scheme. Choosing the parameter w by 
minimizing the norm of the transformation operator from iteration to itera
tion in HA will be examined in Section 9.3, where we will look at a general 
scheme for three-level iterative methods. In this subsection, we will choose the 
parameter w for the relaxation method from the condition that the spectral 
radius of this transformation operator should be a minimum. 

Recall the definition of the spectral radius of an operator 

peS) = lim \IfSnlf = max l.xkl, 
n-+oo k 

(4) 

where the .xk are the eigenvalues of the operator S. The spectral radius pos
sesses the following properties: 

p(S):::;IISIl (5) 

and peS) =11 S II if S is a self-adjoint operator in H. For an arbitrary operator 
S, from (5) we obtain pn(s) = p(sn) :::;11 sn II. On the other hand, for 
sufficiently large n we will have from (4) that pn(s) ~II sn II. 

We move on now to state the problem of choosing the optimal parameter 
w f9r the iterative scheme (1). We first obtain the problem for the error 
Zk = Yk - u. From (1) we find 

Zk+l - Zk 
('D + wL) + AZk = 0, k = 0,1, ... , Zo = Yo - u 

w 

or 

Zk+1 = SZk, k = 0,1, ... , S = E -we'D +wL)-l A. (6) 

Using (6), we express Zn in terms of Zo: 

(7) 

The operator S is a non-self-adjoint operator in H which depends on 
the parameter w. The problem of the optimal choice for the parameter w is 
formulated as follows: find w from the condition that the spectral radius of 
the operator S be a minimum. 
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We should note that we are not minimizing the norm of the solution 
operator SR, as is implied by (7), but we are minimizing the spectral ra
dius p(S) of the transformation operator S, for which we have the estimate 
pR(S) ~II SR II. However, because of the approximation pR(S) ~II SR II, it 
can be expected that for sufficiently large n this method of choosing w should 
be successful. 

The solution of the problem formulated above is a complex issue, however 
with certain additional assumptions about the operator A, this problem can 
be successfully solved. 

Assumption 1. The operator A is self-adjoint and positive-definite in H 
(U = L*, and 'D = '[)* > 0). 

Assumption 2. The operator A is such that for any complex z =f. 0, the 
eigenvalues JL of the generalized eigenvalue problem 

do not depend on z. 

Using these assumptions, we can prove the following assertion, which we 
will require later. 

Lemma 1. If the operator A satisfies assertions 1 and 2, then the eigenvalues 
of the problem 

Ax - >''Dx = 0 (8) 

are real, positive, and, if>. is an eigenvalue, then 2 - >. is also an eigenvalue. 

Proof. In fact, it follows from the self-adjointness and positive-definiteness of 
the operator A that the eigenvalues>. are real and positive. Further, suppose 
that>. is an eigenvalue for the problem (8), i.e. 

Ax - >''Dx = (L + U)x - (>. - l)'Dx = 0, x =f. o. 

By assumption 2 we will have that 

(-L - U)y - (>. - l)'Dy = 0 or Ay - (2 - >.)1>y = O. 

From this, the assertion of the lemma follows. 0 



9.2 The successive over-relaxation method 203 

We move on now to solve the problem of optimally choosing the pa
rameter w. To do this, it is necessary to estimate the spectral radius of the 
transformation operator S = E - w(V + wL)-l A, i.e. to estimate the eigen
values I-' of the operator S: 

Sx -I-'x = O. (9) 

We will assume that assumptions 1 and 2 are satisfied. The following 
lemma establishes the correspondence between the eigenvalues I-' of the prob
lem (9) and the eigenvalues ..\ of the problem (8). 

Lemma 2. For w oF 1 the eigenvalues (8) and (9) are related by the equation 

(10) 

Proof. Suppose that I-' and ..\ are eigenvalues for the problems (9) and (8). 
From the definition of the operator S and the decomposition A = V + L + U 
it follows that (9) can be written in the form 

(11) 

We shall first prove that, if w oF 1, then all the I-' are non-zero. In fact, 
suppose that I-' = O. Then (11) takes the form 

1-w 
--'Dx - Ux = o. 

w 

Since U is an upper-triangular matrix, and 1) is a diagonal (block-diagonal) 
positive-definite matrix (positive-definite because of assumption 1), this equa
tion is only valid for x oF 0 when w = 1. Consequently, having assumed that 
I-' = 0 for w oF 1, we have arrived at a contradiction. 

Dividing the left- and right-hand sides of (11) by VP-, we obtain 

By assumption 2, from this we find 

or 

1-I-'-w 
r,; Vy - (L + U)y = 0 

Wvl-' 

( 1-I-'-W) Ay - 1 + wvp- Vy = O. 
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Comparing this equation with (8), we obtain the relation 

J-L-w-l 
r.; =1-A. 

wvJ-L 

This concludes the proof of lemma 2. 0 

Remark. The self-adjointness of the operator A was not used in the proof of 
lemma 2. Relation (10) is also valid in the case where A is any non-self-adjoint 
operator as long as the operator V is non-singular. 

From lemma 1 it follows that the eigenvalues A are distributed along the 
real axis, are symmetric with respect to the point A = 1, and A E [Amin,2 -
Amin], A > O. Therefore from lemma 2 we obtain that to each Ai = 1 there 
corresponds a J-Li = 1 - w, and to each pair Ai and 2 - Ai corresponds a pair 
of non-zero J-Li, obtained by solving equation (10) with A = Ai. Consequently, 
all the J-Li can be found as the roots of the quadratic equation (10), where A 
is taken to be each of the Ai lying on the interval [Amin, 1]. 

9.2.3 An estimate of the spectral radius. We now find the optimal value of 
the parameter w and estimate the spectral radius of the operator S. To do 
this, we investigate equation (10): 

(12) 

where Amin :::; A :::; 1 and 0 < w < 2. 
Solving equation (12), we find the two roots 

(A ) _ (W(I- A) + y'w2(1 - A)2 - 4(w -1») 2 
J-Ll ,w - 2 ' 

( W(1 - A) - y'w2 (1 - A)2 _ 4(w _ 1») 2 
J-L2(A,W) = 2 

(13) 

An examination of the discriminant of equation (12) shows that, if w > 
Wo > 1 where 

2 
Wo = E (1,2), 

1 + y'Amin(2 - Amin) 
(14) 

then for any A E [Amin, 1] the roots J-Ll and J-L2 are complex and iJ-Lli = iJ-L2i = 
w - 1. Therefore, if w > Wo, then the spectral radius of the operator S is 
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equal to p(S) = W -1 and increases with w. If W = Wo, then 

and for Amin < A $ 1 the roots fLI and fL2 again will be complex and IfLII = 
IfL21 = Wo -1. Consequently, in the region W ~ Wo, the optimal value is W = Wo 
which corresponds to the value p( S) = Wo - 1. 

Suppose now that 1 < W < Wo. We investigate the behavior of the roots 
ILl and 1L2, defined in formula (13), as functions of the variable A for a fixed 
w. 

If A lies in the interval [Amin' AO], 

vw -l 
Amin $ A $ AO = 1 - 2 < 1, 

W 

then the discriminant w2(I-A)2-4(w-l)2 is non-negative and, consequently, 
the roots ILl and 1L2 are real, and fLI is the maximal root. 

We shall show that ILl (A, w) is a decreasing function of A on the interval 
[Amin, AO]' Differentiating (12) with respect to A and using (13), we obtain 

OIL I 2wILI 0 
OA = - y'w2(1- A)2 - 4(w - 1) < . 

Consequently, for 1 < w < Wo, the root ILI(A,W) decreases as we vary A from 
Amin to AO, taking on the following values: 

( \. ) _ (W(1 - Amin) + y'w2(1 - Amin)2 - 4(w _ 1») 2 
fLI Amm,W - 2 ' 

ILI(AO,W) = w-1. 

Further, if A changes between AO and 1, then the roots ILl and 1L2 are complex 
and equal in modulus: IILII = 11L21 = W - 1. Consequently, if 1 < W < Wo, then 

p(S) ~ ~,(~"" .. w) ~ ( w(l- ~m;,,) + v'w'(~ - ~"'n)' - 4(w -1)) '. (15) 

If W < 1, then all the roots of equation (12) are real, ILl is the maximal 
root, and its value decreases as we vary A between Amin and 1. Consequently, 
for W < 1 the spectral radius of the operator S is defined by formula (15). 
Since for W = 1 the non-null ILk satisfy equation (12), we have that (15) is 
also valid for w = 1. 
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Thus, if 0 < w < Wo, then the spectral radius of the operator S is defined 
by formula (15). We shall show that 1-'1 (Amin, w) decreases for w in the interval 
o <w <woo 

Since if w < Wo the root 1-'1 decreases as A varies for A ~ AO, and since 
I-'l(O,W) = 1, we have that I-'l(Amin,W) < 1. 

Further, from (15) we obtain 

al-'l(>;:in,W) =.../iii(I- Amin+ w(I-Amin)2-2 ) 
y'w2(I-Amin)2 -4(w -1) 

_:1Fi [w2(I- Amin)2 -2(w-l)+(I-Amin)wv'w2(1- Amin)2 -4(w-l)-2] 
- w Jw2(I-Amin)2-4(w-l) 

Substituting here (13), in conclusion we find 

al-'l _ 2vfiil(I-'1 - 1) 0 
aw - wJw2 (1 - Amin)2 - 4(w - 1) < . 

The assertion has been proved. Consequently, in the region w ~ Wo the 
optimal value is w = Wo, to which corresponds 

Amin 
7]= . 

2 - Amin 

Notice that it follows from the above derivation that if 6 is a lower bound 
for Amin, i.e. 6 ~ Amin' and ifw is chosen using formula (14) with Amin replaced 
by 6, then Wo ~ w and 

( I-Jii)2 
p(S) ~ 1 + Jii ' 

Thus we have proved 

Theorem 5. Suppo$e that a$$umptions 1 and 2 are $ati$fied and that 6 is 
the constant from the inequality 

61) ~ A, (16) 

Then the spectral radius of the tran$formation operator S in the iterative 
scheme (1) with the optimal value of the parameter w 

2 
(17) 

w = Wo = 1 + J6(2 _ 6)' 
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can be estimated by 

( 1- v0)2 
peS) 5: 1 + v0 

8 
." = 2-8' (18) 

where, if equality holds in (16), then equality also holds in (18). D 

The iterative method (1), (17) is the successive over-relaxation method 
since Wo > 1. 

9.2.4 A Dirichlet difference problem for Poisson's equation in a rectangle. 
We look now at an application of the successive over-relaxation method for 
finding an approximate solution to a Dirichlet difference problem for Poisson's 
equation defined on the rectangular grid w = {Xi; = (ih1 , j h2 ) E G, 0 5: i 5: 
Nt, 05: j 5: N 2 , hOt = lOt/NOt, a = 1,2} in the rectangle G = {O 5: XOt 5: lOt, 
a = 1, 2}: 

2 

Ay = LYxaxa = -cp(x), X E w, Y(X) = g(x), X E,. (19) 
Ot=l 

The operator A in the space H of grid functions defined on w with inner 
product 

(u, v) = L u(x)v(x)h1 h2 

xEw 

is defined in the usual way: Ay = -Ay, y E H, Y E iI. As we already know, 
the operator A for problem (19) is self-adjoint and positive-definite in H. 
Consequently, assumption 1 is satisfied. 

We look first at the point successive over-relaxation method. If the un
knowns are ordered by rows of the grid w, then the difference scheme (19) 
can be written in the form of the following system of algebraic equations: 

1 C' 1') 1 C·· ) (2 2) C' .) - h2 Y t - ,) - h2 Y t,) - 1 + h2 + h2 Y t,) 
1 2 1 2 

1 C· .) 1 C·· 1) C··) - h2 Y t + 1,) - h2 Y t,) + = cp t,) 
1 2 

for i = 1,2, ... ,Nl -1, j = 1,2, ... ,N2 -1 and Yk(X) = g(x), x E,. 
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This notation for the operator A corresponds to a representation of A in 
the form of a sum A = V + L + U, where 

Vy = (:~ + :~) y, 

L ( ..) 1 0(' 1') 1 0(" 1) Y z,} = - h2 Y z - ,) - h2 Y Z,} - , 
1 2 

U ( ..) 1 0(' 1') 1 0(" 1) yz,) =-h2YZ+ ,) -h2Yz,)+ . 
2 2 

For this system, the point successive over-relaxation method correspond
ing to (3) will have the following form: 

(:~ + :~) Yk+l(i,j) = (1- w) (:~ + :~) Yk(i,j) +w [:~ Yk+l(i -I,j) 

+:2Yk+l(i,j-I)+ :2Yk(i+I,j)+ :2 Yk (i,j+I)+CP(i,j)] 
2 1 2 

for i = 1,2, ... ,N1 -1, j = 1,2, ... ,N2 -1, where Yk(X) = g(x) if x E 'Y for 
any k ~ O. 

The computations, as in the Gauss-Seidel method, begin at the point 
i = 1, j = 1 and continue either along the rows or along the columns of the 
grid w. Once Yk+l(i,j) is found, it is overwritten on Yk(i,j). 

We will prove now that for this example assumption 2 is satisfied. To do 
this, it is necessary to show that, for any complex z =I 0, the eigenvalues J.L of 
the problem 

z (:~y(i-I,j)+ :~Y(i,j-I)) +; (:~y(i+I,j)+ :~y(i,j+I)) 
+J.L(:~+:~)Y(i,j)=O, I:::;i:::;N1-I, I:::;j:::;N2 -I, 

y(x) = 0, x E 'Y 

do not depend on z. 

Setting here 

C··) i+i C' .) Y z,} = z v Z,) , 



9.2 The successive over-relaxation method 209 

we obtain 

1 (. .) 1 (.. ) 1 ( . .) 1 (.. ) h2 V Z - 1,) + h2 v Z,) - 1 + h2 V Z + 1,) + h2 v Z,) + 1 
1 2 1 2 

+ p (~i + ~~) v(i,j) = 0, 

1 ~ i ~ Nl - 1, 1 ~ j ~ N2 - 1, vex) = 0, x E ,. 

Consequently, p does not depend on z. 
It remains to find the optimal value of the parameter w. To do this, we 

must find an estimate from below the minimal eigenvalue of the problem (8), 
which in this case can be written in the form 

Since the eigenvalues of the Laplace difference operator Ay = YXlxl + Y X2 X 2 

are known 

kcr = 1,2, ... ,Ncr -1, 

then 

Consequently, 

and the parameter Wo is found from formula (14). In particular, when G is a 
square with side I (l1 = 12 = I) and the grid is square (N1 = N2 = N), we 
have 

2 \ • 2 7r 
Amin = 2 SIn 2N' Wo = 1 +' "., SInN 

2 7r 
rt = tan 2N' 

( ) _ 1 - sin fj ~ _ 27r 
pS -1 .". 1 N' +SIn N 

Notice that the spectral radius of the transformation operator for the 
corresponding point Gauss-Seidel method is estimated by formula (15), where 
we set w = 1. This gives peS) = (1 - Amin)2 = cos2 fj, which is significantly 
worse than for the successive over-relaxation method. 
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We look now at the block successive over-relaxation method. IT we put 
together the unknowns y(i,j) from the j-th row of the grid in one block, then 
the block notation for the operator A corresponds to the following represen
tation A = 1) + L + U, where 

1) 1 0(. .) (2 2) 0( .. ) 1 0(. 1·) Y = - h2 Y Z - 1,) + h2 + h2 Y t,j - h2 Y t + ,), 
I I 2 I 

Ly(i,j) = - ;2 y(i,j -1), Uy(i,j) = - ;2 y(i,j + 1). 
2 2 

The computational formulas for the block successive over-relaxation 
method have the form 

- h12Yk+ I(i-1,j)+ (:2 + :2)Yk+I(i,j)- ;2Yk+l(i+1,j) 
I I 2 2 

= (l-w) (- ;~Yk(i -l,j) + (:~ + :~) Yk(i,j) - ;~Yk(i + 1,i») 

+w (;~Yk+I(i,j -1) + ;~Yk(i,j + 1) +I;?(i,j»), 

1 ::; i ::; NI - 1, 1::; j ::; N2 - 1, 

where Yk(X) = g(x), x E , for all k ~ O. In order to find Yk+1 on the j-th 
row it is necessary to solve a three-point boundary-value problem using, for 
example, the elimination method. 

We shall show that for this example assumption 2 is satisfied, i.e. the 
eigenvalues J.L for the problem 

z ;~Y(i,j -1) +; ;~Y(i,j + 1) + J.L (- ;~y(i -l,j) 

+ (:~ + :~) y(i,j) - ;~y(i + l,j») = 0, 

l::;i::;NI-l, 1::;j::;N2 -1, y(x) =0, xE, 

do not depend on z. This is easy to establish if we make the change of variables 
y(i,j) = ziv(i,j), 0 ::; i ::; N I, 0::; j ::; N2 • 

We find now the optimal value of the parameter w. The corresponding 
problem (8) has the form 

(20) 

y(x) =0, xE,. 
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It is not difficult to verify that the eigenfunctions of problem (20) are 

( ) _ • k11rXI • k 2 1rX2 
y", X - sm -/1- sIn -/2-. 

Substituting (21) in (20) we find 

ka = 1,2, ... ,Na-1, 

where 

From this we obtain 

2h2 sin2 ili + 2h2 sin2 ili .A • _ 2 211 1 212 
min - 2h2 . 2 ili h2 

2 sm 2h + 1 

For the special case considered above we have 

4sin2 ....!L 2 + 4sin2 ....!L 
.A . - 2N Wo = 2N , 

min - 1 + 2sin2 2~ , (1 + V2sin 2~)2 

,., = 2sin2 21rN' peS) = (1 -V2sin iN) 2 R:l 1 -2V2~. 
1 + V2sin 2~ N 

(21) 

Comparing the estimates of the spectral radius for the block and point 
successive over-relaxation methods, we find that the block method will con
verge V2 times as fast as the point method. On the other hand, the block 
method requires more arithmetic operations to perform one iteration than 
the point method. 

In conclusion we give the operation counts for the point successive over
relaxation method as a function of the number of nodes N in one direction for 
f = 10-4 • As a model problem we take the difference scheme (19) on a square 
grid with Nl = N2 = N and cp(x) == 0, g(x) == o. The initial approximation 
yo{x) is chosen as follows: yo{x) = 1, x E w, yo(x) = 0, x E "(. 

The iterative process will be terminated if the condition 

(22) 

is satisfied. 
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From the theory for the method it follows that the error zn can be 
estimated by II zn IIA~II sn IIAII Zo IIA' and since the spectral radius of the 
operator is less than or equal to any norm of the operator, pn(s) ~II sn IIAo 
Therefore the condition pn(s) ~ f cannot be used to estimate the required 
iteration counto 

We give now the iteration count n, defined using condition (22), and 
for comparison the iteration count n", which is obtained using the inequality 
pn(s) ~ f: 

N = 32 n = 65 n" = 47 

N = 64 n = 128 n* = 94 

N = 128 n = 257 n" = 187 

A comparison of the iteration counts for the successive over-relaxation meth
od and the explicit Chebyshev method (examined for problem (19) in Section 
60501) shows that the successive over-relaxation method requires approxi
mately 1.6 times fewer iterations than the explicit Chebyshev methodo The 
operation counts for one iteration in these methods are practically identicalo 

9.2.5 A Dirichlet difference problem for an elliptic equation with variable 
coefficients. We look now at an application of the successive over-relaxation 
method for finding an approximate solution to a Dirichlet difference problem 
for an equation with variable coefficients in a rectangle 

2 

Ay = ~)aa(X)Yi")",, - d(x)y = -<p(x), x E w, 
01=1 (23) 

y(x) = g(x), x E ",(, 

assuming that the following conditions are satisfied: 

O<C1~aa(X)~C2' xEw, a=1,2, 

o ~ d1 ~ d(x) ~ d2 , X E Wo 
(24) 

For problem (23), the point successive over-relaxation method with the un
knowns ordered according to the rows of the grid w is described by the formula 

b(i,j)Yk+1(i,j) = (1 - w)b(i,j)Yk(i,j) 

[a1(i,j) (0 1 0) a2(i,j) (0 0 1) 
+ w ~Yk+1' - ,} + ~Yk+1 ',} -

1 2 

a1(i+1,j) (0+1 0)+a2(i,j+1) (00+1)+ (00)] + h2 Yk' ,} h2 Yk',] <PZ,} , 
1 2 

(25) 
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where 

and Yk(X) = g(x), x E 'Y for any k ;::: 0o 

For this example, the operators 'D, Land U are defined as follows: 

'Dy = by 

L (0 0) _ al(i,j) 0(0 1 0) a2(i,j) 0(0 ° 1) Y z,} - -~Y Z - ,} - ~Y z,} - , 
1 2 

U ( 0 0) __ al(i + l,j) 0(0 + 1 0) _ a2(i,j + 1) 0(0 ° + 1) 
Y z,} - h2 Y Z,} h2 Y z,J ° 

1 2 

Assumptions 1 and 2 are satisfied, as was proved for the example from Section 
902.40 

In order to find the parameter w, it is necessary to estimate the con
stant 8 in the inequality A ;::: 8'Do This problem was solved earlier in Section 
605.3, where the simplest implicit Chebyshev method was considered for the 
difference problem (23). We give here the estimate for 8: 

where KO/(Xp) = max vO/(x), (3 = 3-0', a = 1,2, and vO/(x) is the solution 
0<"'0<10 

of the following three-point boundary-value problem: 

(aO/v~J",o - ~dvO/ = -b(x), hO/:::; xO/:::; 10/ - hOI, 

vO/( x) = 0, XO/ = 0,10/' 

hp:::;xp:::;lp-xp, (3=3-O', 0'=1,2. 

The iterative parameter w is found using formula (17): 

2 
w =Wo = . 

1 + J8(2 -8) 
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In order to compare the successive over-relaxation method with the sim
plest implicit Chebyshev method examined in Section 6.5.3, we give the itera
tion counts for the successive over-relaxation method applied to the following 
model problem. Assume that the difference scheme (23) is given on a square 
grid with NI = N2 = N and cp(x) = 0, g(x) = O. The coefficients al(x), 
a2(x), and d(x) are chosen as follows: 

al(x) = 1 + C [(Xl - 0.5)2 + (X2 - 0.5)2] 

a2(x) = 1 + C [0.5 - (Xl - 0.5)2 - (X2 - 0.5)2] 

d(x) ==0, c>O. 

Here in the inequalities (24) we have CI = 1, C2 = 1 + 0.5c, dl = d2 = O. 
The initial guess for the successive over-relaxation method (25) is chosen as 
follows: yo(x) = 1, X E w, yo(x) = 0, X E I, and the iterative process is 
terminated when condition (22) is satisfied. 

In table 9 we give the iteration counts for the relaxation method as a 
function of the ratio C2 / CI and of the number of nodes N in one direction for 
f = 10-4 • For the case when a",(x) == 1 and d(x) == 0, the iteration counts for 
the successive over-relaxation method were given in Section 9.2.4. 

Table 9 

CdC2 2 8 32 128 512 

N=32 65 81 95 96 98 

N=64 129 164 192 193 195 

From table 9 it follows that the iteration counts for the successive over
relaxation method applied to the model probelm are approximately half as 
large as the iteration counts for the simplest implicit Chebyshev method. 
Since the number of arithmetic operations required to perform one iteration 
for these methods are identical, the successive over-relaxation method is twice 
as effective as the simplest implicit Chebyshev method. 
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9.3 Triangular methods 

9.3.1 The iterative scheme. In Sections 9.1, 9.2, two methods were studied
the Gauss-Seidel method and the relaxation method. These methods belong 
to a class of implicit two-level methods whose operator B corresponds to a 
triangular or block-triangular matrix. In canonical form, the iterative scheme 
of the methods has the following form: 

("'"'+WL)Yk+l -Yk +AyL == I, k 0 1 H 
l/ .. = ""., Yo E , w 

(1) 

where'D and L are the operators in the decomposition of A into the sum of 
diagonal, lower- and upper-triangular matrices 

A='D+L+U. (2) 

The Gauss-Seidel method corresponds to the value of the parameter w = 1. 

For the case of a self-adjoint and positive-definite operator A in H, a 
sufficient condition for the convergence of the iterative method (1) in HA has 
the form 

0< w < 2. (3) 

In Section 9.2 we looked at the question of the optimal choice of the 
iterative parameter w. Assuming that assumptions 1 and 2 are satisfied and 
that a priori information is given in the form of the constant C from the 
inequality 

c'D ::; A, c> 0, (4) 

we proved that the optimal value of w, which minimizes the spectral radius 
of the transformation operator S of the scheme (1), is defined by the formula 

2 
W=Wo= . 

1 + vc(2-c) 
(6) 

In Sections 9.2.4, 9.2.5, sample problems were looked at for which as
sumptions 1 and 2 were satisfied. These assumptions are also satisfied for 
more complex problems, for example for a five-point difference scheme ap
proximating a Dirichlet difference problem for an elliptic equation with vari
able coefficients on a non-uniform grid in an arbitrary region. 

There exist, however, sample problems for which assumption 2 is not 
satisfied. To this class belong a Dirichlet difference problem for an elliptic 
equation with mixed derivatives, a high-order Dirichlet difference problem, 
and others. 
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The non-global choice of the iterative parameter w and the absence of 
estimates for the convergence rate of the method in any norm are particular 
deficiencies of the theory developed in Section 9.2. 

In this section we will look at a general scheme for triangular iterative 
methods, in which the iterative parameter w is chosen in order to minimize 
the norm of the transformation operator in H A. Here we will also find an 
estimate for the convergence rate of the method in HA under the assumption 
that A is a self-adjoint and positive-definite operator. 

Our examination of the triangular methods begins with a transformation 
of the iterative scheme (1). We introduce the operators Rl and R2 in the 
following way: 

1 
Rl = -'D+L, 

2 

Then the decomposition (2) will have the form 

(6) 

and if A is a self-adjoint operator in H, then the operators Rl and R2 will 
be conjugate to each other 

(7) 

Substituting L = Rl - 1/2'D in (1) and denoting 

T = 2w/(2 - w), (8) 

we write the iterative scheme (1) in the equivalent form 

(""' + TR1)Yk+1 - Yk + AYk = f, k 0 1 H L/ = , , ... , Yo E , 
T 

(9) 

where from (3), (8) we have T > O. 

The scheme (9) can be considered independently from the scheme (1). 
Namely, suppose that the operator A is self-adjoint in H and is represented 
using (6) in the form of a sum of mutually-conjugate operators Rl and R2, 
and that'D is an arbitrary self-adjoint and positive-definite operator defined 
in H. The iterative scheme (9) will be called the canonical form of the trian
gular iterative methods. We will also use the term triangular methods in the 
case where the matrices corresponding to the operators Rl and R2 are not 
triangular, and the matrix corresponding to the operator 'D is not a diagonal 
matrix. 
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From theorem 1 it follows that, for a positive-definite operator A, the 
iterative method (9) converges in HA for 7 > o. In fact, here it is sufficient 
to prove that V + 7 RI > 0.57 A. From (7) we obtain 

and, consequently, 

((V + 7Rdx, x) = (Vx, x) + 0.57(Ax, x) > 0.57(Ax, x), 

which is what we were required to prove. 

In conclusion we remark that the Gauss-Seidel method corresponds to 
the value 7 = 2 in the scheme (9), and the successive over-relaxation method 
corresponds to the value 7 = 2/ )8(2 - 8). 

9.3.2 An estimate of the convergence rate. We now estimate the convergence 
rate in HA of the iterative scheme (9), assuming that A is a self-adjoint 
positive-definite operator in H. 

A transformation to the error Zk = Yk - u in (9) gives a homogeneous 
scheme for Z k 

B Zk+1 - Zk A 0 -'---- + Zk = , k = 0, 1, ... , Zo = Yo - u, B = V + 7R1, 
7 

from which we obtain 

(11) 

We estimate now the norm of the transformation operator Sin H A . From 
the definition of the norm of an operator we obtain 

II S II~ = sup (ASx,Sx) 
#0 (Ax,x) 

_ [ 2 (B-IAx,Ax) 2(AB-IAx,B-1AX)] 
- sup 1 - 7 ) + 7 ( • 

#0 (Ax, x Ax, x) 

(12) 

We transform the expression in square brackets. Using (10) and the definition 
of the operator B we obtain 

(By, y) = (Vy, y) + 7(R1 y, y) = (Vy, y) + 0.57(Ay, y). 
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From this we find r2(Ay,y) = 2r(By,y) - 2r(Vy,y) or, after making the 
change of variables y = B-1 Ax, 

Substituting this expression in (12), we will have 

II s II~= sup [1 _ 2r (VB-~1x, ~-I AX)] . 
x¢O x,x 

We now make a further transformation. Setting x = (B*)-IVI/2y, we obtain 

(VB-IAx,B-IAx) (Cy,Cy) 
(Ax, x) = (Cy, y) , 

Since the operator C is self-adjoint and positive-definite in H, then, setting 
y = C- I / 2V- I / 2 B*v, we find 

(VB-IAx,B-IAx) _ (Av,v) 
(Ax,x) - (BV-IB*v,v)" 

Thus, finally we have 

From this we obtain, if 1'1 is the quantity in the inequality 

then 

'V BV-I B* < A /1 _ , (13) 

(14) 

Since 1'1 depends on the parameter r, the optimal value for r can be found, 
if we have obtained an expression for 1'1 under additional assumptions about 
the operators V, RJ, and R2 • 
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9.3.3 The choice of the iterative parameter. We now select the iterative pa
rameter T. We require 

Lemma 3. Suppose that {j and ~ are the constants in the inequalities 

(15) 

then in (13) 

/1 = {j / (1 + T{j + T2 {j~ ) (16) 

Proof. Since B* = V + T R2, then 

BV-1 B* = (V + TR1 )V-1(V + TR2) = V + T(RI + R2) + T2 R1V-1 R2 

= V + T A + T2 Rl V-I R2. 

Using assumption (15), from this we obtain 

The lemma is proved. 0 

Thus, if the a priori information has the form of the constants {j and ~ 
in the inequalities (15), then /1 is estimated in formula (16). 

Substituting (16) in (14) we obtain 

It remains to minimize the function <p(T). Setting the derivative <p'(T) equal 
to zero, we find 

2 
TO = .Jlf5.. 

Since for T < TO the derivative <p'( T) < 0, and for T > TO the derivative 
<p' (T) > 0, then for T = TO the function <p( T) achieves its minimum value, 
equal to <p(TO) = (1 - .Jrj)/(1 + y'ii), "l = {j/~. Thus, we have proved 
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Theorem 6. Suppose that A and'D are self-adjoint positive-definite operators 
in H, and 6 and .6. are the constants in (15). The triangular iterative method 
(9), (6) for T = TO = 2/Vfi5,. converges in H A , and the error Zn is estimated 
by II Zn IIA~ pn II Zo IIA. The jteration count n is estimated by n ~ no(f), 

where 

nO(f) = lnf/lnp, 

( 1-v'ii)2 
p= 1+v'ii ' 

6 
77 = -.0 

.6. 

9.3.4 An estimate for the convergence rates of the Gauss-Seidel and relax
ation methods. Theorem 6 allows us to obtain estimates for the convergence 
rates in HA of the Gauss-Seidel and successive over-relaxation methods ex
amined earlier. In Sections 9.1.2 and 9.2.4, these methods were applied to 
find an approximate solution to a Dirichlet difference problem for Poisson's 
equation on the rectangular grid 

W = {Xij = (ih 1,jh2), 0 ~ i ~ N 1 , 0 ~ j ~ N2, ha = la/Na, a = 1,2}, 

Ay = YXtXt + YX 2 X 2 = -<p(x), x E w, 

y(x) = g(x), x E 'Y. 

The iterative scheme for these methods had the form (1), where 

'Dy = (:~ + ~) y, 

L ( ..) 1 0(' 1') 1 0(" 1) yZ,] =-h2Yz - ,) -h2Yz,)- , 
1 2 

U ( ..) 1 0(" 1") 1 0("" 1) Y z,] = - h2 Y Z + ,) - h2 Y Z,] + " 
2 2 

For the Gauss-Seidel method w = 1, and for the successive over-relaxation 
method w was found from formula (5), where 6 in inequality (4) was estimated 
as follows: 

2h~ . 2 7rh1 2h~ . 2 7rh2 
6 = h~ + h~ sm 2h + h~ + h~ sm 212 ' 

(17) 
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We now put the scheme (1) for this example in the form (9). To do this, we 
define the operators Rl and R2 : 

It is obvious that 

R1y = (~v + L) Y = :/Jzl + :/1%2, 

R2y= (~V+U)Y=-:lYX1- :2YX2. 

It is easy to establish the mutual-conjugacy of the operators Rl and R2 using 
Green's difference formula. As was noted above, the Gauss-Seidel method 
corresponds to the value T = 2 in the scheme (9), and the successive over
relaxation method corresponds to the value T = 2/ JS(2 - S), where S was 
defined in (17). 

From (11), (14), and lemma 3 it follows that, in order to obtain estimates 
of the convergence rates in H A for these methods, it is necessary to find S 
and t:::. from the inequalities (15). The constant S has already been found. We 
now find t:::.. From the definition of the operators V, R1, and R2 , we obtain 

(18) 

Further 

Substituting this estimate in (18), we obtain 

and, consequently, t:::. = 2 in inequality (15). 

We now estimate the convergence rates for the Gauss-Seidel and succes
sive over-relaxation methods. 
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From (11) we obtain 

II Zn IIA~II S 11:411 Zo IIA 
and, consequently, to achieve an accuracy f it is sufficient to complete n ;::: 
nO(f) iterations, where nO(f) = Inf/In II S IIA. From (14) we find 

1 
nO(f) = 2lnf/ln II S II~;::: In-/(T'Yt). 

f 
(19) 

From (16) for the Gauss-Seidel method we obtain (T = 2) 

T'YI = 28/(1 + 48) (20) 

and in particular, where NI = N2 = N, II = 12 = 1, we will have from (17), 
(19), and (20) 

8 = 2 sI·n2 ~ . 2 11" 11"2 2N ' T'YI Rj 4 sm 2N Rj N2' 

N 2 1 1 
nO(f)Rj-2 In -RjO.1N2In-. 

11" f f 

In Section 6.5.1 for the explicit simple iteration method applied to this 
special case, we obtained the following estimate for the iteration count: 
no ( f) Rj 0.2N2 In ~. Comparing these estimates, we find that the Gauss
Seidel method requires roughly half as many iterations as the simple iter
ation method. The character of the dependence of the iteration count on the 
number of nodes N in each direction is identical for these methods - the 
iteration count is proportion to N 2 • 

We now look at the successive over-relaxation method. Substituting in 
(16) 

c 2· 2 11" 
v = SIn 2N' 

2 2 
~ = 2 and T = = --, 

J8(2 - 8) sin N 

we obtain 

2tan 2";v 11" 11" 
T'YI = ". 2 ". Rj tan - Rj -. 

2 + 2 tan 2N + tan 2N 2N 2N 

From (19) we find the following estimate of the iteration count for the suc
cessive over-relaxation method: 

2N 1 1 
nO(f) Rj -In - Rj 0.64N In-, 

11" f f 
(21) 

i.e. the iteration count for the successive over-relaxation method is propor
tional to the number of nodes N in one direction. 
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In conclusion we give an estimate for the iteration count which follows 
from theorem 6. For the value of the parameter T 

2 1 
T=TO=--=--

..flIS. sin N 
the iteration count will be estimated by 

n ~ nO(f) = ln~ /sin 2~ ~ O.64Nln~. 

Notice that the estimate (21) is somewhat excessive. To see this, it is necessary 
to compare the value of nO(f) computed from formula (21) with the iteration 
count derived in Section 9.2.4. In this connection, here the iteration count was 
estimated from the inequality II S 11:4.:5 f, and in Section 9.2.4, the iteration 
was terminated using the condition II sn IIA:5 f. 
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Chapter 10 

The Alternate-Triangular Method 

In this chapter we study the alternate-triangular iterative method* for solving 
an operator equation with a self-adjoint operator. In Section 10.1 the general 
theory of the method is laid out, described by the construction of the iterative 
scheme and by indicating the set of iterative parameters. The method is 
illustrated on a sample problem - a Dirichlet difference problem for Poisson's 
equation in a rectangle. In Section 10.2 this method is applied to the solution 
of elliptic difference equations with variable coefficients and mixed derivatives 
in a rectangle. A variant of the alternate-triangular method is constructed 
in Section 10.3 to solve an elliptic equation with variable coefficients on a 
non-uniform grid in a arbitrary region. 

10.1 The general theory of the method 

10.1.1 The iterative scheme. In Section 9.3 we studied the triangular iterative 
method for solving the equation 

Au = f. (1) 

The iterative scheme of this method has the form 

B Yk+l - Yk + AYk = j, k 0 1 H = " ... , Yo E , 
Tk+l 

(2) 

• The method was presented by A.A Samarskii in 1964 (cf. Journal of Computational 
Mathematics and Mathematical Physics, 4, No.3, 1964) and improved in [8]. 
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where Tk == T, and the operator B = Bl = V+TR1 is defined by the following 
decomposition of the operator A into a sum of operators: 

(3) 

Concerning the operator V, it is assumed that it is self-adjoint and positive
definite in H, i.e. 

1) = 1)* > O. (4) 

The triangular iterative method is actually a class of methods whose iterative 
parameters are chosen using a priori information about the operators of the 
iterative scheme. For the triangular method the primary information consists 
of the constants 0 and Ll from the inequalities 

01) ~ A, 0> O. (5) 

The parameter T found in Section 9.3.3 allows us to achieve an accuracy e 
after no = O(ln(l/e)J77) iterations, where TJ = o/Ll. 

Notice that, because the operator B is not self-adjoint, we are not able 
to use a set of parameters Tk in the iterative scheme (2) and thus increase 
the convergence rate of the method. However, the simple way in which the 
operator B is constructed and the possibility of an expansion (3) for the 
operator A have encouraged the study of possible variants of the triangular 
method. As a result, the alternate-triangular method was constructed, which 
combines the simplicity of the operator B with the possibility of using a set 
of parameters Tk in the scheme (2). 

We proceed now to the study of the alternate-triangular method. The 
iterative scheme of the method has the form (2), where the operator B is 
defined as follows: 

(6) 

Here w is an iterative parameter which has yet to be chosen. We will fur
ther assume that, for the scheme (2), (6), the conditions (3), (4) are satisfied 
and that 0 and Ll in the inequalities (5) are given. 

We now list several properties of the operator B defined in (6). If the 
operator 1) + wR l corresponds to a triangular matrix, and V to a diagonal 
matrix, then B corresponds to the product of two triangular matrices and a 
diagonal matrix. In this case, inversion of the operator B is not a complex 
problem. 
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We shall show that the operator B is self-adjoint in H, and if the operator 
V is bounded, then B is positive-definite. In fact, by (3) we have the equation 

(Au,u) = 2(RI u,u) = 2(R2u,u) > O. 

From this and from (4) it follows that the operators BI = V + wRI and 
B2 = V + wR2 are conjugate and positive-definite: Bi = (V + WRI)* = 
1) + wR2 = B2 , Ba > V > 0, a = 1,2, therefore 

Further, since V is a self-adjoint, bounded, and positive-definite operator, the 
inverse operator V-I will be positive-definite in H. Consequently, using the 
inequality (V-Ix,x);::: d(x, x), d> 0 which express the positive-definiteness 
of the operator V-I, we have 

From (2), (6) it is clear that, in order to define !lHl given !ll, it is 
necessary to solve the equation 

where I{)k = BYk - Tk+1(AYk - I). This leads to the solution of two equations 

It is possible to obtain a second algorithm for realizing the scheme (2), (6), 
based on writing it in the form of a scheme with a correction 

where rk = AYk - f is the residual. The correction Wk is found by solving 
two equations 

In this algorithm, we avoid having to compute BYk, but it is necessary to 
simultaneously store both Yk and the intermediate quantities rk, Wk, and Wk. 
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10.1.2 Choice of the iterative parameters. We are interested now in investi
gating the convergence of the iterative scheme (2), (6). Since the operators 
A and B are self-adjoint and positive-definite in H, it is possible to study 
the convergence in HD, where D is taken to be one of the operators A, B, 
or AB-1 A (in the latter case, B must be a bounded operator). For such an 
operator D, the operator DB-1 A will obviously be self-adjoint in H, and, 
consequently, according to the classification of Chapter 6, we have an iterative 
scheme in the self-adjoint case. 

Using the results of Section 6.2, we can at once indicate the optimal set 
of iterative parameters Tk for the scheme (2), (6). Assume that /'1 and /'2 are 
taken from the inequalities 

(7) 

Then the Chebyshev set of parameters {Tk} is defined by the formulas 

TO 

(8) 
Tk = , 

1 + po/ik 

2 
TO = , 

/'1 + /'2 

and the error Zn = Yn -u ofthe iterative scheme (2), (6), (8) can be estimated 
using 

II Zn IID~ qn II Zo liD, 
2pn 

q 1 < f 
n = 1 + p~n - , 

1-~ 
P1 = 1+~· (9) 

This result is from the general theory of two-level iterative methods. For the 
scheme (2), (6) the a priori information consists of the constants 8 and ~ in 
the inequalities (5). Therefore, one of the problems is to obtain expressions 
for /'1 and /'2 in terms of 8 and ~. Further, since the operator B depends on 
the iterative parameter w, then /'1 and /'2 are functions of w: /'1 = /'1(W)' /'2 = 
/'2(W). Since it follows from the estimate (9) that the maximal convergence 
rate will be attained when the ratio e = /'d/'2 is maximal, we arrive at the 
problem of choosing the parameter w so as to maximize e. These problems 
are solved by 

Lemma 1. Suppose that conditions (3), (4) are satisfied, the operator B 
is defined by formula (6), and that the constants 8 and ~ are given in the 
inequalities (5). Then in the inequalities (7) we have 

(10) 
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The ratio e = 'Yt/'Y2 is maximal if 

where 

'YI = 2( 1 + 01) , 

w = Wo = 2/.../ii5.., 

6 
'Y2 = 4vr;' 

_ 2vr; 
e - 1 + vr;' 

Proof. We write the operator B in the form 

6 .,.,-- ~. 
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(11) 

(12) 

Taking into account that A = RI + R2 ~ 6V or V ~ i A, we obtain an upper 
bound for B 

B < - + w + _w2 ~ A = - A (1 1) 1 
- 6 4 'YI ' 

i.e. A ~ 'YIB, where 'YI is defined in (10). 

We now transform formula (13): 

B = V - W(RI + R2) + w2 RIV-l R2 + 2w(RI + R2) 

= (V - wRI)V-I(V - wR2) + 2wA. 

From this follows 

Using the positive-definiteness of the operator V-I, we obtain (By,y) > 
2w(Ay, y), i.e. A ~ 'Y2B. Thus, 'YI and 'Y2 have been found. We look further 
at the relation 

Setting the derivative 

e'(w) = 20(1- w20~/4) 
(1 + wo + ",2111)2 

equal to zero, we find w = Wo = 2/~. At this point the function ~(w) 
achieves its maximum since ~"(Wo) < O. Substituting this value of win (10), 
we obtain (12). We now show that 0 ~ ~, .,., ~ 1. In fact, using the equation 
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(Ax, X) = 2(R2X, x) and the Cauchy-Schwartz-Bunyakovskij inequality, from 
(5) we obtain 

C(""" ) < (A ) = (Ax,x)2 = 4(R2x,x)2 
v vX, X - x, x (Ax, x) (Ax, x) 

("""-1/2R """1/2)2 ("""-1/2R """-1/2R ) = 4 v 2X, v X < 4 v 2X, v 2x (V1/2X V 1/2) 
(Ax, x) - (Ax, x) , 

=4(R1V- 1R2x,x)("..., ) A(""" ) 
(Ax, x) vx,x::; L.l vx,X, 

which is what we were required to prove. The lemma is proved. 0 

Theorem 1. Suppose that the conditions of lemma 1 are satisfied. Then, for 
the alternate-triangular method (2), (6), (11) with the Chebyshev parameters 
Tk defined by the formulas (8) and (12), the estimate (9) is valid. In order 
to achieve II Zn II D::; f II Zo II D, it is sufficient to perform n iterations, where 
n 2: no( f), 

Here D = A, B, or AB-l A. 

Proof. To prove this theorem, just use lemma 1 and the formulas (8) for the 
iterative parameters and the iteration count. 0 

We look now at one procedure which is used to construct implicit it
erative schemes. Suppose that R is a given self-adjoint and positive-definite 
operator in H, which is energy equivalent to A with constants Cl and C2: 

(14) 

and to an operator B with constants 1'1 and 1'2: 

(15) 

We will assume that the operators A and B are self-adjoint. From (14) and 
(15) we obtain the following inequalities: lIB::; A ::; 12B , II = Cl1'1, 12 = 
C21'2. This allows us to construct an operator B which arises, not from the 
decomposition (3) of the operator A, but from the decomposition of the 
operator R, which can be chosen from a large class of different operators which 
may not include A. Here the constants 1'1 and 1'2 in (15) can be computed 
once and for all, and the problem of obtaining the a priori information for 
the method reduces to finding C1 and C2 in (14). 
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Thus, suppose that the operator R is represented in the form of the sum 
of conjugate operators Rl and R2 : 

R=R* >0, R=R1 +R2 , Rl =Ri, (16) 

and in place of (5) we have the inequalities 

(17) 

The operator B for the scheme (2) is constructed using (6). Then by lemma 
1 for W = Wo = 2/VliS in the inequalities (15) we have 

o 0 
1'1 = 2(1 + JTi)' 

o 0 
1'2 = 4JTi' (18) 

From this follows 

Theorem 2. Suppose that A = A * > 0, V = V* > 0, the conditions (16) 
are satisfied, and that Cl and C2 in (14) and 0 and ~ in (17) are given. Then 
the estimate (9) is valid for the alternate-triangular method (2), (6), (8), (11) 
with the Chebyshev parameters Tk, where 1'1 = cl'h and 1'2 = c272, and 71 
and 72 are defined in (18). In order to achieve II Zn IID~ f II Zo liD it is 
sufficient to perform n iterations, where 

n ~ no(f), nO(f) = In(2/f) ~, 
2v'2fr,V Cl 

o 
'1]=-.0 

~ 

10.1.3 A method for finding 0 and ~. From theorems 1 and 2 it follows that, 
in order to apply the alternate-triangular method, it is necessary to find the 
two scalars 0 and ~ in the inequalities (5) or (17). In the examples of grid 
elliptic equations looked at below, these constants will be found explicitly 
or an algorithm for computing them will be given. To do this, it is natural 
to exploit the structure of the operators A, R1 , R2 , and V. For the general 
theory of iterative methods, which does not consider the concrete structure 
of the operators, it is necessary to assume that there is some general way of 
finding the a priori information required by the method. 

This can be based on the use of the asymptotic property of the iterative 
methods of variational type (cf. Section 8.1.5). Suppose that the operators A 
and B are self-adjoint and positive-definite in H. If in the iterative scheme 

B_V,,-k+.:....:l:....-_V-,,-k A - ° + Vk - , 
Tk+l 

k = 0,1, ... , Vo ~ 0 (19) 
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the parameters Tk+1 are chosen using the formula for the steepest-descent 
method 

(20) 

and if, for sufficiently large n, the roots Xl ::::; X2 of the equation 

(1 - Tnx)(1 - Tn-IX) = PnPn-l, 
II Vn IIA 

Pn = , II Vn-l IIA 
(21) 

are found, where II . IIA is the norm in HA, then Xl and X2 will be approxima
tions to 1'1 and 1'2 in the inequalities (7) from above and below, respectively. 

We shall use this method. We look at the iterative scheme (2), (3), (6). 
Notice that, by lemma 1, for (7) we have 1'2 = 1/(2w), and only 1'1 depends 
on the a priori data. We shall attempt to avoid finding 8 and ~ separately 
for (5), but instead to directly find an expression for 1'1 as a function of the 
iterative parameter w. We will give this expression in the form (10), and 
indicate the corresponding values of 8 and ~. Then from lemma 1 we find 
Wo using formula (11) and 1'1 and 1'2 corresponding to Wo using formula (12). 
For the set of parameters Tk we use (8). 

We now find the desired expression for 1'1. We take w = 0 and use the 
method (19)-(21) to find Xl. Assuming that, in (19), (20), a sufficient number 
of iterations have been performed, and taking into account that for w = 0 
the operator B = 'D, we obtain the approximate inequality 

xl'D ::::; A, Xl > o. (22) 

FUrther, we take w = WI > 0 and use the method (19)-(20) to find Xl, so 
that Xl > 0 and 

where it is clear that XlWl < 1. We write (23) in the form 

XIV + xlw~Rl'D-l R2 ~ (1- xlwdA 

and add it to (22), after first multiplying by some as yet to be determined 
coefficient a > O. We obtain 

We divide this inequality by aXl + Xl, add the term wA to the right- and 
left-hand sides, and choose a from the condition 

- 2 2( + - ) Xlwl = wax! Xl j (25) 
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then the transformed inequality will have the form 

where 

_ 1 
V+wA +w2 Rl V lR2 = B:$ -A, 

71 

1 1 1- XlWl + a 
- = -- = W + ---=--=---
71 'neW) aXl + Xl 

From (25) we find a: 
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(26) 

Since a must be positive, the expression (26) will be valid for 0 < W < WI. 

Substituting this value of a in (26), we obtain 

Comparing this expression with (10), we obtain that it is possible to take d 
to be 

Notice that wo, found from these values of 6 and d using (11), will belong 
to the interval (0, WI), if the inequality 2fl :$ Xl (1 - Xl wd is satisfied. If 
this inequality is not satisfied, then we must increase WI and carry out these 
computations again (we recommend taking WI = 2/xd. 

10.1.4 A Dirichlet difference problem for Poisson's equation in a rectangle. 
We shall illustrate the alternate-triangular method using an example of a 
Dirichlet difference problem for Poisson's equation in the rectangle G = {O :$ 
XOI :$ 101 , a = 1,2}: 

y(X) = g(x), X E 7 
(27) 

on the grid w = {Xij = (iht.jh2) E G, 0:$ i :$ Nl , 0:$ j :$ N2, hOi = 100/NOI , 

a = 1, 2} with boundary 'Y. 

For this example, H is the space of grid functions defined on W with 
inner product 

(u,v) = L u(x)v(x)h l h2 • 

xEw 
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The operator A is defined by the equation Ay = -Ay, where y E H, Y E iI 
and y(x) = y(x), x E w, and y(x) = ° for x E 'Y. The right-hand side I is 
defined in the usual way: I(x) = Cf'(x) + l2Cf'I(X) + l2Cf'2(X), where 

1 2 

{ 
g(O, X2), Xl = hI, 

Cf'1(X) = 0, 2hl :::; Xl :::; 11 - 2hI, 

g(h,X2), Xl = 11 - hI, 

{
g(X,O), x2 =h2' 

Cf'2(X) = 0, 2h2 :::; x2 :::; 12 - 2h2, 

g(xl,/2), X2 = 12 - h2. 

The problem (27) can then be written in the form of equation (1). 
The operator A is self-adjoint and positive-definite in H, since it corre

sponds to the Laplace difference operator with Dirichlet boundary conditions. 

We are now interested in constructing the operator B. We will consider 
a classical variant of the alternate-triangular method, where in (6) we set 

V=E. (28) 

We define now the difference operators 'R1 and 'R2 , which map onto grid 
functions on w, in the following way: 

X E w. 

It is obvious that 'RI + 'R2 = A. Using Green's difference formulas, it is 
easy to obtain the following equation for grid functions y(x) E iI, u(x) E iI, 
i.e. for functions defined on wand vanishing on 'Y, 

(29) 

We define the operators Rl and R2 on H in the following fashion: RO/y = 
-'RO/Y, a = 1,2, where y E H, Y E iI, and y(x) = y(x), X E w. Then, using 
the definition of the difference operators 'RO/ and equation (29), we have that 
the conditions (3) are satisfied, i.e. A = RI + R2, RI = R;. Taking into 
account (28), we obtain from (6) the following form of the operator B: 

We now find the a priori information required to implement the alternate
triangular method. In this case, it has the form of the constants 8 and ~ in 
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the inequalities 8E :5 A, R1R2 :5 (~/4)A. Clearly, it is possible to take 8 to 
be the smallest eigenvalue of the Laplace difference operator 

An estimate for ~ was found in Section 9.3.4 (the operators R1 and R2 defined 
here are identical to those in that section). We have ~ = 4/h~ + 4/h~. 

Thus, the necessary information about 8 and ~ has been found. From 
lemma 1 we find the optimal value for the parameter Wo, and also 'Y1 and 
'Y2. The iterative parameters Tk are computed using the formulas (8). In 
particular, when N1 = N2 = N, It = 12 = I, we obtain 

c 8'211" A 8 8 ·211" 
v = h2 sm 2N' .u. = h2' TJ = ~ = sm 2N' 

2.,fo . 11" 11" h2 e = R:i 2..fii = 2 sm - R:i - Wo = 4 sin !!l! . 1 + .,fo 2N N ' 21 

From theorem 1, we find that the iteration count n can be bounded using 
n ~ nO(f), where 

( ) - In(2/f) '" ../N In ~ '" 0 28 T,;;N I ~ no f - 4 r:. '" r:;; "'. Y IV n , 
2V2yTJ 2y1I" f f 

i.e. the iteration count is proportional to the fourth root of the number of 
unknowns in the problem. 

In Section 9.3.4, we obtained the following iteration count estimate for 
the successive over-relaxation method applied to the solution of the difference 
problem (27): 

n ~ nO(f) R:i O.64Nln(l/f), (N = I/h). 

A comparison of the relaxation method with the alternate-triangular 
method shows that the latter method is clearly better. Although performing 
one iteration of the alternate-triangular method requires twice as many op
erations as the relaxation method, its iteration count is low enough that it is 
still an effective method. 

For the difference problem (27) we now give the iteration counts for the 
alternate-triangular method with the Chebyshev parameters as a function of 
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the number of nodes N in one direction of the square grid w for f = 10-4 : 

N = 32 n = 16 

N=64 n=23 

N = 128 n = 32 

A comparison with the iteration count for the successive over-relaxation 
method described in Section 9.2.4 shows that the relaxation method requires 
approximately 3.5-7.5 times as many iterations as the alternate-triangular 
method. 

Remark 1. If the rectangle G is replaced by the p-dimensional parallelipiped 
G = {O ~ Xa ~ la, a = 1,2, ... ,p}, and we consider a Dirichlet difference 
problem for Poisson's equation 

p 

Ay = LYxaxa = -'t'(x), x E w, 
a=l 

y(x) = g(x), x E " 

on the rectangular grid w = {Xi = (i1h1' i2h2' ... ' iphp) E G, 0 ~ ia ~ NOt, 
haN a = la, a = 1, 2, ... , p}, then the difference operators R1 and R2 are 
defined as follows: 

In this case, we set 

in the inequalities (5) for V = E, since 

p 4 
~= L h2' 

a=1 a 

2 p 

II R 2y 112 = (R1 R 2y, y) = L h1a YX a 

a=1 

x Ew. 

~ t hl~ t II YX a 112~ (t h1~) (Ay, y). 



10.1 The general theory of the method 237 

Then in the case Nl = N2 = ... = Np = N, II = 12 = ... = Ip = I we have 
the following estimate for the iteration count 

vN 2 2 
n 2:: no(f),no(f) ~ 2 c ln - ~ 0.28VNln-, 

y7r f f 

which does not depend on the dimension p. 

We look now at certain questions connected with the implementation of 
the alternate-triangular method for the problem (27). In Section 10.1.1, two 
different iterative algorithms were presented for finding Yk+l given Yk. We 
look first at the second algorithm. For V = E it has the following form: 

rk = AYk - j, 

(E + wOR1 )Wk = rk, (E + wOR2)Wk = Wk, 

Yk+l = Yk - 7k+l Wk, k = 0,1, .... 

(30) 

This algorithm is used when the parameters 7k are chosen using, not the 
formulas (9), but the formulas for the iterative methods of variational type. 

Using the definition of the operators A, RI, and R2 in terms of the 
difference operators A, R 1 , and R 2 , the formulas (30) can be written in the 
following form: 

rk(i,j) = (:2 + :2) Yk(i,j) - :2 [Yk(i -1,j) + Yk(i + l,j)] 
1 2 1 

- :2 [Yk(i,j -1) + Yk(i,j + 1)]- cp(i,j), (31) 
2 

1 ~ i ~ Nl - 1, 1 ~ j ~ N2 - 1, Yki-r = g. 

wk(i,j) = aWk(i - l,j) + fiWk(i,j - 1) + Krk(i,j), 

i = 1,2, ... ,Nl-1, j = 1,2, ... ,N2 -1, (32) 

Here the computations are carried out starting at the point i = 1, j = 1 
either along the rows of the grid w, i.e. with i increasing and j fixed, or along 
the columns with j increasing and i fixed. 

wk(i,j) = aWk(i + l,j) + wk(i,j + 1) + KWk(i,j), 

i = Nl - 1, Nl - 2, ... , 1, j = N2 - 1, N2 - 2, ... , 1, (33) 

wk(N1 ,j)=0, l~j~N2-1, wk(i,N2) =0, l~i~Nl-1. 
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Here the computations are carried out starting at the point i = Nl - 1, 
j = N2 - 1, either along the rows or along the columns of the grid with the 
corresponding indices i or j decreasing. As a result, Yk+l is defined by the 
formulas 

Yk+l(i,j) = YIc(i,j) - Tk+lWIc(i,j), 

1 :5 i :5 Nl - 1, 1:5 j :5 N2 - 1, 

Yk+ll-r = g. 

We have used the following notation: 

K= h2h2 (h2 h2). 
1 2 +wo 1 + 2 

(34) 

(35) 

Since a, (3, K > 0 and a + (3 + K = 1, the computations in (32) and (33) are 
stable. An elementary count of the arithmetic operations in the algorithm 
(31)-(35) gives Q+ = lO(Nl - 1)(N2 - 1) additions and subtractions and 
Q* = Q+ multiplications, or in total, Q = 20(Nl -1)(N2 - 1). 

Taking into account the estimate found earlier for the iteration count, 
we obtain that the compuation of the solution to the difference problem (27) 
using the algorithm (31)-(35) with accuracy E in the case Nl = N2 = N, 
It = 12 = 1 requires 

arithmetic operations. 

We look now at the first algorithm, which in this case has the form 

'Pic = (E + woRt)(E + wOR2 )ylc - Tk+l(Aylc - I), 

(E + WORl)V = 'Pic, (E + wOR2)Yk+l = v. 
(36) 

In this algorithm, we move to a different notation; it will be convenient for us 
to work with grid functions defined on wand vanishing on 'Y. These functions 
are the same as YIc, v, and Yk+l on wand, as usual, are denoted file, v, and 
Yk+l. In order to obtain an approximation to the solution of problem (27), 
we proceed as follows: YIc(X) = YIc(X) for x E wand YIc(X) = g(x), x E 'Y. 

Here, in order to transform to the (pointwise) difference notation in 
(36), it is necessary to define the difference operator 'R, which corresponds 
to the product of the operators R1R2 • Notice, that from the definition of the 
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operators RI and R2 , we can write them in the following form: 

1 1 
hI YZI + h2 YZ 2 , 
1 1 
h~Y+ h2Yz2 ' i = 1, 2 ~ j ~ N2 - 1, 

1 1 
hI YZ 1 + h~Y' 2 ~ i ~ NI - 1, j = 1, 

(~~ + ~~) y, i=j=1. 

1 1 
- hI Y%l - h2 Y%2' 

1 1 
h~Y - h2 Y%2' i = NI - 1, 1 ~ j ~ N2 - 2, 

1 1 
- hI Y%l + h~Y' 1 ~ i ~ NI - 2, j = N2 - 1, 

(~~ + ~~) y, i = NI - 1, j = N2 - 1. 

Compuations show that, if the operator n is defined as follows 

where 

q(i,j) = 

2 ~ i ~ NI - 1, 2 ~ j ~ N2 - 1, 

i = 1, 2 ~ j ~ N2 - 1, 

2 ~ i ~ NI - 1, j = 1, 

i = 1, j = 1, 

then R1R2 y = -ny, where Y E H, Y E iI and y(x) = y(x) for x E w. 
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Using the definition of the operators A, R 1, and R2 , and also the expres
sion above for R1R2 , we write the algorithm (36) in the form 

cp(i,j) = [dk+! - q(i,j)w~] Yk(i,j) + ak+! [Yk(i + l,j) 

+ Yk(i - l,j)] + bA;+1 [Yk(i,j + 1) + Yk(i,j - 1)] (37) 

+ c [y(i - l,j + 1) + Yk(i + l,j - 1)] + Tk+d(i,j), 
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where we have denoted 

Further 

Tk+l Wo ( Wo WO) 
ak+1 = J;2 - h2 1 + h2 + h2 ' 

1 1 1 2 

Tk+1 Wo ( Wo WO) 
bk+1 = J;2 - h2 1 + h2 + h2 ' 

2 2 1 2 

W~ 
C = h2h2' dkH = 1- 2(akH + bk+1 + c). 

1 2 

v(i,j) = av(i - l,j) + /3v(i,j -1) + lI:<pk(i,j), 

i = 1,2, ... ,N1-1, j = 1,2, ... ,N2 -1, 

v(O,j) =0, l~j~N2-l, v(i,O) =0, l~i~N1-1, 

Yk+1(i,j) = aYk+1(i + l,j) + /3Yk+1(i,j + 1) + II:v(i,j), 

(38) 

i = N1 - 1, N1 - 2, ... ,1, j = N2 - 1, N2 - 2, ... , 1, (39) 

Yk+11,. = 0, 

where a, /3, and II: are defined in (35). A count of the number of arithmetic 
operations gives Q+ = llN1N2 -1O(N1 +N2)+ 10 additions and subtractions 
and Q* = Q+ multiplications; in total, Q = 22N1N2 - 20(N1 + N2) + 20. 
This is approximately 1.1 times larger than for the algorithm (31)-(34). The 
advantage of the algorithm (37)-(39) is that it does not require auxiliary 
memory for the storage of the intermediate quantities <Pk(i,j), v(i,j); once 
again, Yk+1(i,j) is overwritten on Yk(i,j). 

Remark 2. In the p-dimensional case, the operator R. has the form 

- PIP P 1 
'Ry = L h2 YZaza + L L h2 h2 YZflZa + qy, 

01=1 01 01=1 fl=l 01 fJ 
fl~a 

where 

0" _ {a, 
't] - 1, 

i #j, 
Z = J. 
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Remark 3. The block alternate-triangular method corresponds to the fol
lowing definition for the difference operators 'Rl and 'R2 : 

In this case, it is necessary to use the three-point elimination method to invert 
the operator B. This leads to an increase in the computational work for one 
iteration which is not compensated for by the small decrease in the iteration 
count (by a factor of 1.2). 

10.2 Boundary-value difference problems 
for elliptic equations in a rectangle 

10.2.1 A Dirichlet problem for an equation with variable coefficients. We look 
now at an application of the alternate-triangular method in order to find the 
solution of a Dirichlet difference problem for an elliptic equation without 
mixed derivatives 

2 

Ay = I)a"(x)Yx,,k. = -cp(x), x E w, 
,,=1 (1) 

y(x) = g(x), x E" 
in a rectangle where w = w U , is a rectangular grid with steps hI and h2 : 

W = {xii = (ih l ,jh2 ), 0 ~ i ~ Nt, 0 ~ j ~ N 2 , h"N" = I", a = 1,2}. We 
will assume that the coefficients a,,( x) satisfy the conditions 

(2) 

We will also require, for fixed j, 1 ~ j ~ N2 - 1, that the number of nodes 
of the grid w for which (adxl = O( hIl) will be finite and not depend on hI. 
This indicates that the corresponding coefficient in the differential equation 
will, for each fixed X2, have a finite number of points of discontinuity in the 
direction Xl. An analogous requirement must be satisfied by (a2 )X2. 

The difference problem (1) reduces to the operator equation 

Au =j (3) 

in the usual way. Here H is the space of grid functions defined on w with 
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the inner product 

xEw 

Ay = -Ay, y E H, Y E iI and y(x) = y(x) for x E w; 

1 1 
f(x) = <f'(x) + h2<f'1(X) + h2<f'2(X), 

1 2 

where 

{ 
al(hl,X2)g(0,X2), Xl = hI, 

<f'l(X) = 0, 2hl :s: Xl :s: h - 2hl , 

al(11 ,X2)g(h,X2), Xl = II - hI! 

{ 
a2(Xl,h2)g(Xl,0), X2 = h2' 

<f'2(X) = 0, 2h2 :s: X2 :s: 12 - 2h2, 

a2(XI,12)g(Xl,12), X2 = 12 - h2· 

Using the Green difference formulas, we find that the operator A is self-adjoint 
in H and satisfies 

2 

(Ay,y) = -(Ay,y) = L (aoyL, 1)0' (4) 
0=1 

where 

10 I" -h" 

(u,v)o= L L u(x)v(x)hohfJ, 13=3-0',0'=1,2. 
xo=ho x"=h,, 

In order to find an approximate solution to this equation, we look at the 
alternate-triangular method constructed using a regularizer R -I A: 

B Yk+ l -Yk +AYk = f, k ° 1 H = , , ... , Yo E , 
Tk+l (5) 

The regularizer R is chosen as follows: 

Ry = -ny, ny = YXtXt + YX 2 X 2' Y E iI, (6) 

and the operators Rl and R2 are defined by the formulas 

(7) 
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In Section 10.1.4 it was shown that, for the operators RI and R2 defined here, 
we have that 

Further, using the Green difference formulas, we obtain 

2 

(Ry, y) = -(Ry, y) = L (yL, 1)". (8) 
a=1 

Consequently, (2), (4), and (8) imply that CIR:::; A:::; C2R, Cl > O. Since the 
operator R is self-adjoint and positive-definite in H, theorem 2 is valid for this 
method with V = E, and this theorem indicates how to choose the iterative 
parameters w and {Tk}. From this theorem we also obtain an estimate for 
the error 

II zn liD:::; qn II Zo liD, D = A,B or AB-1 A, 

where 

I-vIZ 
PI = 1 + vIZ' 

For small TJ we obtain an estimate for the iteration count: 

8 
TJ = ~. 

From this it follows that the iteration count is proportional to J cd Cl, and 
thus it is appropriate to use the method (5), (7) when this ratio is not too 
large. 

10.2.2 A modified alternate-triangular method* .We continue our study of the 
alternate-triangular method for the difference problem (1) in the case where 
the coefficients aa( x) are rapidly varying, i.e. the ration C2/ Cl is large. 

• See A.B. Kucherov and E.S. Nikolaev (Journal of Computational Mathematics and 
Mathematical Physics, 16, No.5, 1976; 17, No.3, 1977). 
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To solve equation (3), we look now at a modified variant of the alternate
triangular method 

BYk+l-Yk+ Ayk =!, k=O,I, ... , 
Tk+l 

B = (V + wRl)V-l(V + wR2), Rl = R~, Rl + R2 = A, 
(9) 

where we set LJy = d( x)y, x E w. Here d( x) is some positive grid function on w 
which we will define later. In this case, V is a self-adjoint and positive-definite 
operator in H. The grid function d( x) in (9) plays the role of an auxiliary 
iterative parameter and allows us to take into account the peculiarities of the 
operator A at each node x of the grid w. 

We define now the operators RO/ as follows: RO/y = -'RO/y, Y E H and 
Y E iI, where 

(10) 

x Ew, 

and atl(x) = al(xl ± hl ,x2), a~l(x) = a2(xl,x2 ± h2). 

We shall show that the operators Rl and R2 are conjugate in H. To do 
this, it is sufficient to prove that ('Rl'ij, v) = (y, 'R2 v), Y E iI, v E iI. From 
the Green difference formulas for functions which vanish on I, and from the 
formula for the difference derivative of the product of two grid functions 
(yv)Xa = y+1VXa + YXa v, it follows that 

2 2 

('Rly,v) = - L hI (aO/Yxa,v) - L 2~0/ (aO/XaY,v) 
0/=1 0/ 0/=1 

The assertion is proved. 

Since Rl + R2 = A, by theorem 1 the a priori information for the 
alternate-triangular method (9) has the form of the constants 6 and ~ in 
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the inequalities 

o'D ~ A, (11) 

Since the ratio.,., = olD. determines the iteration count, the grid function 
d( x) should be chosen in order to maximize this ratio. 

We examine now the choice of the function d( x) and the estimates for 0 
and D.. We shall first prove one inequality. 

Lemma 2. Suppose that Pa(x), qa(x), ua(x), and va (x), a = 1,2 are grid 
functions defined on w. Then for any x E w we have that 

where €(x), II:l(X) and 1I:2(X) are arbitrary positive grid functions on w. 

Proof. Using the inequality 2ab ~ €a 2 + b2/€, € > 0, we obtain 

[t,(Pa.a + .ava)]' 
= (PlUl + qlVt}2 + 2(PlUl + qlvI)(P2U2 + q2V2) + (P2U2 + Q2V2)2 

2 1 + €( 2 
~ (1 + €)(PlUl + qlVt) + -- P2U2 + Q2V2) . 

€ 

Using this inequality again, we find 

(PaUa + Qava)2 = p~U~ + 2PaQauava + q~v~ 

~ P~U~ + IPallqal (lI:au~ + 1I:
1
a v!) + q!v~ 

= (IPal + lI:alqal) (IPalu~ + 1!:lv!), lI:a > 0, a = 1,2. 

Substituting this result in (13), we obtain (12). The lemma is proved. 0 

(12) 

(13) 
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Exploiting the inequality (12), and also the definition of the operators 
Rl and R2 , we find that 

Notice that in (12) we have replaced Pa, qa, U a and Va by 

We will require in this result that 11:1 be only a function of X2, and 11:2 only 
of Xl, i.e. we set 

lI:a = lI:a(Xp), f3 = 3 - a, a = 1,2. (14) 

We denote 

(15) 

and define d( x) as follows: 

2 

d( X) = ~) at1 + O.5ha ll:a laaza D !; , 
a=l a 

(16) 

where ()a = ()a(xp), f3 = 3 - a, a = 1,2 is a positive grid function on w, not 
yet defined. 

Substituting (15) and (16) in the inequality obtained above, we will have 

Since ()a does not depend on X a , then, using the inner product ( , )a intro
duced earlier, we obtain that 

a= 1,2. 
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Consequently, 

We will now choose 0", and "''''' We denote 

and define 

WI = {Xl = iht, 1:::; i :::; NI -1, hlNI = It}, 

wt = {Xl = iht, 1:::; i :::; Nt, hlNI = It} 

(U,V)"'l = L u(x)V(X)hl' 
zlE"'l 

(u,v)..,t = L u(x)v(x)hl . 
zlE..,t 

We analogously introduce W2 and wt, and also (u, V)"'2 and (u, v)..,+. Then it 
2 

is easy to see that 

(u, v) = ((u,v)"'1l1)"'2 = ((U,V)"'2' 1)"'1l 

(u,v)'" = ((u,v)"'t, 1)..,,8 (3 = 3 - 0:, 0: = 1,2. 
(18) 

Suppose now that b",(xp) = max v"'(x), 0: = 1,2, xp E wp, where v"'(x) is, 
zorEwa 

for fixed X p, the solution of the following three-point boundary-value problem: 

(19) 

v"'(x) = 0, X'" = 0,1"" xp E wp. 

Then by lemma 13 from Section 5.2.4 we obtain 

We multiply this inequality by O"'(xp) and take its inner product over wp. 
Then by (18) we will have 

0: = 1,2. (20) 
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Suppose that ca(xp) = max wa(x), a = 1,2, xp E wp, where wa(x) is, for 
xaEwa 

fixed xp, the solution of the following three-point boundary-value problem: 

( a) __ la a2: o I 
aawzo 2:0 - 2h ' 

a (21) 

wa(x) = 0, Xa = 0, la, xp E wp. 

Analogously to the way in which (20) was obtained, by (1) we will have that: 

a = 1,2, (22) 

a = 1,2. (23) 

We now add (20) and (22) and sum then over a. Then by (16) we obtain 

(dt?, 1) = (Vy,y) ~ (KaCa + ba)9aaayL, l)a. 

Choosing 9 a from the formula 

1 
9a (xp)= () () ( )' j3=3-a,a=1,2, (24) ba xp + Ca xp Ka xp 

and taking into account (4), we then find that (Vy, y) ~ (Ay, y). Conse
quently, in (11) it is possible to set 6 = 1. 

We now estimate ~. To do this, we substitute (23) in (17) and take into 
account the choice of 9a in (24). As a result we obtain the following estimate: 

2 

(R1V-1 R2 y, y) ~ L (1 + Ca/Ka)(ba + CaKa)aayL, l)a· 
a=l 

We now choose the optimal Ka in order to minimize the expression (1 + 
ca/Ka)(ba + caKa) as a function of Ka. We obtain Ka(Xp) = Vba(xp), j3 = 
3 - a, a = 1,2, and thus 

2 

(R1V- 1 R2y,y) ~ L (Ca + Jb:)2 aayL, 1 L· 
a=l 

Comparing this estimate with (4), we find that in (11) it is possible to set 

~ = 4 max (max (ca(xP) + Vba(xp)) 2) , j3 = 3 - a. (25) 
a=1,2 2:fJEwfJ 
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Substituting in (16) the expressions for K-OI and 801 , we obtain the following 
representation for the function d( x ) 

d(x) = L ~ + aOlXo 1, 2 (+1 1 I) 
01=1 h~ vr;;, 2hOl COl + vr;;, x Ew. (26) 

Thus, the function d(x) and the constants 8 and ~ have been found. Now all 
that remains is to apply theorem 1. Notice that, since 8 = 1, we have that 
Wo = 2/ v;s., and the iteration count can be estimated using 

n ~ no (f), 
fi ln(2/f) 

nO(f) = V2 . 
2 2 

Further, using (2), from (19) and (21) we obtain that bOi = O(I/h!) and 
COl = O(I/hOl), if the number of points at which aOlXo = O(h-;,1) is finite. 
From this it follows that nO(f) = O( VNln(2/f)). 

We look now at an implementation of this variant of the alternate
triangular method (9). First of all, for fixed xp, hp ~ xp ~ lp - hp, the three
point boundary-value problems (19) and (21) are solved using the elimination 
method, and the values of bOl(xp) and cOI(xp), 0: = 1,2 are found. These four 
one-dimensional grid functions are stored and used in the iterative process to 
compute d(x) using formula (26). The simplicity of the formula (26) allows 
us to avoid storing the two-dimensional grid function d( x), and instead we 
compute it as needed. 

Further, from formula (25) we find ~ and set 8 = 1. The values of the 
iterative parameters w and Tk for the scheme (9) are defined using theo
rem 1. 

In order to find Yk+1 given Yk, we use the first of the algorithms described 
for the alternate-triangular method in Section 10.1.1: 

(V + woRt}v = t.pk, (V + wOR2)Yk+1 = Vv, 

t.pk = (V + wORt}V-1(V + wOR2)Yk - Tk+1(AYk - I). 
(27) 

Ignoring the details, we give the difference form of algorithm (27): 

v(i,j) = 0:1(i,j)v(i -l,j) + f31(i,j)v(i,j -1) + K-(i,j)t.pk(i,j), 

i = 1,2, . .. ,N1 -1, j = 1,2, ... ,N2 -1, (28) 

v(O,j) =0, 1~j~N2-1, v(i,O) =0, 1~i~N1-1. 

Yk+1(i,j) = 0:2(i,j)Yk+1(i + 1,j) + f32(i,j)Yk+1(i,j + 1) 

+K-(i,j)d(i,j)v(i,j), i = N1 - 1, ... ,1, j = N2 - 1, ... ,1, (29) 
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where 

The right-hand side 'Pk(i,j) is computed using the formulas 

'Pk(i,j) = [P(i -1,j) + Q(i,j -1) + S(i,j)]Yk(i,j) 

+R1(i,j)Yk(i + 1,j) +Rl (i -1,j)Yk(i -1,j) 

+R2(i,j)Yk(i,j +1)+R2(i,j -1)Yk(i,j -1) 

+G(i -1,j)Yk(i -1,j + 1) +G(i,j -1)y(i + 1,j -1) +THd(i,j), 

1~i~Nl-1, 1~j~N2-1, (30) 

where 

( W ) a+ 1 

RO/ = TkH - d: hO/~' 0=1,2, 

1 [WO ] S=- --2TkH/1-Kd) , 
WOK dK 

and P(O,j) = 0, 1 ~ j ~ N2 -1, Q(i,O) = 0, 1 ~ i ~ Nl -1. Notice that, by 
(25) and (26), we have 

d > ~ laO/x" I 
- Wo L.J 2hO/ . 

0/=1 

From this we obtain 

or 

From this it follows that 01 + (31 ~ 1 and 02 + (32 ~ 1. Therefore the compu
tations in (28), (30) are stable. 
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10.2.3 A comparison of the variants of the method. Above we constructed two 
variants of the alternate-triangular method for solving the difference problem 
(1). The variant (5), (7) was constructed on the basis of the regularizer R, 
and the variant (9), (10) uses the operator V, which is chosen in a special way. 
These variants are characterized by one and the same asymptotic dependence 
of the iteration count on the number of nodes of the grid. However, the 
estimate for the iteration count in the first variant depends on the extrema 
of the coefficients acr(x), 0: = 1,2 in the difference equation (1), whereas in 
the second variant it is determined from their integral characteristics. 

We now compare these variants of the method on the following tradi
tional model problem. Suppose that, on a square grid with Nt = N2 = N 
introduced into the unit square (It = 12 = 1), we are given the difference 
equation (1) in which 

at(x) = 1 + C [(Xt - 0.5)2 + (X2 - 0.5)2] , 

a2(X) = 1 + C [0.5 - (Xt - 0.5)2 - (X2 - 0.5)2], x E w. 

Then in (2) we have Ct = 1, C2 = 1 + 0.5c. By varying the parameter c, 
we will obtain coefficients acr( x) with different extrema. 

In table 10 for f = 10-4 , we give the iteration counts for the two variants 
as a function of the number of nodes N in one direction and of the ratio C2 / Ct. 
It is clear that for large values of C2/Ct the modified alternate-triangular 
method requires fewer iterations, and the iteration count only depends weakly 
on this ratio. 

Table 10 

N=32 N=64 N= 128 

C2/Ct (5), (7) (9), (10) (5), (7) (9), (10) (5), (7) (9), (10) 

2 23 18 32 26 45 36 
8 46 21 64 30 90 43 

32 92 23 128 34 180 49 
128 184 24 256 36 360 53 
512 367 24 512 36 720 54 
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10.2.4 A boundary-value problem ofthe third kind. We now use the alternate
triangular method to solve a boundary-value problem of the third kind for 
an elliptic equation in the rectangle G = {O ~ XOI ~ 101 , 0: = 1, 2}: 

2 fJ( fJ) L -fJ kOl(x)fJ U = -cp(x), 
01=1 XOI XOI 

x EG, 

(31) 

On the rectangular grid w = {Xij = (ihI,jh2) E G, 0 ~ i ~ Nil 0 ~ j ~ N2, 
hOlNOI = 101 ,0: = 1,2}, the problem (31) corresponds to the difference problem 

Ay=-f(x), xEw, 
(32) 

where 

{ 
g-OI(xOI), XOI = 0, 

CPOl(X) = 0, hOI ~ XOI ~ 101 - hOI, 

g+OI(xOI ), X Q = 101 • 

We will assume that the coefficients aOl(x) satisfy the conditions (2) and that 
there are a finite number of points at which aOlX " = O(h;;I). We will also 
assume that K_Q(Xp) and K+Q(Xp) do not simultaneously vanish for any xp 
(K_ OI ~ 0, K+ OI ~ 0, K_ OI + K+Q > 0). 

It is convenient to first reduce the difference problem (32) to a Dirichlet 
problem in the expanded region w* = {Xij = (iht,jh2), -1 ~ i ~ Nl + 1, 
-1 ~ j ~ N2 + I} containing the grid w. We will denote by 'Y* the boundary 
of the grid w" and extend the function y( x) by setting it equal to zero on 'Y". 
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If we denote 

{ 
p(xp)hOtI"-Ot(xp), XOt = 0, 

iiOt(x) = p(xp)aOt(x), hOt ~ XOt ~ lOt, 

p(xp)hOtK,+Ot(xp), XOt = lOt + hOt, 0 ~ xp ~ Ip, 

{ 
0.5, 

p(xp) = 1, 
Xp = O,lp, 
hp ~ xp ~ Ip - hp, 

(3 = 3 - a, a = 1,2, 

then the problem (32) can be written in the form 

2 

Ay = L (aOtYza)xa = - /(x), x E w, 
Ot=1 (33) 

y( x) = 0, x E 'Y •• 

Recall that a modified alternate-triangular method was constructed in Section 
10.2.2 for a difference problem of the form (33). Consequently, in the formulas 
of Section 10.2.2, it is only necessary to change aOt(x) to iiOt(x), and we obtain 
a method for solving a boundary-value problem of the third kind for an elliptic 
equation in a rectangle. 

For the case considered here, the three-point boundary-value problem 
(19) is written in the form 

(34) 

Using the notation introduced above for aOt , we obtain that (34) can posed 
in another way 

(35) 
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By the assumptions made above concerning aa(x), K.-a, and K.+a , the differ
ence problem is soluble. Then 

Analogously, problem (21), which in this case has the form 

(- a) __ Iliaz" I 
aaWz" z" - 2h ' 

a 

in this notation reduces to a boundary-value problem of the third kind 

(a w~) = _Iaaz" I 
a z" z" 2ha ' 

+1 a a _ lat1 - haK.-al 
aa Wz" - K._aW - - 2ha ' Xa =0, (36) 

a a laa - haK.+al 
-aawz" - K.+aW = - 2ha ' 

From this we obtain that 

and, consequently, 

~ = 4 n.:ax ( max (ca(X,B) + Jba(X,B)) 2) = 0 (lhlI2) . 
a-1,2 O~z1l911 

Therefore, for the modified alternate-triangular method applied to the solu
tion of the boundary-value problem of the third kind (32), the iteration count 
depends on the number of nodes in the same way as for a boundary-value 
problem of the first kind. 

Obviously, the above transformation to a Dirichlet problem can also be 
carried out in the case when first-, second-, or third-kind boundary conditions 
are given on the sides of the rectangle. 
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10.2.5 A Dirichlet difference problem Cor an equation with mixed derivatives. 
Suppose that, in the rectangle 0 = {O ~ Xa ~ 101, a = 1,2} with boundary 
r, it is necessary to find the solution to a Dirichlet problem for an equation 
of elliptic type with mixed derivatives 

2 a ( a ) Lu = L a kap(x) a u = -<p(x), 
a,Il=1 Xa x p 

x EG, 
(37) 

u(x) = g(x), x E r, kaP(x) = kpa(x). 

We will require that the following conditions are satisfied 

Notice that the conditions (38) guarantee the uniform ellipticity of equation 
(37). In fact, for fixed x E G, we examine the eigenvalue problem for the 
matrix pencil 

II kll k1211_ ,x II kll 0 II = O. 
k12 k22 0 k22 

We obtain the quadratic equation (1 - ,x)2kllk22 - k~2 = 0 for ,x. From this 
we find 

Consequently, we obtain the inequality 

2 2 2 
C1 L kaa(x)e! ~ L kaP(x)eaep $ C2 L kaa(x)e!, (39) 

01=1 a,p=1 01=1 

where e = (6,6) is an arbitrary vector. Then, the uniform ellipticity of the 
operator L follows from the condition kaa( x) ~ C > O. 

On the rectangular grid w = {xii = (ih},jh2 ) E 0, 0 ~ i ~ Nt, 0 ~ 
j ~ N2 , haNOi = 101, a = 1,2}, the problem (37), (38) can be placed in 
correspondence with a Dirichlet difference problem 

1 2 

Ay ="2 L [(kaPYxll)Xa + (kaPYXIl)xa] = -<p(x), x E w, 
a,p=} (40) 

y(x) = g(x), x E 'Y. 
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In the space H of grid functions defined on w with inner product 

(u,v) = I: u(x)v(x)ht h2 
xEw 

we define the operator A as follows: Ay = -Ay, y E H and y(x) = y(x) for 
x E w, y(x) = 0 for x E 7; we also define the operator R: Ry = -Ry, where 

2 

Ry = I:(a",yx",)x"" x E W, 

",=t 

() k",,,, + k;;~ 
a", x = 2 . 

Then problem (40) can be written in the form of equation (3), where f(x) 
only differs from cp(x) at the near-boundary nodes. Since k",p(x) = kp",(x), 
the operators A and R are self-adjoint. We shall show that the following 
inequalities are satisfied 

(41) 

where p is given in (38). From Green's difference formulas we obtain 

2 

(Ay,y) = -(Ay,y) = I: ~ [(k",pYxt"Yx",)", + ",(k",pyx" , yx,,)] , 
"',P=t 

where the inner product (u,v) is defined in Section 10.2.1, and 

I",-h", I"-h,, 

",(u,v)= I: I: u(x)v(x)ht h2, /3=3-a, a=1,2. 
x",=o x"=h,, 

Notice that, if one of the function u(x) or v(x) vanishes for xp = 0 (or 
for xp = Ip), then 

11 -hi 12 -h 2 

",(u, v) = [u,v) = L L u(x)v(x)ht h2, 
Xl=O X2=0 

It 12 

(u,v)", = (u,v] = L L u(x)v(x)hth2' a = 1,2. 
xl=h1 x2=h2 

This at once gives 

2 

(Ay, y) = L ~ {(k",pyx", Yx",] + [k",pyx", Yx",)} . (42) 
"',p=t 
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Further, since Ry can be written in the form 

1 2 

Ry = "2 L {(kaayx • .)x" + (kaaYx,,)x..} ' 
a=1 

then 

2 

(Ry,y) = -(Ry,y) = L ~ {(kaaYx",Yx,,)a + a(kaayx",Yx,,)} 
a=1 

2 

= L ~ {(kaayL, 1] + [kaaY~", I)}. 

(43) 

a=1 

From (42), (43) and the inequalities (39) we obtain 

and analogously 

and consequently, the estimates (41) have been established. 

Thus the operator R defined above can be used as a regularizer in the 
al ternate-triangular method 

where the operators R1 , R2 , and 1) were defined in Section 10.2.2. There we 
also found the constants 6 and 6 for the inequalities 61) ::; R, Rl 1)-l R2 ::; 
~ R, 6 > O. The application of theorem 2 completes the construction of the 
alternate-triangular method for the difference problem (40). 
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10.3 The alternate-triangular method for 
elliptic equations in arbitrary regions 

10.3.1 The statement ofthe difference problem. We now construct a modified 
alternate-triangular method for the solution of a Dirichlet difference problem 
in an arbitrary bounded region G with boundary r in the case of an elliptic 
equation with variable coefficients 

28( 8) ~ 8xO/ kO/(x) 8x: = -cp(x), x E G, 
(1) 

u(x) = g(x), x E r, kO/(x) 2:: Cl > 0, a = 1,2. 

We will assume that the boundary r is sufficiently smooth. In addition, for 
simplicity we will suppose that the intersection of the region with a straight 
line passing through any point x E G parallel to a coordinate axis OXO/, 
a = 1,2, consists of a single interval. 

In the region G we construct a non-uniform grid w in the following way. 
We introduce the family of straight lines XO/ = xO/(iO/), iO/ = 0, ±1, ±2, ... , 
a = 1,2. Then the points xi(xt(i t ), x2(i2», i = (it, i2) form the basic grid on 
the surface. A lattice point Xi belonging to G will be called an interior node 
of the grid w. The set of all interior nodes will, as usual, be denoted by w. 

The intersection with the region G of any straight line passing through 
a point Xi E w parallel to a coordinate axis OXO/ is an interval ~O/(Xi). The 
ends of this interval will be called the boundary nodes in the direction x 0/. 

The set of all boundary nodes corresponding to XO/ will be denoted by YO/. 
The boundary of the grid w is "I = "It U "12, so that w = w U "I. The grid w has 
been constructed. 

We now introduce some notation. We denote by wO/(x,8), (3 = 3 - a, 
a = 1, 2 the set of nodes of the grid w lying on the interval ~O/; w t (x,8) is the 
set consisting of wO/(x,8) and the right endpoint of the interval ~O/; wO/(x,8) 
consists of wO/(x,8) and the endpoints of the interval ~O/. 

We denote by x(+1a) and x(-la) the nodes adjacent to x E wO/(x,8) to 
the right and to the left belonging to wO/(x,8). Notice that if, for example, 
x(±t a ) E "10/ then this node cannot be a node of the basic grid. 

We define ht(x) = x(+t a ) - x, h;;(x) = x - x(-t a ), x E WO/, x(±la) E wO/. 
At all the interior nodes ofthe grid w we also define the average step nO/( xO/) = 
0.5(xO/(i0/+1)-xO/(i0/-1» as the distance between the corresponding straight 
lines of the basic grid. 

We place the problem (1) on the grid w in correspondence with the 
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difference problem 

2 

Ay = L(aaYiaha = -tp(x), x E w, 
a=1 

y(x) = g(x), x E '"Y. 

Here we have used the following notation: 

(aaYiaha = n1a (a!ly.,,, - aaYia)' 

Y"a = h~ (Y(X<+l a» - y(x») , 

a+ 1 - a (x<+!a» a - a , 

Yia = h~ (y(x) - y(x<-la». 

(2) 

The coefficients aa(x) and tp(x) are chosen so that the scheme (2) on a uniform 
grid has local second-order approximation. 

We now introduce H - the set of grid functions defined on w with inner 
product 

(u, v) = L u(x)v(x)nl(xl)n2(x2)' 
.,ew 

The operator A is defined in the usual way: Ay = -Ay, Y E H and y(x) = 
y(x) for x E w, y(x) = 0 for x E '"Y. Then the difference problem (2) can be 
written in the form of the equation 

Au=f, (3) 

where f(x) only differs from tp(x) at the near-boundary nodes. 

10.3.2 The construction of an alternate-triangular method. For equation (3) 
we look at a modified alternate-triangular method 

B YHI - Ylc + Aylc = f, k = 0, 1, ... , 
Tic+! 

B=(1'+wR1 )1'-1(1'+wR2), R1 =Rr, R1 +R2 =A. 
(4) 

We now define the operators R1 , R2 and V. As in the case of a rectangle, we 
choose a very simple operator '/): 

1'y = d(x)y, d(x) > 0 for x E w, (5) 
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and set RO/y = -nO/y, y E H and y(x) = y(x), x E w, where 

(6) 

Since n 1 + n 2 = A, we obtain that R1 + R2 = A. 
We will show that the operators R1 and R2 are conjugate. First we 

introduce some notation that will be used later. We define the following 
summations: 

(U,V)Wa(X,,) = L u(x)v(x)1iO/(xO/), 
xaEwa (x,,) 

(u, v)w;t(x,,) = L u(x)v(x)h;;(x), 
xaEw;!"(x,,) 

(u,V)O/ = (u,v)w+(X ),1) 
a" w,,(xa ) 

= L L u(x)v(x)h;;(x)1ip(xp), 
x"Ew" xaEw;t 

f3 = 3 - a, a = 1,2. 

Using this notation, the inner product in H can be written in the following 
form: 

(u,v) = (u,v)wl(x2),1)w2(xd = (u,v)w2(xt},lt1(x2). (7) 

First we prove one auxiliary result. Suppose that Yi and Vi are grid functions, 
defined for 0 ~ i ~ N, where Yo = YN = 0 and Vo = VN = o. Also assume 
that Ui is a grid function defined for 1 ~ i ~ N. Then we have that 

N-1 N-1 N-1 
~)Ui+I - Ui)YiVi = - I)Vi+1 - Vi)Ui+IYi - Z)Yi - Yi-duiVi. (8) 
i=l i=l i=l 

In fact, we have 

N-1 
L [(Ui+1 - Ui)YiVi + (Vi+I - Vi)Ui+1Yi + (Yi - Yi-1)Ui Vi] 
i=l 

N-1 
= L(Ui+1Vi+1Yi - UiViYi-d = UNVNYN-1 - U1V1YO = o. 

i=l 
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The assertion (8) has been proved. Using (8) it is easy to show that, for func
tions y( x) and v( x) defined on w and vanishing on I, the following equation 
is valid 

Here the following notation has been used 

u+1,. - U 

ux,. = n",( x"') . 

Substituting the expression u(x) = a",(x)/h~(x) in (9), and taking into ac
count the equation h~(X(+l,.») = ht(x), we obtain 

Multiplying this relation by n(xp), summing over wp, and using (7), we find 

(10) 

We now show that the operators Rl and R2 are conjugate. From (6) and 
(10) we obtain 

(R1y, v) = -('R1y, v) 

The result has been proved. Incidentally, the self-adjointness of the operator 
A also follows from this result. 

In order to construct the function d( x) defining the operator V, all that 
remains for us to do is to find the constants 6 and ~ in the inequalities 

(11) 

and to use the theorem 1. We do all of this in the same way as in Section 
10.2.2, where we considered a Dirichlet problem for an elliptic equation in a 
rectangle on a uniform grid. 
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First of all we remark that, by Green's difference formulas, we have that 

2 

(Ay,y) = E(aayL,l)a' y(x) =0, xE-y. 
a=1 

Further, from (5) and (6) we find 

We now use lemma 2, setting 

1 0 

Va= ht Y, 

As a result, we obtain the inequality 

a= 1,2. 

(R 1)-1 R ) < ((1 + e) [a+1 Klht 1 atl _ ~ I] [a+ 1y02 
1 2Y,y - d~2 1 + 2 h+ h- 1 "'1 

"I 1 1 

_1 1 atl _ ~ 1 0 2] 1) (~[a+l K2ht 1 at1 - ~ I] +2 h+ h+ h- Y , + d ~2 2 + 2 h+ h-KIll 1 e"2 2 2 

We set here 

and define d( x) as follows: 



10.3 The alternate-triangular method for elliptic equations ... 263 

Here it is assumed that /'i,0I = /'i,OI(XP) > 0, BOI = BOI(xp) > 0, f3 = 3 - a, 
a = 1,2. As a result we obtain that 

Since BOI does not depend on XOI , then 

Consequently, 

( at1 ht 02 1) < (aOi o~ 1) 
B n Yx "" - B Yx "" , 

Q ex a a 

and therefore we finally have 

The rest of the derivation is completely analogous to the transformations 
and estimates obtained in Section 10.2.2. We give here the results: in the 
inequali ties (11) 

D = 1, Do = 4 max (max (cOl(Xp) + ..jbOl(XP») 2) , 
01=1,2 xfJEwfJ 

f3 = 3 - a, 

where 

bOl(xp) = max va(x), COl(XP) = max wa(x), Xp E Wp. 
Xa Ewe.: Zo: EWa 

The function vOl ( x) is the solution of the three-point boundary-value problem 

a+ 1 

(aav~Jx", = -nOl~t' Xa EWa(xp), 
(12) 

va(x) = 0, Xa E la, 

and the function w a (x) is the solution of the problem 

a 1 I at1 aa I 
(aawxJ x", = - 2nOl ht - h;; , (13) 

wOl(X) =0, xaE,OI. 
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The function d( x) is then computed using the formula 

x Ew. 

The iterative parameters w and {Tk} are computed using the formulas in 
theorem 1. To find YkH, it is possible to use the algorithm 

where 

vex) = al(x)v(-lt} + ,8l(X)v(-12) + I\:(X)cpk(X), x E w, 

vex) = 0, x E ,,(, 

Yk+l(X) = a2(x)y~!~1) + ,82(X)y~!~2) + I\:(x)d(x)v(x), x E w, 

Yk+l(X) = 0, x E ,,(, 

.! _ d !" Wo aO' aO' 2 ( +1 ) 
- + 2 L...t n h+ + h- , 

I\: 0'=1 0' 0' 0' 

It should be noted that in cases where the computation of BYk requires a 
great deal of computation, and where there is no restriction on the volume of 
intermediate information that can be stored, the second algorithm described 
in Section 10.1.1 should be used. 

10.3.3 A Dirichlet problem for Poisson's equation in an arbitrary region. 
We now look at an application of this method to the solution of a Dirichlet 
problem for Poisson's equation 

82u 82u 
8 2 + 8 2 = -cp(x), x E G, u(x) = g(x), x E r. 

Xl x 2 

We assume that the grid is square, i.e. XO' = xO'(iO'), xO'(iO' + 1) = xO'(iO') + h, 
iO' = 0, ±1, ±2, ... , and 

w = {Xi = (ilh,i2h) E G, iO' = 0,±1,±2, ... }. 

Then nO' == h, and the steps h~(x) are only different from h at the near
boundary nodes of the grid w. 
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We use the difference scheme (2), in which we set aa(x) == 1 and na == h. 
In order to apply the alternate-triangular method constructed in Section 
10.3.2, it is necessary to find the solution to the homogeneous three-point 
boundary-value problems (12) and (13), which in this case have the form 

Xa E 'Ya, (14) 

(15) 

We consider the interval ~a containing wa(xp), and denote by la(xp) 
and La(xp) its left and right endpoints. Then h;;(x) ~ h if x is the closest 
node to la in the grid W a, and ht(x) ~ h if x is the closest node to La in the 
grid Wa. All the remaining steps h; are equal to the basic step h of the grid. 

Here it is convenient to write the operator Aa on the grid Wa in the 
following form: 

The solution of equations (14), (15) can be found explicitly. To do this, 
we substitute the boundary conditions into the equations at the points Xa = 
la + h;; and Xa = La - ht. These equations are then transformed into two
point equations, and they can be considered as new boundary conditions 
for the three-point equations with constant coefficients written at the points 
la + h;; + h ~ Xa ~ La - ht - h. Consequently, we will have the following 
problem for v( x) and w( x) (we temporarily drop the superscript a on v and 
w): 

(16) 
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(1 + h~) w = w+ I " - ~ (1 - h~)' Xa = la + h;, (17) 

( h!) h! I 1 ( h!) 1 + h w = h W - " + 2 1 - h ' 

Using the methods for solving difference equations with constant coeffi
cients described in Section 1.4, we find an explicit solution to the boundary
value problems (16) and (17): 

va(x) 

=_1 [( -I )(L _ 2h2-(h!+h;)(h!+h-h;») h-(h-h-)] 
2h2 Xa a a Xa + La -/a + a a 

wa(x)=.!.- h;(La-xa)+h!(xa-/a) 
2 2h(La -/a) 

for la + h; ~ Xa ~ La - h!. Since h~ ~ h, then 

therefore 

va(X) ~ 2~2 (Xa -la)(La - xa) + 1 ~ 2~2 (La; la ) 2 + 1, 

1 
wa(x)~2' a=I,2. 

Consequently, 

Consequently, ~ = O(Po/h2) where 10 is the diameter of the region G. There
fore by theorem 1, the iteration count can be bounded using 

In(2/e) In(2/e) r;:; 2 
n ~ no(e) = /., 4'- = /., 4/" h;; ~ O.298yNln-, (18) 

2y2yT7 2y2y2yh/lo e 

where N is the maximal number of nodes in the direction Xl or X2' Thus, 
the iteration count for this model problem depends only on the basic step h 
of the grid and not the steps at the near-boundary nodes of the grid w. 
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We now compare the estimate (18) with the estimate for the iteration 
count in the case of a Dirichlet problem in a square with side 10 and with N 
nodes in each direction on the square grid w. The corresponding estimate for 
the iteration count was obtained in Section 10.1.4, and it has the form 

n ~ no(e) = 0.28VNln(2/e). 

From this it follows that, for an arbitrary region G, the iteration count 
for the modified alternate-triangular method is practically the same as for 
the same Dirichlet problem for Poisson's equation in a square whose side is 
equal to the diameter of the region G. 

Remark 1. The procedure laid out here for constructing an alternate-trian
gular method can obviously also be used in the case where it is necessary to 
solve an elliptic equation in a rectangle but on a non-uniform grid. 

Remark 2. The construction of the method for the case of an equation with 
mixed derivatives can be performed with the aid of a regularizer R following 
the procedure outlined in Section 10.2.5. 
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Chapter 11 

The Alternating-Directions Method 

In this chapter we consider special iterative methods for solving grid elliptic 
equations of the form Au = f where the operator A possesses a definite 
structure. In Section 11.1 the alternating-directions method is studied in the 
commutative case; an optimal set of parameters is constructed. In Section 11.2 
the method is illustrated with examples involving the solution of boundary
value problems for elliptic equations with separable variables. In Section 11.3 
the alternating-directions method is examined in the non-commutative case. 

11.1 The alternating-directions method in the commutative case 

11.1.1 The iterative scheme for the method. In Chapter 10 we studied the 
general alternate-triangular iterative method, where the operator B was cho
sen using the decomposition of the operator A into the sum of two mutually
conjugate operators. Most often we use a decomposition of the operator A 
into the sum of two triangular operators, and then B is the product of trian
gular operators that depend on an auxiliary iterative parameter. Taking into 
account the structure of the operator B allows us to optimally choose the 
iterative parameters and to construct a method which converges significantly 
faster than an explicit method. When applied to the solution of grid elliptic 
equations, this method is also economical since, to perform one iteration, the 
number of arithmetic operations required is proportional to the number of 
unknowns in the problem. 

As we know, the operator A corresponding to the grid elliptic equations 
has a specific structure. Therefore, when choosing the operators B for an 
implicit iterative scheme, it is natural to try to use this peculiarity of the 
operator A. Obviously, such iterative methods will not be universal, however 
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the restriction to a class of problems where the operator A has a definite 
structure allows us to construct rapidly converging iterative methods oriented 
to the solution of these particular grid equations. 

In this chapter we will study a special method - the alternating-di
rection3 iterative method. First, we will give a description of this method 
in operator form, and then we will demonstrate this method on examples 
involving the approximate solution of various grid elliptic equations. 

Our description of the method begins with the iterative scheme. Suppose 
that it is necessary to find the solution to a linear operator equation 

Au=1 (1) 

with a non-singular operator A defined in a Hilbert space H. Assume that 
the operator A is represented in the form of a sum of two operators Al and 
A 2, i.e. A = Al + A 2. To approximately solve equation (1), we consider an 
implicit two-level iterative scheme 

Yk+1 - Yk Bk+1 +AYk = I, k = 0,1, ... , Yo E H, 
Tk+1 

(2) 

T - w(l) + w(2) 
k - k k' (3) 

in which the operator Bk+1 depends on the iteration number k. Here w~l) 
and w~2) are iterative parameters which also depend on the iteration number 
k and which will be defined later. 

We examine first the method of finding Yk+1 given Yk. One possible 
algorithm for realizing the scheme (2) is as follows: 

(Wi~1 E + AI) Yk+I/2 = (Wi~1 E - A2) Yk + I, 

(Wi~1 E + A2) Yk+1 = (Wi~1 E - AI) Yk+1/2 + I, k = 0,1, ... , 
(4) 

where Yk+I/2 is an intermediate iterative approximation. 

We will show that the system (4) is algebraically equivalent to the scheme 
(2). To do this, we eliminate Yk+I/2 from (4). Taking into account that A = 
Al + A2 , we rewrite (4) in the following form: 

(5) 
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and we subtract the second equation from the first. We obtain 

Substituting this expression in (5), we obtain the scheme (2). The reverse 
path is obvious. 

To find Yk+I it is possible to use another algorithm that treats (2) as a 
scheme with a correction Wk, 

Yk+I = Yk - Tk+IWk, k = 0,1, .... 

A comparison with (4) shows that this algorithm is more economical, 
however it requires that more intermediate information be stored, i.e. it re
quires more computer memory, which is not always convenient. 

Notice that, both when constructing the iterative scheme (3) and when 
constructing the algorithms, no conditions were placed on the operators Al 
and A 2 , except for the natural assumption that the operators w~"') E + A"" 
a = 1,2 were non-singular. All the auxiliary requirements on the operators Al 
and A2 are connected with the problem of optimally choosing the parameters 
wlI ) and wl2). 

11.1.2 The choice of the parameters. In the alternating-directions method, 
we have to deal with two sequences of parameters {wlI )} and {wl2 )}, which 
we will choose from the condition that the norm of the solution operator be 
a minimum in the original space H. 

In order to solve this problem of choosing the iterative parameters, it is 
necessary to make definite assumptions of a functional character concerning 
the operators Al and A2 , and also to give some a priori information. We now 
formulate these assumptions. 

We will assume that the operator A can be represented in the form of a 
sum of two self-adjoint and commutative operators Al and A2 : 

(6) 
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Suppose that the a priori information is given on the form of the bounds 
Sa and ~a for the operator A a , 0: = 1,2, i.e. 

(7) 

where the following condition is satisfied 

(8) 

Notice that it follows from (6)-(8) that the operator A is self-adjoint and 
positive-definite. 

If the assumption about the commutativity of the operators Al and A2 is 
satisfied, then we will say that we are considering the commutative case, and 
otherwise the general case. The conditions (6) guarantee the self-adjointness 
of the operators Bk for any k. In fact, from (6), the operators wiI ) E + Al and 

A2 + wi2) E are self-adjoint and commutative, and the product of self-adjoint 
and commutative operators is a self-adjoint operator. 

We move on now to the study of the convergence of the iterative scheme 
(2). Setting Yk = Zk + 'U in (2), where Zk is the error and 'U is the solution of 
equation (1), we obtain the following homogeneous equation for Zk 

Zk+I = Sk+IZk, k = 0,1, ... , Zo = Yo - 'U, 

where 

Sk = E - TkB;I A 

( wi2) E + A2) -1 (w~I) E + AI) -1 (wi2) E - AI) (W~I) E - A2) . 

Using (9), we express Zn in terms of Zoo We obtain 

n 

Zn = Tn,ozo, Tn,o = II Sj = Sn Sn-l ... SI, 
j=I 

(9) 

(10) 

(11) 

where Tn,o is the resolving operator. Since the operators Al and A2 are com
mutative, the ordering of the factors in (10) is unimportant; all the operators 
Sk are self-adjoint and pairwise commutative, and consequently, the operator 
Tn,o is self-adjoint in H: Tn,o = R n(Al ,A2), where Rn(x, y) is the product 
of fractionally-rational functions of x and y: 

n w~2) _ X w~l) _ y 
Rn(x, y) = II -)0:-(1"'-) - (2) • 

j=1 Wj + X Wj + y 
(12) 
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From (11) we obtain 
II Zn 11:::;11 Tn,o 1111 Zo II . (13) 

By the self-adjointness of the operator Tn,o we have II Tn,o 11= mrx IAk(Tn,o)l, 

where Ak(Tn,o) are the eigenvalues of the operator Tn,o. Further, by the con
ditions (6) (d. Section 5.1.5), the operators AI, A2 , and Tn,o have a common 
system of eigenfunctions. Therefore 

where A~l) and A~2) are the eigenvalues of the operators Al and A2 respec

tively, and where from (7) we have 01 :::; A~l) :::; ~l' 02 :::; A~2) :::; ~2. Conse
quently, 

Substituting this estimate in (13), we obtain 

(14) 

where Rn(x, y) is defined in (12), and D = E. Notice that, by the commuta
tivity of the operators Al and A2 , the operator Tn,o will also be self-adjoint 
in the energy space H D for D = A, A 2 . Therefore by lemma 5 of Section 5.1, 
we will have II Tn,o II=I~ Tn,o IIA=II Tn,o IIA2, and consequently the estimate 
(14) is valid for D = A, D = A2. 

Thus, the problem of estimating the error for the iterative scheme (2) 
leads to the problem of estimating the maximum modulus of a function of two 
variables Rn(x,y) in the rectangle G = {Ol :::; x:::; ~l' 62 :::; y:::; ~2}' and to 
the choice of the iterative parameters from the condition that the maximum 
modulus of this function be a minimum. This problem is sufficiently complex 
that in Section 11.1.3 it will be reduced to the simpler problem of finding the 
fractionally-rational function of one variable that deviates least from zero on 
an interval. 
11.1.3 A fractionally-linear transformation. We now study the function 
Rn(x,y). With the aid of a fractionally-linear transformation of the un
knowns, we map the rectangle G onto the square {17 :::; u :::; 1, 17 :::; v :::; 1, 
17 > OJ, where the transformation is chosen so that it does not change the 
form of the function Rn(x, y). The desired transformation has the form 

ru-s 
X=--, 

1- tu 
17 :::; u, v :::; 1, 

where the constants r, s, t and 17 have yet to be defined. 

(15) 
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Substituting (15) in (12) and introducing the new parameters I\:y) and 
(2) 

I\:j , 

we obtain 

(1) (2) 
(1) Wj - S 

I\:j = (1)' 
r -tWj 

(2) _ Wj + S 
I\:j - (2) , j = 1,2, ... , n, 

r +twj 

n 1\:~2) _ U 

Rn(x,y) = Pn(u,v) = IT ~J~(l~) -
j=ll\:j + U 

1\:~1) _ V 
J 

1\:(.2) + v' 
J 

(16) 

From (16) we find the correspondences which allow us to express the 
parameters wY) and w~2) in terms of the new parameters 1\:~1) and 1\:~2): 

(1) 
(1) rl\:j + S 

W· = , 
J 1 + tl\:~l) 

J 

(2) 
(2) _ rl\:j - S 

Wj - (2)' j=I,2, ... ,n. 
1- tl\:j 

(17) 

Thus, if we can find the parameters 1\:~1) and 1\:~2), the formulas (17) define 

the parameters W~l) and W~2). 
J J 

From the change of variables (15) we transform to the problem of finding 
those values of the parameters 1\:~1) and 1\:~2) for which 

Notice that, if certain restrictions are placed on the choice of the param
eters 1\:~1) and 1\:~2), for example 1\:)1) == 1\:~2) == I\:j, then it is clear that the 
minimum can only be increased. Therefore 

I\:j -v 
I\:j +v 

Thus, the problem posed above of choosing the optimal iterative pa
rameters w~l) and w~2) has been reduced to finding the fractionally-rational 
function rn (u, x) which deviates least from zero on the interval [17, 1]. In other 
words, it is necessary to find those 1\:; for which 
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If these parameters have been found, then the error Zn in (14) can be esti
mated by II zn liD:::; p2 II Zo liD, and accuracy of e can be achieved if we set 
p2 = e. 

The desired set of iterative parameters will be given in Section 11.1.4, 
but here we will find the constants r, s, t and '1 in the transfomation (15). 

If r :F ts, then the transformation (15) is monotonic with respect to u 
and v, and consequently the inverse transformation u = (x + s)/(r + tx), 
v = (y - s)/(r - ty) will be monotonic with repsect to x and y. Therefore, 
to map the rectangle {61 :::; x :::; ~t. 62 :::; Y :::; ~2} onto the square {'1 :::; u, 
v :::; I} it is sufficient that the endpoints of the intervals [6a , ~a] map to the 
endpoints of the interval ['1,1]. This gives four relations for determining the 
constants in the transformation (15): 

r'1- s 
61 =--, 

1 - t'1 
o _ r'1 + s 

2 - 1 + t'1' 
r-s 

~1=--' I-t 
(18) 

We now find the solution of the non-linear system (18). We first notice that, 
by the assumption (8), the following inequalities are valid 

Further, from (18) we obtain 

~ 0 (1-'1)(r-st) 
1 - 1 = (1 - t)(1 - t'1) , 

~ 0 (1 - '1)(r - st) 
2 - 2 = (1 + t)(1 + t'1) , 

D. 0 _ (1 + '1)(r - st) 
2 + 1 - (1 + t)(I- t'1)' 

~ 0 _ (1 + '1)(r - st) 
1 + 2 - (1 - t)(1 + t'1) . 

From this we find 

and since by (19) the denominator does not vanish, then 

I-a 
'1= l+a' a= 

(~1 - 01)(~2 - 02) 
(~1 + 62)(~2 + 61)' 

We now find t. From (20) we obtain 

'1 E [0,1]. 

~2 + 61 _ 1 + '1 1 - t _! 1 - t 
~1 - 61 - 1 - '1 1 + t - a 1 + t· 

(20) 

(21) 
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From this we have 
I-b 

t=--
1 + b' 

From the last two equations of the system (18) we find 

(22) 

r = ~ [~1(1 - t) + ~2(1 + t)] = 1; t [~2 + ~lb] = ~21: ~lb, (23) 

s = ! [~2(1 + t) - ~1(1- t)] = 1 + t [~2 _ ~lb] = ~2 - ~lb. (24) 
2 2 1+ 

Since 
2b(~1 + ~2) 

r - st = (1 + b)2 > 0, It I < 1, 

the transformation (15) is in fact monotonic. In Section 11.1.4 it will be shown 
that 'Tl < Kj == K~I) == K~2) < 1. Therefore in (17) the denominator does not 
vanish. 

We look now at several examples. Suppose 01 = 02 = 0 and ~1 = ~2 = 
~, i.e. the bounds for the operators Al and A2 are identical. Then 'Tl = 0 / ~, 

t = s = 0, r = ~, w~l) == w~2) = ~Kj. Assume now that 01 = 0, 02 = 0, 

~1 = ~2 = ~, i.e. the operator Al is singular. Then 

s = ~'Tl, r =~, 

(1) ~Kj + ~'Tl 
w· = , 

J 1 + 'TlKj 

W~2) = ~Kj - ~TJ 
J 1 - 'TlKj , 

j = 1,2, ... ,n. 

11.1.4 The optimal set of'parameters. We give now the solution to the problem 
of optimally choosing the iterative parameters. Unlike the case of finding the 
polynomial differing least from zero, which was considered in Section 6.2, 
here the iterative parameters Kj are expressed, not in terms of trigonometric 
functions, but using the Jacobi elliptic functions. 

We recall certain definitions. The integral 

7r/2 

K(k) = J dc.p 
./1 - k2 sin2 c.p o 

is called a complete elliptic integral of the first kind, the number k is the mod
ulus of this integral, and the munber k' = ';1 - k 2 is the auxiliary modulus. 
It is customary to denote K(k') = K'(k). 
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If we denote by u(z, k) the function 

1 J dy 
u z k -( , ) - v(1- y2)(y2 - k2)' 

z 

then the function z = dn(u,k'), the inverse to u(z,k) is called the Jacobi 
elliptic function with argument u and modulus k'. 

Using this notation, the exact solution to the problem of optimally choos
ing the iterative integral parameters Kj can be written in the following form: 

{ d ( 2i - 1 '() ,) Kj E Mn = J.Li = n ~ K T/ , T/ , i = 1,2, ... , n} , (25) 

j = 1,2, ... ,n, 

where the iteration count n, sufficient to achieve an accuracy f, is estimated 
using the formula 

K'(f) 
K(e) . (26) 

Here, as in the Chebyshev method, the Kj are sequentially chosen as 
the elements of the set Mn. We formulate these results for the alternating
directions method in the commutative case in the form of a theorem. 

Theorem 1. Suppo8e that the condition8 (6)-(8) are 8ati8jied, and the pa
rameter8 W~l) and w~2) are cho8en u8ing the formula8 

(1) _ rKj + S 
w· - , 

J 1 + tKj 
(2) rKj - S 

W· = , 
J 1- tKj 

j = 1,2, ... ,n, (27) 

where Kj and n are defined in (25), (26), and r, s, t, and TJ are defined in (21)
(24). The alternating-direction8 method (2), (3) converge8 in HD, and after 
n iterations, the error Zn = Yn - U can be estimated by II Zn IID~ e II Zo liD, 
where D = E, A or A2 , and n is determined u8ing (26).0 

We turn now to the compuational side of realizing the alternating-di
rections method with the optimal set of parameters. We find approximate 
formulas for computing Kj and n and indicate the order in which the param
eters K j should be chosen from the set M n. 
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Using the asymptotic representation for the complete elliptic integrals 
for small values of k: 

from (26) we obtain the following approximate formula for the iteration count 
n: 

1 4 4 
n ~ nO(E) = -In-In-. 

1("2 7] E 
(28) 

We look now at the question of computing 11+ The function dn( u, k') is 
monotonically increasing in u, and takes on the following values: dn(O, k') = 1, 
dn(K'(k), k') = k. Therefore 7] < I-'n < I-'n-1 < ... < 1-'1 < 1. Further, from 
the property of the elliptic function dn( u, k'): 

dn(u, k') = dn(K'(k~ _ u, k') 

it follows that we have 

I-'i = 7]/l-'n+1-i, i = 1,2 .... (29) 

Therefore it is sufficient to find half of the values I-'i, and the remaining values 
are determined from the relation (29). 

We obtain an approximate formula for I-'i using the expansion of the func
tion dn(u, k') in powers of k. To do this we express the function dn(uK'(7]), 7]') 
in terms of the Jacobi O-function and then express these functions as series. 
We obtain 

00 

( ') L: qm(m+tT) 
..;q03 ¥,q 2 .. -1 m=-oo 

dn(uK'(7]), 7]') = 1I (itT1rK' _) = ,fiq-4- --oo----'~---, 
172 K" q L: qm(m-1+tT) 

m=-oo 

where 
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From this we find 

where 

2u-l 1 + ql-tT + ql+tT 
dn(o-K'(TJ),'7') = -foq-.- 1 2 + O(TJ'"), (30) + qtT + q -tT 

v = {4 + 5a, 0 < a < 1/2, 
8 - 3a, 1/2::; a < 1. 

For a :::: 1/2, the order of the remainder term in (30) is equal to 5 and 
is uniform in a, and for a < 1/2, the order is equal to 4. Therefore the 
approximate formula for dn(aK'(TJ), TJ) will be more accurate for a :::: 1/2 
than for a < 1/2. 

From (25), (29), and (30) we obtain the following formulas for computing 

2Uj-l 1 + ql-tTi + ql+tTi 
Ili = -foq. 1 + qtTi + q2-tTi ' [n/2J + 1 ::; i ::; n, 

Ili = TJ/lln+1-i, 1::; i::; [n/2J, a; = (2i -1)/(2n), 

q = TJ2(1 +TJ2/2)/16, 

where [aJ is the integer part of a. 
We look now at the question of the order in which the "'j are chosen 

from the set Mn. From the definition of the transformation operator Sj in 
the scheme (2), and from the properties (6), (7) we obtain 

or, using the change of variables (15), 

Since all the "'j belong to the interval (TJ,l), then from this it follows that 
II Sj II < 1 for any j. Therefore the iterative method (2), (3) will be stable 
with respect to rounding errors for any ordering of the "'j from the set M n , 

for example for "'j = Ilj, j = 1,2, ... ,n. 

To conclude this section we show that, for this set of parameters W]l} 
and w?), the operators W]") E + A", a = 1,2 are positive-definite in H for 
any j. In fact, from (27) we obtain 

8w~2) ( ) 
_J_ = r-st > 0 
a"'j (1- t"'i)2 . 
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Since the denominators in (27) do not vanish, and since '1 < Kj < 1, from 
this and from (18) we find 

6 = r'1 + s < W~l) < r + s = ~ 
2 1 + t'1 - J - 1 + t 2, 

Consequently, using the assumption (7), from (31) we obtain 

and since 6l + 62 > 0, the assertion follows from assumption (8). 

11.2 Sample applications of the method 

11.2.1 A Dirichlet difference problem for Poisson's equation in a rectangle. 
We begin our look at sample applications of the alternating-directions method 
with the solution of a Dirichlet difference problem for Poisson's equations in 
a rectangle. 

Suppose that, on the rectangular gridw = {Xij = (iht,jh2) E G, 0:::; i :::; 
Nl , 0:::; j :::; N2, ha = la/Na, a = 1,2}, in the rectangle G = {O:::; Xa :::; la, 
a = 1, 2}, it is necessary to find the solution to the problem 

Ay = (Al + A2)y = -rp(x), x E w, y(x) = g(x), x E" 
(1) 

We denote by H the set of grid functions defined on w with inner product 

(u,V) = L u(x)V(X)hlh2' 
xEw 

The operators A, Al and A2 are defined on H as follows: 

Ay = -Ay, AaY = -AaY, a = 1,2, where y E h, y E iI, y(x) = y(x) 

for x E w, and iI is the set of grid functions defined on w and vanishing on ,. 
The difference problem (1) can then be written in the form of the oper

ator equation Au = j, where A = Al + A2. 
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As we know (d. Section 5.1.5), the operators Aa are self-adjoint in H 
and have the bounds ba and ~a: 

4 27rha 
~a = h,2"cos~, a = 1,2, 

a a 

which are the same as the smallest and largest eigenvalues of the difference 
operators Aa. It remains to verify that the commutativity conditions on the 
operators Al and A2 are satisfied. Using the definition of the operators Aa 

and the difference operators Aa , we obtain 

which is what we were required to prove. 

Thus the conditions for the alternating-directions method in the com
mutative case are satisfied for this example. 

Using the definition of the operators Al and A 2 , the algorithm for the 
alternating-directions method for this example can be written in the following 
form: 

W~~lYk+l/2 - Al Yk+1/2 = W~~lYk + A2Yk + 'P, hI ~ Xl ~ 11 - hI, (2) 

Yk+l/2(X) = g(x), Xl = O,lt, h2 ~ X2 ~ 12 - h2' 

W~~lYk+l - A2Yk+l = W~~lYk+1/2 + Al Yk+1/2 + 'P, 

(3) 

where Yk(X) = g(x) for X E 'Y for any k :2: O. Thus, the algorithm for the 
method consists of the sequential solution for fixed X2 of the three-point 
boundary-value problems (2) in the direction Xl in order to determine Yk+l/2 

on w, and the solution for fixed Xl of the boundary-value problems (3) in the 
direction X2 in order to determine the new iterative approximation Yk+l on w. 
The alternation of the directions along which the boundary-value problems 
(2) and (3) are solved gives the name to the method - the alternating
directions method. 

To find the solution of the problems (2), (3) it is possible to use the 
elimination method. We now write out equations (2), (3) in the form of a 
three-point system and verify the sufficient conditions for the stability of the 
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elimination method. The equations will have the form 

where 

-Yk+l/2(i + l,j) + (2 + h~wi~I)Yk+l/2(i,j) - Yk+I/2(i -1,j) 

= !.pl(i,j), 1:$ i :$ Nl -1, 

Yk+l/2(0,j) = g(O,j), Yk+I/2(NI,j) = g(N1,j), 

1:$ j :$ N2 -1, 

!.pl(i,j) = :~ [Yk(i,j + 1) - (2 - h~W~~I)Yk(i,j) 
2 

+Yk(i,j -1) + h~!.p(i,j)] ; 

(4) 

- Yk+l(i,j + 1) + (2 + h~W~~I)Yk+l(i,j) - Yk+l(i,j - 1) = !.p2(i,j), (5) 

1:$ j:$ N2 -1, 

Yk+l(i,O)=g(i,O), Yk+l(i,N2)=g(i,N2), l:$i:$N1-1, 

where 

( ..) h~ [ (. 1.) !.p t,) = h2 Yk+I/2 t + ,J 
1 

- (2 - h~W~~I)Yk+l/2(i,j) + Yk+l/2(i - l,j) + h~cp(i,j)] . 

Since for this example 61 > 0 and 62 > 0, then by the inequalities (31) 
in Section 11.1.4, the parameters W~I) and W~2) are positive. Therefore in the 
three-point equations (4) and (5), the coefficients of Yk+l/2(i,j) and Yk+l(i,j) 
dominate the remaining coefficients. Consequently, the elimination method 
applied to the problems (4), (5) will be stable with respect to rounding errors. 

We now count the number of arithmetic operations which must be ex
pended to perform one iteration in the method (2), (3) for this example. It 
is sufficient to count the number of operations for problem (4); the count for 
problem (5) is carried out analogously. 

The formulas of the elimination method for problem (4) have the form 
(j fixed): 

Yk+l/2(i,j) = O:iYk+I/2(i + l,j) + 13i, 1:$ i :$ Nl - 1, 

Yk+I/2(N},j) = g(N},j), 

O:Hl = 1/( C - O:i), i = 1,2, ... , Nl - 1, 0:1 = 0, C = 2 + h~wi~I' 
13Hl = O:i+I(!.pl(i,j) + 13i), i = 1,2, ... , Nl - 1, 131 = g(O,j). 
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Notice that the elimination coefficients ai do not depend on j and there
fore can be computed once at a cost of 2(Nl - 1) arithmetic operations. 
Further, the computation of 'Pl(i,j) on the grid w requires 6(Nl -1)(N2 -1) 
arithmetic operations. The elimination coefficients Pi and the solution Yk+l/2 
must be computed anew for each j. To do this requires 4(Nl - 1)(N2 - 1) 
operations. In all, finding Yk+l/2 on the grid w given Yk requires Ql = 
10(Nl -1)(N2 -1)+2(N1 -1) arithmetic operations. To find Yk+l from (15) 
using the computed Yk+l/2 requires Q2 = 10(Nl -1)(N2 -1) +2(N2 -1) op
erations. Thus, for this example, performing one iteration of the alternating
directions method costs 

Q = 20(Nl -1)(N2 -1) + 2(Nl -1) + 2(N2 -1) (6) 

arithmetic operations. 

We estimate now the iteration count n which is sufficient to obtain the 
solution to an accuracy e. In the special case where the region G is a square 
with side 1 (It = 12 = 1) and the grid w is square with Nl = N2 = N 
(hI = h2 = liN), we will have 

4 . 27rh 
81 = 82 = 8 = - sm -

h2 21' 

From (21) and (28) of Section 11.1 we obtain the following estimate for the 
iteration count: 

or for small h 

4 4 
n ~ no(e) = O.lln -In-, 

1/ e 

no(e) = O.2ln(4N/7r)ln(4/e), (7) 

i.e. the iteration count is proportional to the logarithm of the number of 
unknowns in one direction. 

From (6), (7) we obtain the following estimate for the number of arith
metic operations Q( e) required to find the solution to the difference problem 
(1) using the alternating-directions method to an accuracy e: 

Q(e) = nQ = 4N2ln(4N/7r) In(4/e). (8) 

In order to compare this method with the direct cycilc-reduction method 
(cf. Section 3.3), we convert the natural logarithm to the logarithm base 2. 

We obtain 
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Since the approximation error of the difference scheme (1) is O(h2), f 

should correspondingly be chosen to be O(h2). 
If we take f = 4/ N 2 , then we obtain 

For N = 64 we obtain f r::::J 10-3 and 

A comparison with the estimate of the operation count for the cyclic
reduction method shows that for this grid the alternating-directions method 
requires approximately 5.5 times as many arithmetic operations as the cyclic
reduction method. As N increases and f decreases, this difference grows. 

For this particular case, we give the iteration count n as a function of 
the number of nodes N in one direction for f = 10-4 . 

For comparison, we also give the iteration counts for other methods 
considered earlier. 

Table 11 

Simple Explicit Successive Alternate- Alternating 
N iteration Chebyshev over-relaxation triangular directions 

method method method method method 

32 1909 101 65 16 8 
64 7642 202 128 23 10 

128 30577 404 257 32 11 

From the table it follows that the smallest iteration count is obtained for 
the alternating-directions method. Based on the iteration count, it is better 
than the alternate-triangular method with the Chebyshev parameters which 
was considered in Chapter 10. 

Remark. If, for the problem (1), we look at the alternating-directions 
method with constant parameters, i.e. wjl) == w(1), w?) == w(2), Tj = w(l) + 
W(2), then from the formulas (25) of Section 11.1 we obtain, using the equa
tion dn(I/2K'(k), k') = Vk, that the parameter Kj == ..jii. In particular when 
b1 = b2 = b, D.l = D.2 = D., earlier in Section 11.1.3 we obtained the following 
relation among the parameters w(l) w~2) and K .' w(l) = w(2) = D.K· Since 

J'J' 1"J J J" 

here T/ = 8/ D., then from this we find w(1) == w(2) = v'SiS. 
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11.2.2 A boundary-value problem of the third kind for an elliptic equation 
with separable variables. Suppose that, in the rectangle G = {O S; x'" S; 1"" 
Q = 1, 2}, it is necessary to find the solution to the following boundary-value 
problem: 

x E G, 

x'" = 0, (9) 

Q = 1,2. 

We will assume that the following conditions are satisfied: 

0< Cl,,,, S; k",(x",) S; C2,,,,, II:±", = constant 2: 0, Q = 1,2, (10) 

2 

q = constant 2: 0, L II:~", + q2 :f: O. 
",=1 

A Neumann boundary-value problem (II:±", = 0) for the q = 0 will be 
considered separately in Chapter 12. The conditions (10) guarantee the exis
tence and uniqueness of the solution to problem (9). 

On the rectangular grid w = {xii = (ihl,jh2) E G, 0 S; is; NI , 0 S; j S; 
N 2 , h", = l",/N", , Q = 1,2} the problem (9) corresponds to the boundary
value difference problem 

Ay = (AI + A2)y = -cp(x), x E W, (11) 

where the difference operators Al and A2 and the right-hand side cp are 
defined in the following way: 

h2", a",(h",)YxQ - (0.5q + h2", 11:_"') y, x'" = 0, 

A",y = (a",(x",)YxQ)x Q - 0.5qy, h", S; x'" S; 1", - h"" 

- h2", a",(l", )Yx Q - (0.5q + h2", 11:+",) y, x'" = 1", 

for 0 S; xp S; Ip, f3 = 3 - Q, Q = 1,2 and cp = f + CPl + CP2, 
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We denote by H the space of grid functions defined on w with the inner 
product defined by the formula 

(u,v) = Lu(x)v(x)nl(xt}n2(X2), 
zEw 

The operators A, AI, and A2 are defined in H by the relations Ay = -Ay, 
AaY = -AaY, a = 1,2. In Section 5.2 it was shown that the operators Al 
and A2 defined in this way are self-adjoint and commutative. In addition, by 
the conditions (10) the operator A is positive-definite in H (i.e. SI + S2 > 0). 
It remains to find the bounds for the operators Al and A2 , i.e. the constants 
Sa and ~a in the inequalities SaE ~ Aa ~ ~aE, a = 1,2. 

We begin with Sa. From the definition of the operators Aa and the Green 
difference formulas we obtain 

I{J I .. -h .. 

(Aay,y) = - L L [(aaYz .. )z .. -0.5qylyh l n2 
Z{J=Oz .. =h .. 

I{J I .. 

= L L aayLh l n2 
Z{J z .. =h .. 

I{J 

+ L (lI:_a y 2 IzQ + lI:+ay2IzQ=IJ n2 + 0.5q(y2, 1). 
Z{J=O 

From this we find that, if q = II:-a = lI:+a = 0, then Sa = o. If even one 
of the quantities q, II:-a or lI:+a is different from zero, then Sa can be found 
as follows. By lemma 16 of Section 5.2, we will have 

(12) 
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where Va(Xa) is the solution of the three-point boundary-value problem 

(aa(Xa)v~) - 0.5qv = -1, ha ~ Xa ~ la - ha, .. "' .. 
h2a aa(ha)v~ .. - (0.5q + h2a ILa) va = -1, Xa = 0, (13) 

- h2a aa(la)v~ .. - (0.5Q + h2a lI':+a) va = -1, Xa = la, 

and the inner product is defined as follows: 

I .. 

(u,v) ..... = L u(x)v(x)lia(xa ). 
Za=O 

Multiplying (12) by lip(xp) and summing over xp from 0 to Ip, we obtain 

and, consequently, 

a = 1,2. 

We now find ~a. The operator Aa corresponds to a tridiagonal matrix 
Aa. We denote by 'D the diagonal part of the matrix A a , i.e. 'Dy = da(xa)Y, 

2 2 
0.5q + -;;-II':-a +h2 aa(ha), Xa = 0, 

a a 

1 
0.5q + h2 (aa(Xa) + aa(xa + ha», ha ~ Xa ~ la - ha, 

a 

Xa = la· 

We look at the eigenvalue problem 

AaY - >"'Dy = 0, x E w. (14) 

It is easy to show that, if>.. is an eigenvalue for the problem (14), then 2 - >.. 
is also an eigenvalue. Consequently, 
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or 

Therefore it is possible to take ~a to be 

It remains to find Amin. If q = K_a = K+a = 0, then the operator Aa is 
singular and Amin = O. Otherwise, by remark 2 to lemma 14 of Section 5.2, 
we will have 

where wa(xa) is the solution of the following boundary-value problem: 

:a aa(ha)w~Q - (0.5Q + h2a K_ a) wa = -da(O), Xa = 0, 

-:a aa(la)w~Q - (0.5Q + h: K+a) wa = -da(la), Xa = lao 

(15) 

(16) 

Multiplying (15) by np(xp) and summing over xp from 0 to lp, we obtain 

and, consequently, 

Thus, if Q = K- a = K+a = 0, then 

otherwise 
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where va(xa) and wa(xa) are the solutions to the problems (13) and (16). 
All the necessary a priori information for applying the alternating-directions 
method has been found. Using the formulas of theorem 1, we find the iterative 
parameters for the method and estimate the required iteration count. 

We give now the algorithmic formulas for the alternating-directions 
method for this example. Taking into account the definition of the opera
tors AI, A2 and the right-hand side c.p, we obtain 

Wk~IYk+I/2 - AI Yk+I/2 = Wi~IYk + A2Yk + c.p, 

0:::; Xl :::; II, 0:::; X2 :::; 12, 

Wk~I Yk+I - A2Yk+I = Wi~I Yk+I/2 + Al Yk+I/2 + c.p, 

O:::;x2:::;/2,O:::;XI:::;/I. 

Here, unlike in a Dirichlet problem, the three-point boundary-value problems 
must also be solved on the boundary of the grid w, and the initial approxi
mation Yo is an arbitrary grid function given on the whole grid w. 

Using the conditions (10), it is possible to show that, for this example 
as for the case of a Dirichlet problem, the iteration count n can be bounded 
by the following asymptotic-in-h estimate: 

We remark that all the observations given here are also valid in the case 
where w is an arbitrary non-uniform rectangular grid in the region G. It is 
only necessary to change the operators Aa introduced here to the operators 
on the non-uniform grid. 

We emphasize that the assumptions about the constants q, K±a and the 
dependence of the coefficients a" only on Xa are essential. If even one of these 
assumptions is not satisfied, the commutativity conditions for the operators 
Al and A2 will not be satisfied. 

In conclusion we remark that the alternating-directions method can be 
applied to the solution of various analogs of equation (9) and also to other 
boundary conditions. In particular, on each side of the rectangle G it is possi
ble to give boundary conditions of first, second, or third kind with constants 
K±a· 

11.2.3 A high-accuracy Dirichlet difference problem. We will look at one 
more sample application of the alternating-directions method. Suppose that, 
on the rectangular grid w = {Xii = (ih},jh2) E G, 0 :::; i :::; N I , 0 :::; j :::; N2, 
ha = lalNa, a = 1,2} in the rectangle G = {O :::; Xa :::; la, a = 1,2}, it is 
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necessary to find the solution to a high-accuracy Dirichlet difference problem 
for Poisson's equation 

Ay = (AI + A2 + (11:1 + 1I:2)Al A2)y = -cp(X), x E w, 

y(x) = g(x), x E '"Y 

where AOIy = Yx",z", , 11:01 = h!/12, a = 1,2. 
Here 

cp = i + 11:1 Ad + 1I:2Ad, 

where i(x) is the right-hand side of the original differential equation 

a2 u a2 u ~ 
Lu = a 2 + a 2 = -f(x), x E G, u(x) = g(x), x E r. 

Xl x 2 

(17) 

The difference scheme (17) for this choice of cp(x) has accuracy O(lhI4 ), 

Ihl2 = h~ + h~, and on a square grid (hI = h2 = h) for the corresponding 
choice of cp(x) 

it has accuracy O( h6 ). 

Introducing the operators AOIy = -AOIy, where y E H, y E iI, H is the 
space of grid functions defined on w with inner product 

(u, v) = L u(x)v(x)h l h2, 
zEw 

and II is the set of grid functions vanishing on '"Y, we write (17) in the operator 
form 

Au=f, (18) 

where A = Al + A2 - (11:1 + 1I:2)A I A2. 
As was already shown, the operators Al and A2 possess the following 

properties: Al and A2 are self-adjoint in H and commute 

(19) 

the operator AOI has bounds bOl and ilOl , where 

4 2 7rhOl 
ilOl = h2 cos 21' 

01 01 (20) 
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We have 

Lemma 1. If the condition" (19), (20) are "atufied and Ko6.o < 1, then the 
operator" 

- -1 Ao = (E - KoAo) Ao, a = 1,2, 

are "elf-adjoint in H, commute, and have the bound.9 60 and ~o, i.e. 

60 E ~ Ao ~ l::.oE, 60 > 0, a = 1,2, 

where 60 and l::.o are defined by the formula" 

- 00 

00 = 1- 0' Ko 0 

- 6.0 6.0 = ----'''--
I- Ko6.o 

(21) 

(22) 

Proof. The existence of the operator Ao follows from the positive-definite
ness ofthe operator E-KoAo, ifthe condition Ko6.o < 1 is satisfied. Further, 
representing Ao in the form Ao = (A;;I - KoE)-I and taking into account 
the self-adjointness of the operators Ao, A;;I, and A;;I - KoE, we obtain 

From this follows the assertion of the lemma. The commutativity of the 
operators Al and A2 follows from the commutativity of Al and A2. The 
lemma has been proved. 0 

For this example, the conditions of lemma 1 are satisfied, since Ko6.o < 
1/3. 

We now transform equation (18). To do this, we write (18) in the form 

(23) 

Applying the operator (E-II:IAd-I(E-1I:2A2)-I to (23) and taking into ac
count the commutativity of all the operators, we obtain from (23) an equation 
which is equivalent to (18) 

(24) 

where Al and A2 are defined in (21), and f = (E - KIAd-I(E - K2 A2)-I f. 
Thus, the solution of equation (18) leads to the solution of equation (24) with 
self-adjoint commuting operators Al and A2 , whose bounds are given in (22). 
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To find an approximation solution to equation (24), we use the alterna
ting-directions method 

- Yk+l - Yk - -
Bk+I + AYk = j, k = 0,1, ... , Yo E H, (25) 

Tk+l 

where 

The iterative parameters wit) and wi2 ) are found from the formulas in 
theorem 1, in which lia and D.a are changed to 6a and ~a. All the necessary 
conditions for applying the alternating-directions method are satisfied here. 

It remains to examine the algorithm used to perform the iterative method 
(25). We rewrite (25) in the form 

(26) 

In Section 11.1.4 it was shown that the iterative parameters wi1) and 

wi2 ) satisfy the inequalities 62 :::; wi1) :::; ~2' 61 :::; wi2 ) :::; ~1 for any k. 

Since 6a > 0 for this example, dividing the left- and right-hand sides of 

(26) by Wi~IWi~1 and denoting Tk21 = 1/wi~p Tk~1 = 1/wk~I' we obtain 

We now apply to both sides of this equation the operator 

take into account that all the operators commute, and that 

(E - KaAa) (E + Tk~)1 Aa) = E + (Tk~)1 - Ka) Aa, 
(E - KaAa) (E - Tk~IAa) = E - (Tk~1 + Ka) Aa, 

j3 = 3 - a, a = 1,2. 
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As a result we obtain 

(E + (T!~l - ttl) AI) (E + (T!~l - 1t2) A2) Yk+l (27) 

= (E - (T!~l + Itl) AI) (E - (T!~l + 1t2) A2) Yk + (T!~l + T!~l) f. 

The iterative scheme (27) is equivalent to the following scheme: 

(E + (T!~l - Itl) AI) Yk+I/2 

= (E - (T!~l + 1t2) A2) Yk + (T!~l - Itl) f, (28) 

( E + (T!~l - 1t2) A2) YHI 

= (E - (T!~l + Itl) AI) Yk+I/2 + (T!~l + Itl) f. (29) 

The equivalence of (27) and (28), (29) is shown as follows. Multiplying 
(28) by T!~l + Itl, (29) by -(T!~l - ttl) and adding the results, we obtain 

(30) 

Substituting (30) in (28), after a simple transformation we obtain (27). The 
reverse argument is obvious. 

Using the definition of the operators Al and A2 , the scheme (28) and 
(29) can be written in the form of the usual difference scheme 

(E - (T!~l - Itl) AI) YHI/2 

= (E + (T!~l + 1t2) A2) Yk + (T!~l - Itl) <P (31) 

The boundary-value problem (31) must be sequentially solved for h2 ~ X2 ~ 
12 - h2. We thus find YHI/2 for 0 ~ Xl ~ II. h2 ~ X2 ~ 12 - h2. Further 

(E - (T~~l - 1t2) A2) YHI 

= (E + (T!~l + Itl) AI) Yk+I/2 + (T!~l + Itl) <P (32) 
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Yk+1 = g(X), X2 = 0,12 • 

The boundary-value problem (32) must be sequentially solved for hI :$ Xl :$ 
11 - hI. As a result, we obtain Yk+1. 

If we compare the iteration counts of the alternating-directions method 
for the second-order scheme considered in Section 11.2.1 and for the high
order scheme, then in the latter case the iteration count will be somewhat 
larger. In the special case It = 12 = I, N1 = N1 = N for N = 10, the increase 
is about 1%, and for N = 100 about 4%. The volume of computation at 
each iteration for both schemes is practically identical, and the difference in 
iteration counts is insignificant. Since the high-order scheme allows us to use 
a coarser grid to achieve a given accuracy in the solution of the differential 
problem, its use is particularly profitable in those cases where the solution of 
the differential problem possesses sufficient smoothness. 

Recall that in Section 3.3 we considered a direct method for solving prob
lem (17) - the reduction method. Both for the second-order scheme and for 
the scheme examined here, the direct method will require fewer arithmetic 
operations than the alternating-directions method with the optimal parame
ters. 

11.3 The alternating-directions method in the general case 

11.3.1 The case of non-commuting operators. Suppose that it is necessary to 
find the solution to the linear operator equation 

Au=j (1) 

with a non-singular operator A which is representable in the form of the sum 
of two self-adjoint non-commuting operators Al and A2 with bounds 61 , ~1 

and 62 , ~2: 

Aa = A~, 6aE:$ Aa :$ ~aE, a = 1,2, 61 + 62 > 0, 

A = Al +A2. 
(2) 

To approximately solve equation (1), we look at a two-level scheme for 
the alternating-directions method with two iterative parameters w(l) and 
w(2): 

B Yk+1 - Yk + AyL = j, k 0 1 H .. = " ... , Yo E , 
T 

B= (w(l)E+A I ) (w(2)E + A2) , T=w(1)+w(2). 
(3) 
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Here the iterative parameters and the operator B do not depend on the 
iteration number k. 

As in the case of commuting operators Al and A2, the iterative approx
imation YHI for the scheme (3) can be found using the following algorithm: 

( w(l) E + AI) YHI/2 = (w(l) E - A2) Yk + J, 

(w(2) E + A2) YA;+I = (w(2) E - AI) Yk+I/2 + J, k' = 0,1, .... 

We now investigate the convergence of the iterative scheme (3) and find 
the optimal values of the parameters W(I) and w(2). Assuming that the oper
ator w(2) E+A2 is not singular, we study the convergence of (3) in the energy 
space HD, where D = (w(2)E + A2)2. By (2), the operator D is self-adjoint 
in H, and it follows from the assumption above that D is positive-definite in 
H. 

For the error Zk = Yk - u we obtain from (3) the homogeneous equation 

Zk+1 = SZk, k = 0,1, ... , Zo = Yo - u, 

S = (w(2) E + A2) -I (w(l) E + AI) -I (W(2) E - AI) (W(I) E - A2) . 

In (4), we transfonn to the problem for the equivalent error 

We obtain 
Xk+1 = 8Xk, k = 0,1, ... , 8 = 8182, 

81 = (W(I) E + AI) -I (W(2) E - AI) , 

82 = (W(2) E + A2) -I (W(I) E - A2) . 

(4) 

(5) 

(6) 

Since by the change of variables (5) we have II Xk 11=11 zk liD, it is sufficient to 
investigate the behavior of the norm of the equivalent error Xk in the space 
H: From (6) we find 

II XA;+1 11;:;11 81111 Xk 11;:;11 81 1111 82 1111 Xk II, k = 0,1, ... 

and, consequently, 
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We now estimate the norms of the operators 81 and 82 • We assume 
that the operators w(a) E + Aa, a = 1,2 are non-negative. Then by (2), from 
Section 5.1.4 we obtain 

and, consequently, 

W(2) - x w(1) - y 
R 1(x,y) = (1) (2)· 

W +xw +y 

Taking into account the estimate (7), we choose the parameters w(1) and 
w(2) from the condition 

This problem is a special case of the problem solved in Section 11.1. With 
the aid of the fractionally-linear representation of the variables x and y (cf. 
(15), (21)-(24) in Section 11.1), the statement of the problem leads to the 
problem of finding the parameter K,* from the condition 

I K,* - u I I K, - u I max --- = min max -- = p. 
,,::;"9 K,* + u /C ,,::;"9 K, + u 

(8) 

Here the parameters w(1) and w(2) are expressed in terms of K,* using the 
formulas 

W(1) _ rK,* + S 

- 1 + tK,*' 
W(2) = rK,* - S 

1 - tK,* ' 

and for the error Zn we have the estimate 

II zn liD::; p2n II Zo liD . 

In addition, in Section 11.1.4 it was shown that, for the optimal choice of K,*, 

the operators w(a) E+Aa are positive-definite if 61 +62 > o. Consequently, by 
(2) our assumptions about the non-negativity of the operators w(a) E + A a, 
a = 1,2 will be automatically satisfied. 
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We now derive the solution of problem (8) independently of the results 
in Section 11.1.4. We consider the function cp(u) = (I\: - u)/(I\: + u) on the 
interval 0 < TJ ~ U ~ 1 for I\: > O. This function increases monotonically in u, 
and consequently 

max Icp(u)1 = max (l'2...::::...!5:l, I~I)· 
'1:5u9 TJ + I\: 1 + I\: 

From ths it is easy to obtain that the minimum over I\: of the expression is 
achieved for 1\:* defined by the equation 

1\:* - TJ = 1 - 1\:* 

1\:* + TJ 1 + 1\:* 

From this we find 

1\:* = Vii, II\:-ul 1-.Jr7 mm max -- -p- . 
/( '1:5u9 I\: + u 1 + .Jr7 

Thus, we have proved 

Theorem 2. Suppose the conditions (2) are satisfied, and the parameters 
W(I) and w(2) are chosen using the formulas 

w(l) = r.Jr7 + s 
1 + t.Jr7' 

W(2) _ r.Jr7 - s 
- 1- t.Jr7' 

where r, s, t, and TJ are defined in (21)-(24) of Section 11.1. The alternating
directions method (3) converges in HD, and the error Zn can be estimated 
usmg 

II Zn IID~ p2n II Zo liD, 1 - .Jr7 
p= 1+.Jr7 

where D = (w(2) E + A2)2. For the iteration count n we have the estimate 

n = nO(f) = Inf/(2Inp):::::: In ~/(4Vii). 0 

11.3.2 A Dirichlet difference problem for an elliptic equation with variable 
coefficients. We look now at a sample application of the alternating-directions 
method in the non-commutative case. Suppose that, on the rectangular grid 
W = {Xii = (ih I ,jh2 ) E G, 0 ~ i ~ N I , 0 ~ j ~ N2 , hOt = lOt/NOt, 0: = 1, 2} in 
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the rectangle G = {O ::; Xa ::; la, a = 1, 2}, it is necessary to find the solution 
to the following difference problem: 

2 

Ay = L (aa(X)Yia)Za - q(X)Y = -cp(X), x E W, 
(9) a=l 

y(X) = g(X), x E 'Y, 

where the coefficients of the difference scheme satisfy the conditions 

(10) 

In the space H of grid functions defined on w with the inner product 

(u,v) = L u(x)v(x)h1h2 , 

zEw 

the operators Al and A2 are defined as follows: AaY = - AaY = -( aa Yi )z + 
0.5qy, a = 1,2, Y E H, Y E iI, where, as usual, y(x) = 0 on 'Y. a a 

The operators Aa are self-adjoint in H, and if aa(X) depends only on 
the variable Xa and q(x) is constant, then the operators Al and A2 will 
commute. In the general case, they do not commute, and it is possible to 
apply the alternating-directions method examined in Section 11.3.1 to solve 
equation (1) corresponding to the difference problem (9). 

The algorithm for the method has the simple form 

W(I)Yk+I/2 - A1Yk+I/2 = w(l)Yk + A2Yk + cp, 

Yk+l/2(X) = g(x), Xl = 0, It, 

hI ::; Xl ::; 11 - hI, 

h2 ::; X2 ::; 12 - h2' 

It remains to find the bounds Oa and ~a for the operators Aa , a = 1,2. 
Since the conditions (10) are satisfied, from lemma 14 of Section 5.2 we obtain 

where lI':a( x.8) = max va (x), and va (x) is the solution of the following three-
zaEwa 

point boundary-value problem: 
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The inner product over WOl is defined in the following way: 

I .. -h .. 

(u,v) ..... = E u(x)v(x)ha = E u(x)v(x)ha. 

Multiplying (11) by hfJ and summing over wfJ, we obtain 

Consequently, it is possible to take 001 to be 

f3 = 3 - a, a = 1,2. 

We now find ~a. We will proceed by analogy with Section 11.2.2. We denote 
by V the diagonal part of the matrix A a, corresponding to the operator Aa: 

'Dy = da(x)y, 

{ 
0.5q(x) + h1~ (aa(xa, xfJ) + aa(xa + hOI, xfJ», 

da(x) = h < x < I - h a _ ()t _ ex a, 

hfJ :::; XfJ :::; IfJ - hfJ· 

Then we have 

where Amin is the constant from the operator inequality Amin'D :::; Aa. 
We now find Amin. From lemma 14 of Section 5.2 we obtain 

where Pa(XfJ) = max wa(x), and wOl(x) is the solution of the following 
za:Ewa 

three-point boundary-value problem: 

wa(X) = 0, Xa = 0,101 , hfJ:::; xfJ :::; IfJ - hfJ· 

Multiplying (12) by hfJ and summing over wfJ, we obtain 

a = 1,2. 
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Table 12 

C2/Cl N=32 N=64 N = 128 

2 65 132 264 
8 90 187 380 

32 110 233 482 
128 122 264 556 
512 128 282 603 

Consequently, it is possible to take Amin to be 

therefore d a is 

d a = (2 - 1 ( )) maxda(x), (} = 1,2. 
maxpa xfJ zEw 

ZtJ 

Thus, the a priori information needed to apply the alternating-directions 
method has been found. Using the conditions (10), it can be shown that the 
quantity 'rf, determining the convergence rate of the method, for this example 
is O(lhI2 ), where Ihl2 = h~+h~. Therefore by theorem 2, we have the following 
estimate for the iteration count 

We look now at a model problem. Suppose that the difference scheme 
(9) is given on a square grid in the unit square (Nl = N2 = N, 11 = 12 = I). 
The coefficients al(x), a2(x) and q(x) are chosen as follows: 

al(X) = 1 + C [(Xl - 0.5)2 + (X2 - 0.5)2] , 

a2(X) = 1 + C [0.5 - (Xl - 0.5)2 - (X2 - 0.5)2] , 

q(X) =0, c>O. 

In this case, in the inequalities (10) Cl = 1, C2 = 1 + 0.5c, dl = d2 = 0; 
changing the parameter c, we obtain coefficients for a difference scheme (9) 
with different extrema. 
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We give now the iteration count for this alternating-directions method 
as a function of the ratio C2/ Cl and of the number of nodes N in one direction 
for f = 10-4 • 

We compare this method with the successive over-relaxation method (cf. 
Section 9.2), the alternate-triangular method (cf. Section 10.2) and the im
plicit Chebyshev method (cf. Section 6.2.3). Based on the iteration count, this 
alternating-directions method is worse than the successive over-relaxation 
method and the alternate-triangular method, but it is better than the im
plicit Chebyshev method by a factor of 1.5-2. However, based on the volume 
of computation, the alternating-directions method is also worse than the im
plicit Chebyshev method. 
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In this chapter we study direct and iterative methods for solving equations 
with indefinite non-singular operators, with complex operators, and also with 
singular operators. In Section 12.1, we consider a method with Chebyshev pa
rameters and also a method of variational type for the solution of an equation 
with an indefinite operator. In Section 12.2 complex versions of the simple 
iteration method and the alternating-directions method are constructed for 
an equation with a complex operator of special form. In Section 12.3 we study 
general iterative methods for solving equations with singular operators, but 
where the preconditioning operator is non-singular. Section 12.4 is concerned 
with the construction of special direct and iterative methods for equations 
with singular operators. 

12.1 Equations with real indefinite operators 

12.1.1 The iterative scheme. The choice of the iterative parameters. Suppose 
that, in a Hilbert space H, we are given the equation 

Au=/ (1) 

with a linear non-singular operator A. To solve equation (1), we look at an 
implicit two-level iterative scheme 

(2) 

with a non-singular operator B and an arbitrary Yo E H. 
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Using on the properties of the operators A, B, and D, iterative schemes 
of the form (2) were studied in Chapters 6 and 8, where several choices of 
the parameters Tic were examined. Recall that D is the self-adjoint positive
definite operator which generates the energy space HD. It was proved that, 
for the convergence of these iterative methods in HD, it was necessary that 
the operator 

(3) 

be positive-definite. For specific choices of the operator D, this requirement 
led to the following conditions on the operators A and B: 

1) the operator A must be positive-definite in H, if D = A, B, or A* B-1 Aj 

2) the operator B* A must be positive-definite in H if D = A * A or B* B. 

There exist problems for which these requirements are not satisfied, i.e. 
either the operator A is not definite, or it is difficult to find an operator B 
so that B* A will be positive-definite. As an example of such a problem, we 
could consider a Dirichlet problem for the Helmholtz equation in a rectangle 

y(x) = g(x), x E 1, 

where m 2 > o. 
This sub-section is concerned with the construction of implicit two-level 

iterative methods for the case where the operator C is a non-singular indefi
nite operator in H. Here we will only look at real operators Cj the complex 
case will be studied in Section 12.2. 

We move on now to the construction of the iterative methods. In the 
equation 

for the error Zlc = Ylc - u in the iterative scheme (2), we make the change of 
variable Zlc = D-1/ 2XIc and transform to an equation for the equivalent error 
Xlc: 

X1c+1 = (E-TIc+1C)XIc, k=0,1, ... ,2n-l, (4) 

where the operator C is defined in (3). Since the operator C is indefinite, it 
is obvious that the norm of the operator E - T1c+1 C will be greater than or 
equal to one for any T1c+ 1. 

We now consider the equation relating the errors at even iterations. From 
(4) we obtain 

X21c+2 = (E - T2lcH C)(E - T21c+1 C)X21c, k = 0,1, ... , n - 1. (5) 
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If we denote 

(6) 

and require that, for any k, the iterative parameters T2k+2 and T2k+I satisfy 
the condition 

I/T2k+2 + I/T2k+I = 2a, k = 0,1, ... ,n - 1, (7) 

where a is a constant yet to be determined, then (5) can be written in the 
form 

X2k+2 = (E - Wk+1 G)X2k' k = 0,1, ... , G = C 2 - 2aC. (8) 

If Wk+1 and a are known, then the parameters T2k+2 and T2k+1 are defined 
using (6) and (7) by the formulas 

From (8) we obtain 

T2k+1 = - aWk+1 - J a2w~+I + Wk+I, 

T2k+2 = - aWk+1 + J a2w~+1 + Wk+1, 

k = O,I, ... ,n - 1. 

n 

X2n = IT (E - wjG)xo, 
j=l 

n 

II X2n ,,:::; IT (E - WiG) "xo". 
j=l 

(9) 

(10) 

Since the operator G depends on a, the requirement that G be positive
definite will be one of the conditions underlying the choice of the parameter 
a. In addition, from (10) it follows that the parameters Wi' 1 :::; j :::; n, and 
the parameter a must be chosen from the condition that the norm of the 
resolving operator I1j=l (E - WiG) be a minimum. 

This problem of the optimal choice for the iterative parameters Wi and a, 

and hence also for the parameters Tk in the scheme (2), will be solved below. 
First we show the connection between the above derivation and the derivation 
based on a Gauss transformation for the case of a self-adjoint operator C. 
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Notice that the change of variable u = D- 1 / 2x, f = BD-l/2c.p allows us 
to write the original equation (1) in the following form: 

Cx = c.p, (11) 

where the operator C is defined in (3). Using (11), we obtain 

Gx = C 2x - 20:Cx = (C - 20:E)c.p = cpo (12) 

Further, if we denote Vk = D 1/ 2Yk, where Yk is the iterative approximation 
in the scheme (2), then it is easy to find 

Substituting Xk in (8) and taking into account (12), we obtain the iterative 
scheme 

_V=.;2k-,-,+c..::2:-.--_V-=2c::.k C- -+ V2k = c.p, 
Wk+l 

k = 0,1, .... (13) 

Thus, the scheme (13) is an explicit two-level scheme for the transformed 
equation (12). 

Assume that C = C*. Recall that in this case the first Gauss transfor
mation involves converting from equation (11) to the equation Cx = C2x = 
Cc.p = 7$. Since C is a non-singular operator, the operator C2 will be positive
definite in H. Therefore this transformation leads us to the case of a definite 
operator. To solve the equation with this operator, it is possible to use a 
two-level scheme of the form (13), after having changed G to C and cp to 
7$. Obviously, such a method is a special case (for 0: = 0) of the method 
examined here. 

12.1.2 Transforming the operator in the self-adjoint case. We will assume 
that the operator C is self-adjoint in H. Then the operator G = C 2 - o:C is 
also self-adjoint in H. Our first goal is to choose the parameter 0: so that the 
operator G will be positive-definite, and to find the bounds 11 = 11 (0:) and 
12 = 12(0:) of this operator, i.e. the values from the inequalities 

(14) 

If such a value of 0: exists, then using the estimate 

n n 

< max II (1 - Wjt) 
- 1'1 ~t~1'2 

i=1 

II(E -WjG) 
j=1 
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the problem of finding the parameters wj, j = 1,2, ... , n, reduces to the 
construction ofthe polynomial Pn(t) of degree n, normalized by the condition 
Pn(O) = 1, that deviates least from zero on the interval [,b 12] in the positive 
semi-axis. This problem was already studied in Chapter 6 when constructing 
the Chebyshev method. The solution has the form 

Wo 
wk - ----'--

- 1 + POPk' 
M * { 2i -1. } Pk E n = -COS~7r, Z = 1,2, ... ,n , 

where k = 1,2, ... ,n, 

2 
Wo = , ,1 + ,2 l-e 

pO=I+e' 
1- v'e 

PI = 1 + v'e' e = 11. ,2 

By (10), the error X2n can be estimated using 

From this it follows that the choice of the parameter 0 should be made subject 
to the condition that the ratio ,t/'2 be maximized. 

We now find the optimal value for the parameter o. Suppose that the 
eigenvalues P of the operator C lie in the intervals [11,'h] and [13,14]' Since 
the operator C is indefinite and non-singular, then 

(15) 

We now find the eigenvalues A of the operator C = C2 - 20C. It is easy to 
see that the eigenvalues of the operators C and C are related by the formula 

A = p2 - 20p, pEn, (16) 

where n consists of the two intervals [11,12] and [13,14]' 
We first find a bound on 0 which guarantees the positivity of the eigen

values A, i.e. the positive-definiteness of the operator C. An analysis of the 
inequality p2 - 20p > 0 shows that it is valid for p lying out of the interval 
[0,20]. Therefore this inequality will be satisfied for pEn if 0 satisfies the 
condition 

(17) 
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We will assume that (17) is satisfied. From (16) we obtain that the 
transformation ). = ).(p) = p2 - 20p maps the interval ['h, 'h] onto the 
interval [).2, ).1], and the interval [13,14] onto the interval [).3, ).4], where 
).i = ).i( 1i), 1 ~ i ~ 4. Thus, all the eigenvalues of the operator C are positive 
and lie in the intervals [).2, ).1] U [).3, ).4]. Therefore, in the inequalities (14), 
it follows that 

(18) 

We now choose 20 E (12,13) from the condition that the ratio ,I/,2 be 
maximal. From (18) we obtain 

We introduce the following notation: D.1 = 12 - 111 D.2 = 14 - 13, and we 
consider two cases. 

1) Suppose first that D.1 ~ D.2, i.e. 12 + 13 ~ 11 + 14. In this case we 
obtain the following expression for ~ = '1/'2: 

12(12 - 20) 
14(14- 20)' 

13(13 - 20) 
14(14- 20)' 

13(13 - 20) 
11(11 - 20)' 

11 + 14 ~ 20, decreasing in o. 

Consequently, in this case the optimal value of 0 is 

if the condition (17) is satisfied. For 0 = 00 we have 

,1 = ).2 = )13 = -1213, 

,2 =).4 = 14(D.2 - D.1) - 11142:: ).1. 

(19) 

(20) 

(21) 
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2) Suppose now that ~1 ~ ~2' i.e. 72 + 73 ~ 71 + 74. In this case we 
will have 

72(72 - 20:) 
74(74 - 20:)' 

72(72 - 20:) 
71 (71 - 20:) , 

73(73 - 20:) 
71(71 - 20:)' 

20: ::; 71 + 74, increasing in 0:, 

72 + 73 ::; 20:, < 73 decreasing in 0:. 

Consequently, in this case also the optimal value of the parameter 0: is defined 
by formula (19), the value of 1'1 is given in (20), and 

(22) 

Thus, we have proved 

Lemma 1. Suppose that the eigenvalues of the operator C lie in the intervals 
[71,72] and [73,74], 72 < 0 < 73. Then if 0: = 0:0 = (72 + 73)/2 and C = 
C 2 - o:C, we have that 

where 

For this value of 0: the ratio 1'111'2 is maximal. 0 

The assertions of the lemma follows from (19)-(22). Notice that 0:0 = 0 
only in the case where 72 = -73. 

12.1.3 The iterative method with the Chebyshev parameters. Above we con
sidered the two-level iterative scheme (2), where the parameters Tk, k = 
1,2, ... ,2n, were expressed in terms of the Wk, 1 ::; k ::; n, and 0: using 
the formulas (9). Here the parameters Wk are the iterative parameters for the 
Chebyshev method and are determined by the corresponding formulas, where 
the necessary a priori information and the optimal value of the" parameter 0: 
are given in lemma 1. 
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Notice that we assumed that the eigenvalues /l of the self-adjoint operator 
C belonged to the intervals [lh,'h] and [13,14]. From the definition (3) of 
the operator C, it follows that the eigenvalues of the operator C are also 
eigenvalues for the following problem: 

Au -/lBu = o. (23) 

In order to verify this, it is sufficient to multiply this expression on the left by 
the operator D l / 2 B- 1 and make a change of variable, setting u = D-l/2v . 
Notice that the operator C will be self-adjoint in H if the operator DB -1 A 
is self-adjoint. 

We formulate these results in the form of a theorem. 

Theorem 1. Suppo.!e that the operator DB-l Ai.! .!elf-adjoint in H and that 
the eigenvalue.! of the problem (23) belong to the interval.! [11, 12] and [13,14], 
11 :::; 12 < 0 < 13 :::; 14. For the iterative proce.!.! (2) with the parameter.! 

T2k-l = -lXOWk - J lX~W~ + Wk, T2k = -lXOWk + J lX~W~ + Wk, 

k = 1,2, ... ,n, 

we have the e.!timate 

where 

Wk = Wo , Ilk EM: = {- cos (2i - 1)11", 1:::; i :::; n}, 1:::; k :::; n, 
1 + Po/lk 2n 

2 1 - e 1 - ~ 2pf 1'1 
Wo = 1'1 + 1'2' Po = 1 + e' PI = 1 + ~' qn = 1 + pin' e = 1'2' 

lXO = 0.5 (12 + 13) , 1'1 = -1213, 

1'2 = max[14(~2 - ~1)' 11(~2 - ~1)]- 1114, 

~1 = 12 - 111 ~2 = 14 - 13. 0 

The iterative method (2) with these parameters Tk will be called the 
Cheby.!hev method. 
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We now consider some special cases. Suppose .6.1 = .6.2 , i.e. the lengths 
ofthe intervals ["h,"h] and [73,74] are the same. In this case we have 

We will show in this case the set of parameters Tl: is optimal. In order to 
construct the set of parameters Tl: for the scheme (2), we imposed n condi
tions (7); consequently, the choice of the parameters is fixed by the auxiliary 
constraints. 

From (5) and (8) we find that 

X2n = Q2n(C) Xo = Pn(G)XO' 

where 
2n n 

Q2n(C) = II(E-TjC)=Pn(G) = II(E-wjG). (24) 
j=l j=l 

We look at the corresponding algebraic polynomials Q2n(l-') and Pn(A) (A = 
1-'2-20:1-')' Hthe parameters Wj are chosen in the manner indicated in theorem 
1, then the polynomial P n (A) can be expressed in terms of the Chebyshev 
polynomials of the first kind in the following way (cf. Section 6.2.1): 

Notice that at the points 1'1 = AO < A1 < ... < An = 1'2 where 

1 - Po cos l:!r 
Al: = n, k = O,l, ... ,n, 

Wo 

the polynomial Pn(A) takes on its extreme values on the intervals [')'17 1'2]: 

(25) 

Since by (24) Q2n(l-') = Pn(A), where A and I-' are related by the formula 
A = 1-'2 - 20:1-', then from (25) we find 

where 1-'; and I-'t are the roots of the quadratic equation 

I-'~ - 20:1-'l: - Al: = 0, k = 0,1, ... , n. (27) 
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Further, for this case the transformation ..\ = ..\(p;) = p;2 - 2ap; maps each of 
the intervals Fh, 'h1 and [73, 'h1 onto the one interval ['Yl, 121. Here the points 
p; = 72, p; = 73 correspond to ..\ = 11, and p; = 71 and p; = 74 correspond to 
..\ = 12' Therefore the roots of equation (27) are distributed as follows: 

We will now assume that the set of parameters constructed in theorem 1 
is not optimal. This indicates that there exists another polynomial of degree 
not greater than 2n of the form 

2n 
Q2n(P;) = II(l- Tjll), 

j=1 

for which 

We consider the difference R2n(P;) = Q2n(P;) - Q2n(P;), which is a polynomial 
of degree not greater than 2n. Since the polynomial R2n(P;) must then have 
2n + 2 roots, we can conclude that the assumption made above is invalid. 

To prove this fact, we look at the values of R2n(P;) at the points P;k' 
0$ k $ n. Since, by assumption, -qn < Q2n(P;) < qn, P; E il, then 

and R2n(P;k) < 0 if k is odd, R2n(P;k) > 0 if k is even. Consequently, the 
polynomial R2n(P;) changes sign as we move from P;k to P;k+l' 0 $ k $ n-1. 
Therefore, on the interval [71,721, there exist n roots of this polynomial. 
Analogously, by considering the values R2n(ll) at the points Ilt, 0 $ k $ n, 
we prove the existence of n roots on the interval [73,74]' Further, since 

R2n(72) = R2n(llo) > 0, R2n(73) = R2n(llri) > 0, 

R2n(0) = 0, 

in the interval (72,73) there are another two different roots of the polynomial 
R2n(P;) (one of which is zero), or zero is a double root. Consequently, on the 
interval [71, 74] the polynomial R2n(ll) has 2n + 2 roots, which is impossible. 

Thus, for the case ~1 = ~2' the set of parameters Tk constructed in 
theorem 1 is optimal. 
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Suppose now that ~1 ~ ~2' In this case we have II -'h'h, 12 = 
1'4(~2 - ~d - 1'11'4. Since 12 = 1'4(~2 - ~d - 1'11'4 = 1'4(1'4 - 1'3 - 1'2), 
then II and 12 do not depend on 1'1' Consequently, for any 1'1 in the interval 
1'2 + 1'3 - 1'4 ~ 1'1 ~ 1'2 we have the same set of parameters Tk, and the 
iterative method (2) converges at the same rate for any 1'1 from this interval. 

In conclusion we note that the set of parameters Tk constructed in the
orem 1 will also be optimal in the case where n = 1, but ~1 and ~2 are 
not necessarly equal. This is the case of a cyclic simple iteration method, for 
which in the scheme (2) T2k-l == Tl, T2k == T2, k = 1,2, ... , and Tl and T2 are 
found from the formulas in theorem 1 for n = 1 (WI = wo) 

where Wo = 2/(,1 + 12)' Since in this case we have 

n 

x2n = II (E - WoC)xo = (E - woctxo, 
j=1 

1-e 
pO=l+e' 

~ _ II 
\,- , 

12 

then the error Z2n of the iterative scheme (2) will be bounded by 

Since by (6) and (7) the two parameters Tl and T2 are replaced by the pa
rameters WI and a, and the sequence is chosen optimally (WI = Wo, a = ao), 

then we have that the parameters Tl and T2 for the simple iteration method 
are also chosen optimally. 

12.1.4 Iterative methods of variational type. Above we looked at iterative 
methods for the case of a self-adjoint operator DB-1 A when not all of the 
eigenvalues for the problem (2) were of one sign. There the convergence of 
the iterative method (2) was guaranteed by the construction of a special set 
of iterative parameters. We look now at iterative methods of the form (2) 
whose convergence with the usual set of iterative parameters is guaranteed 
by the structure of the operator B. We have looked at such methods for 
constructing iterative schemes when studying the symmetrization method 
(d. Section 6.4.4) and the minimal error and conjugate-error methods in 
Chapter 8. 
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Suppose that the operator B has the form 

B = (A*)-1 iJ, (28) 

where iJ is an arbitrary self-adjoint and positive-definite operator. We take 
D to be the operator iJ. Then DB-l A = A* A, C = iJ-l/2 A* AiJ-1/ 2. If the 
operator B is non-singular and indefinite, the operator C will be positive
definite. In addition, the operator C is self-adjoint in H. Therefore, if 11 and 
12 are given in the inequalities 11E ~ C ~ 12E, 11 > 0, or in the equivalent 
inequalities 

(29) 

then the parameters Tic in (2) can be chosen using the formulas for the Cheby
shev two-level method (cf. Section 6.2.1) 

Tic = , 
1 +PoJ1.1c 

TO { (2i-1)1I" . } 
J1.k E M: = - cos 2n ' 1 ~ z ~ n , 

k = 1,2, ... ,n, (30) 

2 
TO = , 

11 + 12 

Thus, we have 

Theorem 2. Suppo$e that A i$ a non-$ingular operator. For the iterative 
method (2), (28) with the parameter$ (30), where 11 and 12 are given in (29), 
we have the e$timate 

_ 2pf 
qn - 1 + 2n' PI 

1- v'e 
PI = 1 + v'e. 0 

If the constants 11 and 12 in (29) are unknown, or if they can only be 
crudely estimated, it is possible to use the iterative methods of variational 
type examined in Chapter 8. 

If the parameter Tk in the scheme (2), (28) are chosen using the formulas 

k = 0,1, ... , 

where rk = AYk - f is the residual, and Wk is the correction defined by the 
equation iJwk = A*rk, then we obtain the minimal-error method (cf. Section 
8.2.4). As is well-known, the error Zn for this method can be estimated using 
II Zn IIB~ p~ II Zo liB' where Po is defined in (30). 
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If we look at the three-level iterative scheme 

BYk+1 = ak+1(B - Tk+!A)Yk + (1- aHdBYk-1 + Tk+!aHd, k ~ 1, 

BY1 = (B - T1A)yo + Td, Yo E H, 

where the operator B is defined in (28), and the iterative parameters ak+! 
and Tk+ 1 are chosen using the formulas 

then we obtain the conjugate-error method (cf. Section 8.4.1). For the error 
in this method we have the estimate 

12.1.5 Examples. We look now at an application of the methods constructed 
above to finding the solution of a Dirichlet difference problem for the Helm
holtz equation in a rectangle 

YZ1Z1 + YZ 2 Z 2 + m2 y = -/(x), x E w, 

y(x) = g(x), x E 1, 
(31) 

where w = {Xii = (ih b jh2 ), 0 ~ i ~ N1, 0 ~ j ~ N2 , hO/NO/ = 10/, a = I,2}, 
and 1 is the boundary of the grid w. 

We shall reduce the problem (31) to the operator equation (1). In this 
case H is the space of grid functions defined on w with the inner product 

(u,v) = Lu(x)v(x)h1 h2 , U E H, v E H. 
zew 

We define the operator R as follows: Ry = -Ay, y E H, Y E iI and y(x) = 
y(x), x E w, where iI is the set of grid functions defined on wand vanishing 
on 1, and where A is the Laplace difference operator Ay = YZlzl + YZ2Z2. 

Then the operator A is defined by the equality A = R - m2 E. Since the 
operator R is self-adjoint in H and has the eigenvalues 

A = A(1) + A(2) A(O/) = -.! sin2 kO/7rhO/ 1 < k < N -1 
k kl k2' k.. h2 21' - 0/ - 0/ , 0/ 0/ 
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the operator A is also self-adjoint in H, and its eigenvalues Il'" can be ex
pressed in terms of the A", using the formula 

1l",=A",-m2, k=(k1,k2)' 1:5ka:5Na-1, 0:=1,2. (32) 

Assume that m2 is not equal to any A",. We denote by Aml and Am2 the 
closest eigenvalues to m2 from below and above respectively, i.e. 

Aml < m 2 < Am2 • 

In this case the operator A is non-singular and indefinite. 
To solve equation (1) with this operator A, we look at the explicit itera

tive scheme (2) (B = E). If we set D = E, then the operator DB-1 A is the 
same as A and is self-adjoint in H. The choice of the iterative parameters 
in this case can be obtained from theorem 1. From (23) we obtain that the 
necessary a priori information is given by the bounds ofthe intervals Fh, "hJ, 
[73,74] on the positive and negative semi-axes which contain the eigenvalues 
of the operator A. 

From (32) and (33) we find 71 = 8 - m 2 , 72 = Aml - m2 , 73 = Am2 - m2 , 
74 = ~ - m 2 , where 

We now find 71, 72, and the quantity Vi. which determines the iteration 
count for this method, since n ;::: nO(f) = In(2/f)/(2Vi.). From the formulas 
of theorem 1 we find 

71 = (m2 - Aml )(Am2 - m2 ), 

_ { (~ - m2)(~ + m 2 - Aml - Am2 ), 

72 - (m2 _ 8)(Aml + Am2 - m 2 - 8), 
Aml + Am2 :5 (~+ 8), 
Aml +Am2 ;::: (~+8), 

The ratio ~ = 71172 depends on m 2 • In order to determine the quality of 
this iterative method, we now find the value of m2 on the interval (Aml , Am2 ) 

for which ~ is maximal. We obtain 

for which 

m 2 = O.5(Aml + Am2 ), 

_ {(~ - m 2)2, 2m2 :5 ~ + 8, 
72- (m2_8)2, 2m2;:::~+8. 



12.1 Equations with real indefinite operators 317 

If m 2 is small, i.e . .Am} and .Am, are close to b, then /1 0(1), and 
/2 = (~- m 2)2 = 0(1/lhI4). In this case e = 0(lhI4). If .Am} and .Am, are 
close to ~, then again we obtain e = 0(lhI4). Only in the case where .Am} 
and .Am, are close to 0.5(~ + b) do we obtain 

so that 

Notice that the difference problem (31) can be solved by one of the 
direct methods which we examined in Chapters 3 and 4: either by the CYclic
reduction method, or by the method of separation of variables. Here the 
three-point boundary-value problems which arise should be solved, unlike in 
the case m = 0, by the non-monotone elimination method. 

12.2 Equations with complex operators 

12.2.1 The simple iteration method. Suppose that, in the complex Hilbert 
space H, we are given the equation 

Au +qu = j, (1) 

where A is an Hermitian operator, and q = ql + iq2 is a complex scalar. To 
approximately solve equation (1) we look at an explicit two-level scheme 

Yk+l - Yk + (A + qE)Yk = j, k ° 1 H = , , ... , Yo E , 
T 

(2) 

where T = 71 + iT2 is a complex iterative parameter. 

We will assume that ql t- 0, and that /1 and /2 are the constants in the 
inequalities 

(3) 

We will investigate the convergence of the iterative scheme (2) in the 
energy space H (D = E) and we shall find the optimal value of the iterative 
parameter T. Using (1) and (2), we write the equation for the error Xk = Yk-U 
in the form: 

Xk+l = SXk, k = 0,1, ... , S = E - TC, (4) 

where 
C=A+qE. 
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From (4) we find 

(5) 

We now study the transfonnation operator from iteration to iteration. 
Since the operator A is a Hermitian, 

G· = A + ijE, G·G = GG·, 

i.e. the operator G is a nonnal operator. Therefore the operator S is also 
normal. It is known (cf. Section 5.1.2) that for a normal operator S the 
following relation is valid: 

II S 11= sup I(Sx,x)l. 
z¢O (x, x) 

Therefore from (5) it follows that the problem of choosing the iterative param
eter T reduces to finding it from the condition that the norm of the operator 
S be a minimum. 

We now solve this problem. From (3) it follows that 

_ (Gx,x) n 
z - ( ) E u, x,x 

n = {z = ZI + a(z2 - zt}, 0 ::; a ::; 1, ZI = 1'1 + q, Z2 = 1'2 + q}, 

where n is an interval in the complex plane connecting the points ZI and Z2. 

Therefore 

II S 11= sup I(fx, ))1 = sup 11 - Tzi 
z¢O x, x zEO 

and the parameter T can be found using the condition min max 11 - Tzi. 
r zEO 

We now investigate the function c,o(z) = 11 - Tzi. Since the level lines 
11- Tzi = po are concentric circles centered at the point liT and with radius 
R = poliTI, then for the optimal value of the parameter T = TO, the points ZI 

and Z2 must lie on one level line. Consequently, it must satisfy the equations 

where 11 - Tozi ::; Po for zEn. 
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We write these equations in the equivalent form 

If TO changes, then by the first equation the complex number 

1- TOZ2 
z= 

1- TOZ1 

319 

traverses a unit cirle in the complex plane with center at the origin; thus Po 
will be minimal if it satisfies the equation 

1 - TOZ2 _ -Z2 E!l 
1 - TOZ1 - Z1 IZ21' 

This condition gives the following value for TO: 

(6) 

For this value of T = TO, the norm of the operator S can be estimated using 

(7) 

from which we obtain the following estimate for the error Xn in the iterative 
scheme (2) 

(8) 

We now find the conditions which guarantee that Po < 1. Since 

and equality is achieved only when 

(9) 

then Po < 1 if (9) does not hold. 
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In the present situation, Zl = 'Yl + q and Z2 = 'Y2 + q. From (9) it is 
easy to see that there are two cases where Po < 1: either q2 i- 0 and 'Yl 
and 'Y2 are arbitrary, or q2 = 0 but 'Yl and 'Y2 must satisfy the condition 
('Yl + ql)( 'Y2 + ql) > O. We will assume from now on that these conditions are 
satisfied. Then the iterative process (2) will converge. 

Theorem 3. Suppose that A is an Hermitian operator and that the inequal
ities (3) are satisfied. The iterative process (2) with the parameters 

1 (I'YI + ql + 1'Y2 + ql) 
T = TO = I'YI + ql + 1'Y2 + ql 'Yl + q 'Y2 + q 

converges in H, and the error can be estimated using (8), where 

Remark. Above we solved the problem of finding the optimal value of the 
parameter T from the condition min max 11 - Tzl, where n is an interval in 

r zEO 
the complex plane connecting the two points Zl and Z2. It is also easy to find 
the solution to this problem in the case where n is a circle with center at the 
point Zo of radius ro < Izol, i.e. a circle which does not include the origin. 
The solution of this problem has the form 

1 
TO =-, 

Zo 

ro 
sup 11 - Tzi = Po = -I -I < 1. 
zEO Zo 

We look now at the use of this method for finding the solution of the 
following difference problem: 

Au - qu = -cp(x), x E w, 

u(x) = g(x), x E 'Y, q = ql + iq2, 

A=Al +A2 , Aau=(aauxa)xa' a=I,2, 

(10) 

where W = {Xij = (ih 1 ,jh2 ) E G, 0 ~ i ~ N l , 0 ~ j ~ N2 , haNOI = la, 
a = 1,2} is a grid in the rectangle G = {O ~ Xa ~ la, a = 1,2}, and the 
coefficients aa(x) are real and satisfy the conditions 

(11) 
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In this case H is the space of complex grid functions defined on w with 
inner product 

(u,v) = L u(x)V(X)hlh2. 
ze", 

The problem (10) can be written in the form of equation (1), where the 
operator A is defined in the usual way: Ay = -Ay, where y E iI, y(x) = y(x) 
for x E w, y(x) = 0, x E 'Y. 

To solve equation (1), we look at the explicit iterative scheme (2). 

Using the Green difference formulas for complex functions, and also the 
inequalities (11), we ascertain that the operator A is Hermitian in H, and in 
the inequalities (3) 

2 
'"' 4 . 2 7rhOl 

'Yl = cl L..J h2 sm 21' 
01=1 01 01 

2 
'"' 4 2 7rhOl 

'Y2 = c2 L..J h2 cos 21' 
01=1 01 01 

If we choose the iterative parameter T according to theorem 3, then the 
error Xn = Yn - u will be estimated by (8), where po is defined in theorem 3. 

In the special case where 11 = 12 = 1, Nl = N2 = N and ql = 0(1), 
q2 = 0(1), we obtain Po = 1-0(N-2). Consequently, to achieve an accuracy 
f it is necessary to perform nO(f) = 0(N2 In(l/f)) iterations. 

12.2.2 The alternating-directions method. We look again at equation (1) and 
assume that the operator A can be represented in the form of the sum of two 
Hermitian commutative operators Al and A2 : 

Suppose that a and ~ are bounds for the operators Al and A2 , i.e. 

aE ~ AOI ~ ~E, a = 1,2. (13) 

To solve equation (1) we look at an implicit two-level iterative scheme 
(2), in which the operator B is given in the following form: 

B = (wE + Al + qoE)(wE + A2 + qoE), qo = 0.5q, (14) 

and the parameters T and w are related by the equation T = 2w. We ob
tained an analogous iterative scheme in Chapter 11 when constructing the 
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alternating-directions method. Notice that, to find Yk+l in the scheme (2), 

(14), it is possible to use the following algorithm: 

(wE + Cl )Yk+l/2 = (wE - C2)Yk + I, 
(wE + C2)Yk+l = (wE - CI)Y1:+1/2 + I, k = 0,1, ... , 

where, to preserve notation, we have set Ca = Aa + qoE, 0: = 1,2. 
We move on now to the investigation of the convergence of the scheme 

(2), (14) in the norm of H. Using the commutativity of the operators Al and 
A2 , we obtain an equation for the error Zlc 

Zk+l = SIS2Zk, k = 0,1, ... , 

Sa = (wE + Ca)-I(wE - Ca), 0: = 1,2, 

where the operators SI and S2 commute. From (15) we find 

Zn = SfS;zo, II Zn II~II Sf 1111 s; 1111 Zo II . 

(15) 

(16) 

(17) 

We now estimate the norm of the operator S;;, 0: = 1,2. Since Ca is a normal 
operator (C;"Ca = CaC;", 0: = 1,2), the operator Sa is also normal. Therefore 
II S;; 11=11 Sa lin and it is sufficient to estimate the norm of the operator Sa. 

Since the norm of a normal operator is equal to its spectral radius (cf. 
Section 5.1.2), from (16) we obtain 

IW-Aal II Sa 11= max --\ , 
).0 W + Aa 

(18) 

where Aa are the eigenvalues of the operator Ca. By the assumptions (12), 
(13) made above concerning the operators Aa, we obtain that Aa E n = 
{z = Zl +a(z2 -zI), 0 ~ a ~ 1, ZI = o+qo, Z2 = ~+qo} for 0: = 1,2. 
Consequently, from (18) we obtain that 

Iw-ZI II Sa lI~max -- , 
zEO W + Z 

0: = 1,2. (19) 

We now pose the problem of choosing the parameter w from the condition 
that the right-hand side in (19) be a minimum. 

We look at the fractionally-linear transformation 

w=(w-Z)/(w+Z), w:#=O, (20) 

which establishes the correspondence between points of the z-plane and points 
of the w-plane. From the properties of the transformation (20) it follows that 
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the circle Iwl = Po in the w-plane corresponds to a circle in the z-plane for 
P #- 1, and the unit circle corresponds to a straight line in the z-plane which 
passes through the origin. The points of this straight line have an argument 
which differs from the argument of w by ±7r /2. 

We now find the center and radius of the circle in the z-plane which 
corresponds to the circle Iwl = Po #- 1 in the w-plane. To do this we use (20) 
to express z in terms of w: 

z=w{l-w)/{I+w) 

and, using this expression, we compute 

Since 

then finally we obtain 

From this it follows that the circle Iwl = Po < 1 corresponds to a circle 
of radius R in the z-plane with center at the point zo, where 

R = 2PolwJ. 
1 - Po 

(21) 

Notice in addition that, because the mapping (20) is one-to-one, the 
equations 

Iw-zl -- =Po < 1, 
w+z Izo - zl = R (22) 

are equivalent. 

We return now to the original problem. We consider the function 

<p{z) = Iwl = - . Iw-zl 
w+z 

From the above dsicussion it follows that the level lines <pC z) = Po for Po < 
1 are circles of radius R with center at the point zo, where Zo and R are 
defined in (21). For different Po these circles do not intersect, and a circle 
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corresponding to a smaller value of po lies inside a circle corresponding to a 
larger value of po. From this we obtain that, for the optimal value W = Wo, 
the points ZI and Z2 must lie on one level line: 

1 
Wo -z 1 

Wo + ZI 
= Po < 1, I

wo- Z2 1 
Wo +Z2 

= Po < 1, (23) 

where we will have that 

IWO -zi max -- =Po. 
zEIl Wo + Z 

The parameter Wo should be chosen in order to minimize Po. 
We now find the optimal Wo and compute Po. Using (22), from (23) we 

obtain 

or 

Izo - zll = Ro, 

1 + p~ 
Zo = -1--2wo, 

- Po 

Izo - Z21 = 1, 
Zo - ZI 

Izo - z21 = Ro, 

Ro = 2polw~1 
1- Po 

(24) 

Notice that po is minimal when 2po/(1 + p~) is minimal, and this will 
occur if we require that 

Zo - Z2 Z2 IZll 
Zo - ZI = - ZI ~. 

Substituting this expression in (24), we obtain 

2po IZ2 - zll 
1 + p~ = IZll + IZ21· 

From this we easily obtain 

(1- PO)2 IZll + IZ21-lz2 - ZII 
1'1 = 1 + p~ = IZll + IZ21 ' 

2= (I+Po)2 = IZ11+lz21+lz2-z11, ~= 1'1 = (I-Po)2 
l' 1 + p~. IZll + IZ21 1'2 1 + Po 

Consequently 
l-Je 

Po = 1 + Je' 
1 - p~ 
~+ 2 = ";1'11'2 

Po 

(25) 

(26) 
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and, in addition, 
1 + P~ Wo 

Zo = --2WO = --. 
1 - Po J"II "12 

Substituting this expression in (25), we find the optimal value of the 
parameter WO: 

(27) 

Thus, for the optimal W = Wo, an estimate for the norm of the operator 
SOl has been obtained: II SOl II~ Po, Q = 1,2. Substituting it in (17), we find 
an estimate for the error Zn: 

II Zn II ~ p~n II Zo II, I-vie 
Po = 1 + vie' e = "11. 

"12 
(28) 

Reasoning as in the simple iteration method, we find that the inequality 
"II > 0, and together with it the inequality Po < 1, will be valid in two cases: 
either for q2 i= 0, or for q2 = 0 but with (8 + 0.5qI)(~ + 0.5qd > O. 

Thus, we have proved 

Theorem 4. Suppose that the conditions (12) are satisfied, 8 and ~ are given 
in the inequalities (13) and either q2 i= 0, or q2 = 0 and (8 + 0.5qI)(~ + 
0.5qI) > O. For the alternating-directions method (2), (14), in which the 
iterative parameter W = Wo is chosen using the formula (27), and T = 2wo, the 
estimate (28) is valid, where "II and "12 are defined in (26), and ZI = 8 + 0.5q 
and Z2 = ~ + 0.5q. 0 

Remark 1. The solution of the problem 

. Iw-zi mmmax --, 
'" zEfl W + Z 

where n is a circle with center at the point Zo and radius ro < Izol has the 
form 

Wo = Zo J"II "12, Po - max 1 w - Z 1_ 1 - vie 
- zEfl w + Z - 1 + vie' 

where "II = 1 - ro/lzol, "12 = 1 + ro/lzol. 

Remark 2. If, in place of the inequalities (13), we are given the inequalities 
801E ~ AOI ~ ~OIE, Q = 1,2, then in theorem 4 we should set 8 = min( 81, 82), 
~ = max(~1'~2). 
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12.3 General iterative methods for 
equations with singular operators 

12.3.1 Iterative schemes in the case of a non-singular operator B. Suppose 
that, in the finite-dimensional Hilbert space H = HN, we are given the 
equation 

Au=1 (1) 

with a linear singular operator A. This indicates that the equation Au = 0 
has a solution u '" O. We recall here (cf. Section 5.1.6) the derivation which 
related to the problem of solving equation (1). 

Assume that ker A is the null-space of the operator A, i.e. the set of 
elements u E H for which Au = o. We denote by im A - the image of the 
operator A - the set of elements of the form Y = Au, where u E H. It is 
known that the space H can be decomposed orthogonally into the direct sum 
of two subspaces: 

H = ker A E9 im A * , H = ker A * E9 im A. (2) 

This indicates that any element u E H can be represented in the form u = 
ii. + ii, where ii. E imA-, ii E ker A, and (ii., ii) = o. Analogously, u = ii. + ii, 
where ii. E imA and ii E kerA-, (ii.,ii) = O. 

In equation (1) assume that I = ! + I, where! E im A, I E ker A-. An 
element u E H for which Au = ! will be called a generalized solution of (1); 
it minimizes the functional II Au - I II. A generalized solution is not unique 
and is only determined up to an element of ker A. The normal solution is 
the generalized solution having minimal norm. The normal solution is unique 
and belongs to im A-. 

Our problem is to construct methods which allow us to approximately 
find the normal solution to equation (1). To do this, we will require that an 
approximate solution, like the exact normal solution, belong to the subspace 
im A-. 

To solve this problem we will use an implicit two-level scheme 

B Yk+l - Yk + AYk = I, k 0 1 H = , , ... , Yo E . 
Tk+l 

(3) 

First we study the case where B is a non-singular operator in H. The 
general requirements on the iterative process are: 

a) the iteration is carried out using the scheme (3), the approximate solution 
Yn E imA*, but the intermediate approximations Yk can belong to H; 

b) the specific structure of the subspaces ker A, ker A-, im A and im A-is 
not used in the iterative process. 
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We now find conditions on the operator B, the initial guess Yo, and the 
parameters Tk, k = 1,2, ... , n, which guarantee that the above requirements 
are satisfied. 

Conditions 1. Assume that the operator B is such that 

Bu E kerA*, if u E kerA, 

Bu E imA, if u E imA*. 

We then have 

Lemma 2. If the operators A and B satisfy the equalities 

A*B = CA, BA* = AD, 

(4) 

(5) 

(6) 

where C and Dare "ome operators, then the condition" (4) and (5) are sat
i"fied. 

Proof. Suppose that the equalities (6) are satisfied. IT u E ker A, then Au = 0 
and, consequently, A * Bu = C Au = O. Therefore Bu E ker A *, and (4) is 
satisfied. Suppose now that u E imA*, i.e. u = A*v, where v E H. Then 
Bu = BA*v = ADv E imA. Consequently, the condition (5) is satisfied. The 
lemma is proved. 0 

Corollary. In the case A = A* the conditions of lemma 2 will be satisfied if 
the operators A and B commute: AB = BA. 

We derive one more assertion arising from (4) and (5). 

Lemma 3. Suppo"e that the conditions (4) and (5) are "atisfied. Then 

B-1u E kerA, if u E kerA*, 

B-1u E imA*, if u E imA, 

and the operator AB-1 i" non-singular on im A. 

(7) 

(8) 

Proof. Assume that u E ker A* and u i= O. We denote v = B-1u and assume 
that v E imA*. Then by (5) u = Bv E imA. But since u i= 0, and the 
spaces im A and ker A * are orthogonal, the assumptions made above are 
invalid. Consequently, v = B-1u E ker A, and (7) is proved. The proof of (8) 
is analogous. 
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We now prove that AB-1 is non-singular on im A. In fact, suppose 
u E imA. Then by (8) B-1u E imA* and, consequently, B-1u ..1. ker A. 
From this we obtain that AB-1u # 0, and therefore (AB-1u,AB-1u) > o. 
The lemma is proved. 0 

We return now to the scheme (3) and examine the consequences of con
ditions 1. Corresponding to the decomposition of H in the form (2), we 
represent 1 and Yk for any k in the form 

1=1+1, lEimA, lEkerA*, 

Yk=iik+fh, iikEimA* fikEkerA. 
(9) 

Using (9), we write the scheme (3) in the following way: 

From (4) and (5) we obtain that the first term on the left-hand side of (10) 
belongs to im A, and the second to ker A*. Therefore from (10) we obtain 
the equation 

B Yk+l-Yk + AY-k =1-, k 01 - E' A* = , , ... , Yo 1m 
Tk+l 

(11) 

for the component Yk E im A * and the equation 

fik+l - fik -B = 1, k = 0,1, ... , fio E ker A 
Tk+l 

(12) 

for the component fik E ker A. 

We now find conditions which guarantee that Yn E imA*. From (9) it 
follows that if fin = 0, then Yn = Yn E imA*. We find from (12) an explicit 
expression for fin and set it equal to zero. Then the condition a) formulated 
above will be satisfied. 

From (12) we obtain 

kH 
- - B-11- - +" B-1jYk+l = Yk + TkH = ... = Yo L..J Tj . 

j=l 

From this follow 
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Conditions 2. Suppose Yo = A*It', where t.p E H, and the parameters Tk, 

k = 1, 2, ... , n satisfy the requirement 

n 

~Tj =0, (13) 
j=l 

if f E H. If f .1 ker A * , then we do not impose a restriction on the parameters 
Tk· 

We now examine the choice of the initial guess Yo. Since for any It' E H 
we have that Yo = A*1t' E imA*, then in the decomposition (9) Yo = ° and 
Yo = Yo· In particular, choosing It' = 0, we obtain the initial guess Yo = 0. 

Thus, if the condition 2 is satisfied, then Yn = Yn. Therefore the iterative 
process (3) will converge and give an approximate normal solution of equation 
(1) if the iterative process (11) converges, i.e. if the sequence Yk converges to 
the normal solution ii. 

Remark 1. The conditions 2 allow us to separate from the iterative approxi
mation Yn its projection on im A*, i.e. to find Yn without using the subspaces 
ker A, im A, ker A *, or im A *. Further, if it is known that 

n 

~Tj II B-1jll 
j=l 

is small, i.e. that II Yn II is small, then using the equation II Yn -ii 11=11 Yn -iill 
+ II Yn II. it is possible to take Yn to be the approximate solution and avoid 
the restriction (13). In this case Yn ¢ imA*. 

Remark 2. With the condition that all the elements of the subspace ker 
A * are known, it is possible to restrict ourselves to the case f .1 ker A * , 
computing as necessary the projection of f onto ker A *. If we look at the 
non-stationary iterative process 

k=O,I, ... , Yo=A*It', 

and require that condition 1 is satisfied, where B is changed to B k , k = 
1,2, ... , then all the Yk E im A * and no additional restrictions on the Tk are 
required. 
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12.3.2 The minimum-residual iterative method. We look now at the problem 
of choosing the iterative parameters T" for the scheme (3). We will assume 
that the operator B satisfies the conditions 1, and restrict our choice of the 
initial guess Yo and the parameters T" using the conditions 2. 

Above it was shown that the parameters T" should be chosen from the 
condition that the iterative process (11) converge to the normal solution u of 
equation (1). 

We study now the iterative scheme (11). First we remark that the oper
ator D = A* A is positive-definite on im A*. In fact, suppose u E imA* and 
u oF O. Since u .1 ker A, then Au oF 0 and, consequently, (Du, u) = II Au 112> O. 
The operator D generates the energy space H D consisting of the elements of 
im A*, where the inner product is defined in the usual way: (u, V)D = (Du, v), 
u E imA*, v E imA*. 

We pose now the problem of choosing the parameters T"+I in the scheme 
(11) from the condition of minimizing II iH1 liD, where iH1 is the error: 
iH1 = YH1 - u, Au = f and u is the normal solution of equation (1). 

For the error i" E imA*, from (11) we obtain the following equation: 

(14) 

From this we find 

Notice that by lemma 3 II AB-1Ai" II> 0, (Ai" E imA). Therefore the 
minimum of II iH1 lib is achieved for 

(15) 

and is equal to 

2 (AB-1 Ai", Ai,,)2 
P"+I = 1 - II AB-1 Ai" 11211 Ai" 11 2' 

(16) 

The formula (15) is inconvenient for computations since it contains un
known quantities. We shall transform it. Using the decomposition (9) we 
obtain 

(17) 

where rIo = Ay" - f is the residual. Since j E ker A*, then by lemma 3 B-1 j E 
ker A and, consequently, AB-1 Ai" = AB-1r". Substituting this expression, 
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and also (17), in (15) and taking into account the equation A*j = 0, we 
obtain 

(AWk,rk) 

(AWk,Awk)' 

where the correction Wk is found from the equation BWk = rk. 

(18) 

Notice that (18) is the same as the formula for the iterative parameter 
71;+1 for the minimum-residual method examined in Chapter 8 for an equation 
with a non-singular operator A. 

We now obtain an estimate for the convergence rate for this method. We 
multiply (14) on the left by A, compute the norm of the left- and right-hand 
sides and, taking into account that II AZk 11=11 Zk liD, we obtain the following 
estimate: 

(19) 

for any 71;+1. From (16) and (19) we obtain for any 71;+1 

(20) 

If we denote 
Po = min II E - 7AB-1 IhmA, 

r 

then an estimate for the error follows from (16) and (20) 

(21) 

Here we use the notation II S Ihm A to denote the norm of the operator 
S in the subspace im A. 

If Po < 1, then the iterative method (11), (18) will converge in HD and 
from (21) we obtain that 

II Zk IID:S p~ II Zo liD, k = 0,1, .... (22) 

It only remains to restrict the choice of the parameters 7k using the condition 
(13) if j f; o. To do this we proceed as follows. We perform (n -1) iterations 
using the scheme (3), choosing Yo = A*cp where cp E H, using the formula 
(18) to compute the parameters 71;+1, k = 0,1, ... , n - 2. We then perform 
one more iteration, choosing 

n-1 

7 n = - L 7 j. 

j=1 
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Then the condition (13) will be satisfied and, consequently, Yn = Yn. We now 
estimate the norm of the error Zn = Yn - u in HD. Since Yn = Yn, then from 
(11) we obtain 

- B-1(A- j-) - B-1A-Yn = Yn-1 - Tn Yn-1 - = Yn-1 - Tn Zn-1· 

From this 

and after multiplying by A we will have 

AZn = (E - TnAB-1)Azn_1. 

Computing the norm, we obtain the estimate 

Substituting here (22) and taking into account that the choice of Yo gives 
Yo = Yo, we find 

II Yn - U IID~II E - TnAB-1 IhmA p~-l II Yo - U liD . (23) 

We look now at some special cases. 
1) Suppose B = E, and that the operator A is self-adjoint in H. Assume 

that 11 and 12 are the constants in the inequalities 

11(X,X) ~ (Ax,x) ~ 12(X, x), 11> 0, Ax oF O. (24) 

In this case, the conditions 1 are satisfied. 
We find po and estimate the norm of the operator in (23). Since the 

operator A is self-adjoint in H, then, using (24), we obtain 

I (AU,u)1 IIE-TAlhmA= sup I-T ( ) ~ max II-Ttl. 
Au~O u, u ')'1$t$')'2 

In Chapter 6 we encountered this minimax problem for the choice of T when 
studying the simple iteration method. There it was found that 

I-e 
min max 11 - Ttl = Po = -1 t' 

r ')'1$'$')'2 + .. 
Thus Po has been found. Further, for B = E the formula (15) for the param
eter Tk+1 can be written in the form 

(Ax,x) 
Tk+1 = (Ax, Ax)' x=AzkEimA. 
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Since A = A * and II > 0, then the inequalities (24) are equivalent to the 
following inequalities (cf. Section 5.1.3): 

II(Ax,x) ~ (Ax, Ax) ~ 12(Ax,x), Ax =i o. 

Therefore the parameters Tk for k ~ n - 1 satisfy the inequalities 1112 < 
Tk ~ 1111. From this we obtain the estimate 

n-I 

" n-1 o < -Tn = L..J Tj ~ --. 
j=1 11 

(25) 

We now estimate the norm of the operator in (23). Taking into account (24) 
and (25), we obtain 

II E - Tn A IhmA~ max 11- Tntl 
")'1 9::=; ''12 

12 1 + Po 
= 1- Tn/2 ~ 1 + (n -1)- = 1 + (n -1)--. 

11 1 - Po 

We substitute this estimate in (23) and find 

IIYn-uIlD~p~-1 [1+(n_1)1+ Po] IIYo-uIID. (26) 
1- Po 

2) Suppose B = B*, A = A* and AB = BA. Assume that 11 and 12 are 
the constants in the inequalities 

II(Bx,x) ~ (Ax,x) ~ 12(Bx, x), 11> 0, Ax =i O. (27) 

In this case the conditions 1 are satisfied, the operator AB- I is self
adjoint in H, and it can be shown that the estimate (26) is valid for the error 
in the method (3), (18). 

3) Suppose that the operators B* A and AB* are self-adjoint in H, and 
that 11 and 12 are the constants in (27). In this case by lemma 2 the conditions 
1 are satisfied. In addition, the operator AB-I will be self-adjoint in H. It is 
possible to show that in this case also the estimate (26) holds. 

12.3.3 A method with the Chebyshev parameters. We look now at the it
erative methods (3) where the parameters Tk are chosen using the a priori 
information about the operators A and B. 

First we derive some auxiliary results that we will require later. 
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Lemma 4. Suppose that the conditions 

A=A* ~o, B=B* >0, AB=BA (28) 

are satisfied and that we are given the constants 1'1 and 1'2 in the inequalities 

1'l(Bx,x):::; (Ax,x):::; 1'2 (Bx, x), 1'1> 0, Ax =I- O. (29) 

We denote by D one of the operators A, B, or AB-1 A and define the operator 
C on the subspace im A 

The operator C is self-adjoint in im A and satisfies the inequalities 

0< 1'l(X,X):::; (Cx,x):::; 1'2(X,X), x E imA. (30) 

Proof. From (28) and the corollary to lemma 2 it follows that the con
ditions 1 are satisfied. Further, the operator D is self-adjoint in H and is 
positive-definite on im A. As an example, we prove the positive-definiteness 
of the operator D = AB-1 A. Suppose u E imA and u =I- O. Since (Du, u) = 
(B- 1 Au,Au), and the operator B-1 is positive-definite by the boundedness 
and positive-definiteness of the operator B, then (Du, u) ~ 0, where equality 
is possible only if Au = o. But this contradicts the above-made assumptions. 

The operator D maps im A onto im A, therefore there exists D- 1 / 2 which 
also maps this subspace onto itself. Consequently, on im A it is possible to 
define the operator C indicated in the lemma. The transformation from (29) 
to (30) is proved in the same way as in Section 6.2.3. The lemma is proved. 0 

Lemma 5. Suppose that the conditions 

B*A = A*B, AB* = BA* (31) 

are satisfied, and that we are given 1'1 and 1'2 in (29). We denote C1 = AB-1 

and C2 = B-1 A. The operators C1 and C2 are self-adjoint in H and satisfy 
the inequalities 

1'l(X,X):::; (C1x,x):::; 1'2(X, x), 1'1 > 0, x E imA, (32) 

1'l(X,X):::; (C2x,x):::; 1'2(X, x), 1'1 > 0, x E imA*, (33) 
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Proof. The self-adjointness of the operators C1 and C2 follows immediately 
from (31). We shall prove (32) as an example. We look at the eigenvalue 
problem 

AB-1v - AV = 0, v E H. (34) 

Since the operator AB-1 is self-adjoint in H, there exists an orthonormal 
system of eigenfunctions for the problem (34) {Vb V2, • .. , Vp, Vp+I, . •. , VN}. 

Suppose that VI, ••• , Vp are functions corresponding to the eigenvalue A = 0, 
and Vp+l, ... , VN correspond to the non-zero A. It is easy to see that Vi E 
ker A *, 1 ~ i ~ p, Vi E im A, p + 1 ~ i ~ N, and by the decomposition of H 
into subspaces (2), the functions vp+I, .•. ' VN from a basis for im A. Then 
for x E imA we have 

N 

x = L akVk, 
k=p+l 

N 

C1x = L Akakvk, 
k=p+l 

and by the orthogonality of the eigenfunctions 

N 

(x,x) = L a~, 
k=p+l 

From this we obtain the inequalities 

N 

(C1x,x) = L Aka~. 
k=p+l 

It remains to find the smallest and largest eigenvalues corresponding to 
the eigenfunctions for the problem (34) belonging to im A. We write (34) in 
the form 

(35) 

where Uk = B-1Vk E imA* and, consequently, AUk :I O. Taking the inner 
product of (35) with Uk and using (29), we obtain that 

The inequalities (32) have been proved. The validity of (33) is established 
analogously. The lemma is proved. 0 

We tum now to the problem of the choice of the iterative parameters for 
the scheme (3). Using the conditions 2 we write it in the following form: 

n 

LT; =0. (36) 
;=1 
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If the conditions 1 are satisfied, then the parameters T/c must be chosen 
from the condition that the scheme (11) converges with the restriction on the 
sum of the Tj. 

We look at equation (14) for the error in the scheme (11). If the condi
tions of lemma 4 are satisfied, then, setting Z/c = D-l/2x /c in (14), where D 
is one of the operators in lemma 4, we obtain the following equivalent error: 

Xlc+l=(E-Tlc+1C)X/c, k=O,I, ... , x/cEimA. (37) 

The operator C is also defined in lemma 4. 

If the conditions of lemma 5 are satisfied, then, denoting Bz/c = X/c or 
Az/c = X/c, we obtain the equation 

In this case II X/c 11=11 z/c liD, where D = B* B or A* A. If we denote z/c = X/c, 
then we obtain the equation 

x/cH = (E - Tlc+lC2)X/c, k = 0,1, ... , X/c E imA*, (39) 

and in this case II X/c 11=11 Z/c liD, where D = E. The operators C1 and C2 are 
defined in lemma 5. 

Thus, in all these cases we have obtained an equation of the form 

X/cH = (E - T/C+IC)X/C, k = 0,1, ... , X/c E HI (40) 

in the subspace HI, where by lemmas 4 and 5 the operator C is self-adjoint 
in HI, maps into HI, and satisfies the inequalities 

1'1(X,X):5 (Cx,x):5 1'2(X, x), 1'1> 0, x E HI, (41) 

where 1'1 and 1'2 are taken from the inequalities (29). 

From (40) we find 

n 

Xn = II (E - TjC)XO' 
j=1 

n 

II Xn 11:511 Pn(C) 1111 Xo II, Pn(C) = II (E - TjC). 
j=1 

(42) 

Taking into account the self-adjointness of C and the inequalities (41), we 
obtain 
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It is easy to see that 
n 

2:= Tj = -P~(O), 
j=1 

therefore the polynomial Pn(t) is normalized by the two conditions 

Pn(O) = 1, P~(O) = O. (43) 

Consequently, we have transformed to the problem of constructing the poly
nomial of degree n that satisfies the conditions (43) and that deviates least 
from zero on the interval 0 < /1 ~ t ~ /2. The construction of such a poly
nomial completely solves the problem of choosing the iterative parameters Tk 

for the scheme (3). 

The exact solution of this problem is unknown, and we now derive an
other solution to this problem. As in the minimum-residual method examined 
above, we choose the parameters Tb T2, ... ,Tn -l arbitrarily, and the condition 

n 

will be satisfied if we choose Tn from the formula 

n-l 

Tn = - 2:= Tj. 

j=1 

From (42) we obtain the following estimate 

N-l 

II Xn II~II Pn - 1(C) 1111 E - Tn C 1111 Xo II, Pn - 1(C) = II (E - TjC). (44) 
j=1 

We now choose the parameters Tb T2, ... , Tn -l from the condition that the 
norm of the operator polynomial Pn - 1(C) be a minimum. Since no other 
conditions have been imposed on Pn - 1(C), the solution of this problem has 
the form (cf. Section 6.2): 

Tk = , 
1 + POllk 

TO * {(2i-1)7r } 
Ilk E M n - 1 = cos 2(n _ 1) , 1 ~ i ~ n -1 , 

k = 1,2, ... ,n - 1, where we have denoted 

2 
TO = , 

/1 +/2 

1-~ 
Po = 1 + ~' ~ = /1. 

/2 

(45) 
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Then 

(46) 

where Tn-l(x) is the Chebyshev polynomial ofthe first kind of degree n -1, 

qk = 2pf / (1 + p~k), PI = (1 - vie) / (1 + vie) . 
It remains to find an explicit expression for Tn. From (46) we find 

(47) 

where U n-2( x) is the Chebyshev polynomial of the second kind of degree n-2. 
Here we have used the relation T,',.(x) = mUm-leX). We compute Un- 2(I/ po). 
Since Po < 1, then from the explicit form for Un -2(X) (d. Section 1.4.2): 

we obtain after a simple calculation 

U (~) = 1 - p~(n-l) Po 
n-2 2 n-l ~. 

Po PI V 1- Po 

We substitute this expression in (47) and find 

( 1) 1 2(n-l) 
n - TO - PI 

T =-
n VI _ p~ 1 + p~(n-l)· (48) 

Taking into account the self-adjointness of C and the inequalities (41), 
the formula (48) and the equation TO;2 = 1 + Po, we obtain 

II E - TnC II~ max 11- Tntl = 1- Tn;2 
'Y19:5'Y2 

~I 2(n-l) ~ = 1 + (n - 1) 1 + Po - PI ~ 1 + (n _ 1) + Po . 
1 - Po 1 + 2(n-l) 1 - Po PI 

(49) 

Substituting (49) and (46) in (44), we obtain the following estimate for the 
norm of the equivalent error Xn: 

( ~) II Xn II~ 1 + (n -I)y!=Po qn-l II Xo II 
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under the condition that the parameters Tl, T2, ••• , Tn are chosen using the 
formulas (45) and (48). 

Theorem 5. SuppolJe that the iterative parameterlJ Tie, k = 1, ... , n, for the 
lJcheme (3) are cholJen wing the formulalJ (45) and (48) and Yo = A*tp. Then 
we have the following elJtimate for the error 

where u ilJ the normal lJolution of equation (1) and D ilJ defined alJ followlJ: 
D = B* B, A* A, or E, if the conditionlJ of lemma 5 are lJatilJfied. The a 
priori information for thilJ method with the ChebYlJhev parameterlJ conlJilJtlJ of 
the conlJtantlJ /1 and /2 from the inequalitielJ (29). 0 

12.4 Special methods 

12.4.1 A Neumann difference problem for Poisson's equation in a rectangle. 
We will now illustrate the application of the iterative scheme with variable 
operators Ble for solving an equation with a singular operator A. 

Suppose that, in the rectangle G = {O :5 x", :5 I"" a = 1,2}, it is 
necessary to find the solution to Poisson's equation 

satisfying the following boundary conditions: 

au -a = -g_",(xp), x", = 0, f3 = 3 - a, 
x", 

(1) 

(2) 

On the rectangular grid w = {Xij = (ih 1,jh2 ) E G, 0 :5 i :5 N1 , 0 :5 j :5 
N2 , h",N", = I"" a = 1,2} the problem (1), (2) corresponds to the following 
difference problem: 

Ay = -f(x), x Ew, 
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where 
2 

hOi Yx", XOI = 0, 

AOIy = Yx"x", hOi :::; XOI :::; 101 - hOi, 

2 
XOI = 101, - hOi Yx", (4) 

{ 9-.(X,), XOI = 0, 

'POI(X) = 0, hOi :::; XOI :::; 101 - hOi, 

g+OI( xp), XOI = 101 • 

The space H consists of the grid functions defined on the grid w with 
the inner product 

(u, v) = 2: u(x)v(x)nl(xI)n2(x2)' 
xEw 

where nOl(xOI ) is the average step 

hOi :::; XOI :::; 101 - hOi, 

XOI = 0,101 , a = 1,2. 

The operator A is defined as the sum of the operators Al and A2, where 
AOI = -AOI , a = 1,2. Then the problem (30) can be written in the form of 
the operator equation 

Au =j (5) 

with this operator A. 

We indicate the following properties of the operators Al and A2. The 
operators Al and A2 are self-adjoint in H and commute, i.e. 

These properties allow us to use the method of separation of variables to solve 
the eigenvalue problem for the operator A: Au = AU. Working by analogy 
with the case of the Dirichlet problem which was considered in detail in 
Section 4.2.1, we obtain the solution to the problem in the form 

kOi = O,l, ... ,lVOI' 
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ka = O,Na, a = 1,2. 

Here we have 

From this it follows that the operator A has a simple eigenvalue equal to zero 
which corresponds to the eigenfunction I'oo(i,j) == 1/.;r;r;.. This function 
forms a basis for the subspace ker A. The functions I'klk2(i,j) for 0:5 ka :5 
N a and kl + k2 f: 0 form a basis for the subspace im A. 

To solve equation (5), we look at an iterative scheme for the alternating
directions method 

Yk+! - Yk I Blc+l + AYk = , k = 0,1, ... , Yo E H, 
Tk+l 

Bk = (wil) E + Al) (wi2) E + A2)' Tk = will + wi2). 
(6) 

In order to avoid imposing auxiliary conditions on {Tk} and {B,.} connected 
with the separation of the component fin E im A, we require that the right
hand side I be orthogonal to ker A. If the given I does not satisfy this 
condition, then we change it to 11 = I - (1,1'00)1'00 in (6). 

Notice that the operators Bk and A commute for any k. Therefore by 
the corollary to lemma 2, the conditions 1 will be satisfied (there we must 
change B to the operator Bk). In addition, by lemma 3, the operator B;;l 
maps im A onto im A. 

We use the above facts to study the convergence of the scheme (6). Since 
lEimA, then, assuming that Yk E imA, we obtain from (6) that 

Therefore, if we choose Yo = 0, then Yo E im Aj consequently, for any 
k ~ 0 the iterative approximations Yk E imA. Thus, the scheme (6) can be 
considered only on the subspace im A. 

We now investigate the convergence of the scheme (6) in im A using the 
norm of the space HD, where D is taken to be one of the operators E, A, 
or A2. Each of these operators will be positive-definite in im A. The means 
for studying the convergence of the scheme (6) is precisely the same as that 
used in Chapter 11 for constructing the alternating-directions method in the 
non-singular case. Therefore we limit ourselves only to the formulation of the 
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problem of choosing the optimal set of parameters, omitting all the necessary 
computations. 

The optimal parameters W~l) and w~2) for the scheme (6) must be chosen 
from the condition 

Here for the error Zn = Yn - u, where u is the normal solution of equation 
(5), we have the estimate 

/I Zn /I D:5 Pn /I Zo /I D • 

Notice that for this example the condition that u is orthogonal to ker 
A can be written in the form (u,l) = O. Any other solution of equation (5) 
differs from the normal solution u by a function equal to a constant on the 
grid w. Therefore one possible solution of problem (3) can be determined by 
fixing its value at one point of the grid w. 

The problem formulated above for the parameters differs from the prob
lem we considered in Section 11.1, but it can be reduced to it by means of 
certain simplifications, at the cost of a decrease in the possible convergence 
rate of the iterative method. We denote 

tJ,. = maxA~), 
a .. 

~ 
'1 =-, tJ,. 

.. . = .!.w(l) = .!.W(2) J' - 1 2 n 
"'1 tJ,. 1 tJ,. l' -" .. 0' 0 

Using this notation and the structure of the region n, the problem of choosing 
the parameters can be formulated as: choose "'j, 1 :5 j :5 n, from the condition 

Here, obviously, fin > Pno 
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This problem was also looked at in Section 11.1. Recall that there we 
obtained formulas for the "'j and for the iteration count n = nO(f) which 
guaranteed that the inequality p; :5 f was satisfied. Since here we must 
insure that Pn :5 f, then in the formulas for '" j and no ( f) of Chapter 11 it 
is necessary to replace f by f2. Then for the error in the method (6) we will 
have the estimate II Zn IID:5 f II Zo liD. We give now the form of the estimate 
for the iteration count: n ~ no ( f), 

For example, if h = 12 = I and hI = h2 = h, then 

• 2 7rh 
." = sIn -, 

2 

Consequently, for the Neumann problem, the alternating-directions method 
requires practically twice as many iterations as for the case of a Dirichlet 
problem if the estimate for the iteration count is of the same order. 

Notice that since the iterative parameters "'j satisfy the estimate (cf. 

Section 11.1) ." < "'j < 1, then the parameters w;l) and w?) belong to the 

interval (6, ~). Therefore the operators wka) E+Aa are positive-definite in H, 
and they can be inverted using the usual three-point elimination algorithm. 

12.4.2 A direct method for the Neumann problem. We look now at a direct 
method - a combination of the separation of variables method and the 
reduction method - for solving the difference problem (3). Recall that such 
a method was constructed in Section 4.3.2 for the following boundary-value 
problem: in the region G we are given equation (1), on the sides X2 = 0 and 
X2 = 12 the boundary conditions (2) are given, but on the sides Xl = 0 and 
Xl = I}, instead of the second-kind boundary conditions (2), we are given 
boundary conditions of third kind 

au -a = "'-Itt - 9-I(XI), Xl = 0, 
Xl 

au -- = "'+IU - 9+I(XI), Xl = h, 
aX2 

where "'-1 and "'+1 are non-negative constants which are not both zero. The 
corresponding difference problem differs from the problem (3) only in the 
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definition of the operator AI. There we dealt with the operator AI: 

2 
hI (Y"l - II:-IY), Xl = 0, 

A1 y = YX1"1' 

The requirement that 11:-1 and 11:+1 did not simultaneously vanish guaranteed 
the solubility of the difference problem and the uniqueness of the solution. In 
the algorithm for this method, this requirement was used only for the solution 
of the three-point boundary-value problems for the Fourier coefficients of the 
desired solution. Therefore to solve the problem (3), we can formally use 
the algorithm developed in Section 4.3.2, setting 11:-1 = 11:+1 = 0, and then 
separately consider the question of the solution of the three-point boundary
value problems which arise. 

We return now to the problem (3). We will assume that f .1 ker A, 
i.e. that (f,1) = 0. Then the problem is soluble, the normal solution u is 
orthogonal to ker A, and one of the possible solutions can be determined by 
fixing its value at one node of the grid w. In this algorithm, it is convenient 
to determine one of the possible solutions, not by fixing the value at a node, 
but by fixing the value of one of the Fourier coefficients. Suppose y( i, j) is the 
solution of the problem (3). Then the normal solution u can be found using 
the formula 

u = Y - (y, /-'00)/-'00, /-'oo(i,j) = 1/.jlJ;. (7) 

We give now the algorithm for a direct method of solving the Neumann 
problem (3) for Poisson's equation in a rectangle. 

1) For ° $ i $ N 1 , compute the values of the function 

{ 
2[f(i,0) + f(i,l)]-h~Ad(i,O), 

cp( i,j) = f( i,2j -1) + f( i,2j + 1) + 2f( i,2j) - h~Ad( i,2j), 
2[f(i,N2)+ f(i,N2 -1)]- h~Ad(i,N2)' 

11:-1 =11:+1 =0. 

j=o, 

1$j$M2 -1, 

j=M2 , 

2) Using the algorithm for the fast Fourier transform, compute the 
Fourier coefficients of the function cp( i, j): 

M2 k . 
( .) '"' (..) 27r) 

Zk2 Z = L..JpjcP Z,) cosMo' 
j=o 2 
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3) Solve the three-point boundary-value problems 

4sin2 ~~ Wk2(i) - h~AIWk2(i) = h~Zk2(i), 0:5 i :5 Nt, 

4cos2 :~ Yk2(i) - h~AIYk2(i) = Wk2(i), 

(8) 

for 0 :5 k2 :5 M 2 , and as a result find the Fourier coefficients Yk2 (i) of the 
function y(i,j). 

4) Use the algorithm for the fast Fourier transform to find the solution 
of the problem on the even rows of the grid w 

and solve the three-point boundary-value problems 

2y(i,2j -1) - h~Aly(i,2j -1) 

= h~f(i, 2j - 1) + y(i, 2j - 2) + y(i, 2j), 

to find the solution on the odd rows. 

Here we have used the notation 

M2 = 0.5N2 , Pi = {
I, 

0.5, j = 0,M2 , 

the operator Al is defined in (4), and we have assumed that N2 is a power 
of 2. The operation count for this method will be equal to O( N 2 log2 N) for 
NI=N2=N. 

We separate one solution from the totality of solutions to problem (3) 
in the following way. Of all the three-point boundary-value problems which 
must be solved, only one problem (8) for k2 = 0 has a non-unique solution. 
We choose here one of these solutions to guarantee the solution of the problem 
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posed above. The difference problem (8) for k2 = 0 has the form 

AIWO(i) = -zo(i), o ~ i ~ NI, 

or 

(WOh1:1:1 = -zo(i), 1 ~ i ~ NI -1, 

2 
hI (WO):l:1 = -zo(O), i = 0, (9) 

2 
--(WOh1 = -zo(Nt), i=N. 

hI 

It is not difficult to show, using the orthogonality of f(i,j) to I'oo(i,j), 
that the grid function zo(i) is orthogonal to the function I'o(i) = 1/..;r; in 
the sense of the inner product 

11 

(u,vh = L u(xt}v(Xt}1i}(XI)' 
:1:1=0 

And since I'o(i) is a basis for the subspace ker AI, the problem (9) has a 
solution. We choose one of the solutions by fixing the value of wo(i) for some 
i, 0 ~ i ~ N I . We set, for example, wo(Nt} = 0 and eliminate from (9) the 
boundary conditions for i = N I • The difference problem obtained as a result 
of this change is easy to solve by the elimination method. 

After one of the solutions y( i, j) to the problem (3) has been found using 
the algorithm described above, the normal solution it, if it is needed, can be 
determined using formula (7). 

In conclusion we remark that an analogous procedure of separating out 
one of the possible solutions can also be used in the cyclic-reduction method 
when it is being used to solve a Neumann difference problem. 

12.4.3 Iterative schemes with a singular operator B. The existence of direct 
methods for inverting the Laplace operator in a rectangle in the case of 
Neumann boundary conditions allows us to use such operators as the operator 
B in an implicit iterative scheme for solving singular equations. Since in this 
case the operator B is singular, it is necessary to again study the problem of 
choosing the iterative parameters. 

We examine iterative methods for solving the equation (5) under the 
following assumptions: 1) the operator A is self-adjoint and singular; 2) the 
null space of the operator A is known, i.e. we are given a basis for ker A; 3) 
the right-hand side f of equation (5) belongs to im A, i.e. f = J E imA. It 
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is easy to verify this condition, since a basis for ker A is known. Here the 
normal solution u of equation (5) is classical; it satisfied the relation 

Au=f· (10) 

Notice that by the self-adjointness of the operator A, we have the following 
orthogonal decomposition of the space H: 

H = kerA EB imA. (11) 

To solve equation (5), we consider an implicit two-level scheme 

B YkH - Yk + AYk = f, k 0 1 H = " ... , Yo E , 
TkH 

(12) 

with a singular operator B. We are interested in using (12) to find an ap
proximation to one of the solutions of equation (5). 

We formulate now auxiliary assumptions concerning the operators A and 
B. Suppose that B is a self-adjoint operator in H, and that ker B = ker A. 
In additon, assume that for any x E im A 

'Y1(Bx,x) ~ (Ax, x) ~ 12(Bx, x), 11> 0, Ax =I- 0, 

(Bx,x) > O. 

(13) 

Notice that, from the conditions B = B*, ker B = ker A, and (11), it follows 
that im A and im B are the same. 

We now study the scheme (12). Corresponding to (11), we write Yk in 
the form of a sum 

Yk = 11k + ilk, 11k E imA, ilk E ker A. 

From (12) we obtain the following equation for Yk+l: 

(14) 

where 'Pk = BYk - TkH(AYk - I). 
Since f E imA and imB = imA, then 'Pk E imA for any Yk. Conse

quently, 'Pk .1 ker B, and equation (14) has a totality of solutions in the usual 
sense; its solution Yk+l satisfies the equation 

(15) 

Notice that by the equation Bilk = Aih = 0 we have 

(16) 
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Therefore the component iii. of the iterative approximation Ylc, fi E ker A, 
does not have any influence on i7k+1. From this it follows that, in order to 
solve equation (14), it is sufficient to find some solution and then only at the 
end of the iterative process compute its projection Yn on im A, i.e. find Yn. 

We look now at the question of the choice of the iterative parameters Tic. 
From the discussion above, it follows that we should choose them so that the 
sequence Ylc converges to the normal solution u of equation (5). From (10), 
(15), and (16) we obtain the following problem for the error Zlc = Ylc - u: 

BZ/c+1 = (B - T/c+1A)ZIc, k = 0,1, ... , (17) 

where Zlc E imA for any k ~ O. 

Since by (13) the operators A and B are positive-definite in the subspace 
im A, it is possible to investigate the convergence of the scheme (17) in the 
usual way using the norm of the energy space HD, where D = A, B, or 
AB-1 A. Since in this case the operator DB-1 A is self-adjoint, the parameters 
Tic can be chosen using the formulas for the Chebyshev iterative method (cf. 
Section 6.2) 

Tic = , 
1 + poJ-l1c 

TO M * {(2i-l)1l" . } k J-llc E n = cos 2n ,1 :5 l :5 n ,1:5 :5 n, 

2 l-e l-Je 
TO = "1'1 + "1'2 ' Po = 1 + e P1 = 1 + Je' 

n ~ nO(f) = In(0.5f)/lnp1' 

e _ "1'1 
0,.- , 

"1'2 
(18) 

using "1'1 and "1'2 from the inequalities (13). Then for the error zn after n 
iteration, we have the estimate 

II zn IID:5 f II Zo liD . 

The motivation for considering iterative methods with a singular operator B 
can be described as follows. If the operator B is such that finding the solution 
of equation (14) is sufficiently simple, then the original problem (5) can be 
approximately solved effectively by such a method, whenever the ratio e is 
not too small. 

We give an example of one difference problem as an illustration of this 
method. Suppose that on the rectangular grid 

W = {Xii = (iht,jh2) E G, 0:5 i :5 N1, 0:5 j :5 N2, 

hOlNOI = 101 , a = 1,2}, 
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in the rectangle G, it is necessary to find the solution to a Neumann problem 
for an elliptic equation with variable coefficients 

Ay=-/(x), xEw, 
(19) 

where 

{ 
9-0I(XP), XOi = 0, 

'POI ( x Ol ) = 0, hOi :5 XOi :5 101 - hOi, 

9+0I(XP), XOi = 101 , 

atl(x) = al(xI + h},x2), atl(x) = a2(xI,x2 + h2). 
It is assumed that the coefficients aleX) and a2(x) satisfy the conditions 

(20) 

The scheme (19) is a difference analog of a Neumann problem for an elliptic 
equation 

x E G, 

XOi = 0, f3 = 3 - lX, 

The space H was defined in Section 12.4.1. Introducing the operator A = -A, 
we write the difference problem (19) in the form of equation (5). It is easy to 
verify that A = A *, and the Green difference formulas give 

2 

(Ay, y) = L (aOly;", 1)01' (21 ) 
01=1 
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where we have used the following notation 

I~ I .. 

(u, V)a = L L u(x)v(x)1ip(xp)ha , f3 = 3 - a, a = 1,2. 
z~=Oz .. =h .. 

It is not difficult to show that the operator A is singular and that for any 
coefficients aa(x) satisfying (20), the kernel of the operator A consists of the 
grid functions which are constant on w. Therefore, as a basis for ker A, it is 
possible to use the familiar function JJoo(i,j) = 1/vr;r;.. 

We now define the operator B = -A, where A = Al + A2, 

2 
ha Yz .. , Xa =0, 

AaY = Yz .. z .. , 

a = 1,2. 

The operator B is self-adjoint in H, and in Section 12.4.1 it was remarked 
that the function JJoo(i,j) forms a basis for ker B. Consequently, ker A is 
known and ker A = ker B. If we take the projection of f on im A and use 
it if necessary to replace the right-hand side in the scheme (19), then all the 
requirements for the scheme (12) and for equation (5) will be satisfied. 

To apply the iterative method (12), (18), all that remains is to indicate 
'11 and '12 in the inequalities (13). Since 

2 

(By,y) = L (yL, l)a' (22) 
a=1 

and the subspaces im A and im B are the same and consist of the grid 
functions which are not constant on the grid w, then from (20)-(22) we obtain 
that '11 = Cl, '12 = C2. The necessary a priori information has been found. 

From the estimate (18) for the iteration count, it is clear that it does not 
depend on the number of unknowns in the problem, but that it is completely 
determined by the ratio Ct/C2. Further, by the choice of the operator B, 
equation (14) for Yk+l is a Neumann difference problem for Poisson's equation 
in a rectangle. Its solution can be found by the direct method outlined in 
Section 12.4.2 at a cost of O(N21og2 N) arithmetic operations. Then the 
total number of operations for this method, sufficient to obtain the solution 
of equation (19) to an accuracy 10, is equal to Q( f) = O(N21og2 Niin fl). 
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In this chapter we study iterative methods for solving non-linear difference 
schemes. In Section 13.1 we outline the general theory of iterative methods 
for abstract non-linear operator equations in a Hilbert space; various as
sumptions concerning the operators are considered. In Section 13.2, we look 
at the application of the general theory to the solution of difference analogs 
of boundary-value problems for quasi-linear second-order elliptic equations. 

13.1 Iterative methods. The general theory 

13.1.1 The simple iteration method for equations with a monotone operator. 
In the preceding chapters we studied iterative methods for solving a linear 
first-kind operator equation 

Au=j, (1) 

defined in a Hilbert space H. The majority of these methods were linear and 
converged at a geometric rate. 

We move on now to the study of methods for solving equation (1) in the 
case where A is an arbitrary non-linear operator acting in H. This chapter 
is concerned with the construction of iterative methods for solving the non
linear equations (1). The construction of such methods is based as a rule on 
using an implicit iterative scheme with a linear operator B which is close in 
some sense to the non-linear operator A. Below, under various assumptions 
concerning the operators A, B, and D, we will prove general theorems about 
the convergence of an implicit two-level scheme 

B Yk+1 - Yk + AyL = j, k 0 1 H ,. =" ... , yoE 
T 

(2) 
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to the solution in HD. The study of the iterative scheme (2) begins with the 
case of a monotone operator A. Recall that an operator A defined in a real 
Hilbert space is called monotone if 

(Au-Av,u-v);:::O, u,vEH, 

and strongly monotone if there exists a 8 > 0 such that for any u, v E H 

(Au - Av,u - v);::: 811 u - v 112 . (3) 

We obtain from theorem 11 of Chapter 5 that the solution to equation (1) 
exists and is unique in the sphere II u II ~ i II AO- j II for a strongly-monotonic 
continuous operator in a finite-dimensional space H. 

We will assume that B is a linear, bounded, and positive-definite opera
tor in H, and that D is a self-adjoint positive-definite operator in H. Suppose 
in addition that we are given the constants 1'1 and 1'2 in the inequalities 

(DB- 1(Au - Av),B-1(Au - Av» ~ I'2(DB-1(Au - Av),u - v), (4) 

(DB-1(Au - Av), u - v) ;::: I'1(D(u - v), u - v), (5) 

where 1'1 > O. 

Lemma 1. Assume that the conditions (4), (5) are satisfied. Then equation 
(1) will have a unique solution for any right-hand side. 

Proof. We write equation (1) in the equivalent form 

u= Su, (6) 

where the non-linear operator S is defined as follows: 

Su = u - rB-1 Au + rB-1 j, r > O. 

For r < 2/'Y2, we will show that the operator S is uniformly contractive in 
HD, i.e. for any u, v E H we have that 

II Su - Sv liD ~ per) II u - v liD, per) < 1, (7) 

where p( r) does not depend on u and v. Then the assertion of the lemma 
will follow from theorem 8 of Chapter 5 concerning contractive mappings. 
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We have 

II Su - SV II~ = (D(Su - Sv),(Su - Sv)) = II u - v II~ 

- 2r(DB-l(Au - Av),u - v) + r 2(DB-1(Au - Av),B-1(Au - Av)). 

From (4), (5) we find that for r < 2h2 

where 

II Su - SV II~ :::; II u - v II~ -r(2 - r12)(DB-1(Au - Av), u - v) 

:::; p2(r) II u - v II~, 

Since r < 2h2' then per) < 1. The lemma is proved. 0 

(8) 

We now investigate the convergence of the iterative scheme (2) under 
the assumption that the conditions (4), (5) are satisfied. 

From (2) we find 

(9) 

where the non-linear operator S is defined above. Since the solution of equa
tion (1) satisfies equation (6), from (6)-(9) we obtain 

Yk+l - U = SYk - Su, k = 0,1, ... , 

II Yk+l - u II~=II SYk - SU II~:::; p2(r) II Yk - u II~, 

where p2( r) is defined in (8). It is not difficult to show that the optimal value 
of the convergence rate is achieved when p( r) is minimal, i.e. for r = ro = 
Ih2. Then Po = p(ro) =~, e = 1I/12' Thus we have proved 

Theorem 1. Supp08e that the condition8 (4), (5) are 8ati8jied. The itera
tive method (2) with r = ro = Ih2 converge8 in HD and the error can be 
e8timated u8ing 

II Yn - u liD:::; p~ II Yo - u liD, P = /1-1, e = 11h2, 

where u i8 the 801ution of equation (1). For the iteration count we have the 
e8timate 

n ~ nO(f) = lnf/lnpo. 0 
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Notice that, for a linear operator A, the conditions (4), (5) can be written 
in the form 

(DB- l Ay, B-1 Ay) :5 'Y2(DB- l Ay, y), (DB-lAy, y) ~ 'Yl(Dy, y). 

Consequently, in this case they are the same as the conditions imposed on the 
operators A, B, and D when the operator DB-l A is non-self-adjoint in H. 
Thus the method constructed here reduces to the first variant of the simple 
iteration method in the non-self-adjoint case (d. Section 6.4.2). 

Notice that, in place of (4), it is possible to require that the condition 

II B-l (Au - Av) IID:5 "{2 II u - V liD, (10) 

be satisfied; for D = B = E, this is a Lipschitz condition for the operator A. 
From (10) and (5) follows the inequality (4) with 'Y2 = "{~hl' 

If the operator B is self-adjoint and positive-definite in H, then it is 
possible to take the operator D to be B. Then the conditions (4), (5) will 
have the form 

(B- l (Au - Av), Au - Av) :5 'Y2«Au - Av), u - v), 

(Au - Av,u - v) ~ 'Yl(B(u - v),u - v), 'Yl > O. 

If B is non-self-adjoint and non-singular, then for D = B* B the conditions 
(4), (5) have the form 

(Au - Av,Au - Av):5 'Y2(Au - Av,B(u - v)), 

(Au - Av,B(u - v)) ~ 'Yl(B(u - v),B(u - v)), 'Yl > O. 

For D = B = E the condition (5) indicates that the operator A must be 
strongly-monotonic in H. 

13.1.2 Iterative methods for the case of a differentiable operator. A better 
estimate for the convergence rate of the simple iteration method for equation 
(1) can be obtained if stronger assumptions are made concerning the operator 
A. Namely, we will assume that the operator A has a Gateaux derivative. 
Recall that a linear operator A' ( u) is called the Gateaux derivative of the 
operator A at the point u E H if for any v E H it satisfies 

r~ II A(u + tv) - A(u) - A'(u)vll = o. 

If the operator A has a Gateaux derivative at each point of the space H, then 
the Lagrange inequality 

II Au-Av 11:5 sup IIA'(u+t(u-v))lIlIu-vll, u,vEH, 
O~t:9 
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is valid, and for any'll., v, and w E H there exists atE [0,1] such that 

(Au - Av, w) = (A' ('11. + t(v - u))z, w), z = '11. - v. (11) 

We return to the investigation of the convergence of the iterative scheme 
(2). We have 

Theorem 2. Assume that the operator A has a Gateauz derivative A'(v) in 
the sphere nCr) = {v : 11'11. - v IID$ r}, and that for any v E nCr) 

(DB-1 A'(v)y, B-1 A'(v)y) $ "12(DB-1 A'(v)y, y), 

(DB-1A'(v)y,y) ~ "11(Dy,y), "11> 0 
(12) 

for any y E H. The iterative method (2) with T = 1/'Y2 and Yo E nCr) 
converges in HD, and the error can be estimated by 

II Yn - '11. IID$ pn II Yo - '11. liD, (13) 

where '11. is the solution of equation (1), and p = JI=e, e = "11/'Y2' If the 
operator DB-1 A'(v) is self-adjoint in H for v E nCr) and the inequalities 

"11(Dy,y) $ (DB-1A'(v)y,y) $ "12(Dy,y), "11> 0 (14) 

are satisfied for any v E nCr) and y E H, then for T = TO = 2/b1 + "12) the 
estimate (13) is valid in the iterative process (2) with p = Po(1- e)/(1 + e). 

Proof. From the equation for the error 

YH1 - '11. = SYk - Su, Sv = v - T B-1 Av + T B-1 f 

and the Lagrange inequalities we obtain 

II YH1 - '11. IID=II SYk - Su IID$ sup II S'(Vk) IIDII Yk - '11. liD, (15) 
O~t~1 

where Vk = Yk+t(U-Yk) E nCr), ifYk E nCr). Since S'(Vk) = E-TB-1 A'(Vk), 
then the problem reduces to estimating the norm in H D of the linear operator 
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E - TB-1 A'(Vk). From the definition of the norm of an operator we have 

II S'(Vk) lit = sup (S'(Vk)y,S'(Vk)Y)D 
#0 (Y,Y)D 

(DS'(Vk)Y, S'(Vk)Y) 
= sup 

y'¢O (Dy, y) 

«E - TC(Vk))Z, (E - TC(Vk))Z) 
= sup 

z'¢o (z,z) 

=11 E - TC(Vk) 112, 

where C(Vk) = D-1/2(DB-1 A'(Vk))D-1/2 and where we have made the 
change of variable Y = D-1/ 2 z. 

Substituting this relation in (15), we obtain 

II Yk+1 - U IID~ sup II E - TC(Vk) 1111 Yk - u liD . 
099 

From (12) we find that for any Vk E nCr) the operator C(Vk) satisfies the 
inequalities 

(C(Vk)y,C(Vk)Y) ~ 'Y2(C(Vk)Y,Y), 

(C(Vk)Y,Y) ~ 'Y1(Y,Y)· 

Recalll that the necessary estimate for the norm of the linear operator 
E - TC(Vk) under these assumptions was obtained in Section 6.4.2. Namely, 
for T = 1h2 we have II E - TC(Vk) II~ p, where p = v'1'='e, ~ = 'Y1h2. 
The first assertion of the theorem has been proved. The proof of the second 
is analogous. In this case the operator C(Vk) is self-adjoint in H, and the 
estimate for the norm of the operator E - TC(Vk) was obtained earlier in 
Section 6.3.2. Theorem 2 has been proved. 0 

In Chapter 6, in addition to the estimate used here for the norm of 
the operator E - TC(Vk) in the non-self-adjoint case, we obtained a second 
estimate under the assumption that we were given the three scalars 71, 72, 
and ;h in the inequalities 

where C1 = O.5(C - C*) is the skew-symmetric part of the operator C. In 
this case for T = To(1- K,p) we have the estimate II E - TC(Vk) II~ p, where 

73 2 _ 1 - e - 1 - K,71 
K, = ';7172 + 7f TO = 71 + 72' P = 1 + C ~ = 1 + K,72 (16) 
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Theorem 3. Assume that the operator A has a Gateaux derivative in the 
sphere nCr), which for any v E nCr) satisfies the inequalities 

;h(Dy,y):::; (DB-1 A(v)y,y):::; 72(Dy,y), '11 > 0, 

II 0.5(DB-1 A'(v) - A'*(v)(B*)-1 D)y II~-l:::; 7:(Dy,y). 
(17) 

Then for T = To(l - Kp) and Yo E nCr) the iterative method (2) converges 
in HD, and the estimate (13) is valid for the error, where p = p is defined 
in (16). 

Proof. We will show now that, if the operator A'(w) satisfies the conditions 
(17) for w E nCr), then for any u,v E nCr) the inequalities (4), (5) are valid 
with constants '11 = 711 '12 = (72 +73)2/71 , Then from lemma 1 it will follow 
that equation (1) has a unique solution. 

By (11) we have that for u,v E nCr) and t E [0,1] 

(DB-1 Au - DB-1 Av,u - v) = (Ry,y), R = DB-1 A'(w), 

where y = u - v, w = u + t(v - u) E nCr). From (17) we obtain (Ry,y) ~ 
71(Dy,y), i.e. the inequality (5) is satisfied with '11 = 71' 

Further we have (DB-l Au - DB-1 Av, z) = (Ry, z). We represent the 
operator R in the form of the sum R = Ro + Rb where Ro = 0.5(R + R*) is 
the symmetric and Rl = 0.5(R - R*) = 0.5(DB-1 A'(w) - A'*(w)(B*)-1 D) 
is the skew-symmetric part of the operator R. 
By the Cauchy-Schwarlz-Bunyakovskij inequality and the conditions (17) 

(R1y,z) = (D-l/2Rly,Dl/2z):::; (D-1R1y,R1y)I/2(Dz,z)I/2 

=11 R1y IID-l (Dz, z)I/2 :::; 73(Dy, y)I/2(Dz, z)I/2. 

From the generalized Cauchy-Schwarlz-Bunyakovskij inequality we find 

(Roy, z) :::; (Roy, y)I/2(Roz, z)I/2 

= (Ry, y)I/2(Rz, z)I/2 :::; 72(Dy, y)I/2(Dz, Z)I/2. 

Thus, we obtain the inequality 

Setting z = B-1(Au - Av) and using (5), we will have 

(DB-l (Au - Av), B-1(Au - Av)) :::; (72 ~ 73)2 (DB-1(Au - Av), u - v). 
'11 

The assertion is proved. 0 
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13.1.3 The Newton-Kantorovich method. In theorems 2 and 3 we assumed 
that the Gateaux derivative A' (v) existed and satisfied the corresponding 
inequalities for v E nCr) = {v : II u - v IID~ r}, where u is the solution of 
equation (1). 

From the proof of the theorem it follows that it is sufficient to require 
at each iteration k = 0,1, ... only that these inequalities be satisfied for 
v E n(rk), where rk =11 u - Yk liD. 

In this case 71 and 72 (and also 'h, 12, and 13) can depend on the 
iteration number k. If we choose the iterative parameter T from the formulas 
of theorems 2 and 3, then we obtain the non-stationary iterative process (2) 
with T = Tk+!. 

In addition, it is possible to consider the iterative process 

k = 0,1, ... , Yo E H, (18) 

in which the operator B = Bk+! also depends on the iteration number. How 
should the operators B k be chosen? If the operator A is linear, then A' (v) = A 
for any v E H. From theorems 2 and 3 it follows that for B = A'(v) = A 
the convergence rate of the iterative method (2) will be maximal. Namely, 
for any initial approximation Yo, we obtain that Yl = u. 

We now choose the operator Bk+l for the case of a non-linear operator 
A in the following way: Bk+l = A'(Yk). We obtain the iterative scheme 

A'(Yk)Yk+l - Yk + AYk = j, k 0 1 H = " ... , Yo E . 
Tk+l 

(19) 

In correspondence with the remainder of the terminology, the iterative process 
(19) will be called non-linear. For Tk == 1 it is referred to as the Newton
K antoro'IJich method. To estimate the convergence rate of the iterative process 
(19), it is possible to use theorems 2 and 3, in which B is changed to A'(Yk). 
In particular, for the case D = E for Tk+! = 1/"'12 we have the estimate 

II Yk+l - U II~ p II Yk - u II, p = VI - 71172 < 1, (20) 

where 71 and 72 are taken from the inequalities (12) in theorem 2 

II (A'(Yk»-1 A'(v)y 112~ 72«A'(Yk»-1 A'(v)y,y), 

«A'(Yk»-1 A'(v)y,y);:::: 71(Y,Y), 71> 0 

and Y E H, v E n(rk) and rk =11 U - Yk II. From (20) follows that rk+l = 
II Yk+l -u II~ prk < rk and, consequently, rk -+ 0 as k -+ 00. Therefore, if the 
derivative A' (v) is continuous in a neighborhood of the solution as a function 
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of v with values in the space of linear operators, then as k -+ 00 we have that 
1'1 -+ 1 and 1'2 -+ 1. This leads to an acceleration in the convergence of the 
iterative method (19) as the iteration number k increases. 

The discussion here shows that methods of the form (19) have, under 
certain auxiliary assumptions about the smoothness of the operator A'(v), a 
convergence rate that is better than geometric. 

We now consider the Newton-Kantorovich method (19) with T == 1. We 
investigate the convergence of this method under the following assumptions: 
1) the inequalities 

II A' (v) - A' (w) II :5 a II v - w II, a 2: 0, 

II A'(v)y II 2: ~ II y II, y E H, f3 > 0 

(21) 

(22) 

are satisfied for v, w E n(r); 2) the initial guess Yo belongs to the sphere nCr), 
where r = miner, 1/(af3». 

Theorem 4. If the assumptions 1) and 2) are satisfied, then for the error of 
the iterative method (19) with Tic == 1 we have the estimate 

1 2ft II Yn -u 11:5 af3(af311 Yo -u II) . 

Proof. From (19) we obtain the following relation: 

A'(YIc)(YIc+1 - u) = A'(ylc)(YIc - u) - (Aylc - Au) = Tylc - Tu, 

Tu = A'(ylc)u - Au, 

(23) 

where u is the solution of equation (1). From this, using the Lagrange in
equalities for a non-linear operator T, we obtain 

where Vic = Ylc + t( u - Ylc). From the definition of the operator T we will have 

We assume that Ylc E n(r). Since r :5 r, then Ylc E n(r), and, consequently, 
Vic E n(r). From the inequalities (21) we will have 

II T'(vlc) 11=11 A'(ylc) - A'(vlc) 11:5 a II Ylc - Vic 11= at II Ylc - u II, 
sup II T'(vlc) 11:5 a II Ylc - U II . 

0:::; t:::; 1 
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Thus, we have found the estimate 

Using the inequality (22), from this we obtain 

II Y1:+1 - U II~ 0:(311 Yk - U 112 • (24) 

Notice that, since II Yk - U II~ rand o:(3r ~ 1, then 

II Y1:+1 - U II~ o:(3r II Yk - U II~II Yk - u II~ r. 

Consequently, from the condition Yk E O(r) it follows that Y1:+1 E O(r). Since 
Yo E O(r), then by induction we find that Yk E O(r) for any k ~ O. Therefore 
the estimate (24) is valid for any k ~ O. 

We now solve inequality (24). We multiply it by 0:(3 and denote qk = 
0:(3 II Yk - u II· For qk we obtain the inequality qk+1 ~ q~, k = 0,1,. '" By 
induction it is easy to show that its solution has the form qn ~ qf, n ~ O. 
Consequently, we have the estimate, 

0:(311 Yn -u II~ (0:(311 Yo - U lit'· 

From this follows the assertion of the theorem. 0 

Remark 1. If the initial guess Yo is chosen so that r ~ p/(o:(3), P < 1, then 
from (23) we obtain the estimate 

II Yn - U II~ p2"-1 II Yo - U II 

and the estimate 

for the iteration count. 

Remark 2. If, instead of the condition (21), the inequality 

II A'(v) - A'(w) II~ 0: II v - w liP, P E (0,1], 

is satisfied, then for the error we have the estimate 



13.1 Iterative methods. The general theory 361 

In the proof of theorem 4, we obtained an estimate for the error (23). 
This estimate is useful from the point of view of its practical application, but 
it is also important for the theory of the method, since it demonstrates the 
convergence near to the solution u. 

Theorem 4 enables us to find a region where a solution does not exist. In 
fact, the theorem asserts that Yk converged to u if II Yo - u 11:5 f. Therefore, 
if the iteration does not converge, then there are no solutions to equation (1) 
in the sphere II Yo - u 11:5 f with center at the point Yo. 

We remark that, if the operator A has a second Gateaux derivative in 
the sphere nCr), then in the inequality (21) 

a = sup II A" (v + t( w - v)) II . 
O~t~l 

To realize the iterative scheme (19) for any k, it is necessary to solve the 
linear operator equation 

(25) 

where 
(26) 

IT v is the exact solution of equation (25), then in (19) Yk+l = v. 
The operator A' (Yk) must be computed at each iteration, and it can 

require a considerable computational expense. We consider an example. Sup
pose that the Qperator A corresponds to the system of non-linear equations 

ct'i(U) = 0, i = 1,2, ... ,m, U = (Ul,U2,"" um). 

The Gateaux derivative A' (y) at the point Y = (Yl, Y2, ... , Ym) is a square 
matrix with elements aij(Y), where 

aij(Y) = a~i(U) I ,i,j = 1,2, ... , m. 
UUj u=y 

Consequently, at each iteration it is necessary to compute m2 elements of the 
matrix A'(y), where the number of unknowns in the problem is equal to m. 

In order to avoid the computation of the derivative A'(Yk) at each iter
ation, it is possible to use the following modification to the scheme (19): 

A'( ) Ykm+i+l - Ykm+i + A . - f Ykm Ykm+1 - , 
Tkm+i+l 

i = 0,1, ... ,m - 1, k = 0,1, .... 
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Here the derivative A' is computed at the end of every m iterations and is 
used to find the intermediate approximations YkmH, YkmH, ... , Y(kH)m. For 
m = 1 we obtain the iterative scheme (19). 

13.1.4 Two-stage iterative methods. It is appropriate to use the iterative 
scheme (19) in the case where the operator A'(Yk) is easy to invert. Then the 
exact solution v of equation (25) is taken as the new iterative approximation 
YH1, thus satisfying the scheme (19). We then obtain an iterative scheme 
whose operator BkH is given in explicit form: BkH = A'(Yk). 

If equation (25) is approximately solved, for example using an auxiliary 
(inner) iterative method and YHl is taken to be the m-th iterative approxi
mation vm, then YHl satisfies a general scheme(18) in which BkH '" A'(Yk). 
In this case, the explicit form of the operator BkH is not used; knowledge 
of its structure is needed only to investigate the convergence of the itera
tive scheme (18). The iterative method thus constructed is sometimes called 
a two-stage method, as implied by the special algorithm used to invert the 
operator B kH. 

We shall describe in more detail a general scheme for constructing two
stage methods. Suppose that some implicit two-level iterative method 

- Vn+l - Vn '() () BnH + A Yk Vn = F Yk , 
Wn+l 

n = 0,1, ... ,m - 1, (27) 

is used to solve the linear equation (25), where F(Yk) is defined in (26), {wn} 
is a set of iterative parameters, BnH are operators in H which can depend 
on Yk, and Vo = Yk. 

We now express Vm in terms of Yk. First we find an equation for the error 
Zn = Vn - v, where v is the solution of equation (25). From (25) and (27) we 
find 

and, consequently, 

Zm = Vm - V = Tmzo = Tm(vo - v), Tm = SmSm-l ... S1> 

Vm = (E - Tm)v + TmYk. 

From (25), (26) we obtain 

v = [A'(Yk)r 1 F(Yk) = Yk - THdA'(Yk)]-l(AYk - f). 

Substituting this v in (28), we will have 

(28) 
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From this it follows that Yk+1 satisfies the iterative scheme (18) if we denote 

(29) 

Thus, performing one step of the two-stage method involves computing F(Yk) 
using the formula (26) and completing m iterations of the scheme (27) with 
an initial guess Vo = Yk. Then Yk is taken to be the resulting approximation 

V m • 

We look now at the iterative scheme (18), (29). To estimate the conver
gence rate it is possible to use theorems 2 and 3, in which B is changed to 
B k+ I, and T to Tk+1. A deficiency of such a choice of the parameter T is that 
it is necessary to estimate 11, 12, and 13 quite accurately. 

Notice that when constructing the two-stage method, it is possible to 
begin, not with equation (25), but with a "nearby" equation 

Rv = F(Yk), 

where the linear operator R is equivalent to the operator A'(Yk) in some 
sense. In this case, in the iterative scheme (18) we have 

We now investigate this case in more detail. Suppose that the following 
conditions are satisfied 

R = R* > 0, T:;'R = RTm, 

II Tm IIR~ q < 1. 

(30) 

(31) 

Lemma 2. Assume that the conditions (30), (31) are satisfied. Then the 
operator B = R(E - Tm)-l is self-adjoint and positive-definite in H, and the 
following inequalities are valid 

(1- q)B ~ R ~ (1 + q)B. (32) 

Proof. We examine the operator B-1 = (E - Tm )R-l . From (30) we find 
(E - T:;')R = R(E - Tm) or R-1(E - T:;') = (E - Tm)R-l • Consequently, 
the operator B-1 is self-adjoint in H. 
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Since by (30) the operator Tm is self-adjoint in HR, then 

II 'T" II I(Tnx,x)RI I(RTmx,x)1 < < 1 
.L m R= sup = sup q . 

#0 (X,X)R .,~o (Rx,x) -

Consequently, for any x E H we have the inequality 

I(RTmx, x)1 :::; q(Rx, x). 

Setting here x = R-1y, we obtain 

therefore for y E H we find 

Thus we have obtained the estimate 

(1 - q)R-1 :::; B-1 :::; (1 + q)R-1. (33) 

Since R-1 and B-1 are self-adjoint operators in H and q < 1, then from 
lemma 9 in Section 5.1 it follows that the inequalities (33) and (32) are 
equivalent. The lemma is proved. 0 

Lemma 3. Suppose that the operator A has a Gateaux derivative A' (v) in 
the sphere nCr), which for any v E nCr) satisfies the inequalities 

c1(Ry,y):::; (A'(v)y,y):::; c2(Ry,y), C1 > 0, (34) 

II 0.5[A'(v) - (A'(v»*)y Ilk-t:::; c~(Ry,y), C3 ~ 0, (35) 

and suppose that the conditions (30), (31) are satisfied. Then the inequalities 
(17) of theorem 3 are valid, where 

11 = C1(1- q), 12 = c2(1 + q), 13 = c3(1 + q)2, 

D = B = R(E - Tm)-l. 

Proof. By lemma 2, the operator D is self-adjoint and positive-definite inH. 
In addition, for D = B the inequalities (17) have the form 

11(By,y):::; (A'(v)y,y):::; 12(By,y), 

II 0.5[A'(v) - (A'(v))*)y II~-t :::; 1;(By,y). 

(36) 

(37) 
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The inequalities (36) with 71 and 72 as indicated in lemma 3 follow from 
(32) and (34), and (37) is a consequence of (32), (33) and (35) since 

II z 111-1= (B- 1 z,z):5 (1 + q)(R-1 z,z) = (1 + q) II Z 111-1, 
(Rz, z) :5 (1 + q)(Bz, z). 0 

Using lemma 3, it is possible to prove an analog of theorem 3 for the 
two-stage method. 

Theorem 5. Suppose that the conditions of lemma 3 are satisfied, and that 
the two-stage method is constructed on the basis of the equation Rv = F(Yk) 
using the resolving operator Tm. If, in the iterative scheme (18) with Bk+1 == 
B = R(E - Tm )-1 which describes this two-stage method, we choose Tk == 
To(1 - 1'0,15) and Yo E n(r), then we have the following estimate for the error 

where u is the solution of equation (1), 15, 1'0, and TO are defined in (16) with 
71 and 72 as indicated in lemma 3. 

13.1.5 Other iterative methods. In this subsection, we give a brief description 
of several iterative methods which are also used to solve equation (1) with a 
non-linear operator A. 

Suppose that <1>( u) is a Gateaux-differentiable functional defined in H. 
An operator A acting in H is called potential if there exists a differentiable 
functional <1>( u) such that Au = grad <1>( u) for all u. Here the gradient of the 
functional <1>( u) is defined by the equation 

dd <1>(u + tv)1 = (grad <1>(u),v). 
t t=o 

An example of a potential operator is a bounded linear self-adjoint op
erator A acting in a Hilbert space H. It gives rise to the functional <1>( u) = 
O.5(Au, u). 

Assume that the operator A is continuously differentiable in H. The 
operator A is potential if and only if the Gateaux derivative A' (v) is a self
adjoint operator in H. 

If the operator A is potential, then the formula 

<1>(u) = 11 (A(uo + t(u - Uo)), u - uo)dt, 

where Uo is an arbitrary but fixed element of H, gives a way of constructing 
the functional <1>( u) for the operator A. 
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If the operator A is generated by the gradient of a strictly convex func
tional, then the derivative A' (v) is a positive-definite operator in H for any 
v E H. In this case, it is possible to approximately solve equation (25) us
ing iterative methods of variational type, for example in (27) the iterative 
parameters WHI can be chosen using the formulas for the steepest-descent 
method, the minimal-residual method, and so forth. 

As an example, we look at the two-stage method (18), (29) for which 
THI == 1, and in the scheme (27) m = 1 and iJI = E. Then BHI = E/WI. 
If, in the auxiliary iterative process (27), the parameter WI is chosen us
ing the formulas for the minimal-residual method (or the minimal-correction 
method), then we obtain (cf. Sections 8.2.2, 8.2.3) 

(A'(Yk)rk,rk) 
WI = II A'(Yk)rk 112 ' 

In this case, the two-stage iterative method is described by the formula 

YHI - Yk + A - f Yk - , 
WI 

where WI is defined in (38). 

k = 0,1, ... , 

(38) 

(39) 

In the situation where the operator A is not potential, the parameter 
WI can be chosen using the formulas for the minimal-error method, setting 
iJI = [(A'(Yk))*]-1 in (27) and 

(40) 

In this case, the two-stage method has the form 

YHI - Yk + (A'(Yk))* AYk = (A'(Yk))* I, k = 0,1, ... , (41) 
WI 

where WI is defined in (40). 

It is easy to see that in the method (38), (39) the parameter WI is chosen 
in order to minimize II A'(Yk)(YkH - Yk) + AYk - I II, and in the method 
(40), (41) to minilnize the norm II YHI - Yk + [A'(Yk)tl(AYk - 1) II· 

The problem of solving the equation Au = I in the case of a potential 
operator can sometimes be changed to the problem of minilnizing a functional 
generated by this operator. We remark that it is always possible to transform 
the problem of solving equation (1) to a minimization problem, even if the 
operator A is not potential. 
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In fact, suppose that c)( u) is a functional defined in H and having a 
unique minimum at u = O. As an example of such a functional it is possible 
to use c)(u) = (Du,u), where D is a self-adjoint positive-definite operator in 
H. Further, for the given equation (1) we consider the functional 

F(u) = C)(Au - I), u E H. 

IT equation (1) has the solution u, then obviously this gives the minimum of 
the functional F( u). 

We now describe a method for minimizing the function (a descent meth
od). Suppose that equation (1) is generated by the gradient of strictly convex 
functional c)( u). Assume that a minimizing sequence is constructed according 
to the iterative scheme (19), i.e. using the formula 

We denote 
(43) 

where by our assumptions grad c)(Yk) = AYk - f. We write (42) in the form 

Notice that the operator A'(Yk) is positive-definite and self-adjoint in H. 
Further, from the definition of the Gateaux derivative of a functional, we 
have 

lim [c)(Yk - Tk+!Wk) - c)(Yk)] + (gradc)(Yk),Wk) = o. 
r~+l""'O Tk+l 

Consequently, there exists a Tk+! > 0 such that c)(YHl) will be strictly less 
than c)(Yk). 

IT the minimizing sequence {yA:} is constructed using an explicit scheme 
(18) (Bk == E) i.e. according to the formulas 

then the move from Yk to YHI takes place along the direction of the gradient 
of the functional c)(u) at the point Yk. Such methods are called gradient
descent methods. There exist several algorithms for choosing the iterative 
parameters Tk, but we will not consider these questions here. 
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In conclusion we give a generalized explicit conjugate-gradient method 
which can be used to minimize the functional under the assumptions. The 
formulas for the Fletcher-Reeves algorithm have the form: 

Yk+l = Yk - ak+lwk, k = 0,1, ... , 

Wk = grad ()(Yk) + bkWk-l, k = 1,2, ... , 

Wo = grad ()(Yo), 
where 

k = 1,2, ... , 

and the parameter ak+l is chosen in order to minimize ()(Yk - ak+l Wk). 
This one-dimensional minimization problem can be solved by a method from 
numerical analysis. 

13.2 Methods for solving non-linear difference schemes 

13.2.1 A difference scheme for a one-dimensional elliptic quasi-linear equa
tion. The general theory of the iterative methods laid out in Section 13.1 will 
be applied to find an approximate solution of non-linear elliptic difference 
schemes. We begin with the simplest examples. 

We look at a boundary-value problem of the third kind for a one-dimen
sional quasi-linear equation in divergent form 

Lu = ~kl (x,u, ~:) - ko (x,u, ~:) = -¥,(x), 

kl (x,u, ~:) = KO(U) -110, x = 0, 

-kl (x,u,~~) = KI(U)-I1I, x=l. 

0< x < I, 

(1) 

We will assume that the functions kl(x,Po,pt}, ko(x,po,pt}, KO(PO) and 
KI (po) are continuous in Po and PI and satisfy the strong ellipticity conditions 

I I 

~)ko(x,po,pt) - ko(x, qo, qt)](po - qo) ~ CI L:(po - qo)2, (2) 
0=0 0=0 

where CI > 0 is a positive constant, 0 ~ x ~ 1, IPol, Iqol, Ipd, Iqll < 00. 
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On the uniform grid w = {Xi = ih, i = 0,1, ... , N, hN = I} the problem 
(1) can be put in correspondence with the difference scheme 

where ! cp(o) + ~I-'O' i = 0, 

fi = cp(Xi), 2 1 ~ i ~ N - 1, 

cp(l) + hl-'l, i = N. 

The difference operator A is defined by the formulas: 

1 
AYi = 2 ([k1(x,Y,YZ)]f + [k1(x,Y,Yf)]z 

-ko(x, y, Yz) - ko(x, y, Yf)}i' 1 ~ i ~ N - 1, 

1 
Ayo = h [k1(0,yo,Yx,o) + k1(h,Y1,Yf,1)] 

2 
- ko(O,yo,Yz,o) - hKO(Yo), i = 0, 

1 
AYN = -h [k1(l- h,YN-1,Yz,N-t) + k1(I,YN,Yf,N)] 

2 
- ko(l, YN, Yf,N) - hK1(YN), i = N. 

(4) 

If the non-linear operator A is defined in the space H = H (w) by the relation 
A = -A, then the difference scheme (4) can be written in the form of the 
operator equation Au = f. 

We investigate the properties of the non-linear operator A mapping from 
H into H. Recall that the inner product in H(w) is defined by the formula 

N-1 
(u, v) = L UiVi h + O.5h( UOVo + UNVN), 

i=l 

and we denote by (u, v)..,+ and (u, v)..,- the sums 

so that 

N 

(u,v)..,+ = LUiVih, 
i=l 

N-1 
(u,v)..,- = L UiVi h, 

i=O 

1 
(u,v) = 2 [(u,v)..,+ + (u,v)..,-]. 
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We shall show that if the conditions (2), (3) are satisfied, then the op
erator A is strongly monotone in H(w), i.e. the inequality 

(5) 

is satisfied, where C1 is defined in (2). 

We denote Po = Po = Ui, qo = qo = Vi, P1 = U."i, P1 = Uz,i, q1 = V."i, 

q1 = Vz,i. Using the definition of the operator A, the summation-by-parts 
formulas (cf. (7), (9) Section 5.2), and the conditions (2), (3), we obtain 

+ ~ ~ h {t,[k.(X .Po. "') - k.(x ....• ,J](P. - •• ) }, 

+ [K1(fio) - K1(qO)](fio - qo) li=N + [KO(Po) - Ko(qo)](Po - qO)li=O 

Taking into account the relation U."i = Uz,i+b we write the resulting estimate 
in the form 

C1 (Au -Av,u-v) ~ "2[(u-v,u-v)",+ +(u-v,u-v)..,-

N N-1 

+ Lh(u-v)L+ Lh(u-v)~,i] 
i=1 i=O 

From the remark 2 to lemma 12 of Chapter 5 it follows that this estimate is 
not optimal. 

Thus, the strong monotonicity of the operator A has been established. 
By the continuity of the functions ka(x,Po,pt) and Ka(Po), the operator A is 
continuous in H. Therefore from theorem 11 of Chapter 5 we obtain that the 
solution to equation Au = f exists and is unique in the sphere II U II ~ (1/ C1) X 

II AO - f II, and, consequently, this is also true for the difference problem (4). 

If ka(x,Po,pt) and Ka(PO)' a = 0,1 are continuously differentiable func
tions of their arguments, then in place of (2), (3) it is possible to use other 
sufficient conditions to guarantee the strong monotonicity of the operator A. 
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We will assume that the following conditions are satisfied 

111 

Cl 2.:e! ~ 2.: aaP(X,Po,Pl)eaep ~ C2 2.:e!, Cl > 0, (6) 
01=0 a,p=O 01=0 

(7) 

where e = (eo, et)T is an arbitrary vector and 

a,j3 = 0,1. 

We shall show that (2), (3) follow from the conditions (6), (7). In fact, we 
have that 

1 

= J ~ ka(x, tpo + (1 - t)qO, tpl + (1 - t)qt)dt 
o 

where So = tpo + (1 - t)qO, SI = tpl + (1 - t)ql. Multiplying this equation by 
POI - qa and summing it for a between 0 and 1, we obtain using (6) 

1 

~)ka(X,Po,pl) - ka(x, qo, qdl(Pa - qa) 
01=0 

1 1 

= J L aap(x,so,SI)(Pa-qa)(pp-qp)dt 
o a,p=O 

1 1 1 

~ Cl J L(Pa - qa)2dt = Cl L(Pa - qa)2. 
o 01=0 01=0 
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Thus, the inequality (2) has been obtained. Analogously, from (7) we obtain 
inequality (3) 

Thus, the conditions (6), (7) guarantee the existence and uniqueness of a 
solution to the difference problem (4). 

We now find the Gateaux derivative of the operator A, assuming that 
the functions ka(X,PO,PI) and lI:a(Po), Q = 0,1, have bounded derivatives of 
the necessary order in Po and Pl. 

From the definition of the Gateaux derivative of a non-linear operator 
we will have 

A'(U)Yi = - ~ {[a11(x, U, Ux)Yx]x,i + [a11(x, U, ux)Yx)x,i 

+[alO(x, u, Ux)Ylx,i + [alO(x, U, Ux)y]x,i} 

1 + "2 {aOI (x, U, Ux)Yx,i + aOI(x, U, Ux)Yx,i 

+ [aoo(x, u, ux) + aoo(x, u, Ux»)Yi}, 1:5 i :5 N - 1. 

For i = 0 we obtain 

A'(u)yo = -X[a11 (O'uo,ux,o) + au(h,UI.Ux,l) 

2 
- haOI(O,UO,ux,o) + halO(h,uI.Ux,d)yx,o + h[o"o(uo) 

1 1 h 
- "2alo(O, Uo, ux,o) - "2alo(h, UI, ux,d + "2aoo(O, Uo, ux,o»)Yo, 

and for i = N we will have 

A'(U)YN = ~[a11(l- h, UN-I, Ux,N-I) + a11(l, UN, Ux,N) 

2 
+ haOI(l,UN,Ux,N) - haIO(I- h,UN-I,Ux,N-d)Yx,N + h"[UI(UN) 

1 1 
+ "2alo(l, UN, Ux,N) + "2alO(l- h, UN-I. Ux,N-I) 

h + "2aoo(lt, UN, Ux,N »)YN. 
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Notice that, when computing A'(u)yo and A'(U)YN, we used the equali-
ties 

Yl = Yo + hyz,o, YN-l = YN - hYi,N' (8) 

We now investigate the properties of the Gateaux derivative A' ( u) of the 
operator A. 

Lemma 4. If the conditionJ 

ok1(x,PO,Pl) _ oko(x,Po,pt} 
oPo - OPI 

(9) 

are JatiJjied, then A'(u) iJ a Jelf-adjoint operator in H. If the conditionJ (6), 
(7) are JatiJjied, then it iJ pOJitive-dejinite in H. 

Proof. Using the summation-by-parts formulas, and also the relations (8), 
we obtain 

N-l 

(A'(u)y,z) = ~ L h[all(x,u,Uz)Yz zz +alO(x,u,Uz )Yzz 
i=O 

1 N 
+ 2 L h[all(x,u,Ui)Yi zi +alO(x,u,Ui)YZi 

i=l 

(10) 

Equating this expression with the expression for (y, A' (u)z), we obtain, using 
the condition alO(x,po,pt} = aOl(x,PO,pt}, which is just another form of (9), 
that the operator A' ( u) is self-adjoint in H for any u E H. 

Suppose now that the conditions (6), (7) are satisfied. Setting Zi == Yi in 
(10), we obtain 

(A'(u)y, y) 2:: ~ [~ h (Y? + y~,i) + t. h (Y? + yL) 1 
=Cl [(y,y)+(y~,I)..,+] 2::Cl(Y,y), (11) 

i.e. the operator A'( u) is positive-definite in H. The lemma is proved. 0 

Notice that by theorem 2 of Chapter 5, the positive-definiteness of the 
Gateaux derivative of a continuous operator A implies that it is strongly 
monotone. Thus, if the conditions (6), (7) are satisfied, the operator A is 
strongly monotone. 
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Setting Zi == Yi in (10), we obtain from the conditions (6), (7) the upper 
bound 

(A'(u)y,y)~ ~ [%:h(Yf+Y~'i)+ t.h(Yf+YL)] 

+ C3 (y~ + y~) = C2 [(y,y) + (y~, 1)..,+] + C3 (y~ + y~). 

From the inequalities (36) of lemma 15 Chapter 5 for f = 1 we find that 

8 + [2 

C4 = hf16+12 • 
(12) 

Consequently, we have 

In the space H = H(w) we define the linear operator R mapping H onto 
H by the formulas 

! 2 . -,?x,O + Yo, z = 0, 

RYi = ;Yxx,; + Y;, 1 ~ i ~ N - 1, 

-';'Yx,N + YN, i = N. 

From the first Green difference formula we find 

(Ry,y) = (y,y) + (y~, 1)..,+. (14) 

Then from (11), (13), (14) it follows easily that, if the conditions (6), (7) 
are satisfied, the Gateaux derivative A' ( u) of the operator A can be bounded 
using 

'Y1(Ry,y) ~ (A'y,y) ~ 'Y2(Ry,y), (15) 

where 'Y1 = C1 > 0, 'Y2 = C2 + C3C4, i.e. the operators R and A' are energy 
equivalent with constants that do not depend on the grid spacing h. 

Recall that we obtained above that 

(Au - Av, u - v) 2: C1 [II u - v 112 +((u - v)~, l)w+] , 

if the conditions (2), (3) are satisfied. From this and from (14) it follows that 
if the conditions (2), (3) are satisfied, then we have the estimate 

(Au-Av,u-v)2:'Y1(R(u-v),u-v), 'Y1 =C1 >0. (16) 
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We will show now that, for any u, v E H, the following estimate is valid 

(R-1(Au - Av), Au - Av) :5 'Y2(Au - Av, u - v), (17) 

where 1'2 = c2(1 + C4), if the conditions 

1 

L[kO'(x,po,pd - kO'(x,qo,qd12 

0'=0 

1 

:5 C2 L[kO'(x,Po,pd - kO'(x,qo,qdl(pO' - qO'), 
(18) 

0'=0 

are satisfied. In fact, to prove (17) it is sufficient to obtain the following 
estimate for any u, v EH 

(Au - Av,z)2 :5 'Y2(Au - Av,u - v)(Rz,z). (19) 

Then, setting here z = R-1(Au - Av), we will have (17). 

We denote 

81 = Zf,i' 

Using the definition of the operator A and the summation-by-parts formulas, 
we obtain 

(Au - Av,z)2 = (Av - Au,z)2 

{ 
1 1 

= 2 ~ ([kO'(X,Po,P1) - kO'(x, qo, q1)], sO')w-

1 1 

+ 2 L ([kO'(X,jJo,Pl) - kO'(x, qo, qd], 80')w+ 
0'=0 



376 Chapter 13: Iterative Methods for Solving Non-Linear Equations 

Using the Cauchy-Schwarlz-Bunyakovskij inequality, we sequentially obtain 

(Au - Av, Z)2 :5 { ~ ~ ([ka(x,po,pd - ka(x, qo,qd12, 1)~: (s!, 1)~_2 
1 

+ ~ L ([ka(x,po,pd - ka(x, qo, qd12 , 1)~: (s!, 1)~: 
a=O 

+ «,(;;.) - .,(ij,)18'('~N + ("CPo) - .,(",)1 ,,(,~,}' 
{
II 

:5 "2 ~ ([ka(x,Po,pd - ka(x,qo,qd1 2 , 1)",_ 

1 1 

+ "2 L ([ka(x,po,pd - ka(x, qo, qlW, 1)..,+ 
a=O 

+ [Kl(PO) - Kl(qo)l~=N + [KO(pO) - Ko(qo)l~=o} 

X { ~ ~ [(s!, 1)..,_ + (s!, 1)..,+] + s~li=N + S~li=O}. 
Taking into account that 

(Au - Av,u - v) 
1 1 

="2 L ([ka(x,Po,pd - ka(X,qO,ql)](Pa - qa), 1)",_ 
a=O 
1 1 

+ "2 L ([ka(x,Po,pd - ka(x, qo, ql)(Pa - qa), 1)..,+ 
a=O 

+ [Kl(PO) - Kl(qO)] (Po - qo)li=N + [KO(pO) - KO(qO)] (Po - qo)li=o, 

and also from (12), (14) and the notation introduced above 

1 

~ L [(s!, 1)..,_ + (s!, 1)..,+] + s~li=N + s~li=O 
a=O 

= ~ [(z2, 1)",+ + (Z2, 1)",- + (z~, 1)..,+ + (z!, 1)"'_] + zK, + z~ 
= (z2, 1) + (z~, 1)..,+ + ZK, + z~ :5 (1 + c4)(Rz, z), 

we obtain the estimate (19), if the conditions (18) are satisfied. The assertion 
is proved. 
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13.2.2 The simple iteration method. We look now at iterative methods for 
solving the non-linear difference scheme (4) that we constructed. We shall 
first show that the conditions (2), (3), and (18) are satisfied. 

To solve equation (4), an implicit iteration method is used 

B Yk+ 1 -Yk +AYk = j, k 0 1 H = " ... , Yo E , 
T 

(20) 

where A = -A, B = R and the operator R was defined above. From (20) it 
follows that finding Yk+1 given Yk requires the solution of the linear equation 

or in expanded form 

-Yk+1(i - 1) + CYk+1(i) - Yk+1(i + 1) = h\?(i), 1 ~ i ~ N - 1, 

CYk+1 (0) - 2Yk+1 (1) = h\?(O), i = 0, 

-2Yk+1(N -1) + cYk+1(N) = h2cp(N), i = N, 

where C = 2 + h2 . Since C > 2, the boundary-value difference problem can be 
solved using the monotone elimination method at a cost of O( N) arithmetic 
operations. 

It remains to indicate the value of the iterative parameter T and to give 
an estimate for the number of iterations required. Since the conditions (2), 
(3), and (18) are satisfied, the estimates (16) and (17) are valid, and they 
can be written in the form 

(Au-Av,u-v) 2:'Y1(B(u-v),u-v), 1'1 =C1 >0, 

(B-1(Au - Av), Au - Av) ~ 1'2(Au - Av, u - v), 1'2 = c2(1 + C4), 

where C1 was given in (2), C2 in (18), and C4 in (12). 

(21) 

Since the operator B is self-adjoint and positive-definite, we investigate 
the convergence of the method (20) in the energy space HD, where D = B. 
For this choice of the operator D, the inequalities (21) are the same as the 
inequalities (4), (5). Therefore it is possible to use theorem 1 to choose the 
iterative parameter To We obtain that, for T = Ih2 = 1/(c2(1 + C4)), the 

. iterative method (20) converges in HD, and the error can be estimated using 
II Yn - u IIB~ pn II Yo - u liB, P = vr=-z, ~ = 1'1/1'2, for any initial guess Yo. 

Thus, if the conditions (2), (3), (18) are satisfied, then the iterative 
simple iteration method (20) with the indicated value of the parameter T 
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enables us to obtain the solution of the non-linear difference scheme (4) to 
an accuracy e after n ~ no(e) iterations, where 

me 21ne 
no(e)=-l = ( ). 

np In 1- Cl 
c2(1 + C4) 

Since the constants Cl, C2, and C4 do not depend on the grid spacing h, the 
iteration count no(e) only depends on e and does not change when the grid 
is refined. 

We look now at the iterative method (20) under the assumptions that 
(6) and (7) are satisfied for arbitrary aafJ = oka/opfJ and U a = OK-a/oPo, 
and also assuming that the symmetry condition (9) is satisfied. Then the 
Gateaux derivative of the operator A will satisfy the inequalities (15), which, 
if we choose B = R, can be written in the form 

'Yl(By,y) ~ (A'(v)y,y) ~ 'Y2(By,y), v,y E H, (22) 

where 1'1 = Ct, 1'2 = C2 + C3C4, Ct, C2, and C3 are defined in (6), (7), and C4 in 
(12). 

Suppose that D = B. Then the operator DB-l A'(v) = A'(v) will be self
adjoint in H by lemma 4, and, consequently, the conditions of theorem 2 will 
be satisfied, and the inequalities (22) will be the same as the inequalities (14). 
Therefore the parameter T in (20) can be taken to be T = TO = 2/bl + 1'2). 

Then the error Yn - u and the iteration count can be estimated using 

II Yn - U IIB~ p~ II Yo - u liB, 
l-e 

pO=I+e' 
n ~ no(e) = Ine/lnpo. 

Here, as for the preceding method, the iteration count does not depend 
on the grid spacing h. Using the first Green difference formula, we will have 
the following representation of the norm II z II B for this choice of the operator 
B: 

II z II~= (z,z) + (z~, 1)",+. 

We have examined methods for solving a non-linear difference scheme 
that approximates a quasi-linear one-dimensional equation on a uniform grid. 
It presents no difficulty to transfer these comments to the case of an arbi
trary non-uniform grid, and also to difference schemes that approximate basic 
boundary-value problems for quasi-linear second-order elliptic equations in a 
rectangle. 
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13.2.3 Iterative methods for quasi-linear elliptic difference equations in a 
rectangle. In the rectangle (j = {O ::5 Xa ::5 101, a = 1,2} with boundary r, it 
is necessary to find the solution of the equations 

2 a ( au au) ( au au) L-a ka x,u'-a '-a -ko x,u'8'8 =-<p(x), xEG, (23) 
01=1 Xa Xl X2 Xl X2 

satisfying the third-kind boundary conditions 

( au au) ka x, u, aX1 'aX2 = lI:_a(X, u) - g-a(X), Xa = 0, 

(24) 

a = 1,2. 

We will assume, as in the one-dimensional case, that the following conditions 
are satisfied. The functions ka(x,p) and lI:±a(x,pO) are continuous in p = 
(Po, P1, 1'2) and Po, and, in addition, 

2 2 

L [ka(x,p) - ka(x,q)] (POi -qa) ~C1 L(Pa -qa)2, 
a=O a=O 

2 2 

L [ka(x,p) - ka(x,q)]2::5 C2 L[ka(x,p) - ka(x,q)](Pa - qa), 
a=O a=O 

where C1 > ° and C2 > 0, X E (j and Ipl, Iql < 00. 

In the region (j, we introduce the rectangular grid 

The simplest difference scheme corresponding to the problem (23), (24) has 
the form 

where 

Ay = -j, 

{ 
g-a(x), 

<Pa(x) = 0, 

g+a(x), 

X E w, 

Xa = 0, 

ha ::5 Xa ::5 la - hOi, 
Xa = la, 0::5 X3-a ::5 13-a, 

and the operators Aa , a = 1,2 are defined by the formulas: 

(25) 
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1) for hp ~ xp ~ Ip - hp we have 

1 
AO/y ="2 {[kO/(x, y, YXl' YX2)]X" + [kO/(x, y, YXl' YX2)]xJ 

1 - 4 [ko(x, y, YXl' YX2) + ko(x, y, YxP YX2)] , hOI ~ XO/ ~ 10/ - hOI; 

AO/y = h10/ [k!l,,(X, y, YXl' YX2) + kO/(x, y, YXl' YX2)] 

1 2 
- "2ko(x, y, YxP YX2) - hOI II:_O/(x, Y), XO/ = 0; 

1 
AO/y = - hOI [kO/(x, y, YXl' YX2) + k~l" (x, y, YXl' YX2)] 

1 2 
- "2ko(x,Y,YXl'Yx2) - hOI II:+O/(x,y), XO/ = 10/; 

2) for xp = 0 we have 

when XO/ = 0; 

XO/ = 10/; 

3) for xp = Ip we have 

AO/y = h20/ k!1"(x,Y,YxPYx2) - :0/ II:_O/(x,y), XO/ = 0; 

2 2 
AO/y = --h kO/(x,Y'YXl'Yx2) - ko(x,Y'YXl'Yx2) - hll:+O/(x,y) 

0/ 0/ 

when XO/ = 10/. 
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Here f3 = 3 - a, a = 1,2 and we have used the notation 

= kl (x;+1,j, y(i + 1,j), YXl (i + 1,j), YX2(i + 1,j)), 

and also the analogous notation for kill and k;12. 

In the space H of grid functions defined on w, we define the inner product 

Nl N2 

(u, v) = L L 1i1(i)1i2(j)u(i,j)v(i,j), 
;=0 i=O 

and the operators Aa = -Aa, a = 1,2, A = Al + A2 , R = RI + R2 ,where 

Xa = la, a = 1,2, 

and 0:5 xp :5 lp. Then the difference scheme (25) can be written in the form 
of the operator equation 

Au=j (26) 

with the non-linear operator A. 
Using the assumptions made above concerning the coefficients ka(x,p) 

and K±a(X,pO), we obtain as in the one-dimensional case that the inequalities 
(16) and (17) are valid, where C4 is the constant from the inequality 

N2 Nl 

L 1i2(j)[y2(0,j) + y2(NI,j)] + L 1it (i)[y2(i, 0) + y2(i, N2)] 
i=O ;=0 

(27) 
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We shall show that 

From the inequality (36) in lemma 15 of Chapter 5 for e = '-"2, we obtain 

Notice that, if here we change 11 to 1, then the inequality is only strengthened. 
We first multiply the left- and right-hand sides of this inequality by n2(j) and 
sum for j between 0 and N2 • We will have 

N2 

L n2(j) [y2(O,j) + y2(Nl,j)] 
j=O 

(29) 

where C4 was defined in (28). Analogously we find 

Nl L nl(i) [y2(i, 0) + y2(i, N2)] 
i=O 

(30) 

Adding together (29) and (30), we obtain inequality (27). 

To solve equation (26), it is possible to use an implicit simple iteration 
method (20) with B = Rand T = 1/'Y2 = 1/(c2(1 +C4». Then by theorem 1 
the iterative method (20) will converge in HB and the error can be estimated 
using 

Consequently, the iteration count no ( e) that is required to achieve an accuracy 
e does not depend on the number of nodes in the grid w. 
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To find YHI, we have the problem 

RYHI = cp, cp = RYk - T(AYk - f). 

Since the operator R corresponds to a boundary-value problem of the sec
ond kind for a difference equation with constant coefficients, the problem 
can be solved by the direct methods described in Chapters 3 and 4 at a 
cost of O(N2 1og2 N) arithmetic operations (NI = N2 = N = 2n). If the 
functions k,,(x,p) and K±,,(X,po) are differentiable, then the operator A will 
have a Gateaux derivative that is a self-adjoint operator in H if the following 
conditions are satisfied 

a"p(x,p) = ap,,(x,p), a,{3 = 0,1,2, (31) 

where a"p(x,p) = ak,,(x,p)/app. It is possible to show that, if in addition 
to (31) the following conditions are satisfied 

2 2 I 

CI L ~~::; L a"p(x,p)~,,~p::; C2 L ~~, CI > 0, 
,,=0 ,,=0 

a = 1,2, 

then the inequalities (15) are valid, where 1'1 = CI, 1'2 = C2 + C3C4, and where 
C4 was defined in (28). Then in the iterative method (20) with B = R, the 
parameter T can be set equal to TO = 2/(')'1 +1'2)' By theorem 4, we have the 
following estimate for the error 

/I Yn - u /lB::; P~ /I Yo - u /lB, Po = (1 - ~)/(1 + 0, ~ = 1'I/1'2' 

Suppose now that we are required to find the solution to a boundary
value problem of the first kind in the rectangle G 

2 a ( au au) ( au au) 2:-a k" x,u'-a '-a -ko x,u'-a '-a =-cp(x), XEG, (32) 
,,=1 X" XI X2 XI X2 

u(x) = 0, X E r. 

We will assume that the functions kOt(x,p) are continuous in p = (PO,PI,P2) 
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and that the following conditions are satisfied 

2 2 

L [ka(x,p) - ka(x, q)] (Pa - qa) ~ Cl L(Pa - qa)2, Cl > 0, 
a=l a=l 

[ko(x,p) - ko(x, q)] (Po - qO) ~ 0, (33) 

2 2 

L [ka(x,p) - ka(x, q)]2 ::; C2 L [ka(x,p) - ka(x, q)] (Pa - qa), 
a=O a=O 

where Cl > 0, C2 > ° for x E G and Ipl, Iql < 00. 

The problem (32), on the rectangular uniform grid Ii; = w U, introduced 
earlier, will be put in correspondence with the difference scheme 

Ay=-j, xEw, y(X) =0, xE" (34) 

where j = <p, and the difference operator A is defined as follows: 

1 
Ay = A-y ="2 ([k1(x,Y,YillYi2)]Xl + [k1(x,Y,YxlIYx2)lxl 

+ [k2(x, y, Yil' Yi2)]X2 + [k2(x, y, YX1' YX2)lx2 

-ko(x, y, Yill Yi2) - ko(x, y, YXl! YX2)} . 

We give here two more possible approximations: 

1 
Ay = A+y ="2 ([k1(x,Y,YipYx2)]Xl + [k1(x,Y,YxlIYi2)lxl 

+ [k2(x,y,YXlIYi2)]X2 + [k2(x,Y,Yi llYx2)lx2 

-ko(x, y, Yil' YX2) - ko(x, y, YXlI Yi 2)} 

and A = 1/2(A - + A+). 

For this example, H is the space of grid functions defined on w with the 
inner product 

N1-l N 2 -1 

(u,v) = L L hlh2U(i,j)v(i,j). 
i=l i=l 

If we set yl.., = ° in the equation for the scheme (34), then we obtain the 
difference scheme Ay = - j. Defining the operator A = -A, we write the 
resulting scheme in the form of the operator equation (26) in the space H. 
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Using the conditions (33), we obtain for all three approximations that 
the corresponding operator A satisfies the inequalities (16), (17): 

(Au - Av,u - v);::: '"Yl(R(u - v),u - v), 71 = Cl > 0, 

(R- 1(Au - Av), Au - Av) ~ 72(Au - Av, u - v), 72 = c2(1 + C4), 

where 

and the operator R corresponds to the Laplace difference operator Ry = 
-Ry, y(x) = y(x) for x E w, and y(x) = 0 for x E 7, Ru = UZt%t + U Z2 %2' 

To solve equation (26), we use the simple iteration method (20) with 
B = R and r = 1/72' By theorem 1, we will have the estimate 

As before, to solve the equation RYk+I = RYk - r(AYk - f) it is possible to 
use the direct methods of cyclic reduction or separation of variables described 
in Chapters 3 and 4. 

13.2.4 Iterative methods for weakly-nonlinear equations. In the rectangle 
G = {O ~ Xa ~ la, a = 1,2} we consider a weakly-nonlinear second-order 
elliptic equation 

x EG (35) 

with the first-order boundary conditions 

u(x) =0, xEr. (36) 

The weak non-linearity of equation (35) indicates that the functions ko(x,po, 
PI,P2) are defined for x E (; and Ipol, IPII, 1P21 < 00, that they are continuous 
in x for fixed Po, PI, P2, and also that there exist derivatives of the functions 
ko(x,Po,PbP2) in Po, Pb and P2, that satisfy the conditions 

C > ako > 0 
2 - apo - , I ako I < M, a = 1,2. 

apa -
(37) 
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On the rectangular uniform grid w = w U 'Y introduced earlier, the dif
ference scheme corresponding to the problem (35), (36) has the form 

Ay = 0, x E w, y(x) = 0, x E 'Y, 
1 (38) 

Ay = 'Ry - '2 [ko(x, y, y~u y~2) + ko(x, y, Yzu YZ2)] , 

where 'Ry = YOllZl + YOl2Z2 is the Laplace difference operator. 

We define now the difference operator N(v): 

+aOI(x,v,VZ1,VZ2)YZl +a02(x,v,VOll,VOl2)YOl2 

+ao2(x, v, Vzu VZ2)Yz2 + (aoo(x, v, VOlu VOl2) + aoo(x, v, Vzu VZ2»Y] ' 

where 

a=0,1,2. 

In the space H of grid functions defined on w, we define the operators: 

Ay = -Ay, Ry = -'Ry, A'(v)y = -A'(v)y, 

where 
y(x) = y(x), v(x) = v(x) for x E w 

and 
y(x) = 0, v(x) = 0, for x E 'Y. 

The operator A'{v) is the Gateaux derivative of the operator A. Using this 
notation, we write the difference scheme in the form of the operator equation 
(26). 

If ko(x,po,PI.112) does not depend on PI and 112, i.e. 

then 

In this case the operator A' ( v) is self-adjoint in H. 
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Using the lower bound for the difference operator (-'R) 

where 

the condition (37) for M = 0, and the equation 

-(A(v)y,y) = -('Ry,y) + (aoo(x,v)y,y), 

we obtain 
'y!(Ry,y):5 (A'(v)y,y):5 'Y2(Ry,y), 

where 

Consequently, if for this "self-adjoint" case we use the iterative method 
(20) with B = D = Rand T = TO = 2/(-rl + 'Y2), then by theorem 2 the error 
can be estimated using 

II y .. - u IIB:5 P~ II Yo - U liB, Po = (1 - e)/(l + e), e = 'Yt/'Y2. 

The operator R in the scheme (20) can be inverted using one of the direct 
methods. 
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In Section 14.1 we consider certain ways of constructing implicit iterative 
schemes, in particular ones based on the extraction of a regularizer. In Section 
14.2 we construct direct and iterative methods for solving difference problems 
in the multi-dimensional case. We consider an iterative method for solving a 
boundary-value problem of the third kind for an elliptic equation with mixed 
derivatives in a rectangle. Methods for solving systems of elliptic equations 
are discussed in Section 14.3. Here we consider the application of the general 
theory to the solution of certain problems in elasticity theory. In Section 14.4 
we illustrate methods for solving a Dirichlet difference problem for Poisson's 
equation in a region of complex form, based on the reduction of the given 
problem to the solution of a series of problems in a rectangle. 

14.1 Methods for constructing implicit iterative schemes 

14.1.1 The regularizer principle in the general theory ofiterative methods. In 
Chapters 6-8, 12, and 13 we laid out the general theory of iterative methods 
used to solve the operator equation 

Au = f. (1) 

In the general theory of iterative methods, we did not use the concrete 
structure of the operators of the iterative scheme - the theory uses minimal 
information of a general functional character concerning the operators. This 
enables us to indicate (for fixed operators in the scheme) general principles 
for constructing optimal iterative methods. For example, if the operators A 
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and B in the two-level iterative scheme 

B Yk+l - Yk + AYk = j, k ° 1 H = " ... , Yo E 
Tk+l 

satisfy the conditions 

B = B* > 0, A = A * > 0, 

,IB:::; A:::; ,2B, ,1 > 0, 

then the set of Chebyshev iterative parameters Tk: 

TO 
Tk = , 

1 + POllk 

where 

is optimal. 

{ (2i - 1)7r . } 
Ilk E Mn = - cos 2n ,1 :::; t :::; n , 

2 
TO = , 

11 +/2 

1-e 
pO=l+( 

(2) 

(3) 

(4) 

1:::; k:::; n, 

How do such requirements guide us to a choice of the operator B? It was 
remarked in Section 5.3 that the choice of B should be made subject to two 
requirements: 1) guaranteeing the optimal convergence rate of the method; 
2) economizing the cost of inverting this operator. 

For the example given above, the first requirement is fulfilled if the energy 
of the operator B is close to the energy of the operator A, i.e. 11 and 12 are 
close in the inequalities (4). In order to satisfy the second requirement, it is 
necessary to choose easily invertible operators B from the class of operators 
that are close in energy to the operator A. 

How do we construct easily invertible operators? It is obvious that, 
if B1, B 2, . .. ,BP are easily invertible operators, then the operator B = 
B1 B2 ... BP, their product, is also easily invertible. 

Notice that, unlike the factors, the operator B can have a complex struc
ture. For example, suppose that Ba = E + wRa, Q = 1,2, where Ra is 
the operator corresponding to the difference operator (-na): naY = Yx",x", , 
Q = 1,2. The operator Ba corresponds to a three-point difference operator 
that can be inverted using the elimination method, whose operation count 
is proportional to the number of unknowns in the problem. The operator 
B = B1 B2 has a nine-point stencil and it corresponds to the difference op
erator B; 

2 

By = Y - w LYx",x", + W2YxlxlX2X2· 
a=1 
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The complex structure of the operator B allows us to increase the ratio 
e = 1'1/1'2, and that leads to an increase in the convergence rate of the 
iterative method. 

To construct the operator B, it is possible to begin with some operator 
R = R* > 0 (a regularizer) that is energy equivalent to A and B: 

C1R ~ A ~ C2R, C2 ~ C1 > 0, 

·hB ~ R ~ 12B, 12 ~ 11 > O. 
(5) 

(6) 

Then the inequalities (4) are valid with constants 1'1 = C111, 1'2 = C212, where 

What is the idea behind the introduction of the regularizer R? For grid 
elliptic boundary-value problems, the operator R is usually chosen so that the 
constants C1 and C2 in the inequalities (5) do not depend on the parameters 
of the grid (on the number of nodes of the grid). For example, if the operator 
A corresponds to a difference operator with variable coefficients 

defined on the uniform grid w = {Xii = (ih 1,jh2 ), 0 ~ i ~ NI, 0 ~ j ~ N 2 , 

haNOi = la, a = 1, 2}, in the rectangle G = {O ~ Xa ~ la, a = 1,2}, so that 
Ay = -Ay, where y(x) = y(x) for x E wand y(x) = 0 for x E 1', then R can 
be taken to be the operator corresponding the Laplace difference operator 
Ry = (R1 + R 2)y = YZtXt + YZ 2 X 2' Ry = -Ry, and where the operators Ra 
were defined above. 

Using the Green difference formulas, it is easy to show (d. Section 5.2.8) 
that the operators A and B are self-adjoint in H and satisfy the inequalities 
(5). Here H is the space of grid functions defined on w, with inner product 
defined by the formula 

(u,v) = L u(x)v(x)h1h2 • 

xEw 

Suppose now that the operator A corresponds to an elliptic difference 
operator containing mixed derivatives 

2 

Ay = L 0.5 [(kaPYz,8)xQ + (kO/PYx,8)zQ] , 
a,p=l 
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and that the strong ellipticity conditions are satisfied: 

2 2 2 

C1 L e! ~ L kaP(x)eaep ~ C2 L e!, C1 > o. 
a=l a,p=l a=l 

We take as a regularizer the operator R defined above. In Section 5.2.8 it was 
proved that the inequalities (5) are satisfied for these operators A and R. 

We give still another example. Suppose that the operator A corresponds 
to a Laplace difference operator of high order 

We shall show that, if the operator R is chosen as the operator indicated 
above, then the inequalities (5) are valid with constants C1 = 2/3, C2 = 1. 

Using the first Green difference formula and the equality YX 1Z1X2Z 2 = 
YX1X2 Z 1 Z 2 (valid for grid functions defined on the rectangular grid w), we 
obtain 

(A 0 0) (02 1) (02 1) h~ + h~ (02 1) 
- Y'Y=Yx1 ' 1+ Yx 2' 2- 12 YX1X2 ' 12' (7) 

-('Ry,y) = (Y~l' 1)1 + (Y~2' 1)2· 

Here we have denoted 

Nl N 2 -1 

(U,V)l = L L u(i,j)v(i,j)h1h2' 
;=1 ;=1 

N 1 -1 N2 

(u,vh = L LU(i,j)V(i,j)h1h2' 
;=1 j=l 

Nl N2 

(u,vb = L L u(i,j)v(i,j)h1h2. 
;=1 j=1 

From (7) follows the estimate A ~ R, i.e. C2 = 1 in (5). Further, taking into 
account that Yz 2 (x) = 0 for Xl = 0, 11 and YXl = 0 for X2 = 0, 12 , from lemma 
12 of Chapter 5 we obtain the estimate 

(8) 
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and in analogous manner 

(9) 

Multiplying (8) by hV12, (9) by hU12, and combining the resulting inequal
ities, we will have 

From this and from (7) follows the inequality A ~ 2R/3. The assertion is 
proved. 

These examples show that, for various operators A, it is possible to 
choose the same regularizer R. Therefore the problem of constructing the 
operator B for an implicit iterative scheme is simplified. The operator B is 
constructed from the condition that it is near in energy to the regularizer R. 
The class of regularizers is significantly narrower than the class containing the 
operators A. If the operator B has already been chosen and, consequently, 
the constants 1'1 and 1'2 in the inequalities (6) have been found, then for 
each specific operator A we need only find the constants Cl and C2 in the 
inequalities (5). 

The basic difficulty is using a regularizer is obtaining estimates for 1'1 
and 1'2. Most often, the operator B has a factored form, where the factors 
depend on certain iterative parameters. This gives a family of operators B 
with a definite structure characterized by the indicated parameters. These 
paramete~s can be chosen from the condition that { be a maximum. Certain 
examples involving factored operators will be considered in the next Sec
tion. Here we remark that the operator B can sometimes be chosen as the 
regularizer R (1'1 = 1'2 = 1). 

14.1.2 Iterative schemes with a factored operator. In Section 14.1.1 the princi
ple of a regularizer was illustrated on an example with a self-adjoint operator 
A. In this case, the inequalities (4) are consequences of the inequalities (5) 
and (6). 

In Chapter 6 it was shown that, if the operator A is not self-adjoint in 
H, and the energy space HD is generated by a self-adjoint positive-definite 
operator D, where D is either B or A*B-1A, then the inequalities (4) can 
be changed to the inequalities 

1'l(Bx,x) ~ (Ax, x), (B- 1Ax, Ax) ~ 1'2(Ax, x), 1'1> 0 (10) 

or the inequalities 
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where Al = 0.5( A - A *) is the non-self-adjoint part of the operator A. Sup
pose that the operator B = B* > 0 has been constructed starting from a 
regularizer R, and that the conditions (6) are satisfied. Then, if the operator 
R satisfies the conditions 

cl(Rx,x) $ (Ax,x), (R- 1Ax, Ax) $ c2(Ax,x), Cl > 0, (10') 

then the inequalities (10) are valid with constants 11 = Cl'Yt, 12 = c2'h. 

From lemma 9 of Chapter 5 and the inequality (6) follow the inequalities 
,YtR-l $ B-1 $ 'hR- l . From this we obtain 

Analogously we prove that if the operator R satisfies the conditions 

then the inequalities (11) are valid with constants 11 = Cl'Yt, 12 = c2'h, 
13 = C373' 

Thus, in the case of a non-self-adjoint operator A as well, it is necessary 
to obtain estimates for 71 and 12 in the inequalities (6). 

We look now that the inequalities (6) for self-adjoint operators R and 
B. We consider two cases: 

1) The operator R is represented in the form of a sum R = Rl + R2 of 
mutually conjugate operators Rl and R2: 

(12) 

so that (RIX, x) = (R2X, x) = 0.5(Rx, x), x E H, and the operator B has the 
form 

(13) 

where w > 0 is a parameter. 

2) The operator R is represented in the form of a sum R = Rl + R2 + ... + 
Rp , p ;::: 2, of self-adjoint pairwise-commuting operators Roo a = 1,2, ... ,p, 
so that 

Ra = R~, RaRp = RpRa, a, f3 = 1,2, ... ,p, (14) 

and the operator B is factored and has the form 

p 

B = II (E +wRa ), (15) 
a=1 

where w > 0 is a parameter. 
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In each of these cases the operator B is self-adjoint in H. We especially 
emphasize the universality of choosing the operator B in the form (13), where 
the operators Rl and R2 satisfy the condition (12). 

Our problem consists of finding estimates for 71 and 72 in (6) and choos
ing the iterative parameter w from the condition that the ratio l = 7t!72 be 
a maximum. 

Each case will be examined separately. The first case was studied in detail 
in Chapter 10 in connection with the alternate-triangular method. Therefore 
we limit ourselves here to formulating the results. 

Theorem 1. Suppose that the conditions (12) are satisfied and that we are 
given the constants S and ~ in the inequalities 

R~SE, (16) 

Then, for the optimal value of the parameter w = Wo = 2/V8iS, the operator 
B defined by equation (13) satisfies the inequalities (6) with constants 

o S o S 
11 = 2(1 + Ji7)' 12 = 4Ji7' 

Notice that it is possible to consider a more general form for the operator 
B than (13), namely: 

where'D = V* > O. From lemma 1 of Chapter 10 it follows that theorem 
1 remains valid, and it is only necessary to change (16) to the following 
inequalities 

R~SV, 

Here the operator V plays the role of an auxiliary iterative parameter. 

The operator B is easy to invert, for example, in the case where the oper
ator Rl corresponds to a lower-triangular matrix, R2 to an upper-triangular 
matrix, and V to a diagonal matrix. If the operator R corresponds to an 
elliptic difference operator, then these triangular matrices will only have a 
finite number of non-zero elements in each row which does not depend on 
the number of nodes in the grid. Therefore the cost of inverting each factor 
entering into the operator B is proportional to the number of unknowns in 
the problem. 

We look now at the second case. 
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Theorem 2. Suppose that the operator B has the form (15), the conditions 
(14) are satisfied, and that the bounds for the operator Ra are given: 

OaE ~ Ra ~ 6.aE, oa > 0, a = 1,2, ... ,po 

Then for the optimal value of the parameter w 

1 1 _ ."l/p 
W=Wo=-

6. ."l/P -." 

the operator B satisfies the inequalities (6) with the constants 

o p6. o 0 p - k(1 - .,,) 
1'2 = 1'1 k/p' 

o 
." = 6.' 1'1 = (1 + wo6.)p' p." 

where 

and [aJ is the integer part of the number a. 0 

In view of the awkwardness of the proof, it will be omitted. We will 
only remark that, by the conditions (14), the operator B commutes with the 
operators R a , a = 1,2, ... ,p, and therefore 

o • Xl + X2 + ... + Xp 
1'1 = mIn TIP ) , 

6:5,2:0:5,.0. a=l (1 + wXa 

We indicate special cases of theorem 2. If p = 2, then 

k = 1, 
1 

Wo = ...;sz:;.' 
• 0 1 +." 
1'2 = ~ (1 +~)2' 

If p = 3, then 

k = 2, Wo = ~(~ + ~)' 'h = 30 (1 ; ~~3) 3 , 
o _ 0(1+2.,,) (1_.,,2/3)3 
1'2 - 2/3 1 ." -." 
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For the case p = 2, it is possible to obtain better estimates for 'Yt and 
..y2 by introducing into the operator 

(17) 

two parameters WI and W2 which take into account that the bounds of the 
operators RI and R2 are different. We have 

Theorem 3. Suppose that the operator B has the form (17), the conditions 

are satisfied, and that the bounds for the operator RI and R2 are given: 

Then for the optimal values of the parameters WI and W2 

1 + t.fo 
WI = , r.fo + s 

1- t.fo 
W2 = r.fo - s 

the inequalities (6) are satisfied with constants 

where 

a= 
(~l - 6d(~2 - 62) 

(~1 + 62)(~2 + 61)' 

I-b t--
- l+b' 

Proof. For the proof of the theorem, we make a change of variable, setting 

with the indicated values for r, s, and t. It is possible to show that the 
operators 
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satisfy the conditions Rex = R~, a = 1,2, RIR2 = R2RI and that they have 
the same bounds '1E ~ Rex ~ E, '1 > 0, a = 1,2. Further, since the operators 
E - tRI and E + tR2 are self-adjoint and positive-definite, then there exist 
commuting operators (E - tRd/2 and (E + tR2)1/2. We set 

We obtain 

x = (E - tRt)I/2(E - tR2)1/2 y. 

(Bx,x) = (I-WIS)(1 +w2s)(By,y), 

(Rx, x) = (r - st)(Ry, y), 

where fJ = (E + wRI)(E + WR2), R = RI + R2, 

From (20) we find 

2W = wlr - t + W2 r + t = (r - St)(WI + W2) . 
l-WIS l+w2s (I-WIS)(I+W2S) 

From this and from (18), (19) we obtain 

(Rx, x) 2W (Ry, y) 
=----:-~~ 

(Bx,x) WI +W2 (By,y)" 

Using theorem 2, we obtain that for 

w = Wo = Ij,jq 

we have the inequalities 

where 
.a Jij(1 + 1/) 
'Y2 = (1 + Jij)2 . 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

Consequently, from (20) and (22) we obtain the optimal values for the 
parameters WI and W2: 

1 +tJij 
WI = , 

rJij + s 

1- t..fo 
W2 = , r..fo - s 

and from (21) and (23) follow the inequalities (6) with constants '5'1 and '1'2 
indicated in the formulation of theorem 3. Theorem 3 is proved. 0 
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14'.1.3 A method lor implicitly inverting the operator B (a two-stage meth
od). In Section 14.1.2 we studied a method for constructing implicit iterative 
schemes where the operator B is given constructively in the form of the 
product of easily invertible operators. We now look at still another method 
in which the iterative approximation Yk+l is found as the result of an auxiliary 
procedure that can be considered as the implicit inversion of some operator 
B. 

Recall that the general idea of such a method was examined in Sec
tion 5.3.4. In Section 13.1.4 this method was used to construct an iterative 
method for solving an equation with a non-linear operator A. There we for
mulated conditions which enabled us to obtain estimates for 'h and 12 in the 
inequalities (6). 

We give those results here. Suppose that the iterative approximation 
Yk+l is found using a scheme with a correction: Yk+l = Yk - Tk+l wP, and the 
correction w P is an approximate solution to the auxiliary equation 

(24) 

Here R is a regularizer satisfying the inequalities (5) (for the case of a self
adjoint operator A) or the inequalities (10') or (11') (for a non-self-adjoint 
A). 

Suppose that equation (24) is solved using some two-level iterative 
scheme, so that the error zm = wm - w satisfies the equation 

where Sm+l is the transformation operator from the m-th to the (m + 1)-st 
iteration. 

Choosing wO = 0, then from the equations 

we will have 

P 

zP = wP - W = Tp(wO - w), Tp = II Sm, 
m=l 

Substituting the resulting expression for wP in (23), we obtain an implicit 
iterative scheme (2) with the indicated operator B. 
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Theorem 4. Suppose that the conditions 

R = R* > 0, T; R = RTp, II Tp IIR~ q < 1, 

are satisfied. Then the operator B = R(E - Tp)-l is self-adjoint and positive
definite in H and the inequalities (6) are valid with constants 'h = 1 - q, 
'5-2 = 1 +q. 

Proof. For the proof see lemma 2 of Chapter 13. 0 

Remark. If the operators R and Tp are self-adjoint, commute, and II Tp II ~ 
q < 1, then the assertions of theorem 4 are valid. 

By the method described above, we constructed an implicit two-level 
iterative scheme. If we start from the formulas 

Yk+l = Uk+lYk + (1 - Uk+l)Yk-1 - Tk+l Uk+l wt, k = 1,2, ... , 

Yl = Yo - TIW~, 

and we find the correction wt for any k = 0,1, ... as the approximate solution 
to equation (24), then we obtain an implicit three-level iterative scheme 

BYk+l = uk+l(B - Tk+lA)Yk - (1- uk+l)BYk-l + uk+lTk+d, 

BYI = (B - TIA)yo + Td· 
(25) 

In conclusion we remark that the iterative parameters Tk for the scheme 
(2) and the parameters Tk, Uk for the scheme (25) are chosen using the gen
eral theory of iterative methods. Here there arises the problem of choosing 
the optimal iteration count p for the auxiliary iterative process. We now clar
ify this issue. Suppose for simplicity that the auxiliary process is stationary 
(Sm == S), the operators R and S are self-adjoint and commutative, and that 
the condition II S II ~ p is satisfied. Then q = pP, i.e. 

p=lnq/lnp. (26) 

The .operators A and B satisfy the inequalities (4) with constants 

If the iterative parameters Tk in the scheme (2) are chosen using the formu
las for the Chebyshev method, then we have the following estimate for the 
iteration count 

n ~ no (f), nO(f) = In(0.5f)/lnpl, 
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where 
1--Ie 

PI = PI (q) = 1 + -Ie' 

Then the general iteration count k = pn can be estimated using 

k ~ kO(f), kO(f) = InO.5f lnq . 
lnp lnPI(q) 

From this it follows that the quantity q that determines, via (26), the number 
of inner iterations should be chosen in order to minimize the function cp(q) = 
Inq/lnpI(q). This problem can be solved numerically. 

14.2 Examples of solving elliptic boundary-value problems 

14.2.1 Direct and iterative methods. We consider methods for solving multi
dimensional boundary-value difference problems for elliptic equations. We 
begin with a Dirichlet problem for Poisson's equation in an p-dimensional 
rectangular parallelipiped G = {O ~ Xa ~ la, a = 1,2, ... ,p, ,p ~ 3} 

P cPu 
Lu= L 8x2 =-I(x), x=(xt,x2, ••• ,Xp )EG, u(x)=g(x), xEr. (1) 

a=l a 

On a uniform rectangular grid w = {Xi = (iIhI, ... ,iphp) E G, 0 ~ 
ia ~ Na, haNa = la, a = 1,2, ... ,p} the problem (1) corresponds to a 
Dirichlet difference problem 

p 

Ay = L AaY = -cp(x), X E w, y(x) = g(x), x E 7, (2) 
a=I 

where AaY = Yxaxa, 1 ~ a ~ p. To solve (2) we use the method of separation 
of variables. As in the case p = 2, it is possible to show that the eigenvalue 
problem for the p-dimensional Laplace difference operator on the grid w 

Ap, + Ap, = 0, x E w, p,(x) = 0, x E 7, 

has the following solution: 

(. .) lIP (a)(.) (a)(.) If. ka7ria p,,, Zt, .•• , Zp = P,"a Za, P,"a za = 1 sIn~, 
~1 a a 

1 ~ ka ~ Na -1, ° ~ ia ~ Na, 1 ~ a ~ p, 

~ 4 . 2 ka 7r ( ) 
A" = L..J h2 sm 2Na ' k = kt, ... , kp . 

a=l a 
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The functions JJk( ii, ••• , ip) are orthononnal in the sense of the scalar product 

N1-1 N,-1 p 

(u, v) = L ... L U(il"'" ip)v(it, ..• , ip) II hOI' 
i1 =1 i,=1 01=1 

Besides, any grid function v( i1 , •• • , ip) that reduces to zero on "I can be 
represented in the form of a sum 

N1-1 N,-1 

v(il! •.. ,ip) = L ... L Ck1·"k,JJk(il, ..• ,ip), 

k1=1 k,=1 

where the Fourier coefficients Ck1 ... k, = Ck are defined by the formula 

N1-1 N,-1 p 

Ck = L ... L v(il!"" i p)JJk(il,"" ip) II hOI' 
01=1 

To apply the method of separation of variables it is necessary to reduce (2) 
to a problem with uniform boundary conditions. To do this it is sufficient to 
change the right hand side cp(x) of (2) only at points near the boundary. We 
will assume that this has been done and that in (2) the function g( x) is equal 
to zero. 

The solution of the problem 

p 

LYza%a = -cp(x), x E w, y(x) = 0, x E "I, (3) 
01=1 

will be found in the form of a sum 

N1-1 N,-1 

y(il!' .. , ip) = L ... L CkJJk(il!"" ip). (4) 
k1=1 k,=1 

Expanding the right-hand side cp(x) in an analogous sum, we obtain from (3) 
that 

Ck = ~:, k = (kl!"" kp), 1 ~ ka ~ Na -1, (5) 

where CP k1 ... k, = CPk are the Fourier coefficients of the function cp(x), which 
are computed from 

N1-1 N,-1 p 

CPk = L ... L cp(ib"" ip)JJk(ib'" , ip) II hOI' (6) 
i 1 =1 i,=1 01=1 
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Thus, initially the Fourier coefficients CPk1 ... k p are computed for 1 :::; kO/ :::; 
NO/ -1, 1 :::; a :::; pj then Ck1 ... kp are found using (5)j and finally, the desired 
solution y(it, ... ,ip) is computed for 1:::; iO/:::; NO/ -1,1:::; a:::; P, using (4). 

Taking into account the structure of the functions J.Lk(il, ... ,ip ), it is 
possible to offer the following algorithm: 

1) compute the sums 

for 1 :::; iO/ :::; NO/ -1, 2 :::; a :::; pj 

2) sequentially compute the sums for m = 2,3, ... ,p - 1 

for 1:::; iO/ :::; NO/-I, m+l :::; a:::; P, and 1:::; kf1:::; Nf1-1, 1:::; j3:::; m-lj 

3) for 1 :::; kf1 :::; Nf1 - 1, 1:::; j3 :::; P - 1, compute the sums 

for 1 :::; kp :::; Np - 1. As a result the coefficients Ck1k 2 ••• k p will be found 
(up to a scale factor). 

4) compute the sums 

for 1 :::; k f1 5:. N f1 - 1, 2 5:. j3 5:. pj 

5) sequentially compute the sums for m = 2,3, ... ,p - 1 

Nm-l k . 
( . .)" ( . .). m 7rZm 

Ykm+1···kp Zl,···, Zm = L...J Yk m ···kp Zl,···, Zm-l SIn ~ 

km=l m 

for 1 5:. kf1 :::; Nf1 - 1, m + 1 5:. j3 5:. P, 1 :::; iO/ :::; NO/ - 1, 1 :::; a :::; m - 1, 
and 1 :::; im 5:. N m - Ij 
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6) compute the sums 

for 1 :s i Ot :s NOt - 1, 1 :s 0: :s p - 1. 

We now estimate the number of arithmetic operations required for the algo
rithm desribed above. If NOt = 2n a, nOt ~ 1, then these single sums can be, 
computed using the fast Fourier transform, which for sums of the form 

N-1 k . 
Yi = L ak sin ;z, 1 :s i :s N - 1, N = 2n, 

k=1 

requires (cf. Section 4.1.2) 

q = (2N - 1) log2 N - 3N + 3 

arithmetic operations. From this it follows that the total number of operations 
required to compute all the sums indicated in steps 1 )-6) is estimated by 

~ ( logNm -3) Q=2 ~ 2log2 Nm -3- N m N1N2···Np 

:s 4 g NOt log2 (g NOt). 

If N1 = N2 = ... Np = N, then Q ~ 4pNP log2 N. In addition, it is necessary 
to include another NP multiplications which are required in step 3). 

Note that for p = 2 the algorithm constructed here coincides with the 
algorithm described in Section 4.2.2. 

Suppose now that we need to solve an elliptic equation with variable 
coefficients in the case of a Dirichlet problem 

P 8 ( 8) Lu = L - kOt(x)~ = - f(x), x E G, 
8xOt 8xOt Ot=1 (7) 

u(x) = g(x), x E r. 
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On the uniform rectangular grid w, introduced above, we will have the 
Dirichlet difference problem (2), where 

We will use an iterative method to get an approximate solution of (2). As 
usual, we reduce (2) to the operator equation 

Au =/ (8) 

in the Hilbert space H of grid functions defined on w, with the scalar product 
defined by 

p 

(u,v) = L u(x)v(x) IT ha . 

xEw a=l 

If we assume that the coefficients ka ( x) satisfy 

(9) 

then using Green's difference formula, it is possible to show that 

(10) 

where the operator R corresponds to the p-dimensional Laplace difference 
operator (-n): 

p 

ny = Lyx"x". 
a=l 

In addition, the operators A and R are self-adjoint in H. To solve (8) 
we use an implicit iterative scheme 

B Yk+l - Yk + AYk = /, k 0 1 H = , , ... , Yo E , 
Tk+l 

(11) 

with the Chebyshev set of parameters {Tk } and with operator B = R. With 
this choice of B the iterative method (11) converges in HD where D is either 
A, or B, or AB-1 A, and with an upper bound n ~ nO(f) on the number of 
iterations, where 
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To find Yk+l it is necessary to solve a Dirichlet problem for Poisson's 
equation. If this is done using the direct, separation-of-variables method de
scribed above, then the number of arithmetic operations required to solve (2) 
is estimated by 

~2 2 Q = 2pNP - In - log N 
Cl f 2 

for the square grid (Nl = N2 = ... = Np = N). 

Analogously it follows that if it is necessary to solve a Dirichlet problem 
for an elliptic equation containing mixed derivatives 

p a ( au) Lu = L axCi kCifJ(x) ax = - f(x), 
Ci,fJ=l fJ 

whose coefficients satisfy a strong ellipticity condition 

p p P 

Cl L e!:$ L kCifJ(x)eCiefJ:$ C2 L e!, Cl > O. 
Ci=l Ci,fJ=l Ci=l 

We consider now examples of elliptic boundary value problems, approxi
mately solved using the iterative scheme (11) with factored operator B. 

Suppose we must solve (7) on an arbitrary non-uniform grid w intro
duced into the parallelipiped G. The corresponding difference scheme (2) 
with operator 

is written in the form of an operator equation (8), and the scalar product in 
H is given by 

Nl-l Np-l 

(u,v) = L ... L U(il, ... ,ip)v(il, ... ,ip)1il(it}···1ip(ip). 
il=l ip=l 

We choose as a regularizer the operator R = Rl + R2 + ... + Rp, cor
responding to the Laplace difference operator (-'R) on the nonuniform grid 
w 
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Applying Green's difference formula, we convince ourselves that the op
erators Ra are self-adjoint in H. In addition they commute pairwise. From 
remark I to lemma 16 in Chapter 5 it follows that the operator inequality 

holds, giving a lower bound for the operator Ra. An estimate for an upper 
bound on Ra 

follows from lemma 17 of Chapter 5. 

IT (9) is satisfied then (10) is true. To solve (8) we use the iterative 
scheme (11), where B is the factored operator B = I1~=1 (E + wRa ). 

From theorem 2 of Chapter 14 we obtain the optimal value for the it
erative parameter w, and also the constants 'Yi and 'Y2 in the inequalities 
'YiB :5 R:5 'YiB. 

From this and from (10) we find that 'Yl = Cl 'Yi and 'Y2 = c2'Yi are 
the energy equivalence constants for the operators A and B. Using them it 
is possible to construct for the scheme (11) the Chebyshev set of iterative 
parameters { Tit: }. 

14.2.2 A high-accuracy Dirichlet difference problem in the multi-dimension
al case. In this Section we consider a method for solving this problem for 
Poisson's equation in a p-dimensional rectangular parallelipiped. Recall that 
we constructed direct methods for p = 2 in Section 3.3.2 and in Section 4.3.3, 
and an alternating-direction iterative method in Section 11.2.3. 

Suppose now that p ;::: 3. In the p-dimensional parallelipiped G = 
{0:5 Xa :5 la, a = I,2, ... ,p} on the grid w = {Xi = (ilohl , ••• ,iphp) E G, 
o :5 ia :5 Na, haNa = la, 1 :5 a :5 p} we pose, corresponding to (1), the 
following fourth-order accuracy difference scheme: 

( 
p p IIp ) 

Ay = L Aa + L Ita L AaAfJ Y = -I;'(x), X E w, y(x) = g(x), X E 'Y, 
a=l a=l fJ,#a 

(12) 
where 

P h2 

AaY = YZa"'a' 1 :5 a :5 p, I;' = f + L ltaAaf, Ita = 1;· 
a=l 
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We will solve (12) using separation of variables. As usual, we assume that 
g(x) = 0, otherwise we change the right-hand side <p(x) of (12) at the near
boundary nodes and thereby take into account non-homogeneous boundary 
conditions. 

Note that the functions J-lk( i l , ... , ip) indicated in Section 14.2.1 are 
eigenfunctions of the difference operator A defined in (12), and the numbers 

p p IIp 

Ak = L A~:) - L ~a L A~:) A~), k = (kl' ... , kp), (13) 
a=l a=l p#-a 

where 
\ (a) _ -±- . 2 ka 7r k N 
Aka - h2 sm 2N ' 1 ~ a ~ a-I, 1 ~ a ~ p, 

a a 

are the eigenvalues of this operator. 

Expanding the solution y( x) and the right-hand side <pC x) as sums in 
J-lk(it, ..• , ip) (as is usually done in the method of separation of variables), 
we obtain 

where <Pk1 ... kp are the Fourier coefficients of the function <p(x) defined in (6). 
An algorithm for computing similar sums was described in detail in Sec

tion 14.2.1. In comparison with the method for solving the second-order ac
curacy Dirichlet difference problem constructed in Section 14.2.1, the only 
difference is the value of the eigenvalues Ak. Thus, these methods are prac
tically equivalent in computational costs. At the same time the difference 
scheme (12) will guarantee a more accurate solution to the differential prob
lem (1) than the scheme (2). 

Note that because of the inequalities 

from (13) we obtain 

p p IIp 

Ak ~ L A~:) - t L L A~) 
a=l a=l p#-a 
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For p 2:: 4 the difference operator A defining the difference scheme (12) loses 
the property of sign-fixedness (ellipticity). 

Without disturbing the order of the approximation, it is possible to 
choose another difference operator A' which preserves the property of el
lipticity for any p 2:: 2: 

p IIp 

Ny = L II (E + K,pAp)AaY. 
a=lp;l:a 

The difference operator A' has the same eigenfunctions /-'k( il, ... , ip) as 
the operator A constructed above, and the numbers 

p IIp 

A~= L II{1-K,pA~»A~:), k=(kl, ... ,kp) 
a=lp;l:a 

are its eigenvalues. Consequently, to solve the high-accuracy Dirichlet dif
ference problem with the operator A', it is possible to use the algorithm 
constructed in Section 14.2.1, changing Ak to A~. 

14.2.3 A boundary-value problem of the third kind for an equation with 
mixed derivatives in a rectangle. Suppose that, in the rectangle G = {O :::; 
Xa :::; la, a = 1, 2}, it is necessary to solve 

(14) 

satisfying on the boundary r the boundary conditions 

(15) 

(3 = 3 - a, a = 1,2. 

We will assume that the strong ellipticity condition is satisfied 

2 2 2 

Cl L {!:::; L kap(x){a{p:::; C2 L {!, C1 > 0, (16) 
a=1 a,p=l a=l 
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and also the conditions 

Itt = Itt(X2) ~ 0, 0 ~ X2 ~ 12, It; = It;(xd ~ 0, 0 ~ Xl ~ 111 q(X) ~ O. 
(17) 

In the rectangle G we introduce the arbitrary non-uniform rectangular 
grid 

w = {Xi = (xI(id,X2(i2)) E G, 

xa(ia) = xa(ia -1) + ha(ia), 

1 ~ ia ~ Na, Xa(O) = 0, xa(Na) = la, a = 1,2}, 

and define the average step na( ia): 

ia = 0, 

1 ~ ia ~ Na -1, 
ia = Na. 

We construct a difference scheme, approximating the problem (14), (15) on 
w. We introduce the following notation for the flux 

au au 
Wa = kaa -a + ka{J-a ,f3 = 3 - a, a = 1,2, 

Xa x{J 

and write the problem (14), (15) in the form 

2 
'" aWa -LU=L..Jax -qu=-!(x),xEG, 
a=l a 

Wa = It;;U - g;;, Xa = 0, 

-Wa = It!u - g;, Xa = la. 

On the grid w we define the following difference analog for the flux 

W~-) = kaaYz Q + ka{JYz fJ , w~+) = kaaYz Q + ka{JYz fJ , 

z~-) = kaaYz Q + ka{JYxfJ' z~+) = kaaYx Q + ka{JYz fJ . 

(18) 

(19) 

Using this notation, we pose for (5) the corresponding difference scheme 

Ay = (AI + A2)Y - dy = -cp(x), X E W, (20) 

where Aa = A;;, a = 1,2 is the difference operator defined by: 
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b)forxp=O 

c) for xp = Ip 

Here we have used the notation 

(-)+1 (-) ( (_» _ Wa - Wa 
Wa fa - n ' 

a 

(-) (-)-1 
( (_ » _ Za - Za 
Za fa - n ' 

a. 

d(x) = q(X), 

htl = hp( ip + 1), 

w~-)±1 = W~-)(ia ± 1,ip), 

zi-)±1 = zi-)(ia ± 1,ip). 

The right-hand side c;(x) ofthe difference scheme (20) is defined by 

- 1 1 
c;(x) = f(x) + nl c;l(X) + n2 c;2(X), 
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where 

for 0 :::; xp :::; lp. 

In place of the operator AOI in the difference scheme (20), it is also 
possible to use the operator At, which is defined by: 

a) for hp(l) :::; xp :::; lp - hp(Np) 

b) for xp = 0 

c) for xp = Ip 

For the difference schemes considered above, the difference operator A 
has a stencil consisting of seven points for interior nodes of the grid w. If 
the difference operator AOI is defined by AOI = A~ = 0.5(A; + At), then the 
stencil of the operator A will consist of nine points. We give here the form of 
the operator A~: 
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a) for hp(l) :::; xp :::; lp - hp(Np) 

(aaaYx",)x", + (kaPYtp).,,,, , 

ha(1) :::; Xa :::; la - haeNa), 

n~ (a!~yx", + kaPYtp - I(;Y) + (kaPYtp )x"" 

Xa = 0, 

b) for xp = ° 

(aaaYx",)x", + (kapyxp)x", , 

ha(1) :::; Xa :::; la - haeNa), 

1 ( +1 _ r;: aaaYx", + kaPYxp - "'a y) + (kafjyxp k., 
a 

Xa = 0, 

c) for xp = lp 

(aaaYx",)x", + (kapyxp)x", , 

ha(l) :::; Xa :::; la - haeNa), 

n1a (a!~yx", + kafjYx/l - kpY) + (kapyxp)x"" 

Xa = 0, 
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where 

Remark. The flux Wa = kaa 00.. + ka" 00.. can be approximated in other 
Za I' Z/J 

ways, namely using one of the difference analogs: 

where 

(-) _ k+O.5a+O.5/J + k+O.5a+O.5/J 
Za - aa YZa ap YZ/J' 

(+) _ k+O.5a -0.5,6 + k+O.5a-O.5,6 _ 
Za - aa YZ a ap YZ/J' 

kilO.51 +0.52 = k ll (Xl (id + 0.5hl( i l + 1), x2(i2) + 0.5h2( i2 + 1», 

klt51-0.52 = k ll (Xl (il) - 0.5hl ( id, x2(i2) - 0.5h2(i2», 

and so forth. The definitions of the operators A;, At, and A~ are preserved. 

We note that if (1) does not contain mixed derivatives (kap(x) == 0), 
then the difference schemes (20) constructed with the aid of the difference 
operators A;, At, and A~ will differ only in the definition of the coefficients 
of the difference equation. 

14.2.4 Iterative methods for solving a difference problem. The boundary 
value difference problem (20) constructed above will be written in the form 
of an operator equation 

Au=j (21) 

in the Hilbert space H of grid functions defined on Gi, defining the operator 
A by: Ay = -Ay + dy, Y E H, and letting f = 'P. 

We also define the operator R, acting in H as the sum of three operators, 
R = Rl + R;; + aE, where a ~ 0 is a constant, and Rl and R;; are given 
by: 

a= 1,2. 
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We will study the properties of the operators A and R in the space H, 
where the scalar product is defined in the usual way: 

N1 N2 

(u,v) = E E u(it,i2)V(il,i2)nl(iI)1i2(i2)' u,v E H. 
i1 =0 h=O 

Below we will use the following notation: 

where 

(1£, v).y = E u(x)v(x)r(x), 
.,E.,. 

N,.-1 NfJ 

1 :5 ia :5 Na - 1, ip = 0, Np, f3'1=- a, 
ia = O,Na, ip = O,Np, 

a(u,v)p = E L uvha(ia + l)hp(ip), 

N,. NfJ 

(u,v)ap = L L uvha(ia)hp(ip), 

N,.-1 NfJ-l 

aP(u, v) = L L uvha(ia+1)hp(ip+1), 

N,. NfJ 

(u,v)a = E L uvha(ia)np(ip), 
i,.=1 ifJ=O 

where f3 = 3 - a, a = 1,2. 
Using the definition of the difference operator A;;, the formulas (19), 

and Green's first difference formula, we obtain 

(-) I. - (-)-1 I· ] +za v .,.=0 Za V .,.=N,. 

NfJ 

+ L np(ip) [1I:;;uv!i..=o+lI:tuvli,.=N,.] 
ifJ=O 
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NfJ No 
=~ L L ha{ia)hp(ip)w~-)VXo 

ifJ=lio=1 
NfJ-INo-l 

+~ L L ha{ia+1)ha(ip+1)z~-)vZo 
IfJ=O io=O 

NfJ 

+ L np( ip) [K~uvlio=O+It!uvlio=No] 
ifJ=O 

=~( kaauxo +kapu xfJ ,Vxo )aP+~ aP(kaauzo +kapuz,1 ,VZo ) 
N,1 

+ L np(ip)[lt~uvlio=O+It!uvlio=No], 
i,1=O 

,B=3-a,a=1,2. 

From this we obtain for the operator A 

2 

(Au,v) = L(A~u,v) + (du,v) 
a=1 

= 0.5( kll UX1 VX1 + k12Ux2 VX1 + k21 UX1 VX2 + k22UX2 VX2 , 1 )12 

+ 0.512(kllUZlVZl + k12UZ2VZl + k21UZIVZ2 + k22UZ2VZ2' 1) 

+ (ItU, v}.y + (du, v) 

= 0.5 ( t kapux,1 vXo , 1) + 0.5 ( t kapu z,1 vZo ' I)" 
a,p=1 12 a,p=1 

+ (ItU,V).y + (du,v). 

Here the grid function It is defined on 1'as follows: 

ia = 0, 1:::;: ip :::;: Np - 1, 

ia = Na, 1:::;: ip :::;: Np - 1, 

ia = O,Na and ip = O,Np. 

From (22) it follows that the operator A is self-adjoint in H, if 

(22) 

(23) 
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is satisfied. Setting v = u in (22) and using (16), we have that 

2 

(Au, v) ~ 0.5CI L[(u~ .. , 1)12 + I2(U~ .. , 1)] + (du2, 1) + (IW2, 1)-y 
a=I 

2 
(24) 

= CI ~)uL, l)a + (du2, 1) + (KU 2, 1)-y, 
a=I 

and analogously 

2 

(Au,u) ~ C2 L(uL, l)a + (du2, 1) + (KU2, l).y. (25) 
a=I 

If we use At in place of Aa in (20), then for the corresponding operator A, 
instead of (22) we will have 

(Au, v) = 0.52(kll U Z1 VZ1 + kI2U"2VZl + k21 U Z1 V"2 + k22U"2V"2' Ih 
+ 0.51 (kll U"l V"l + k12UZ2 V"l + k21 U"l VZ2 + k22UZ2 VZ2 , 1 h 
+ (KU,V)-y + (du,v), 

from which the self-adjointness of A follows, if (23) is satisfied. The inequal
ities (23), (25) are valid. These assertions also remain true in the case when 
we use A~ instead of Aa in (23). 

The self-adjointness of the operator R in H, and the equality 

2 

(Ru,u) = L(u~ .. ,I)a+a(u2,1), (26) 
a=1 

for any u E H follow from the Green difference formulas. 

Our problem is to find the constants ml and m2 in 

(27) 

i.e. the energy equivalence constants for the operators A and R. We solve 
this problem assuming that the conditions (17) are satisfied, and that the 
coefficients q(x) and K;(Xp) are not identically equal to zero. 

To find ml and m2 we need two lemmas. * 

* See lemmas 9 and 10 in §5, chapter V in the book by A.A. Samarskii and V.B. 
Andreev, Difference methods for elliptic equatiom, Science Press (Moscow, 1976). 
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Lemma 1. Let w* be some set of nodes of the grid w where 

L n1(xdn2(X2) = s > O. 
zE",· 

For any grid function u(x) defined on w, we have 

2 

1/ L(uL, l)a + Jl(u2, 1)",. ~ JlM(u2, 1), (28) 
a=l 

where Jl is an arbitrary constant, 1/ is a constant satisfying 

1/ > max[O, -0.5Jl(1~ + 1~)1, 

and 

Proof. We give here the basic steps in the proof of the lemma, referring the 
reader to the reference for details. Let x = (Xl, X2) and Y = (y!, Y2) be two 
arbitrary nodes of the grid w. For any grid functon u defined on w, and for 
f1 > 0 and f2 > 0 we have 

(1 - f1)U2(X) $ C~ - 1) u2(y) + (1 + f2)l xl - Y11 L U~l (x!, x2)h1(X1) 
zlE"'t 

+ (1 + f~) IX2 - Y21 L u~2(Y!,X2)h2(X2)' 
z2E",t 

We multiply this inequality by n1(xdn2(X2), sum over x E w and take into 
account that 

L IXa - Yalna(xa) $ 0.51!, a = 1,2. 
zaEwa 

As a result we obtain 

(1 - f1)( u2 , 1) $ 1112 C11 - 1) u2(y) + 0.51~(1 + f2)(U~1' 1h 

+ 0.51112 ( 1 + f~) L U~2(Y!' x2)h2(X2). 
z2E",t 
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We multiply this inequality by lh(yt}1i2(Y2) and sum over Y E w*. Taking 
into account that s ~ lt/2' we obtain 

s(l - t:t}( u2, 1) ~ 11 h C~ -1) (u2, 1 )",. + 0.5/~ h(l + t:2)( ui1 , 1 h 

+ 0.5lt/~ (1 +~) (u; ,1h. t:2 2 

Setting here 

211 (/2)2 
t:l = 211 + I'm + ~)' t:2 = 1; , 

we obtain the estimate (28). Lemma 1 is proved. 0 

Lemma 2. Let 1* be some set of nodes of the boundary 1, where 

L r(x) 2: u . 
.,E,,· 

For any grid function u(x) defined on w, we have 

2 

II L(uL, 1)0 + l'(u2 , I)". 2: I'M(u2 , 1), 
0=1 

(29) 

(30) 

where I' is an arbitrary constant, II is a constant satisfying II> max[O, -I'(l~+ 
1~)(l/lt + 1/12 )), and 

Proof. In the proof of lemma 2, the basic role is played by an analog to (29) 

Setting here 

111112 (12)2 
t:l = 111112 + I'(l~ + ID(ll + 12)' f2 = 1; , 

we obtain the bound (30).0 
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We now use lemmas 1 and 2 for the bounds ml and m2 in (27). We 
denote by w· the nodes of the grid w at which d( x) 1 0, and by "I. the nodes 
of the boundary "I at which 11':( x) 1 OJ we set 

d. = min d(x), d· = maxd(x), 
xEw" xE",* 

11':. = min lI':(x), 11':. = maxll':(x). 
xE")'* xE'Y* 

Setting I-' = d., v = VI > 0 in (28), and I-' = 11':., V = V2 > 0 in (30), from 
(24) we obtain 

2 

(Au, u) ~ Cl ~)ut, 1)0 + (du2, 1)",* + (II':U2, 1)-y* 
0=1 

2 2 

~ (Cl - VI - V2) 2:(ut, 1)0 + VI 2:(ut, 1)0 
0=1 0=1 

(31) 
2 

+ d.(u 2 , 1)",* + V2 2:(uia, 1)0 + 1I':*(u2, 1)'Y* 
0=1 

2 

~ (Cl - VI - V2) 2:(ut, 1)0 + Ml(U 2 , 1), 
0=1 

where 

Further, setting I-' = -d·, V = V3 > 0.5d*(l~ +~) in (28), and I-' = -II':*, 
V = V4 > 1I':.(l~ + In(I/II + 1/12 ) in (30), from (25) we obtain the bound 

2 

(Au, u) ~ C2 2:(ui a , 1)0 + (du2 , 1)",* + (II':U2, 1)-y* 
0=1 

~ (C2 + V3 + V4) t,(Ut , 1)0- [V3 t,(Ut,l)o - d*(u2 , 1)",*] 

- [V4 t,(Ui a , 1)0 - 1I':·(u2, 1)-Y*] 

2 

~ (C2 + V3 + V4) 2:(ut, 1)0 + M2(U 2 , 1), 
0=1 

(32) 
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where 

Let a be the constant in the definition of the operator R. We choose the 
parameters V2 and V4 so that 

(33) 

where Ml and M2 are defined above. From (33) we obtain that V2 = V2( a, VI) 
and V4 = v4(a, V3)' We note that the region of admissible values of VI and V3 
is determined by the bounds 

VI > 0, V2 > 0, CI - VI - V2 > 0, V3 > 0.5d*(li + ID, 
V4 > ,;;*(li + 1~)(1/11 + 1/12 ). 

We choose the values of VI and V3 in these regions so as to maximize Cl -
VI - v2(a, vt) over VI, and minimize C2 + V3 + v4(a, V3) over V3. We denote 

ml = ml(a) = max[Cl - VI - V2(a, VI)], 
"l 

(34) 
m2 = m2(a) = min[c2 + V3 + V4(a,V3)]' 

113 

From (31), (32) and (26) we obtain that (27) is valid for the values of 
mI and m2 indicated in (34). It remains to choose the optimal value for the 
constant a so as to maximize the ratio mI(a)/m2(a). 

We note that ml and m2 do not depend on the steps of the grid w, if s 
and (J' are bounded below by quantities not depending on the grid w. 

We use the chosen operator R as a regularizer to construct iterative 
schemes for solving (21). We limit ourselves to considering implicit two-level 
schemes 

Yk+l - Yk 
B + AYk = j, k = 0,1, ... , Yo E H, 

Tk+l 
(35) 

with a self-adjoint operator B, and the Chebyshev set of parameters {Tk }. 

We recall that for the scheme (35) it is necessary to be given the constants 
/1 and /2 in 

(36) 

and a number of iterations n bounded by neE), where 
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If the grid w is unifonn in one direction, we set B = R. Then in (36) 
/1 = m1 and /2 = m2, and the equation RYk+1 = (R-Tk+1A)Yk +Tk+1f with 
known right-hand side can be solved by either the cyclic reduction method 
(cf. Chapter 3), or the separation of variables method (cf. Chapter 4) at a 
cost of 0(N21og2 N) arithmetic operations (N1 = N2 = N = 2n). Since m1 
and m2 do not depend on the number of nodes of the grid w, then the total 
number of operations expended for the approximate solution of (21) with 
tolerance f is estimated by Q( f) = O( N 2 log2 N lIn D.5fl). 

If the grid w is non-uniform in each direction, then we set B = (E + 
wR1)(E + wR2), where Rex = R;; + D.5aE, and R;; is defined above. 

It is easy to see that the operators R1 and R2 are self-adjoint in H and 
commutative. Besides, in view of the non-negativity of the operator we have 

From lemma 17 of Chapter 5 we find the upper bounds 

We are using theorem 3 of Chapter 14, and we obtain optimal values for the 
parameters W1, W2, and also the energy equivalence constants /1 and /; for 
the operators B and R: 

From this and (27) we find that in (36) /1 = m1/1 and /2 = m2/;. 

It is possible to show for this method that /1 = 0(1) and /2 = O(I/h), 
where h is the minimal step of the grid w. Consequently, the number of iter-

1 
ations will be bounded by O( h -2"lln D.5fD. The number of arithmetic oper-
ations expended on one iteration is proportional to the number of unknowns 
in the problem, since the inversion of the operator E + wO/Re", 0: = 1,2 can 
be done using the elimination method. 

Thus, using the regularizer principle, we construct two iterative methods 
which can be used to find approximate solutions to the difference analog of a 
third-order boundary value problem for an equation with mixed derivatives 
in a rectangle. 
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14.3 Systems of elliptic equations 

14.3.1 A Dirichlet problem for systems of elliptic equations in a p-dimensional 
parallelipiped. Let u = (ul(x), u2(x), ... , umo(x»T and f = (Jl(x), P(x), 
... , fmo (x))T be vectors of dimension rno, x = (Xl, X2, ... , xp) be a point in 
p-dimensional space, and k = (kap ) be a block matrix of dimension p x p 
such that the block kaP = (k!'3( x)) is a matrix of size rno x rno: 

kll k12 kIp kll ap p2 ap klmo ap 

k= 
k2l k22 k2p 

kaP = 
pI ap k22 ap k2mo ap 

kPl kp2 kpp kmol ap kmo2 ap kmomo ap 

In the p-dimensional parallelipiped G = {O ~ Xa ~ la, a = 1,2, ... ,p} with 
boundary r, we consider a Dirichlet problem for a system of elliptic equations: 

Lu = t ~ (kap au ) = -f(x), x E G, 
a,p=l aXa axp (1) 

u(x) = g(x), x E r. 

If we transform from vector to scalar notation, then the problem (1) can be 
written in the form of the system 

(LU)B = - r(x), x E G, 

x E r, s = 1,2, ... ,rno, 

where 
p mo a ( aum ) 

(Lu)" = L m~_l aXa k~'3(x) axp . 
a,p=l 

(2) 

We will assume that the strong ellipticity condition is satisfied 

p p P 

Cl L: leal2 ~ L: (kapea, ep) ~ C2 L: leal 2 , (3) 
a=l a,p=l a=l 

where Cl > 0, C2 > 0 are constants not depending on x, ea = (e~, e~, 
... , e::o)T, a = 1,2, ... ,p are arbitrary vectors, 

mo mo 

leal 2 = L:(e~)2, (k C C) '" kBmc8cm ap"a,"p = L...J ap "a"p . 
8=1 8,m=1 
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Notice that the left-hand inequality in (3) demonstrates the positive-definite
ness of the matrices k. 

We shall construct a difference scheme approximating problem (1). To 
do this, we introduce into the region G a rectangular grid 

iii = {Xi = (i,h}, ... ,iphp) E G, ... O:::; iOl :::; N OI , 

haNOI = la, a = 1,2, ... ,p} 

with boundary 'Y, such that iii = w U 'Y. On the grid iii we will examine vector 
grid functions whose componen:ts are grid functions of p discrete variables, 
for example y = (y1,y2, . . . ,ymo)T where yB = y"'(Xi) = y"'(i1!i2, ... ,ip). 

In vector notation, the Dirichlet difference problem for the system (1) 
on the grid iii has the form 

p 

A-y = L 0.5 [(kOlPYx,ll)x .. + (kOlPYx,ll);;,,] = -cp(x), X E w, 
0I,P=1 

y(x) = g(x), x E 'Y. 

Transfonning to scalar notation, we obtain the system 

(A -yY = -cp"'(x), x E w, 

y"'(x) = gS(x), x E 'Y, S = 1,2,.:.,mo, 
(4) 

where 

p mo [ ] 
(A -y)1J = L L 0.5 (k~py;;') x .. + (k~py~) x.. . 

0I,P=1 m=1 

The operator A -, as in the case of scalar elliptic equations, can be written 
in a different notation, namely: 

p 

A -y = L 0.5 [(kOlOlyx .. )x .. + (kOlOlYx .. h .. l 
01=1 

+ t 0.5 [ ( k~py;;') x .. + (k~py~) xJ . 
01,,,=1 
.. "',II 
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Notice that we can also approximate the differential operator L using 
the difference operators different from A -, for example 

or 

p 

A+y= LO.5[(kaaYxa)Xa + (kaaYxahal 
a=1 

p 

+ L 0.5 [(kapYx~)xa + (kapYx~)xJ . 
OI,/he1 
a~~ 

p p 

= LO.5[(kaaYxa)xa + (kaaYxahal + L (kaPYx~)xa· 
a=1 (If,{J=l 

a~fJ 

We introduce the space H of vector grid functions defined on w, and 
define in it the inner product 

rno 

(u, v) = L(uS, VS), (uS,VS) = L uS(x)VS(X)hlh1 ... hp, 
s=1 xEw 

( 1 2 rno)T U = U ,u , ... ,U , ( 1 2 rno)T V=V,V, ... ,v , 

We define the Laplace difference operator: 

p 

Ry = LYxaxa, 
a=1 

p 

(Ryt = LY;axa· 
a=1 

u,v E H. 

In the space H, we define the operators A and R in the usual way: 

Ay = -A-y, Ry = -Ry, Y E H, 

where y(x) = y(x) for x E wand y(x) = ° if x E ,. 

V sing this notation and redefining the right-hand side <p of equation (4) 
at the near-boundary nodes in the usual way, we write the difference problem 
( 4) in the form of an operator equation 

Au=j, (5) 

defined in the Hilbert space H. 
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Using the Green difference formula for scalar grid functions, the condi
tions (3), and also assuming that the symmetry conditions are satisfied 

k sm kms 
afJ = fJa, a,p = 1,2, ... ,p, S,Tin = 1,2, ... ,Tino, (6) 

we obtain that the operators R and A are self-adjoint in H and are energy 
equivalent with constants Cl and C2, i.e. we have the operator inequalities 

(7) 

To find an approximate solution to equation (5), we can use an implicit 
two-level iterative method with the Chebyshev parameters 

where 

B Yk+l - Yk + AYk = I, k 0 1 H = , , ... , Yo E , 
Tk+l 

TO 
Tk = , 

1 + Pol-'k 

2 
TO = , 

1'1 + 1'2 

{ (2i -1)11" } 
I-'k E Mn = - cos 2n ' 1 ::; i ::; n , 

k = 1,2, ... ,n, 
I-vie 

PI = 1 + vie' 
~ _ 1'1 
.. - , 

1'2 

n 2:: no (e) = In(0.5e)flnpl, 

(8) 

and 1'1 and 1'2 are the constants of energy equivalence for the self-adjoint 
operators A and B: 

1'IB::;A::;1'2B, 1'1>0, A=A*, B=B*. (9) 

If the operator B is taken to be the above-defined operator R, then from 
(7) we obtain that 1'1 = Cl and 1'2 = C2 in the inequalities (9). Conseqeuntly, 
in this case the iteration count for the method (8) does not depend on the 
number of nodes of the grid: n = O(ln(2/e)). 

From the definition of the operators A and B it follows that, to find Yk+l 
from the preceding approximation Yk, it is necessary to solve the following 
difference problem: 

'R.Yk+l = -Fk, X E w, Fk = Tk+l (A -Yk + It') - 'R.Yk, 

Yk+l = g, x E 1'. 
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In scalar form, this problem can be written in the form of the system 

P 

L (Yk+1)X a X a = -F;(x), x E w, 
a=1 (10) 

Since each equation of the system (10) can be solved independently of the 
other equations, finding the approximation Yk+1 leads to the solution of mo 
Dirichlet difference problems in a p-dimensional parallelipiped on the uniform 
rectangular grid w. 

If we solve the p-dimensional Dirichlet difference problem for Poisson's 
equation using the method of separation of variables in combination with the 
algorithm for the fast Fourier transform, then this requires q ~ 4pNP log2 N 
arithmetic operations (N1 = N2 = ... = Np = N = 2n 0). Consequently, to 
solve the system (10) requires Qmo = moq operations, and in total, finding 
the solution to the difference problem (4) to an accuracy f requires Q = 
nQmo = nmoq = O(mopNP In(2/f) log2 N) arithmetic operations. 

We look now at the alternate-triangular iterative method. This iterative 
scheme has the form (8), where B is the factored operator B = (E+wR1 )(E+ 
wR2), R1 = R2, R1 + R2 = R. The operators Rl and R2 are defined using 
the difference operators Rl and R2 as follows: RaY = -RaY, 0: = 1,2, 
y(x) = y(x) for x E wand y(x) = 0 for x E I, where 

As in the scalar case, it can be proved that the inequalities R ~ {jE, 
R1R2 ::; (L':l./4)R are satisfied, where 

From the general theory of the alternate-triangular method (cf. Section 
10.1) it follows that, for the optimal value of the parameter w = Wo = 2/ Jfi5.., 
we have the operator inequalities 

where 
o {j 

11 = 2(1 + J1j)' 
o {j 

12 = 4J1j' 
{j 

"1= L':l.' 

(11) 
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Comparing (7), (9), and (11), we find that the operators A and B satisfy the 
inequalities (9) with 1'1 = cl'h and 1'2 = C21'2. 

Using the Chebyshev set of parameters Tic for the scheme (8), we obtain 
that this alternate-triangular method requires 

( 1 ~ 2) 
n = 0 y'jhj V Cl In ~ 

iterations, where Ihl2 = h~ + h~ + ... + h;. Since the move from Ylc to Yk+l 

can be accomplished using the direct methods at a cost of O(moNIN2 ... Np) 
arithmetic operations, the total number of operations required to find the 
solution of problem (4) to an accuracy f can be estimated using 

Q = 0 ( moNP+o.s /¥; In;) , 

if II = 12 = ... = Ip, Nl = N2 = ... = Np = N. 
In conclusion, we remark that the above iterative methods converge in 

the energy space HD, where D can be taken to be one of the operators A, 
B, or AB-1A. 

14.3.2 A system of equations from elasticity theory. We now look at a system 
of equations from stationary elasticity theory (the Lame equations) 

Lu = JL~U + (,X + JL) grad divu = - f(x), (12) 

where u = (Ut,U2, ... ,up)T, f = (ft,h, ... ,fp)T, x = (Xl,X2, ... ,Xp), and 
,X > 0 and JL > 0 are the Lame constants. 

We write equation (12) in the form of the system 

For p = 2, the system (13) can be written in the form 



14.3 Systems of elliptic equations 429 

This system describes the equilibrium of a homogeneous isotropic elastic 
solid body with a plane deformation. The unknown functions ul(XI, X2) and 
U2(Xb X2) represent the intersection points in the directions of the axes OXl 

and OX2 respectively. 

For the system (12), it is possible to pose the problem of finding the 
vector u(x) that satisfies equations (12) in the region G and that takes on 
the given values 

u(X) = g(x), x E r, (14) 

on the boundary r. Comparing (13) with (2), we find that the system (12), 
(14) can be written in the form (1), where rno = p, 

and (J is an arbitrary constant 

{
I i=j 

Dij = 0: i i- j . 

In fact, substituting (15) in (2), we will have 

The assertion is proved. 
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We find now the constants Cl and C2 in the inequalities (3). We will show 
that Cl = 1-'. We have 

8,m=1 a,p=l 0,8=1 

+ (A + p) [0 .t, e~e: + (1 - 0) .t, e~e: 1 (16) 

~ p .t,<e~)' + (A + p) [0 (t,e~)' + (1- 0) .t/~C]. 
Setting here 8 = 1, we find 

It is also not difficult to show that C2 = oX + 21-'. Setting 8 = 0 in (16) and 
using the Cauchy-Schwarlz-Bunyakovskij inequality, we obtain 

p p p 

L (kapea,ep) = I-' L leal2 + (oX + 1-') L e~e~ 
a,p=O a=l 0,3=1 

p p p 

= I-' L leal2 + (oX + 1-') L (e~)2 = (oX + 21-') L leal2 • 

a=l a,8=1 a=l 

We now construct the difference scheme that approximates (12), (14). 
Substituting (15) in the difference scheme (4), we will have 

p p 

(A -yY = I-' LY;axa + 0.5(oX + 1-') L (Y:/lX, + Y~flX') 
a=l P=l 

(17) 

where w = w U'"Y is the grid introduced in Section 14.3.1. 
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It remains to define the operators A and R, as in Section 14.3.1. The 
symmetry condition (6) is satisfied; therefore, using the first Green formula, 
we find that the operators A and R are self-adjoint in H and satisfy the 
inequalities c}R ~ A ~ C2R, where c} = 1', C2 = A + 21'. 

Here, the remainder of the discussion is the same as that in Section 
14.3.1. So the iterative method (8) with B = R and with the Chebyshev 
parameters Tk is characterized by the following estimate for the iteration 
count: 

lnO.5f 
n ~ no (f) = -1--' 

np} 
1-Je 

p} = 1 + Je' 
and the alternate-triangular method, constructed on the basis of the regular
izer R, is characterized by the same estimate, where 

~ 4 . 21rhOi 
8 = L.J h2 sm 2101' 

OI=} 01 

8 
1/ =-, 

~ 

Thus, for the alternate-triangular method, the iteration count is proportional 
to 

thus: 

where n(j( f) is the iteration count for solving the p-dimensional Poisson dif
ference equation using the alternate-triangular method. 

14.4 Methods for solving elliptic equations in irregular regions 

14.4.1 Difference problems in regions of complex form, and methods for 
their solution. In Chapters 3-4 effective direct methods were constructed for 
solving elliptic boundary-value difference problems - the cyclic reduction 
method, the separation of variables method using the fast Fourier transform, 
and also their combination. Application of these methods is limited to a 
class of problems with separable variables. In this section we consider cer
tain aspects of using fast direct methods for solving elliptic boundary-value 
difference problems in cases when separation of variables is not available. 
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The first class of problems with nonseparable variables consists of bound
ary value problems for elliptic equations with variable coefficients in a rect
angle. For example, suppose we need to solve 

2 

Ay = ~)ao:(X)YiJX" = - f(x), x Ew, 
0:=1 

y(x) = g(X), x E " 

where w = w U , is a grid in the rectangle G, and the coefficients a1 (x) and 
a2 (x) satisfy 

,a = 1,2, w Ew. 

To approximately solve this problem it is possible to use, for example, 
the implicit Chebyshev iterative method, choosing as the operator B in the 
iterative scheme 

k = 0,1, .... 

the operator corresponding to the Laplace difference operator 

2 

Ry = "Yi - . ~ aXa 

0:=1 

In this case the number of iterations does not depend on the number of nodes 
of the grid: 

n ~ no ( €) = 0 ( If; In ~) , 

and the equation BYk+1 = Fk = (B - Tk+1A)Yk + Tk+d can be solved 
using the direct methods indicated above. Thus this approach to solving the 
problem is appropriate in the case when the ratio cd C2 is not small. For the 
case of strongly varying coefficients ao:(x) it is possible to use the alternate
triangle method. 

The second class consists of boundary value problems for elliptic equa
tions in an irregular region, different from a rectangle. Here several ap
proaches are possible. If the corresponding difference problem is written in 
the form of a system of three-point vector equations, then it is possible to 
use the method of block elimination described in Section 2.4. The basic defi
ciency of this method is the necessity of computing and storing a large volume 
of temporary information. If a single problem is being solved, then finding 
these quantities constitutes a major part of the time spent to solve the entire 
problem. 
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Another situation arises if a series of problems is being solved where only 
the right-hand side changes. Here the basic volume of intermediate informa
tion is found only when solving the first problem, and this information can 
be used to solve each subsequent problem. 

Moving to implicit iterative methods allows us to significantly reduce the 
volume of stored information, and also the number of arithmetic operations, 
and to reduce the solution of the given problem to the solution of a series 
of problems with an operator B having simple structure. Thus, in the case 
of the alternate-triangle method, the operator B is factored and allows the 
explicit solution of the equation BYkH = Fk . Thus, we can restrict ourselves 
to the construction of a method for solving a series of problems given on 
a grid in a region of complex form, with operator B of simple structure. 
With this approach the necessary intermediate information, determined by 
the form of the region and the structure of the operator B and not depending 
on the right-hand side Fk , can be found once at the beginning of the iterative 
process at a preprocessing step of the algorithm. 

In the methods described below, domain decomposition and augmenta
tion of the region to a rectangle bring about the reduction of the problem 
BYk+1 = Fk to a problem, given on a grid in some rectangle (or rectangles), 
that allows the use of effective direct methods. 

14.4.2 Decomposition ofregions. Assume that, in a complex region composed 
of several regular regions, it is necessary to solve a boundary-value difference 
problem. We will assume that in each regular region the given difference 
equation with boundary conditions on the boundaries of the decomposition 
can be solved by one of the effective direct or iterative methods. Under the 
given assumptions, the desired problem in the complex region can be solved 
in two steps. Initially, the boundary conditions which the desired solution 
satisfies are determined on the boundaries of the decomposition of the region, 
then in each regular region the difference equations with the corresponding 
boundary conditions are independently solved. 

We layout this method on an example of a Dirichlet difference problem 
for Poisson's equation in a region consisting of two rectangles joined by a line 
segment. To solve the difference problem in a rectangle it is possible to use 
the direct methods outlined in Chapters 3-4. 

Suppose that the region C consists of two rectangles 

C = C(l) U C(2) : 

C(OI) = {1(0I) < x < L(OI) 1(01) < x < L(OI) } 
1 - 1_ l' 2 - 2_ 2 , 

a = 1,2, 
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joined by a line segment t(O) = {max(lll), Il2») ~ Xl ~ min(Ll1), L~2»), 
X2 = 1~2) = L~l) } (see Figure 4) 

- - - - - - --.-----~---------, 

-(0) r 

-(2) 
G 

z{2) - L(l) 
2 - 2 ----------------.--------! 

P) 
2 

I 
-(1) 
G 

OL---+--r------~----~~---__.X1 
[(1) z{2) 
1 1 

Figure 4. 

We denote by r the boundary of the region (;. The part of the boundary 
ofthe rectangle (;(a) without the interval r(O) we denote by r(a). We pose the 
problem: find the solution of Poisson's equation in the region (; that assumes 
on r the given values 

(1) 

u(X) = g(x), X E r. 
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We formulate initially the difference analog of (1). For this we introduce 
into the rectangle c(a) the grid w(a), uniform in the direction X2: 

l<i<N(a) 
- - 1 , w(a)={ Xij=( Xl (i),X2(j)), 

Xl (O)=f.a ), 

Xl (i)=Xl (i-l)+h~a)(i), 

xl(N~a»=L~a) , ( ·)_/(a)+ ·h(a) 
X2 J - 2 J 2 , 

0< .<N.(a) _J_ 2 , N.(a)h(aLL(a) I(a)} 
22-2-2 , 0=1,2. 

The grids W(I) and w(2) must be consistent. This means that nodes of these 
grids lying on f(O) coincide. 

For the region illustrated in Figure 4, consistent grids can be made in 
the following wav On each interval [/(1) P)] [P) L(I)] and [L(I) L(I)] we ..,. 1 , 1 , 1 , 1 1 , 2 

construct a one-dimensional grid, uniform or non-uniform. Through the nodes 
construct lines parallel to the axis OX2. Further, on the segments [/~1), L~I)] 
and [/~2), L~2)] introduce uniform one-dimensional grids with steps h~l) and 
h~2) respectively, through the nodes on lines parallel to the OXI axis. The 
points of intersection of the vertical and horizontal lines belonging to the 
rectangle c(a) form the grid w(a), 0 = 1,2. 

The union of the grids w(1) and W(2) forms the grid w in the region C. 
We denote by w the interior and by 'Y the boundary nodes of the grid w. By 
w(a) we will denote the interior nodes of the grid w(a), and by 'Y(a) the nodes 
of the grid w(a) lying on r(a).,By 'Y(O) we denote the common nodes of the 
grids w(l) and W(2) lying on the interval r(O). Then w(a) = w(a) U 'Ya U 'Y(O), 
0= 1,2, and w = W(I) U w(2) U 'Y(O). 

On the grid w we construct a difference scheme approximating (1): 

Ay = -cp(x), X E w, y(X) = g(x), X E 'Y, (2) 

where A = Al + A2, and the difference operators Al and A2 are defined by 
the formulas A1y = YZ1 Z l and 
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We move on to the construction of a method for solving (2). We note that 
if the value of y( x) is found for x E ')'(0), then (2) splits into two independent 
Dirichlet difference problems for Poisson's equation in the rectangles 0(1) 
and 0(2). Consequently, in this case a first-kind boundary condition must be 
determined on the boundary of the division of the regular regions (rectangles). 

The desired values of y(x) on ')'(0) will be found in the following way. 
First we reduce (2) to a problem with homogeneous boundary conditions and 
right-hand side different from zero only for x E ')'(0). To do this we define the 
function v( x) as the solution to 

Av = -<p(x), x E w - ')'(0), 

vex) = 0, x E ,),(0), (3) 

vex) = g(x), x E ')'. 

We note that (3) splits into two problems given on the grids w(l) and w(2). 

We have moved from (2) to (3), having changed the equation Ay = -<p to 
the condition v(x) = ° at the nodes of the grid belonging to ')'(0). 

From (2), (3) we find that the function z = y - v is the solution of 

Az = 0, 

(4) 

z(x)=o, x E ,)" 

where t/J(x) = <p(x) + Av(x). Since vex) = ° for x E ')'(0), then y(x) = z(x) 
for x E ')'(0). Consequently, the desired solution of (2) can be found as the 
solution of the boundary-value problem 

Ay = -<p(x), x Ew - ')'(0), 

y(x) = z(O)(x), x E ,),(0), 

y(x) = g(x), x E ')' 

(5) 

where z(O)( x) is the value of the solution z( x) of (4) for x E ')'(0). The problem 
(5), and also (3), splits into two separate problems in 0(1) and 0(2). 

We now find z(O)(x). To do this we study (4) for any t/J(x). Since A 
is a linear difference operator and the function z(x) satisfies homogeneous 
boundary conditions on ,)" the solution of (4) is a linear function of the right
hand side of (4). Taking into account the structure of the right-hand side, 
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we obtain that z(O)(x) and .,p(x) are linked by a relation than can be written 
in the form 

L a(x, {)z(O)({) = .,p(x), x E ')'(0), (6) 
(E-y(O) 

where a(x, {) are some coefficients. 

We note that the nonsingularity ofthe matrix A = (a(x,{» in (6) follows 
from the uniqueness of the solution of (4). Besides, the coefficients a( x, {) do 
not depend on .,p(x), and are defined only by the operator A, the grid w, and 
the geometry of the region G. Therefore the problem of finding a(x, {) is an 
independent part of this method. If these coefficients are determined, then 
z(O)(x) can be computed by solving (6) with .,p(x) as indicated above. 

We consider the method for finding a(x,{). From (4), (6) it follows that 
for any .,p( x) the solution of (4) satisfies 

L a(x, {)z(O)({) = -Az(x), x E ')'(0). 

(E-y(O) 

Assume that w( x) is the solution of 

Aw=O, x E W - ,),(0), 

w(x) = 0, x E ,)" 

(7) 

(8) 

for an arbitrary given function w(O)(x). This solution corresponds to some 
function .,p(x) = -Aw(x), x E ')'(0). Consequently, w(x) is the solution of 

Aw = 0, x E W - ')'(0), 

Aw = -.,p(x), x E ')'(0), 

w(x) = 0, x E ')'. 

Therefore by (7) we have 

L a(x,e)w(O)(e) = -Aw(x), x E ')'(0), 

(E-y(O) 

allowing the coefficients a(x, e) to be found. 

(9) 
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Actually we set 

w(O)(x) = 6(x -7]) = {O, xi:- 7], 
1, x = 7], 

(10) 

in (8), (9), where x E ,(0) and 7] is an arbitrary node belonging to ,(0). From 
(9) we obtain 

a(x,7]) = -Aw(x), x E ,(0) (11) 

where w( x) is the solution of (8), (10). Sequentially choosing 7] as all nodes 
of the set ,(0), we find the values of a(x, 0 for all x and e belonging to ,(0). 

Thus, to find the solution of (2) by the above method we need: 1) to com
pute the coefficients a(x, e) for x, e E ,(O)j 2) to solve the auxiliary problem 
(3) and compute the function 1/;( x) = cp( x) + Av( x)j 3) to solve the system of 
algebraic equations (6) and find the solution of (5). 

Remark 1. The method of domain decomposition can also be applied when 
any combination of boundary conditions of first, second, or third kind are 
given on the sides Xl = l~Q) and Xl = L~Q), a = 1,2, and also on the 

sides X2 = l~l) and X2 = L~2). For this the boundary condition of first kind 
given in (3) and (5) for x E , should be changed to the corresponding non
homogeneous boundary condition on each part of the boundary,. In (8) 
the homogeneous boundary condition of first kind on , is changed to the 
corresponding homogeneous condition. 

If a boundary condition not of first kind can be given on the part of the 
boundary r of the rectangle G lying on the line X2 = 1~2) = L~l) (see Figure 
4), then one should include those nodes of the grid w which belong to the 
indicated part of the boundary r in ,(0). 

14.4.3 An algorithm for the domain decomposition method. 
We now consider in more detail each step of this method. 
14.4.3.1 The preprocessing step. The goal of the step is the computation of 
a(x, e). If we solve a series of problems (2) with different cp(x) and g(x), then 
it is expedient to compute the coefficients a(x,O one time and store them. 
The coefficient a(x, 7]) is found from (11), where w(x) is the solution of (8), 
(10) for 7] E ,(0). 

The choice of method for solving this problem follows from the considera
tion that it is sufficient to find the function w( x) only at the nodes positioned 
just below and above the ,(0) rows of the grid w. 



14.4 Methods for solving elliptic equations in irregular regions 439 

We denote w(a)(x) = w(x), x E w(a), a = 1,2. Using this notation, we 
write (8), (10) in the form of two problems 

Aw(a) = 0, 

w(a)(x) = 0, (12) 

We introduce the vector W}a), whose components are the values of w(a)(x) 

at the nodes of the j-th row of the grid w(a), and write (12) in the form of a 
system of three-point vector equations 

- W~a) + c(a)W~a) - W~a) = 0 1 < J' < N,(a) - 1 a = 1 2 (13) )-1 ) )+1' - - 2 , , , 

the boundary conditions for which are given in the following form: 

wP) -0 W(I) - FO) if a = 1, o - , N(l) - , 
2 

(14) 
w.(2) - F(2) (2) 

o - , W (2) =0, if a = 2. 
N2 

Here c(a) is a tridiagonal matrix corresponding to the difference operator 
2E + [h~a)12Al' and the vectors F(I) and F(2) have one non-zero component 
(E is the identity operator). 

In Section 1.4.3, we obtained a formula for the general solution of a 
three-point vector equation with constant coefficients. Using this formula, we 
find the desired values for w(ll1 ) and W?): 

N2 -1 

where Un(t) is the Chebyshev polynomial of the second kind of degree n. 
Using the decomposition of the ratio of polynomials Un- 2(t)/Un- 1(t) 

into the sum of elementary fractions, we obtain 
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We will calculate these sums. Let via) be the solution of 

(c(a) - 2 cos ~ E)v,(a) = sin2 ~ F(a) 1 < k < N(a) - 1 (15) 
N(a) k N(a) , - - 2 , 

2 2 

then 
N(l) -1 N(2)_1 

W(l) __ 2_ ~ v,(1) W(2) __ 2_ ~ v,(2) (16) 
N~l) -1 - N(l) L...J k' 1 - N(2) L...J k' 

2 k=l 2 k=l 

We transform (15) and (16) from vector to scalar form. We obtain that on 
the corresponding rows of the grid wCa) the functions w(a)(x) are found from: 

N(2)_1 

(2)( ) 2 ~ (2)( ) Z(2) (2) (2) h(2) w Xl, X2 = --c2> L...J V k X2, 1 ~ Xl ~ L1 ,X2 = L2 + 2 , 

N2 k=l 
(17) 

where via)(xd is the solution of the three-point boundary-value problem 

We compute the coefficient a(x, 1J) using (11), which in this case has the 
form 

(19) 

where w(O)(x) = c5(x-1J). Formulas (17)-(19) fully describe the preprocessing 
step. 

If problem (18) is solved by the elimination method, then the computa
tion of all the coefficients a(x, e) requires O( n(N?) NJ1) + N?) Nj2»)) arith
metic operations, where n is the number of nodes belonging to ')'(0). 
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14.4.3.2 Auxiliary step. The goal of this step is to find the solution of (3) at 
the nodes positioned just below and above the 1(0) rows of the grid w, and 
to compute the function t/J( x) = <p( x) + Av( x), where x E 1(0). 

We denote by v(Q)(x) the value of v(x) for x E w(Q). From (3) we obtain 
two problems 

Av(Q) = -<p(x), x E w(Q), 

v(Q)(x) = g(x), x E 1(Q), (20) 

v(Q)(x) =0, XE1(0), a=1,2, 

each of which can be solved by the cyclic reduction method. Suppose that 
NJI) and NJ2) are powers of 2 and use, for example, the first algorithm for 
the cyclic reduction method (cf. Section 3.2.3). We will show how to organize 
the computation on the example problem (20) for a = 2. On the forward 
path of the reduction method we compute and store the vectors p~k). On the 

reverse path we sequentially compute but do not store the vectors VP) for 

j = NJ2) /2, NJ2) /4, ... ,1. The components of the last computed vector give 
the desired values of v(2)( x) for 1~2) ~ Xl ~ L~2), X2 = 1~2) + h~2) • 

Analogously we find the values of v(l)(x) for l~l) ~ Xl ~ L~l), X2 = 

L~l) - h~l). Using these values, it is easy to compute the function t/J(x) for 
x E 1(0). 

To realize this step it is necessary to expend O(N~I) NJI) log2 NJI) + 
N~2) NJ2) log2 NJ2») arithmetic operations. 

14.4.3.3 Basic step. At this step the solution of the desired problem is found. 
For this we solve (6) and compute z(O)(x). Then (5) is solved by the method 
of cyclic reduction, which can be written in the form of two problems 

Ay(Q) = -<p(x), x E w(Q), 

y(Q)(x) = g(x), x E 1(Q), (21) 

y(Q)(x) = z(O)(x), x E 1(0), a = 1,2. 

The solution of these problems begins immediately with the reverse path of 
the cyclic reduction method, and uses the saved vectors p~k) . 

If (6) is solved by Gauss's method, then this requires O(n3 ) operations. 
Note, that if we solve a series of problems (2), then it is appropriate at the 
preprocessing step to factor the matrix A in (6) into the product A = LU of 
lower-triangular and upper-triangular matrices. Then at the basic step of the 
solution of (6) only O(n2 ) operations are used. The solution of (21) by the 
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method of cyclic reduction can be shown to require O(NP) NJI) log2 NJI) + 
N?) NJ2) log2 N?») arithmetic operations. 

14.4.4 The method of domain augmentation to a rectangle. Suppose that it 
is necessary to solve a Dirichlet problem for Poisson's equation (1) in the 
bounded region G with boundary r. 

We construct a g bounded region G with boundary r. 
We construct a grid w in the region G. For this we introduce a family 

of straight lines Xl = Xl(i), i = 0, ±1, ±2, ... , and a family of equidistant 
straight lines X2 = X2(j), j = 0,±1, .... The points xii = (XI(i),X2(j)) form 
a lattice on the plane. The points Xii belonging to G form a family of interior 
nodes w. The points Xii belonging to r, and also the intersection points of r 
with some straight line from the constructed family of straight lines form a 
set of boundary nodes 'Y. The grid w is the union of w and 'Y, w = w U 'Y. 

The interior nodes of the grid w will be divided into regular and irregular 
nodes. The nodes Xii E w are called regular if all four neighboring points of 
the lattice x;±1,i' xi,i±l belong to w, otherwise they are irregular. We denote 
the set of regular nodes by wO , and the irregular ones by w*. 

The difference scheme approximating (1) is constructed in the usual way. 
The differential operator L is changed to a five-kind difference operator A at 
each node of w, and first-kind boundary conditions are given at the boundary 
nodes 'Y. We note that the stencil of the operator A at a regular node consists 
of nodes of the lattice, while at an irregular node it may contain a node 
belonging to 'Y but not necessarily a node of the introduced lattice. 

Our goal is to write the difference equations so that they are connected 
only by unknowns at nodes of the lattice. For this it is necessary to transform 
the difference equations at the irregular nodes, moving to the right-hand side 
the unknown values of the desired solution on 'Y. For this we change the 
structure of the difference operator A at each irregular node. We denote by 
A * the operator A transformed at the points of w*. As a result we will have 
construced the difference scheme 

Ay = -cp( x), X E wO , 

A*y=-cp*(x), xEw*, 
(22) 

where Ay = YXIXI + YX2 X 2' 

We move on to the construction of a method for solving (22). Let Go 
be a rectangle containing G whose sides are formed by straight lines from 
the family of straight lines constructed above. We denote by Wo the family 
of points Xii of the lattice introduced above belonging to Go. Obviously 
w = W O U w* is a part of the grid woo We will denote by 'Yo the boundary of 
the grid woo Thus, Wo is a uniform rectangular grid in the direction X2 in the 
rectangle Go, with the difference equations (22) given at some of the nodes. 
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We note that the problem Au = -f(x), x E wo, u(x) = ° for x E 10, 
where A is the difference operator defined above, can be effectively solved 
by one of the direct methods. Our goal is to reduce (22) to the indicated 
problem on the grid Wo with specially chosen right-hand side f( x). 

We pose the probem: choose the function ¢( x) so that the solution of 

satisfies 

Ay = -cp(x), x E wo, 

Ay=-¢(x), xEw*, 

Ay=O, xEwo-w, 

y(x) = 0, x E 10, 

A*y = -cp*(x), x E w*. 

(23) 

(24) 

If the function ¢(x) is found, then the solutions of (22) and (23) coincide at 
the nodes w. 

The function ¢(x) will be found as follows. First we reduce (23) to a 
problem whose right-hand side differs from zero only on w*. For this we 
define the auxiliary function v( x) as the solution of 

Av = -cp(x), x E wo, 

Av =0, 

v(x) =0, 

x E Wo - wo, 

x E 10. 

We note that the function z = y - v is the solution of 

Az = 0, 

Az = -¢(x), x E w*, 

Az = 0, x E Wo - w, 

z(x) = 0, x E 10. 

Besides, if ¢(x) is the desired function, then from (23)-(25) we obtain 

¢*(x) = -A*z = cp*(x) + A*v(x), x E w*. 

(25) 

(26) 

(27) 
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We note that, by the linearity of the operator A, the homogeneity of 
the boundary condition, and the structure of the right hand side of (26), the 
solution z(x) is a linear function of t/J(x). Since A* is also a linear operator, 
it follows from (27) that t/J(x) and t/J*(x) must be linearly related. Since the 
functions t/J(x) and t/J*(x) are given on the one set w*, this relation has the 
form 

L a(x,e)t/J(e) = t/J*(x), x E w*, (28) 
eE",· 

where a(x, e) are some coefficients. If these coefficients are given, then solving 
(22) will consist of solving the auxiliary problem (25), computing the function 
t/J*(x) from (27), solving the system of algebraic equations (28) to determine 
t/J(x), and solving (23) to find y(x) at the nodes of the grid w. 

The coefficients a(x, e) are found with the aid of a procedure analogous 
to that set out in Section 14.2.1. Suppose that w(x) solves 

Aw = 0, x E wo, 

Aw = -c5(x -7]), x E w*, 

Aw = 0, x E Wo - w, 

w(x) =0, xEI'o, 

where 7] is a node belonging to w*. Then 

a(x,7]) = -A *w(x), x E w*. (29) 

Sequentially choosing 7] as all points of w*, we obtain from (29) all the coeffi
cients a(x, e). This concludes our confrom (29) all the coefficients a(x, e). This 
concludes our construction of the method for solving a Dirichlet difference 
problem for Poisson's equation in an arbitrary region. 

In conclusion we make several comments. As was noted in the introduc
tion, the methods outlined above are appropriate in the case when a series 
of problems are being solved with different right-hand sides. At the prepro
cessing step of the methods considered above we construct a matrix A which, 
in the method of domain decomposition, relates the right-hand side t/J and 
the solution zeD) on the boundary of the rectangles, and in the method of 
domain augmentation the given function t/J* and the desired function t/J, the 
right-hand side at the irregular nodes w*. To solve a series of problems, the 
construction of the matrix A obviously need only be done once. Thus the vol
ume of computation completed at the preprocessing step is an insignificant 
part of the total work. 
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In cases when the number of nodes belonging to 'Y(O) (or w*) is very great 
or a single problem is being solved, iterative methods should be used to solve 
the auxiliary problems (4). Since the right-hand side of (4) only differs from 
zero on 'Y(O), then it is natural to expect that iterative methods that do not 
take into account the specifics of the problem will not converge very rapidly. 
There arises the necessity of developing special iterative methods for finding 
projections of the solution of an equation onto some subspace for the case 
where the right-hand side belongs to this subspace. 

Acceleration of convergence can be achieved at the expense of the choice 
of the operator B in the implicit iterative scheme, and also of the initial 
approximation from the subspace to which the right-hand side belongs. 
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In this chapter we examine sample solutions to difference problems that ap
proximate boundary-value problems for elliptic equations in curvilinear sys
tems of coordinates. For problems in cylindrical and polar systems of coordi
nates we clarify the conditions for applying direct and iterative methods, in 
particular the alternating-directions method. 

In Section 15.1, we pose boundary-value problems for the differential 
equations. Section 15.2 develops direct and iterative methods for solving dif
ference problem in the (r, z) geometry, and also for problems on the surface of 
a cylinder. In Section 15.3, we look at methods for solving difference problems 
in a circle, a ring, and a ring sector. 

15.1 Posing boundary-value problems for differential equations 

15.1.1 Elliptic equations in a cylindrical system of coordinates. Suppose that 
we are given Poisson's equation 

If we are posed the problem of solving this equation in a finite circular cylinder 
or in an annular tube, then it is natural to work in cylindrical coordinates. 
In this system of coordinates, Poisson's equation (1) has the form 

(2) 
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Equation (1) describes, for example, a stationary temperature distri
bution u = U(Xt,X2,X3) in a homogeneous medium. If the medium is not 
homogeneous, but isotropic, then in place of (1) we should consider the equa
tion 

3 a ( a ) Lu = div (k grad u) = ~ ax
Oi 

k(x) ax 01 = - f(x), (3) 

which in the (r,cp,z) system of coordinates corresponds to the equation 

(4) 

If the medium is anisotropic, i.e. the coefficient of heat conductivity 
depends not only on a point but also on a direction, then in place of (3) we 
will have an equation with mixed derivatives 

3 a ( a) Lu = L ax
Oi 

kOlP axu = - f(x). 
OI,P=I P 

(5) 

In a cylindrical system of coordinates, equation (5) corresponds to the equa
tion 

Lr z = - - r kll - + - - + k 13 -1 a [ (- au kI2 au - au)] 
t.p r ar ar r acp az 

1 a (- au k22 au - au) + - - k2I - + - - + k23 -
r acp ar r acp az 

a (- au k32 au - au) + az k3I ar + ---;:- acp + k33 az = -f(r,cp,z), 

(6) 

where the cofficients kOtp are expressed in terms of kOtp according to the 
formulas: 

kll = kll cos2 cp + (k12 + k2d sin cp cos cp + k22 sin2 cp, 

kI2 = kI2 cos2 cp + (k22 - kll ) sin cp cos cp - k21 sin2 cp, 

k21 = k2I cos2 cp + (k22 - kll ) sin cp cos cp - kI2 sin2 cp, 

k22 = kll sin2 cp - (k12 + k21 ) sin cp cos cp + k22 cos2 cp, 

k13 = k13 cos cp + k23 sin cp, k23 = k23 cos cp - kI3 sin cp, 

k3I = k31 cos cp + k32 sin cp, k32 = k32 cos cp - k31 sin cp, 

k33 = k33 . 
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Equation (6) is called an equation with mixed derivatives in a cylindrical 
system of coordinates. If kc"p = 0 for 0: :I {3, then (6) takes the form 

1 a ( - au) 1 a (- au) a (- au) Lrcpzu = ;: ar rk1 ar + r2 a<.p k2 a<.p + az k3 az = - f, (7) 

where ker = kerer, 0: = 1,2,3, and is called an equation without mixed deriva
tives. 

Notice that if kerP = kper, then kerp = kPer and vice versa. The equations 
(2) and (4) given above are special cases of equation (7) corresponding to 
ker == 1 and ker == k. 

Equation (5) will be strongly elliptic if there exists a constant C1 > 0 
such that for any 6, 6 and 6 the following inequality is valid 

3 3 

L kerp(x)~er~p ~ C1 L ~!. (8) 
er=1 

If we make a change of variables in (8), setting 

then the inequality (8) takes the form 

3 3 

L kerp[er[p ~ C1 L [; . (9) 
er,p=1 er=1 

In practise, we most often encounter two cases. 

A) In the axially-symmetric case, the coefficients and right-hand side 
of the equation and also the solution do not depend on the angle <.p. Here 
equation (6) can be simplified: 

Lrzu = - - r kl1 - + k13 - + - k13 - + k33 -1 a [ (- au - au)] a (- au - au) 
r ar ar az az ar az (10) 

=-f(r,z), 

and in the absence of mixed derivatives the equation corresponding to (7) 
has the form 

1 a ( - au) a (- au) Lrzu = ;: ar rk1 ar + 8z k3 8z = - f(r, z). (11) 
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B) In the planar case the coefficients, right-hand side, and solution of 
equation (6) do not depend on z, and, consequently, equation (6) takes the 
form 

1 0 [ (- OU k12 Ou)] 1 0 (- ou k22 Ou) Lr U = - - r ku- + - - + - - k21 - + - -
'" r Or or r 0'1' r OU or r 0'1' (12) 

= -f(r, '1'). 

If mixed derivatives are absent, then the equation has the form 

(13) 

In the planar case, it is said that (12) and (13) are elliptic equations in a 
polar coordinate system. 

Notice that for kOt == 1, 0: = 1,2,3, the formulas (11) and (13) describe 
Poisson's equation in (r,z) and (r,cp) coordinate systems. 

Sometimes it is necessary to solve Poisson's equation or a more general 
elliptic equation on the surface of a cylinder of radius R. In this case 

1 0 (k22 OU - Ou) 0 (k32 OU - Ou) 
L",z = R 0'1' Ii" 0'1' + k23 oz + oz Ii" 0'1' + k33 oz = - f( '1', z), 

(14) 
and, without mixed derivatives, equation (7) takes the form 

(14') 

Notice that the change of variables '1" = Rcp enables us to reduce these 
equations to the usual elliptic equations with mixed derivatives. 

15.1.2 Boundary-value problems for equations in a cylindrical coordinate 
system. We look first at the axially symmetric case. Since the solution does 
not depend on the angle '1', then in cylindrical coordinates (r, z), the region 
where we seek the solution is a rectangle G = {II ~ r ~ L 1 , 13 ~ Z ~ L 3 , 

11 ~ O}. If the original region is an annular (hollow) cylinder, then h > O. 

We now pose boundary-value problems for equation (10) in the rectangle 
G. In the region G we are given equation (10), and on the sides r = L1 , Z = 13 
and z = L3 we are given boundary conditions of either first, second, or third 
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kind. For example, third-kind boundary conditions have the form 

-ou-au + + 
-ku Or - k13 oz = Kl 11. - gl (Z), r = L1, 

- 011. - 011. 
kal Or + kaa oz = KaU - g3"(r), z = la, (15) 

-ou-au + + -k31Or -kaaoz =Kau-g3 (r), z=L3. 

For 11 = 0, equation (to) has a singularity on the axis r = O. In this 
case, we are usually interested in a bounded solution. If 11 > 0, then on the 
side r = 11 it is possible to give boundary conditions of first, second, or third 
kind. For example, third-kind boundary conditions have the form 

- 011. - 011. 
ku or + k13 oz = K1u - gl(z), r = 11 > o. (16) 

If 11 = 0, then the bounded solution is distinguished by the condition 

(17) 

In the conditions (15), (16), Kr(Z) and K;(r) are non-negative functions. If 
second-kind boundary conditions (K~ == 0) are given on the boundary of the 
rectangle G, then the problem (to), (15), (16) is soluble only if the following 
conditions is satisfied 

Ll La La J J rJ(r,z)drdz + J [L1gi(z) + 11g1(z)] dz 
h la la 

Ll 
(18) 

+ J r [gt(r) + ga(r)] dr = O. 
11 

In this case, the solution is not unique and is only defined up to a constant, 
i.e. u(r,z) = uo(r,z)+constant, where uo(r,z) is some solution. 

We look now at equation (14) on the &urJace of a cylinder. In the coordi
nates (c,o, z), the region where we seek the solution is the rectangle G = {12 :::; 
c,o :::; L2, la :::; z :::; L3 , L2 - 12 :::; 271-}. 
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On the sides z = 13 and z = L3 it is possible to give boundary conditions 
of first, second or third kind, for example 

(19) 

Boundary conditions of the same kind can be given on the sides <p = 12 and 
<p = L2 if the surface is not closed (L2 - 12 < 211-). For example, third-kind 
boundary conditions have the form 

(20) 

Here 1I:;(z) 2 0 and 11:;( <p) 2 o. 
For 11:; == 0, the solubility condition for problem (14), (19), (20) has the 

form 

L2 L3 L3 L2 

j j j(<p,z)d<pdz+ j[gt(Z)+92(Z)]dZ+ j[gt(<P)+93(<P)]d<P=0. 
12 13 13 12 

If the surface is closed (L2 - 12 = 211"), then the side <p = 12 and <p = L2 are 
identified and we are posed with the problem of finding a solution to equation 
(14) that is periodic with period 211" and that satisfies one of the conditions 
enumerated above on the sides z = 13 and z = L 3 • Here, if 11:; == 0 in the 
conditions (19), then this problem can be solved (up to a constant) if 

L2 L3 L2 

j j j(<p,z)d<pdz+ j[gt(<p)+g3(<P)]d<p=0. 
12 13 12 

We formulate now boundary-value problems jor equation (12) in polar 
coordinates for the case where the region under consideration is a circle, a 
ring, or a ring sector in Cartesian coordinates. In (r, <p) coordinates, this 
region corresponds to the rectangle G = {II :S r :S L 1 , 12 :S <p :S L 2 , 11 20, 
L2 - 12 :S 211"}. 
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Suppose now that the original region is a circle. Equation (12) is given 
in Gj for r = L1 we are given boundary conditions of first, second, or third 
kind. For example, a third-kind boundary condition has the form 

- au k12 au + + 
-kll Or - --;- acp = K1 U - gl (cp), r = L1. (21) 

For the problem (12), (21) to be correct, it is necessary to pose an additional 
condition at the center of the circle. Usually we seek a bounded solution for 
r = O. This solution satisfies the condition 

. (- au k12 au) hm r kll - + - - = O. 
r-O or r acp 

(22) 

In view of the fact that the point r = 0 in the plane (Xl, X2) has an arbitrary 
coordinate cp in polar coordinates, all the points on the side r = 0 of the 
rectangle G are identified. Here u(O, cp) = uo = constant for 12 ::; cp ::; L2 by 
the continuity of the solution. 

Further, the sides cp = 12 and cp = L2 are identified and we pose the 
problem of finding a solution of equation (12) that is periodic with period 271" 
and that satisfies the conditions enumerated above. 

In the case where a second-kind boundary condition (21) with Kt(cp) == 0 
is given for r = L 1 , the solution of the problem exists if the condition 

2,.. L1 2,.. f f rf(r,cp)drdcp + L1 f gt(cp)dcp = 0 (23) 

000 

is satisfied. The solution is not unique and is only defined up to a constant. 

Suppose now that the original region is a ring, i.e. It > O. In this case, 
we seek a solution to equation (12) that is periodic with period 271" and that 
satisfies boundary conditions of first, second, or third kind on the sides r = 11 
and r = L1 • We give here the form of a third-kind boundary condition on the 
interior side of the ring 

- au k12 au _ _ 
kll -a + - -a = K1 U - gl (cp), r = It, 

r r cp 

where Kl(cp) ~ O. 

(24) 

If we are given second-kind boundary conditions (21), (24) with Kr( cp) == 
0, then the solution of this problem exists if the condition 

2,.. L1 2,.. f f rf(r,cp)drdcp + f [L1gt(cp) + Itg1(cp)] dcp = 0 (25) 
o It 0 
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is satisfied. In this case the solution is determined up to a constant. 

If the region is a ring sector (11 > 0, L2 - 12 < 211"), then we pose 
the problem of finding a solution of equation (12) that satisfies a boundary 
condition of first, second, or third kind on the sides of the rectangle G, in 
particular with the conditions (21), (24) for r = L1 and r = 11 and with the 
third-kind boundary conditions 

(26) 
- au k22 au + +( ) 

-k21- - - - = K U - g r, ar r a<p 2 2 

for <p = 12 and <p = L2 , Kf ~ o. 
If we are given second-kind boundary conditions (21), (24), (26) with 

Kr(<p) == 0, Kf(r) == 0, then the solution exists if the condition 

L2 Ll L2 Ll 

j jr/(r,<p)drd<p+ j(L19i+1191)d<p+ j(92+9t)dr =0 (27) 
I, It I, It 

is satisfied. Here the solution is not unique and is only determined up to a 
constant. 

15.2 The solution of difference problems in cylindrical coordinates 

15.2.1 Difference schemes without mixed derivatives in the axially-synunetric 
case. We shall look at boundary-value problems for elliptic equation not con
taining mixed derivatives in cylindrical coordinates for the axially-symmetric 
case. 

In the rectangle G = {11 ~ r ~ L 1 , 13 ~ Z ~ L3 , 11 ~ O} it is necessary 
to find a solution to the equation 

- - rk1- + - k3 - - qu = -/(r,z), 1 a ( au) a ( au) 
r ar ar az az 

(r,z)EG, (1) 

that satisfies the following boundary conditions on the boundary of the rect
angle G: 
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1) on the side r = It, 13 $ Z $ L 3 , 

u(r,z)=gl(z), if 11 >0, (2) 

or 
k au - -() l·f 

1 ar = Kl - gl z, 

lim rkl aau = 0, if 
r-+O r 

(3) 

u(r,z) = gi(z) (4) 

or 

(5) 

3) on the side z = 13 , II $ r $ LI, 

u(r,z) = g;(r) (6) 

or 

(7) 

4) on the side z = L 3 , 11 $ r $ L 1 , 

u(r,z) = gt(r) (8) 

or 
au + + -k3az =K3 u-g3 (r). (9) 

It is assumed that the coefficients satisfy the conditions 

k1(r,z)::::: cl > 0, k3(r,z)::::: Cl > 0, g(r,z)::::: 0, 

Kt(Z) ::::: 0, Kt(r)::::: O. 

In the case where q == 0 and K~ == 0 in the boundary conditions (3), (5), 
(7), (9) or where II = 0 and we are given second-kind boundary conditions 
(5), (7), (9), we require that the solubility condition be satisfied (cf. (18) 
Section 15.1). 
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We will consider any combination of boundary conditions (2)-(9). We 
shall construct difference schemes corresponding to the indicated conditions. 

In the rectangle G, we introduce an arbitrary non-uniform rectangular 
grid 

w = {(ri,zk) E G, ri = ri-l + hI (i), 1:$ i:$ N1 , ro = h, rNl = L1 , 

Zk = Zk-l + h3(k), 1:$ k :$ N3, Zo = 13 , ZNa = L3}, 

and we define the average step 

and the one-variable grid function 

m=O, 

1 :$ m :$ Na - 1, 

m=Na , a=I,3, 

In the simplest case, where the coefficients kl' k3' q and f are continuous, 
the coefficients of the difference scheme will be defined using the formulas 

al(i,k) = rikl(ri,zk), a3(i,k) = k3(ri,zk), 

dei, k) = q(r;, Zk), <p(i, k) = fer;, Zk), 

where r; = ri - 0.5h1(i), Zk = Zk - 0.5h3(k). 
Using this notation, we approximate (1) by the difference equation 

1 
-(alYf)r + (a3Yf)z - dy = -<p, 1:$ i :$ Nl - 1, 
P (10) 

1 :$ k :$ N3 - 1. 

Boundary conditions of first kind (2), (4), (6), (8) are approximated 
exactliy: 

yeO, k) = 91(zk), 0:$ k :$ N3, (11) 

y(N1 , k) = 9i(Zk), 0:$ k :$ N3, (12) 

y(i,O) = 93"(ri), 0:$ i :$ Nb (13) 

y(i,N3) = 9t(ri), O:$i:$N1 • (14) 
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The difference analog of the boundary conditions (3) has the form 

i = 0, (15) 

where 1 ~ k ~ Na - 1 and II:} = g} = 0 if 11 = o. The boundary conditions 
(5), (7), (9) are approximated as follows: 

(16) 

where 1 ~ k ~ Na - 1, 

where 1 ~ i ~ NI - 1. Here we have used the notation ail = aI(i + 1, k), 
at l = aa(i, k + 1). 

If we are given third-kind boundary conditions on intersecting sides of 
the rectangle G, then we impose the following boundary conditions at the 
corner nodes of the grid w 

i=k=O, (19) 

(20) 

(21) 

As before, if 11 = 0, then in (19), and (21) we set II:} = g} = O. 

Notice that the difference problem (10), (15)-(22), with third-kind 
boundary conditions on each side of the rectangle G, can be written in 
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the compact form 

Ay = - j, 0::; i ::; N 1 , 0::; k ::; Na, 

A = Al + Aa, j = <p + <Pt/nl + <Palna, 
(23) 

where 

{ 
9 i = 0, 

~,(i,k) = o~' 1'; i'; N, -1, 

91' i = Nb 

{ 
9;, k = 0, 

<pa(i,k) = 0, 1::; k::; Na -1, 

9t, k = Na, 
(24) 

and the difference operators Al and Aa are given by the formulas 

i = 0, 

1 ::; i ::; Nl - 1, (25) 

k = 0, 

Aay = 1 ::; k ::; N3 - 1, (26) 

Here d1 + d3 = d, d1 ~ ° and d3 ~ 0. 
We now find the solubility condition for the difference scheme (23) in 

the case where d == ° and II:~ == 0, Q: = 1,2. 
In the space H of grid functions defined on w, we define the inner product 

using the formula 

Nl Na 

(u, v) = L L u(i, k)v(i, k)p(i)nl(i)n3(k). (27) 
;=01;=0 

We now define the operators Al and A3, mapping into H, setting A", = -A"" 
Q: = 1,3. Then the difference scheme (23) can be written in the form of the 
operator equation 

Au = j, A = Al + A3. (28) 
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Using the first Green difference formula, we find that for the case d == 0 
and Ie~ == 0 

Nt Na 

(Au, v) = LL>1(i)n3(k)(a1UrVr)il: 
i=11:=0 

Nt Na 

+ LLnl(i)n3(k)p(i)(a3UZVZ)il: = (u,Av). 
i=O 1:=1 

Consequently, the operator A is self-adjoint in H and is non-negative, where 
(Au, u) = 0 only in the case where u(i, k) == constant or u(i, k) == o. From 
this, using the Cauchy-Schwartz-Bunyakovskij inequality, 

(AU,U)2:::; (Au,Au)(u,u) 

it follows that Au = 0 for u '" 0 if u is constant on w. Thus, the kernel of 
the operator A consists of the grid functions that are equal to a constant on 
the grid w. Therefore the problem (28) is soluble if the condition (f,I) = 0 
is satisfied or, by the definition of j, if the following condition is satisfied 

Nt Na Na Nt 

L LPcpn1n2 + L n3(p(0)gl + p(NJ)gi) + L nlP[93" + gtl = O. (29) 
i=O 1:=0 1:=0 i=O 

The condition (29) is the difference analog of the solubility condition (18) 
for the differential problem corresponding to the difference problem (23). 

IT the condition (29) is satisfied, then, in the case where d == 0 and 
Ie~ == 0, the solution of problem (23) exists but is not unique: any two solu
tions can differ by a constant. Therefore, one of the possible solutions can be 
distinguished by fixing the value of y(i, k) at some node of the grid w. 

15.2.2 Direct methods. We now examine the case where the difference prob
lems (10)-(22) can be solved by one of the direct methods laid out in Chapters 
3 and 4. 

Suppose that the coefficienta kl' k3, and q in equation (1) do not depend 
on z, i.e. k = kl(r), k3 = k3(r), q = q(r), that the coefficients let and 
leI are constants in the third-kind boundary conditions (3), (5), and that 
1e3" = let == 0 in the conditions (7), (9). 

We will allow any combination of the boundary conditions (2)-(9). It is 
assumed that the grid w is uniform in z, i.e. h3(k) == h3, but it may be non
uniform in r. Under these assumptions, the difference problems (10)-(22) can 
be solved by either the cyclic reduction method or by a combination of the 
methods of incomplete reduction and separation of variables. 
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We shall illustrate one possible application of these direct methods on 
an example in which third- (second-) kind boundary conditions (3), (5) are 
given on the sides r = 11 and r = L1 , and second-kind conditions are given 
for z = la and z = La. Other combinations of boundary conditions can be 
examined analogously. 

The difference scheme corresponding to this problem has the form (23). 
By the assumptions made above, the coefficients of the difference scheme 
are defined using the formulas (cf. Section 15.2.1) a1 = a1(i) = r;k1(r;), 
aa = aa(i) = ka(r;), d = d(i) = q(r;), so that at = aa. In the definition (25) 
of the difference operator A1 we take d1 = d, and in the formulas (26) for 
the operator A2, we set ~3 = ~t = 0, da = O. Since the grid w is uniform in 
z, it follows that in (26) the difference expression (aaYz)z can be changed to 
aaYzz· 

We now reduce the difference problem (23) to a system of three-point 
vector equations. To do this, we introduce the vector of unknowns 

Yk = (y(0,k),y(l,k), ... ,y(N1 ,k»T, 0 ~ k ~ Na, 

containing the values of the desired grid function on the k-th row of the grid 
w, and the right-hand-side vector 

where 8; = hVaa(i), 0 ~ i ~ N1 • We define the square matrix C, setting 

Using this notation, the difference problem (23) is written in the vector form 

CYo - 2Yi = Fo, 

-Yk- 1 + CYk - Yk+l = Fk, 

k = 0, 

1 ~ k ~ Na -1, (30) 

In order to convince oneself of this, it is sufficient to multiply each equa
tion of the scheme (23) by (-8;) and transform to vector notation. 

Recall that the cyclic-reduction method for the system (30) was con
structed in Section 3.4.1. The combined method using incomplete reduction 
and separation of variables was examined in Section 4.3.2. Here, unlike in 
the discussions in Chapters 3 and 4, the examples contain a different defini
tion of the operator A1. But since the difference operator A1 is, as before, a 
three-point operator, this difference does not affect the construction of these 
methods, nor the dependence of the operation count on the number of nodes 
of the grid w. If Na = 2n, then the operation count for these methods can be 
estimated as O(N1N3log2 Na). 
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In conclusion we remark that the application of the combined method 
was described in detail in Section 12.4.2 for a Cartesian coordinate system, 
where a particular solution was selected in the singular case (d == 0, 11:1 = 
II:t == 0). 

15.2.3 The alternating-directions method. We look now at a special case of 
the problem (1)-(9) for which kl = kl(r), k3 = k3(Z), q = constant, II:~ = 
constant, a = 1,3, and where any combination of the boundary conditions 
(2)-(9) is given on the sides of the rectangle G. In this case, the variables in 
the problem (1)-(9) are separated. 

It is assumed that the grid w is arbitrary, non-uniform in each direction. 
Under these assumptions, the difference problems (10)-(22) can be solved by 
the alternating-directions method with the optimal set of iterative parameters 
given in Chapter 11 for the case of a Cartesian coordinate system. 

We now illustrate the application of this method on an example in which 
third-kind boundary conditions (3), (5), (7), (9) are given on the sides of the 
rectangle G. The difference scheme corresponding to the problem (1), (3), 
(5), (7), (9) has the form (23), where the operators Al and A3 are defined 
in (25), (26), and where the coefficients aI, a3, db and d3 are given by the 
formulas al(i) = rikl(fi), a3(k) = k3(Zk), dl = d3 = 0.5d, d = q. 

In Section 15.2.1 it was proved that the difference problem (23) can be 
written in the form of the operator equation (28) 

in the Hilbert space of grid functions defined on w. We indicate now the basic 
properties of the operators Al and A3: 

1) the operators Al and A3 commute, AIA3 = A3AI; 

2) Al and A3 are self-adjoint operators, (Acru, v) = (u, Acrv); 

3) the operators At and A3 are non-negative bounded operators, i.e. for 
any u E H the following inequalities are satisfied 

Ocr(u,u):::; (Acru,u):::; ~cr(u,u), 

Ocr ~ 0, ~cr > 0, a = 1,3. 
(31) 

The commutativity of the operators At and A3 follows from the struc
ture of the operators At and A3 and from the assumptions concerning the 
coefficients kl' k3, q, and II:~. 
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Further, using the definition (27) of the inner product in H and the 
Green difference formulas, we obtain the following equation for Al and for 
any u,v E H 

Nl Na 
(AIu, v) = L L hl (i)n3(k)(aIUrV r)ik + dl(u, v) 

i=1 k=O 

Na 
+ L n3(k) [lI':lPuvli=o+lI':fpuvli=NJ 

k=O 

(32) 

and the analogous equation for A3 

Na Nl 

(A3 U,V) = L LP(i)ni(i)h3(k)(a3 u f vi)ik 
k=1 i=O 

(33) 
Nl 

+d3(u,v) + LP(i)nl(i) [lI':auv Ik=O + II':tuvlk=Na] . 
i=O 

Interchanging u and v, we ascertain the self-adjointness of the operators Al 
and A3 • 

If we set here u = v and take into account the conditions kl ~ CI > 0, 
k3 ~ CI > 0, q ~ 0, 11':; ~ 0, 0: = 1,3, then we find that the operators Al and 
A3 are non-negative, i.e. (AO'u, u) ~ 0. If the condition 

(34) 

is satisfied, then the corresponding bO' is positive. Assume that (34) is satis
fied. 

We give now a lower bound for bO' . 

From lemma 16 of Chapter 5 for fixed i, 0:$ :$ N}, we obtain the 
estimate 

Na Na 
b3 L n3(k)u2(i, k) :$ L h3(k)a3(k)u~(i, k) 

k=O k=1 
Na 

(35) 

+ d3 L n3(k)u2(i, k) + lI':a u2(i, 0) + II':tu2(i, N3), 
k=O 



15.2 The solution of difference problems in cylindrical coordinates 463 

where 1/03 = max v(k), and v(k) is the solution of the boundary-value 
O<I:<Na 

problem - -

(a3v .. )z - d3v = -1, 1 ~ k ~ N3 - 1, 

k =0, 
(36) 

k =N3 • 

Since the condition (34) is satisfied, the solution of problem (36) exists and 
is unique. Now multiplying (35) by p(i)nt(i) and summing for i between ° and Nt, we obtain the inequality 03(U,U) ~ (A3u,u). Solving problem 
(36) numerically, we determine 03' Thus, the constant 03 has been found. 
Analogously we estimate the constant Ot: l/ot = ~ax v(i), where v(i) is 

0<.<N1 

the solution of the boundary-value problem - -

1 ~ i ~ Nt -1, 

i = 0, (37) 

We obtain now estimates for ~t and ~3. From (33) for u = v we find 

We now estimate the expression standing in square brackets. From lem
ma 16 of Chapter 5 we obtain 

Na 

d3 L u2(i, k)n3(k) + K3 U2 (i, 0) + Ktu 2(i, N3) 
1:=0 

(38) 



464 Chapter 15: Methods for Solving Elliptic Equations ... 

where ml = max w(k), and w(k) is the solution of the boundary-value 
O~1<~Ns 

problem 

1:::; k:::; N3 -1, 

k = 0, 
(39) 

Using lemma 17 of Chapter 5, we will have 

Ns Na L a3(k)u~(i, k)h3(k) :::; m2 L n3(k)u2(i, k), (40) 
1<=1 1<=0 

where 

From (38) and (40) follows the estimate 

Na Na 

L h3(k)a3(k)u~(i, k) + d3 L n3(k)u2(i, k) + 1-:;-u2(i, 0) 
1<=1 1<=0 

Na 

+ Ktu2(i, N3) :::; ~3 L n3(k)u2(i, k), ~3 = ml + m2(1 + ml). 
1<=0 

Multiplying this inequality by p( i)nl (i) and summing it for i between 0 and 
N1, we arrive at the estimate (A3U,U) :::; ~3(U, u). 

Analogously we find ~1: ~1 = ml +m2(1 +mt}, where ml = ~ax w( i) 
O~.~Nl 

and w( i) is the solution of the boundary-value problem 

i = 0, (41) 
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where 

Solving numerically problem (41) we determine ml and, consequently, ~I. 
Thus, the constants 80t and ~Ot, a = 1,3 in the inequalities (31) have been 
found. 

Recall that the iterative scheme of the alternating-directions method for 
the operator equation (28) has the form (cf. Chapter 11) 

Yk+1 - Yk 
Bk+1 + AYk = j, k = 0,1, ... , Yo E H, 

Tk+1 

Bk = (wil) E + AI) (w~3) E + A3)' Tk = wil ) + W~3). 
(42) 

In Section 11.1.4, we constructed the optimal set of parameters wil ) and 

w~3), k = 1,2, ... ,n for the iterative scheme (42) where the operators Al and 
A3 possess the properties 1)-3) listed above. With this set of parameters, 
a relative accuracy f > 0 can be attained (II Yn - U IID~ f II Yo - u liD, 
D = A,E), if we perform n ~ nO(f) iterations, where 

1 4 4 
nO(f) = -In-In-, 

11"2 ." f 
a= 

(~I - 8d(~3 - 83) 
(~I + 83)(~3 + 81). 

The set of optimal parameters w~l) and wi3) for the case of second-kind 
boundary conditions (d = 0, K! == 0) was constructed in Section 12.4.1. 

15.2.4 The solution of equations defined on the surface of a cylinder. We look 
now at a method for solving difference analogs of boundary-value problems 
for elliptic equations without mixed derivatives defined on the surface of a 
cylinder of radius R. We limit ourselves to considering a surface of a cylinder 
that is closed in cp, since the methods for solving problems in the case of a 
non-closed surface do not differ from the methods for solving planar problems 
in Cartesian coordinates. 

Thus, in the region G = {/2 ~ cp ~ L2, 13 ~ Z ~ L3, L2 -/2 = 211"} we 
seek a solution to the equation 

(cp,z) E G, (43) 
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that is periodic with period 211", and that, on the sides Z = 13 and Z = L 3 , 

satisfies first-kind boundary conditions u(<p,z) = g3"(<P) for z = 13, u(<p,z) = 
gt(<p) for z = L3, or second- or third-kind boundary conditions 

k3:: = II:;U - g;(<p), z = 13, 

au 
-k3 oz = II:tu - gt(<p), z = L3, 

(44) 

or any of their combinations. It is assumed that the coefficients satisfy the 
conditions 

In the region G we introduce the arbitrary non-uniform grid 

W = ((<pj,ZI:) E G, <Pj = <Pj-l + h2(j), 1:5 j :5 N2 , <Po = 12 , 

<PNz = L2, Zl: = ZI:-l + h3(k), 1 :5 k :5 N3, Zo = 13, ZNa = L3} 

and define the average step 

The average step n3(k) was defined above. 

Taking into account the periodicity condition, we approximate equation 
(43) as follows: 

where we have used the relations y(j, k) = y(N2 + j, k), j = 0, -1, a2(0, k) = 
a2(N2, k), h2(0) = h2(N2) which follow from the periodicity. In the case of 
smooth coefficients k2' k3, q, and !, the coefficients in equation (46) can be 
selected, for example, as: 

a2(j, k) = ~2 k2(<pj - 0.5h2(j), ZI:), d(j, k) = q(<pj, ZI:), 

a3(j, k) = k3(<pj, ZI: - 0.5h3(k », t/J(j, k) = !(<pj, ZI:). 

The first-kind boundary conditions are approximated exactly 
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for 0 ~ j ~ N2 - 1, and the difference analog of the third-kind boundary 
conditions (44) for 0 ~ j ~ N2 - 1 has the form 

k = 0, 

(48) 

In the problem (46), (47), the unknowns are the values y(j,k) for 0 ~ j ~ 
N2 - 1, 1 ~ k ~ N3 - 1, and in the problem (46), (48), for the same values 
of j and for 0 ~ k ~ N 3 • 

We now find the solubility conditions for the difference problem (46), 
(48) in the case where d == 0, K:; == O. First we write the scheme (46), (48) in 
the form 

Ay = - j, 0 ~ j ~ N2 - 1, 0 ~ k ~ N3, 

A = A2 + A3 , j = 'IjJ + 'ljJ3/ 1i3 , 
(49) 

where the difference operator A3 was defined in (26) with d3 = d, and where 
the operator A2 is given by the formula A2y = (a2Y".)"", 0 ~ j ~ N2 - 1, 

Assume now that d = 0 and K:; = O. We denote by H the space of grid 
functions defined on w* = {(<pj, Zk) E w, 0 ~ j ~ N2 -1, 0 ~ k ~ N3}, where 
the inner product is defined by the formula 

N 2 -1 Na 

(u, v) = L L u(j, k)v(j, k)1i2(j)1i3(k). 
j=O k=O 

We define the operators A2 and A3, mapping into H, by the equations: 
A3 = -A3, A2y = -A2y, where y(j, k) = y(j, k) for 0 ~ j ~ N2 - 1, 
o ~ k ~ N3 and y satisfies the periodicity condition y(j, k) = y(N2 + j, k), 
j = O,-I. 

Using this notation, we write the difference scheme (49) in the form of 
the operator equation 

Au=j, (50) 
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Taking into account the periodicity condition and using the Green difference 
formula, we obtain that 

Na N2 -1 

(Au,v) = -(Au,v) = L L n,3(k)h2(j)(a2 u<7>v<7»jk 
k=O j=O 

Na N 2 -1 

+ L L n,2(j)h3(k)(a3 uZvz)jk = (u, Av). 
k=l j=O 

Consequently, the operator A is self-adjoint in H. In addition, examining the 
values of (Au, u), we find that the kernel of the operator A consists of the 
grid functions that are constant on w·. Therefore a solution of the difference 
problem (49) exists, if the condition (f, 1) = 0 is satisfied. Substituting here 
I from (49), we obtain 

N2 -1 Ns N2 -1 
L L n,2(j)n,3(k)~(j, k) + L n,2(j)[g3(CPj) + gj(CPj)] = O. 
j=O k=O j=O 

If this condition is satisfied, a solution of the difference problem (46), (48) 
for d = 0 and K; = 0 exists, and any two solution of this equation differ by 
a constant. 

We look now at the case where the solution of the difference problems 
(46)-( 48) can be found by the direct methods outlined in Chapters 3 and 4. 

The first case. The coefficients k2, k3, and q in equation (43) depend 
only on '1', K; = constant, and the grid w is uniform in z. The difference 
problem (46), (48) can be written in the form of a system of three-point 
vector equations 

(C + 2aE)Yo - 2Y1 = Fo, 

-Yk-l + CYk - Yk+l = Fk, 

where N3 = 2n , n > 0 is an integer, and 

k = 0, 

1:::; k:::; N3 -1, 

Yk = (y, (0, k), y(l, k), ... , y(N2 -1, k)f, 

Fk = (00 /(0, k), Od(l, k), ... , ON2-d(N2 - 1, k)f, 

CYk = «2E - OoA2)y(0, k), . .. ,(2E - ON2- 1A2)y(N2 - 1, k))T 

(51) 

for 0:::; k:::; N3. The operator A2 was defined above, l(j,k) is given in (49), 
and OJ = hVa3(j), a = h3 K 3' f3 = h3 K j. 
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Recall that in Section 3.4.3, we constructed the cyclic reduction method 
for solving problem (51) under the condition that a 2 + f32 f:. o. If a = f3 = 0 
but d ¢ 0, then the algorithm for the method is laid out in Section 3.4.1. For 
the latter case we constructed, in Section 4.3.2, a combined method involving 
incomplete reduction and separation of variables. 

The second case. The coefficients k2' k3, and q depend only on z, 11:; = 
constant, and the grid w is uniform in r..p. The difference problem (46), (48) 
can be written in the form of a system of three-point vector equations 

-YN2-1 + CYo - Yi = Fo, j = 0, 

-Yj-l + CYj - Yj+1 = Fj, 1 ~ j ~ N2 - 2, (52) 

Here N2 = 2n , n > 0 is an integer, and 

Yj = (y(j, 0), y(j, 1), ... , y(j, N3))T, 

Fj = (6oj(j, 0), 6d(j, 1), ... , 6Naj(j, N3))T, 

CYj = ((2E - 6oA3)y(j,0), ... ,(2E - 6Na A3)y(j,N3)f, 

where 0 ~ j ~ N2 - 1. The difference operator A3 was defined in (26) 
with d3 = d and (}k = hVa2(k), 0 ~ k ~ N3. The problem (52) can be 
solved by the cyclic-reduction method constructed in Section 3.4.2, or by a 
combined method using the algorithm for the discrete Fourier transform of a 
real periodic function. This algorithm was constructed in Section 4.1.4. 

In conclusion we remark that, if the coefficients satisfy the conditions 
k2 = k2( r..p) k3 = k( z), q = constant, 11:; = constant, and the grid is non
uniform in each direction, then to find the solution of the problem (46), (48) 
it is possible to use the alternating-directions method with the optimal set 
of parameters 

Yk+l - Yk Bk+1 + AYk = j, k = 0,1, ... , Yo E H, 
Tk+l 

Bk = (wi2) E + A2) (wi3) E + A3)' Tk = wi2) + wi3) . 

Here we have A3 = -A3, A2y = -A2y, the difference operator A3 is 
defined in (26) with d3 = 0.5d, and A2y = (a2Y<,li)"; - 0.5dy. The constants 80/ 
and dO/, giving the bounds for the operator AO/, are estimated as follows: 83 

and d3 were found in Section 15.2, the constant 82 is found exactly: 82 = 0.5d, 
and it is possible to take d2 to be 
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15.3 Solution of difference problems in polar coordinate systems 

15.3.1 Difference schemes for equations in a circle or a ring. We examine 
now methods for solving difference schemes for elliptic equations without 
mixed derivatives in polar coordinates. First of all, we study the case where 
the region in which we seek the solution is a circle or a ring in Cartesian 
coordinates. In polar coordinates, these regions correspond to a rectangle 
G = {It ~ r ~ Lb 12 ~ cp ~ L2, It ~ 0, L2 -12 = 211"}. It is necessary to find 
a solution of the equation 

1 a ( au) 1 a ( au) -- rkl - +-- k2- -qu=-j, 
r Or Or r2 acp acp 

(r,cp) E G, (1) 

that is periodic in cp with period 211" and that satisfies the following conditions 
on the boundary of the rectangle G: 

1) for r = Lb 12 ~ cp ~ L2, either the first-kind boundary conditions 

u(r,cp) = gi(cp), (2) 

or the second- or third-kind conditions 

(3) 

2) for r = It, 12 ~ cp ~ L2 , either the first-kind boundary conditions 

u(r,cp) = gl(cp), (4) 

or the second- or third-kind conditions 

k au - -() 
I ar = 1£1 U - gl cp j (5) 

for r = II = ° we pose the condition 

lim rkl au = 0, 
r-O Or 

(6) 

which singles out a bounded solution. 

It is assumed that the coefficients satisfy the conditions kl (r, cp) ~ CI > 0, 
k2(r,cp) ~ CI > 0, ql(r,cp) ~ 0, lCt{cp) ~ 0. 

We will consider any combination of the boundary conditions (2)-(5). 
We shall construct difference schemes corresponding to these boundary-value 
problems. 
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In the region G, we introduce the arbitrary non-uniform rectangular grid 

w = ((ri,'Pj) E G, ri = ri-l + hI (i), 1::; i::; N l , ro = 11, 

rN1 = Lt, 'Pj = 'Pj-l + h2(i), 1::; j ::; N2, 'Po = 12, 'PN2 = L 2}. 

The average step 1i l (i) was defined in Section 15.2.1, and the step 1i2(i) in 
Section 15.2.4 in formula (45). We define the grid function p(i): 

i = 0, 

p(i) = ri + ~[hl(i + 1) - hl(i)], 1::; i::; Nl -1, (7) 

In the simplest case of continuous coefficients kl' k2' q, and j, the coef
ficients of the difference scheme will be defined by the formulas 

d(i,j) = q(ri,'Pi), 

where fi = ri - 0.5h l (i), 'Pi = 'Pi - 0.5h2(i). 

Using this notation, we approximate (1) by the difference equation 

1 1 
Ay = -(alYt);· + -(a2yq,)<jJ - dy = -t/J, 

P p2 

1 ::; i ::; Nl - 1, 0::; j ::; N2 - 1. 

Here, for notational compactness, we have used the relations 

y(i,j) =y(i,N2 +j), j=O,-l, a2(i,0)=a2(i,N2), 

h2(0) = h2(N2), 

which follow from the periodicity condition. 

The boundary conditions (2), (4) are approximated exactly 

(8) 

(9) 
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The difference analog of the third-kind boundary conditions (3), (5) has the 
form (for 0 ~j ~ N2 -1) 

Ay = -~yr + J:...(a2Y.,o).,o - (d+ rKt) y = -t/; - rgi , i = N1 ,(1l) 
pnl p2 pnl pnl 

i = O. (12) 

Here the relations (9) have been used. 

It remains to construct the boundary-value difference problem on the 
side r = It in the case where 11 = O. Since all the nodes lying on the side 
r = 0 are identified, then 

y(O,j) = Yo, 0 ~j ~ N2-1. (13) 

Further, since the origin is an interior point of the circle, then writing equation 
(1) in Cartesian coordinates and approximating it on a radially-annular grid 
using the condition (6), we obtain 

i = 0, 
(14) 

d(O,j) = do, t/;(O,j) = t/;o, 0 ~ j ~ N2 -1. 

Here Yo, do, and t/;o are the values of the corresponding grid functions at the 
center of the circle. 

Thus, in the case of a circle, we have a non-local boundary condition 
(13), (14) on the side r = 0 of the rectangle G. The difference schemes have 
been constructed. 

Difference approximations to equation (1) often use a different grid in 
r in a neighborhood of the point r = 0, in which the point r = 0 is not 
included: 

w = {(ri,l;?j) E G, ri = (i +0.5)h1> 0 ~ i ~ NI, rN1 = L1> 

I;?j = I;?j-I + h2(j), 1 ~ j ~ N2, I;?o = 12, I;?N2 = L2} 

(for simplicity, we assume that the grid in r is uniform). 

Then al(i,j) = rikl(i;i, I;?j), a2(i,j) = k2(ri,cf'j) and so forth, where 
ri = ih1 • Equation (8) remains unchanged, and for i = 0 we have the following 
difference equation: 
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(here ro = 0.5h1 , 7"1 = h1 ), which is analogous to a third-kind boundary 
condition. 

A condition for r = 0 is absent; it is impossible to define the value of y 
at r = 0 from these difference equations. 

15.3.2 The solubility of the boundary-value difference problems. In Section 
15.3.1, we constructed difference schemes that approximate the problems (1)
(6). For a circle, the scheme is given by the formulas (8), (10), (11), (14), and 
for a ring by the formulas (8), (10), (12). We now investigate the solubility 
of these schemes. 

We denote by w· a part of the grid w: w = {(r;,Cf'j) E W, 0 :::;; i :::;; N 1 , 

o :::;; j :::;; N2 - I}. The space H consists of the grid functions defined on w· 
that satisfy the auxiliary condition y(O,j) = constant, 0 :::;; j :::;; N2 - 1, if 
11 = O. The inner product in H is defined by the formula 

N, N2-1 

(u,v) = L L u(i,j)v(i,j)p(i)1i1 (i)1i2(j). 
;=0 j=O 

It is possible to show that, if the function p( i) is defined by the formula 
(7), then the equation 

(15) 

is valid, i.e. the square of the norm of the function that is identically equal to 
one on w· is the same as the area of the circle (11 = 0) or the ring (11 > 0). In 
addition, if the region is a circle, then, using the fact that the grid functions 
in H are constant in j for i = 0, and also the equality 

N 2 -1 

L 1i2(j) = L2 -12 = 27r, 
j=o 

it is possible to obtain the following expression for the inner product intro
duced above 

N, N2 -1 

(u, v) = P(O)1i1 (0)27ruovo + L L u( i,j)v( i, j)p( i)1i1 (i)1i2(j), (16) 
;=1 j=O 

where Uo = u(O,j), Vo = v(O,j). 
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We now investigate the solubility of the boundary-value difference prob
lems (8), (11), (13), (14) for It = 0 and (8), (11), (12) for 11 > 0, if d == 0, 
",t = "'1 == o. We write the difference problems indicated above in the form 
of the operator equation 

Au=/, (17) 

where the operator A is defined as follows: Ay = -Ay, y(i,j) = y(i,j) for 
o :::; i :::; Nt. 0 :::; j :::; N2 - 1 and y satisfies the periodicity condition (9); in 
addition, y(O,j) = y(O,j) = constant. 

We look first at the operator A corresponding to the difference operator 
A for the problem (8), (11), (13), (14). Taking into account that Green's first 
difference formula for a function satisfying the periodicity condition takes the 
form 

N2-1 N 2-1 

L (a2urp).pvn2 = - L a2urpvrph2' 
j=O j=O 

we have, using (16), that 

(Au,v) = -(Au,v) 

~ 1~' Ii, (t, h, a, u,v, + t. pli, duv + r'; u" I ;~N, ) 
Nt n N2-1 

+ L --.!. L h2a2urpVrp = -(u,Av) = (u,Av). 
i=1 P j=O 

Consequently, the operator A is self-adjoint in H. 

For the operator A corresponding to the difference operator A from the 
problem (8), (11), (12), we obtain the analogous equation 

(Au,v) 

~ :~' Ii, (t h,a,u,O, + t,PIi,dU. + rK,u.l"", + r4,ol;~N') 
Nt n N 2 -1 

+ L --.!. L h2a2urpVrp = (u, Av), 
i=O P j=O 

from which follows the self-adjoint ness of the operator A. 
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IT d == 0, Kr == 0, then it follows from the self-adjointness of the operator 
A and from the Cauchy-Schwartz-Bunyakovskij inequality (Au, u) ~II Au II 
II u II that the kernel of the operator A consists of the grid functions which 
are equal to a constant on the grid w*. Therefore the existence condition for 
a solution to the operator equation (17) has the form (f, 1) = O. For the 
problem (8), (11), (13), (14), it corresponds to the condition 

N1 N2-1 N2-1 
L L ,p(i,j)p(i)lit(i)1i2(j) + L1 L 1i2(j)gi(<pj) = 0, (18) 
;=0 j=O j=O 

which is a difference analog to the condition (23) of Section 15.1. For the 
problem (8), (11), (12) the solubility condition has the form 

N1 N2-1 N2 -1 
L L ,p(i, j)p(i)1i1 (i)1i2(j) + L 1i2(j)[L1gi(<pj) + Zlg~(<pj)l = 0 
;=0 j=O j=O 

and is an analog to the condition (25) of Section 15.1 that guarantees the 
solubility of the corresponding differential problem for a ring. 

IT these conditions are satisfied, then the solutions of these problems 
exist and any two solutions differ by a constant. The normal solution to 
these problems satisfies the condition (y, 1) = O. 

Suppose that y is one of the solutions that can be found, for example, by 
fixing the desired solution at one node of the grid. Then, taking into account 
equation (15), we obtain that the function 

_ (y,l) (y,l) 
y = y - 1r(L~ - Zn = y - (1,1) 

is the normal solution. 

Remark. IT we define the grid function p( i) by the formulas 

p(i)=r;, p(O) = {h1(0)/4, It = 0, 
11, 11 > 0, 

then we need only to change equation (15) in the case where It = O. In this 
case we will have 

(1,1) = 1rL~ + h~i1) 1r = 1r (L~ + h~i1)) . 
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15.3.3 The superposition principle for a problem in a circle. The solution 
of difference problems in a circle is complicated by the presence of the non
local boundary condition (14) given for i = O. Notice that, if the problem 
is singular, and the solubility condition (18) is satisfied, then one of the 
solutions can be conveniently distinguished by fixing its value at the center 
ofthe circle, i.e. setting y(O,j) = Yo, 0:::; j :::; N2-l. In this case, the condition 
(14) is not used, and the resulting problem with the given Yo is analogous to 
the problem posed in the ring with a first-kind boundary condition on the 
interior circumference. Suppose now that the difference problem (8), (11), 
(13), (14) is non-singular. We shall show that its solution can be found by 
solving two auxiliary problems with local first-kind boundary conditions for 
i = 0, 0 :::; j :::; N2 - l. 

We will seek a solution to the problem (8), (11), (13), (14) in the form 

y(i,j) = v(i,j) + yow(i,j), 0:::; i :::; N 1 , 0:::; j :::; N2 - 1, (19) 

where Yo is the value of the desired solution at the center of the circle, and 
v(i,j) and w(i,j) satisfy periodicity conditions 

v(i,j) = v(i, N2 + j), w(i,j) = w(i, N2 + j), j = 0,-1 

and are the solutions of the following boundary-value problems: 

1 1 
- (al Vi' )f+ 2" (a2 vrp)<p -dv= -t/J, 
p p 

v(O,j)=O, i=O, (20) 

1:::; i:::; Nl -1, 

(21) 

It is obvious that the function y defined according to (19) satisfies equa
tion (8) and the conditions (11), (13). It remains to define Yo. Substituting 
(19) in the as yet unused condition (14), and taking into account the bound-
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ary conditions for v and w, we obtain 

Yo = (22) 

We shall show that the denominator in (22) is non-zero. To do this, we take 
the inner product of equation (21) with w. Using the boundary conditions 
for w, the periodicity relations, and the Green difference formulas, we obtain 

Since the function w is not constant, d 2:: 0, a", 2:: Cl > 0, a = 1,2, and 
Kt 2:: 0, where tP + (Kt)2 =I 0, then from this we obtain that 

N 2 -1 

L atlwr1i.2Ii=o < ° 
j=O 

and, consequently, the denominator in formula (22) is non-zero. 
Thus, solving the original problem (8), (11), (13), (14) reduces tb solving 

the two problems (20) and (21) with local boundary conditions and finding 
Yo using the formula (22). The desired solution y is found from formula (19). 

Notice that, if we are given a first-kind boundary condition y(N1,j) = 
gt(CPj) on the side r = LI, then for the functions v and w we replace the 
third-kind boundary conditions in (20) and (21) by the conditions v(N1,j) = 
gt(CPj) and W(Nl,j) = ° for ° ~ j ~ N2 - 1. The formula (22) for Yo is 
preserved. If the coefficients kl' k2' q, and Kt do not depend on cP, then the 
solution w of problem (21) also does not depend on cpo In this case, we have 
the following one-dimensional problem for the function w 

1 
-(alwr),·-dw=O, l~i~Nl-l, 
p 
w(O,j) = 1, i = 0, 

al rK1 ( +) - p1i.1 Wr - d + p1i.1 W = 0, 

which can be solved by the elimination method. 
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15.3.4 Direct methods for solving equations in a circle or a ring. From the 
discussion above it follows that it is sufficient to consider methods for solving 
the difference problems (8), (10)-(12). First we study the cases for which 
these difference problems can be solved by one of the direct methods laid out 
in Chapters 3 and 4. 

Suppose that the coefficients k}, k2 , q of equation (1) do not depend on 
<p: kl = k1(r), k2 = k2(r), q = q(r). Such a situation occurs for Poisson's 
equation in polar coordinates. Assume in addition that kl and kt are con
stants in the third-kind boundary conditions (11), (12). It is assumed that the 
grid w is uniform in <p, i.e. h2(i) = h2 , but it may be non-uniform in r. Under 
these assumptions, the difference equation (8) with any combination of the 
boundary conditions (10)-(12) can be solved by either the cyclic-reduction 
method, or by a combined method involving incomplete reduction and sepa
ration of variables. 

We illustrate the possibility of applying direct methods on an example 
in which third-(second-) kind boundary conditions can be examined analo
gously. 

In view of the assumptions made above, the coefficients of the difference 
scheme can be defined by the formulas 

and since the grid w is uniform in <p, the difference operator (a2Y.p) .... can be 
changed to a2Y.p'P. 

We shall reduce the difference problem (8), (11), (12) to a system of 
three-point vector equations 

-YN,-l + CYo - Y1 = Fo, j = 0, 

-Yj-l + CYj - Yj+t = Fj, 1 ~ j ~ N2 - 2, (23) 

-YN,-2 + CYN,-l - Yo = FN2-t, j = N2 -1. 

Here for ° ~ j ~ N2 -1 we have used the notation: 

Yj = (y(O,j),y(l,j), ... ,y(N1!j))T, 

Fj = (8of(0,j),fh (f(l,j), . .. , 8NJ(N1 ,j))T, 

CYj = «2E - 8oAt)y(0,j), ... ,(2E - 8Nt Al)y(Nt, j)f, 

where 

(24) 
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the difference operator Al acts as follows: 

i = 0, 

1:$ i:$ NI -1, (25) 

and, finally, (}i = p2(i)hVa2(i), 0:$ i :$ NI . 

The system (23) is obtained from (8), (11) and (12) by multiplying each 
equation by the corresponding (}i and transforming to vector notation. 

Recall that the algorithm for the cyclic-reduction method applied to the 
system (23) was described in Section 3.4.2. In a combined method, we use the 
algorithm for the fast Fourier transform introduced in Section 4.1.4. These 
methods are characterized by the estimate O(NIN2log2 N2) for the operation 
count where N2 = 2n. 

15.3.5 The alternating-directions method. Suppose now that the coefficients 
in equation (1) and the boundary conditions (3), (5) satisfy the conditions 
kI = kI (r), k2 = k2 (cp), q = constant, "'f = constant, i.e. the alternating
directions method is applicable to the problem (1), (3), (5). It is assumed 
that the grid w is non-uniform in each direction. We consider the difference 
equation (8) with any combination of the boundary conditions (10)-(12). 
Under these assumptions, the variables in the difference scheme are separated, 
and an approximate solution can be found using the alternating-directions 
method with the optimal set of iterative parameters. 

As an example, we consider the problem (8), (11), (12) with third-kind 
boundary conditions for r = 11 and r = L I . We write this problem in the 
form 

Ay = -1, 0:$ i :$ NI , 0:$ j :$ N2 - 1, 

A = Al + A2, 1 = p2 j, 
(26) 

where Al = p2 A1> the operator Al is defined in (25), the operator A2 is given 
by the equation A2y = (a2y<!,)"", where the relation (9) is satisfied, and the 
right-hand side j is defined in (24). The equation (26) was obtained from (8), 
(11), (12) by multiplying by p2. 

By the assumptions made above, the coefficients of the difference scheme 
(26) are chosen using the formulas aI(i) = fikI(fi), a2(j) = k2(cpj), d = q = 
constant. 
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In the space H of grid functions defined on w*, we define the inner 
product 

Nt N 2 -I n (')1:. (') 
( ) '"' '"' I Z "2} (' ') (' ') u,v = ~ ~ (i) U I,} v I,} , 

1=0 )=0 P 
(27) 

The operators Al and A2, mapping into H, are defined in the usual way: 
AaY = -AaY, where y(i,j) = y(i,j) for 0 ::; i ::; Nb 0 ::; j ::; N2 - 1 and y 
satisfies the periodicity relation (9), Then the scheme (26) can be written in 
the form of the operator equation 

(28) 

in the space H, 

To solve equation (28), we use the alternating-directions method whose 
iterative scheme has the form 

Yk+l - Yk -
Bk+1 +AYk = I, k = 0,1"", Yo E H, 

Tk+1 (29) 
T - w(l) + w(2) k - k k' 

The self-adjointness of the operators Al and A2 in the space H is estab
lished using the Green difference formulas, and their commutativity can be 
easily verified, 

We now find bounds for the operators Al and A2, i.e, the constants oa 
and ~a, a = 1,2, in the inequalities 

Oa(U,U)::; (Aau,u)::; ~a(u,u), 

We first find 02 and ~2' Since the periodicity condition (9) is satisfied for the 
function u(i,j), we have 

and then 

Here we have used the relation (9) for a2 and h2 • 
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Further, using an analog of lemma 16 in Chapter 5, we find that D1 can 
be estimated as follows: 1/D1 = ~ax v(i), where v(i) is the solution of the 

O<.<Nt 

boundary-value problem - -

i = 0, (30) 

The problem (30) can be solved by the elimination method. 

We obtain now an estimate for ~1. Using Green's first difference formula 
and the definition (27) of the inner product, we find 

N2-1 [N2-1 Nt 

= f.; n2(j) tt h1(i)a1 (i)u~(i,j) + d ~ n1(i)p(i)u2(i,j) 

+ 11Klu2(0,j) + L1 Ktu2(N1 ,j)] 
We now estimate the expression in square brackets. From an analog of 

lemma 16 in Chapter 5 we obtain the estimate 

Nt dL n1(i)p(i)u2(i,j) + 11 Kl u2(0,j) + L1Ktu2(N1,j) 
i=O 

where ml = ~ax w(i), and w(i) is the solution of the problem 
O:s.:SNt 

i = 0, 

(31) 

(32) 
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Further, from an analog of lemma 17 of Chapter 5, we obtain the estimate 

where 

Nl Nl ~ (0) 
'" (0)-2(0 O)h (0) < '" 1t1 I 2(0 0) f:t a1 Z Ur Z,) 1 Z _ m2 ~ p( i) U I, J , 

From (31) and (33) follows the estimate 

Nl N 
Lh1a1u~ +dL n1PU2 + lt K1u2 1i=0 + L1Ktu2li=Nl 
i=l i=O 

(33) 

Multiplying this inequality by n2(j) and summing for j between 0 and N2 -1, 
we obtain (A1u,u) ~ ~l(U,U)o 

Thus, the constants 801 and ~OI' 0: = 1,2, have been foundo Recall that 
the formulas for the iterative parameters w~l) and w~2) were obtained in 
Section 11.1.40 

In an analogous manner, we construct the alternating-directions method 
for the difference problem (8), (10) with first-kind boundary conditionso The 
constants 801 and ~OI are estimated in the same way as in the earlier 'case, 
only in (30) and (32), the third-kind boundary conditions should be changed 
to the conditions v(O) = 0, veNd = 0 and w(O) = 0, weNd = 00 

In conclusion we remark that for d = 0, Kt = 0, the problem (8), (11), 
(12) is singular, and if the solubility condition 

Nl N2-1 N2-1 
L L tPpn1n2 + L n2[L19t + 11911 = 0, 
i=O ;=0 j=O 

is satisfied, then the problem has a non-unique solutiono For this case, the 
set of parameters wi1) and wi2) for the alternating-directions method was 
constructed in Section 12.401. 
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15.3.6 Solution of difference problems in a ring sedor. We look now at meth
ods for solving boundary-value difference problems for an ellitptic equation 
without mixed derivatives in a ring sector. 

In the region G = {II :5 r :5 LI, 12 :5 cp:5 L2, II > 0, L2 -It < 27r}, it is 
necessary to find a solution to equation (1) that satisfies one of the boundary 
conditions (2)-(5) on the sides r = II and r = L 1 , and that satisfies on the 
sides cp = 12 and cp = L2 one of the conditions 

or 

k2 au + 
-; ocp = ~2U - g2 (r), cp = 12, 

u(r,cp) = gi(r), cp = L2, 

or 

(34) 

(35) 

(36) 

(37) 

It is assumed that the coefficients satisfy the conditions kl(r,cp) ;::: CI > 0, 
k2(r,cp) ;::: CI > 0, q(r,cp);::: 0, ~t(cp) ;::: 0, ~t(r) ;::: 0. 

In the region G, we introduce an arbitrary non-uniform rectangular grid 
Ii; (cf. Section 15.3.1): 

Ii; = {(ri' cpj) E G, ri = ri-l + hI (i), 1:5 i :5 Nt. ro = II, 

rN1 = L1I cpj = CPj-1 + h2(j), 1:5 j :5 N2, cpo = 12, CPN2 = L2} 

and define the average steps nl (i) and n2(j): 

{ 
0.5ha(I), 

na(m) = 0.5[ha(m) + ha(m + 1)], 

O.5ha (Na ), 

m=O, 

1 :5 m :5 Na - 1, 

m = Na , or = 1,2. 

Equation (1) can be approximated by the difference equation 

1 1 
-(aIYr);' + 2"(a2Y",)rp - dy = -"p, 
p P 
1 :5 i :5 NI - 1, 1:5 j :5 N2 - 1. 

(38) 
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The first-kind boundary conditions (2), (4), (34), (36) are approximated 
exactly: 

y(Nt,j) = gi(cpj), y(O,j) = gl(cpj), ° ~ j ~ N2 , (39) 

y(i,N2 ) = gi(ri), y(i,O) = g2"(ri), ° ~ i ~ N1 • (40) 

The third-kind conditions (3) and (5) that were given for r = L1 and 
r = h, are changed to the conditions (11) and (12) for 1 ~ j ~ N2 - 1. 

The difference analog of the boundary conditions (35) and (37) has the 
form 

If we are given third-kind boundary conditions on intersecting sides of 
the rectangle, then we pose the following boundary conditions at the corner 
nodes of the grid w: 

(43) 

if i = j = OJ 

(44) 

if i = N1 , j = OJ 

(45) 

if i = 0, j = N2 j and, finally, 

(46) 
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If we consider the difference problem (38), (11), (12), (41)-(46) with 
d == 0 and K~ == 0, 0: = 1,2, then a solution exists if the following condition 
is satisfied 

N2 Nl N2 Nl 

L L p1h n2tP + L n2(L1gt + hg1) + L nl(g2 + gi) = OJ 
j=Oi=O j=O i=O 

this is the difference analog of the solubility condition (27) of Section 15.1 
for the corresponding differential equation problem. Here, any two solutions 
of this equation differ by a constant. 

This assertion is proved in almost the same way as in Section 15.3.2 for 
the case of a circle and a ring. Here the inner product in the space H of grid 
functions defined on w is given by the formula 

Nl N2 

(u, v) = L L u(i,j)v(i,j)p(i)nl(i)n2(j). (47) 
i=O j=O 

Notice that the coefficients at, a2, q, and the function p(i) are defined in this 
sub-section in the same way as in Section 15.3.1. 

We now comment on methods for solving difference problems we have 
constructed. If the coefficients kt, k2' and q depend only on r, Kt are con
stants, and Kt = 0, if we are given the boundary conditions (3), (5), (35), 
(37), and if the grid w is uniform in cp, then the corresponding difference prob
lems can be solved by the direct methods constructed in Chapters 3 and 4. 

If the conditions kl = k1(r), k2 = k2(cp), q = constant, K~ = constant 
are satisfied, and if the grid w is non-uniform in each direction, then we can 
solve the difference problems using the alternating-directions method with 
the optimal set of parameters. In this case, as was done in the previous sub
section, the difference equations are first multiplied by p2( i). 

15.3.7 The general variable-coefficients case. We look now at the case where 
the variables are not separated and where it is necessary to use an iterative 
method to find a solution to the boundary-value problem. 

Suppose, for example, that it is necessary to find a solution to a Dirichlet 
problem for equation (1) on the grid w under the assumptions that the grid 
w is uniform in cp (h2(j) == h2), q = 0, and the coefficients kl and k2 satisfy 
the conditions 

(48) 
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Under these assumptions, the difference problem can be written in the 
form 

1 1 
Ay = -(atY,.);· + "2(a2Yr,a)tp = -t/J, (r,r,o) E w, (49) 

p P 

where 
al(i,j) = rikl(ri,r,oj), a2(i,j) = k2(ri,<pj), 

ri = ri - 0.5hl(i), <Pj = r,oj - 0.5h2. 
(50) 

In the space H of grid functions defined on w, we define the inner product 
using 

Nl-l N2-1 

(u,v) = L L u(i,j)v(i,j)p(i)1il(i)h2 
i=1 j=1 

and the operators A and R, mapping in H, by Ay = - Ay, Ry = - 'R-y, 
where y(r,r,o) = y(r,r,o) for (r,r,o) E w and y(r,r,o) = 0 for (r,r,o) E 7. Here the 
difference operator 'R- is defined by the relation 

1 1 
'R-y = -(ry,.)r + "2Yr,atp, (r,r,o) E w. 

p P 

Using the Green difference formulas, it is possible to prove that the 
operators A and R are self-adjoint in H and, in addition, for any y E H we 
have the equations 

Nl N 2-1 N2 N 1 -l 

(Ay, y) = L L aly~hlh2 + L L a2 y~1ilh2' 
i=1 j=1 j=1 i=1 P 
Nl N 2 -1 N2 N 1-l 1 

(Ry, y) = L L fy~hlh2 + L L -y~1ilh2' 
i=1 j=1 j=1 i=1 P 

From this and from (48), (50), it follows that the operators A and R are 
energy equivalent with constants 71 = Cl and 72 = C2: 

71(Ry,y) ~ (Ay,y) ~ 72(Ry,y), 71 > O. (51) 

The difference problem (49) can be written in the form of the operator 
equation 

Au =/ 

with the operator A defined above. To solve this problem, we use an implicit 
iterative scheme 

B Yk+l - Yk + AYk = /, k 0 1 H = " ... , Yo E , 
Tk+l 

where B = R. 

(52) 
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From the general theory of iterative methods outlined in Chapter 6, it 
follows that, if the parameters THI in the scheme (52) are selected using the 
formulas for the Chebyshev method 

TO 
Tk - -----=-

- 1 + PoJ-Lk' 

* { (2i - 1)71" . } 
J-Lk E Mn = - cos 2n ' 1 ~ z ~ n , k = 1,2, ... ,n, 

then we have the following estimate for the error Zn = Yn - u 

II Yn - U IID~ € II Yo - U liD, 

where D = A, D = B, or D = AB-1 A; the iteration count can be estimated 
using 

Here 
2 

TO = , 
11 + 12 

1-e 
pO=1+e' 

1-VZ 
PI = 1 + VZ' e = 11. 

12 

Since 11 and 12 do not depend on the step-size of the grid w, the iteration 
count is proportional to lIn O.5€1 and does not change as the grid is refined. 

To find YHl, we have the difference problem 

'RYHl=-F, (r,ip)Ew, YHl=g, (r,ip)Ew 

with a known right-hand side F = -'RYk + THl(AYk + tjJ). Notice that this 
problem satisfies all the conditions necessary for application of direct solution 
methods, for example the cyclic-reduction method with its operation count 
of O(NIN2Iog2 N2), where N2 = 2n. Thus, the total number of operations 
required to find the solution of this difference problem to an accuracy € can 
be estimated by the quantity O(NIN2Iog2 N2In(2/€)). 

Analogously, it is possible to construct, under corresponding assump
tions, iterative methods for solving boundary-value difference problems posed 
in previous sub-sections involving cylindrical and polar coordinates. 
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Appendix A 

Construction of 
the Minimax Polynomial 

1. In Section 6.2, when examining two-level iterative schemes, we formulated 
the following problem: construct the polynomial of degree n whose value at 
zero is 1, and whose maximum modulus on the interval [,1, 1'2] is minimal. 

We now solve this problem. It will be convenient for us to carry out our 
investigation, not on the interval [,ll1'2], but on the interval [-1,1]. To do 
this, we make a linear change of variable, mapping the interval 1'1 ~ t ~ 1'2 
onto the interval -1 ~ x ~ 1, and the point 1'1 to the point 1. This change 
of variable has the form 

1- Pox 
t= , 

TO 

2 
TO = , 

1'1 + 1'2 

Under this transformation, the point t = 0 corresponds to the point x = 
I/po > o. 

Thus, the problem formulated above is equivalent to the problem: among 
all polynomials of degree n that take on the value 1 at the point x = 1/ Po > 0, 
find the one that deviates least from zero on the interval [-1, 1]. 

This is the classical Chebyshev problem from the theory of function 
approximation; its solution is well known, but it will be useful for us to 
derive this solution here. To do this, we will require 

Theorem 1. For any two continuous functions g(x) > 0 and f(x) on the 
interval [-1,1], there exists a unique polynomial Pn(x) of degree at most n 
such that 
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This polynomial is fully characterized by the following property: there 
are at most n+2 sequential points on the interval [-1,1] at which the function 
g(x)(f(x) - Pn(x)) takes on the value qn with alternating sign. 

We transform this problem to the problem described in theorem 1. Tak
ing into account that the desired polynomial takes on the value 1 at the point 
x = 1/ Po, we represent it in the form 

( 1) 1 - Pox [ Po ] Pn(x) = 1- - - x Rn-l(x) = - Rn-l(x) , 
Po po 1- pox 

where Rn-l(x) is a polynomial of degree at most n-1. 
From this it follows that our problem reduces to the problem of finding 

a polynomial Rn-l(x) of degree at most n - 1 that gives the best uniform 
approximation (with weight function g(x) = (l-pox)/ Po > 0) to the function 
f(x) = Po/(1 - Pox) on the interval [-1,1]. 

This is the problem given in theorem 1. 

Therefore, on the basis of theorem 1, there exist at least n + 1 points 
X},X2, ... ,Xn+l in the interval [-1,1] at which the desired polynomial Pn(X) 
takes on the value qn with alternating sign. 

We show first that here must be exactly n + 1 such points. If a continuous 
function takes on the value qn with alternating sign at more than n + 1 points 
on the interval [-1,1], it must vanish for at least n points on this interval. 

Since the polynomial Pn(x) is not identically zero, it must vanish at no 
more than n points on the interval [-1, 1]. Therefore, the desired polynomial 
Pn(x) takes on the value qn with alternating sign precisely n + 1 times on 
the interval [-1,1]. 

We now characterize these points. If the polynomial Pn(x) takes on its 
maximal value at an interior point of the interval [-1,1], then the derivative 
P~(x) vanishes at this point. But the degree of P~(x) is equal to n - 1 and, 
consequently, the derivative of the desired polynomial can vanish at only n-l 
points. Therefore, the polynomial has n-l interior extremal points on [-1,1] 
and, consequently, two boundary extrema, i.e. 

Thus we have 

where Wj are the roots of the polynomial, and Xj are the extremal points 

-1 = Xn+l < Wn < Xn < ... < W2 < X2 < WI < Xl = 1. 
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In addition, since P n (1 / Po) = 1 and all the roots of the polynomial P n ( X ) 

lie on the interval [-1,1], then Pn(1) = qn and, consequently, we have the 
equation 

. I 
Pn(Xj) = (-I)J- qn, j=I,2, ... ,n+1. (1) 

Thus we obtain 

Lemma 1. Among all polynomials Pn(x) taking on the value 1 at x = l/po 
the one that deviates least from zero on the interval [-1,1] satisfies the dif
ferential equation 

(2) 

Proof. The points X2, X3, ... , Xn are simple roots of the polynomial P~(x). 
Obviously, these points are double roots ofthe polynomial q~ - P~(x), and 
the points Xn+1 = -1 and Xl = 1 are simple roots oUhis polynomial. There
fore the polynomials (1 - X2)(P~(X»2 and q~ - P~(x) have the same roots. 
Consequently, they are proportional, i.e. 

Equating the coefficients of highest degree in the two polynomials, we find 
that c = n2 • The lemma is proved. 0 

2. We move on now to the construction of the polynomial Pn(X) using equa
tion (2). This equation, in addition to the unknown function Pn(x), contains 
the as yet unknown parameter qn. We will not separately fix auxiliary condi
tions which will uniquely determine the solution to equation (2), but we will 
instead use all the known information concerning Pn(x). 

We look first at equation (2) on the interval [-1, 1]. In this case IPn(x)1 :5 
qn, and, consequently, on the left- and right-hand sides of equation (2), it is 
possible to take the square root 

± dP dx O:5x:51. J q~ - p2 = n "It _ x2 ' 
(3) 

We shall investigate the left-hand side of (3). IT Pn(xj+d = qn, then, as 
the variable x varies between Xj+l and Xj, the function Pn(x) decreases 
from qn to -qn. Here the differential dP is negative, and therefore it follows 
that we should choose the minus sign in the left-hand side of equation (3). 
Analogously we find that, if Pn(Xj+I) == -qn, then we should choose the 
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plus sign. Taking into account (1), we obtain that, on the interval [Xj+1,Xj]' 
equation (3) should be written in the form 

(_ )j-1 dP _ dx 
1 -n~, 

..; q~ - p2 vI - x2 
(4) 

We obtain now an expression for Pn(X) on the interval [-1,1]. Suppose 
that x is any point of the interval [-1,1], and for definiteness assume that x 
belongs, for example, to the interval [x}+1, x j]. 

When integrating the right-hand side of equation (4) for x between x 
and 1. We obtain 

1 J dx . 
n ~ = narCSlnx = n arccos x. 

vl-x2 
x x 

We then integrate the left-hand side of equation (4). As x changes from 
X}+l to Xj, the function P(x) changes from P(Xj+1) = (-I)jqn to P(Xj) = 
(-I)j-1 qn . Therefore 

( _1)j-1 = 1r. 

Further, when we integrate the left-hand side of (4) from P(x) to P(Xk) 
we obtain 

P(x/o) q 

(_I)k-1 J dP = In 
. I q2 _ p2 

dP k P(x) 
----;=:;===::::::::: = arccos( -1) -1 --. 
Jq; - p2 qn 

P(x) V n (_l)/O-lP(x) 

Since 

dx 
Jl- x 2 ' 

then finally V{e obtain 

k 1 P(x) n arccos x = (k - 1)11" + arccos( -1) - --. 
qn 

From this we find 

Pn(X) = qn cos(n arccos x), Ixl::; 1. 

(5) 

(6) 
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Setting x = wk E [Xk+l, Xk] in (5), we find the roots of the polynomial Pn(X) 

(2k - 1)11" 
Wk = cos 2n ' k = 1,2, ... , n. 

The formula (6) defines the polynomial Pn(x) for x E [-1,1]. We now 
find the form of the polynomial Pn(x) for Ixl ~ 1 and determine qn. To do 
this we notice that 

( 2k -1 ) 
W n -k+l = cos 11" - ~11" = -Wk, k = 1,2, ... ,no 

Therefore Pn( -x) = (-It Pn(x) and, consequently, it is sufficient to deter
mine Pn(x) for x ~ 1. 

We now investigate equation (2) for x ~ 1. In this case, we write it in 
the following form: 

Since x ~ 1, then P( x) ~ qn and the function is increasing. Therefore, 
extracting a root, we obtain 

dP dx 
Jp2 _ q~ = n Jx2=1. 

To integrate the right-hand side of this equation from 1 to x, we integrate 
the left-hand side between qn and Pn(x). Therefore 

P~~x) _ 1) = arc cosh Pn(x) 
qn qn 

(7) 
x 

=n J ~ =nln(x+~) =narccoshx. 
1 

From this we obtain 

Pn(x) = qn cosh(n arc cosh x), x ~ 1. 

Since Pn( x) = ( _1)n Pn( -x), then for x ::; 1 we find 

Pn(x) = (-ltqncosh(narccosh(-x)) = qncosh(narccoshx) x::;-1. 
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Thus, for Ixl ~ 1 we obtain the following expression for the polynomial Pn(x): 

Pn(x) = qn cosh(n arc cosh x), Ixl ~ 1. (8) 

We now find qn. Setting x = 1/ Po in (8), and taking into account that 
Pn (1/ Po) = 1, we obtain 

qn = 1/ cosh(narccosh(I/po)). 

On the other hand, setting x = 1/ po in (7), we find 

In I+~ =n In I+~ =n ln~ 
qn Po PI 

where 
Po 1- Je 

PI = I+.jI-p~ = I+Je' 

Consequently, 

1 

qn = cosh ( n arc cosh :0) 
Combining (6) and (8), we obtain 

where 
() { cos( n arccos x), 

Tn X = 
cosh( n arc cosh x), 

Ixl ~ 1, 

Ixl ~ 1. 

, 

(9) 

(10) 

The polynomial Tn(x) is called the Chebyshev polynomial of the first kind 
of degree n. 

Thus, the problem has been completely solved. Its solution is given by 
formulas (9) and (10). Transforming to the variable t, we obtain the desired 
polynomial 

which deviates least from zero on the interval h'1')'2]. 
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Appendix C 

Translator's Note 

A number of the methods described in this book are also discussed in the 
Western scientific literature, sometimes from a quite different perspective. In 
this note, I would like to indicate some of these sources. 

The early chapters discuss direct methods for solving large sparse linear 
systems of special form. The major ideas are: Gaussian elimination, cyclic 
reduction, and application of the fast Fourier transform (FFT). An extensive 
discussion of Gaussian elimination, along with a detailed error analysis, can 
be found in Wilkinson [1965]; special adaptations of this technique, as well as 
cyclic reduction and its generalizations, are discussed in Buzbee, Golub, and 
Nielson [1970]. The FFT is developed in Hamming [1973]. The bibliographies 
of these works indicate the development of these topics in the west. 

The remaining chapters are devoted to iterative methods. As the bibli
ography of this book implies, the work of Young [1971] has been fundamental 
to the field of iterative methods based on matrix splittings. Further results 
can be found in Varga [1962]. Conjugate-gradient and related methods are 
treated in Concus, Golub, and O'Leary [1976] and Paige and Saunders [1975]. 

As in any translation, there are dilemmas imposed by terminology. Some 
of the methods discussed in this book, even though they have similar names 
and formulas, are not identical to their western counterparts. In these cases, 
I have tried to use different terminology to distinguish them. Whenever prac
tical, terms common to English-language mathematical literature have been 
used, even whe~ they differ considerably from their Russian names. In most 
respects, the translation is styled closely after the original. 

Stephen Nash 
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225-267,284,301,427,431 

block form 11-241 

general theory 11-225-241 

modified ATM I-xxx; 11-243-250, 253 

parameters 11-228-233 

alternating directions iterative 

method (AD!) I-xxxi; 11-269-301, 303, 

321-325, 341-343, 461-465, 479-482 

commutative case 11-272 

iterative scheme 
non-commutative case 

11-269-271 
11-269-301 

parameters 

Andreev, A.B. 

axial symmetry 

11-271-273, 276-280 

11-417, 496 

11-449 

Buzbee, B.L. 

Cauchy problem 

characteristic equation 

Chebyshev method 

11-497-498 

1-13-16 

1-30-34 

I-xxix-xxxiv; 

11-65,69-86, 107-108, 112-115, 

117-124, 131, 136-143, 145, 214, 

284, 301, 303, 309-314, 333-339, 

405, 421, 428, 431-432, 487 

choice of operator 11-72-75 

iteration count 11-70 

optimality 
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stability 

11-71-72 

11-69-71, 82-86 

11-75-82 

Chebyshev polynomial I-xxvii-xxviii, 

41-43, 48, 133-134, 167-169, 

230, 233; 11-36, 130, 439, 489-494 

Chebyshev semi-iterative method 

11-125, 129-133, 136-143 

algorithm 
choice of operator 

11-132-133 

11-132 

parameters 11-129-131 

conjugate correction method 11-175 
conjugate direction methods 11-164-180 

conjugate error method 11-176, 313, 315 

conjugate gradient method 11-175, 

368,497 

conjugate residual method 11-175 

Concus, P. 

cyclic reduction 

11-497-498 

I-xxv, 117-170, 

236-238; 11-343-346, 

459-461, 478-479, 497 

difference derivatives 

central 

1-4-8 

1-4 

1-5 

1-4 

1-6 

general order 

left 

product 
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right 1-4 

summation by parts 1-6 

difference identities 11-25-27 

difference scheme 1-2 

operator form 11-21-54 

domain augmentation 11-433,442-445 

domain decomposition 

algorithm 

11-433-442 

11-438-442 

elimination method I-xxv, 61-116, 

146-147, 207-208, 211, 226-227; 

block 

11-281-283, 441, 477, 497 

1-61, 97-116 

column pivoting 

cyclic 

1-95 

I-xxv, 61, 77-80 

flow I-xxv, 61, 73-76 

incomplete See incomplete reduction 

monotone I-xxv, 86, 92, 234-235 

non-monotone I-xxv, 61, 

86-89, 95-97, 226 

odd-even See cyclic reduction 

orthogonal 1-61, 107-111 

two-sided 

elliptic integral 

error problem 

Faddeev, 

1-65-66 

11-276-277 

11-66-67 

D.K. 11-496 

Faddeeva, V.N.II-496 

FFT See Fourier transform (fast) 

fixed point theorems 11-19-21 

Forsythe, G. 11-495 

Fourier transform (fast) I-xxv, 50, 

171-211, 213-218, 224; 11-431, 497 

algorithm 1-171-196 

complex grid function 1-175-176, 

193-196 

cosine expansion 1-174, 185-187 

real grid function 1-174-175,188-193 

shifted sine expansion 1-173-174, 

176-185 

1-172-173,176-185 

11-200 

sine expansion 

full relaxation 

Index 

Gateaux derivative 

Gauss-Seidel method 

11-6, 354-355 

I-xxviii-xxix; 

11-189-199, 209, 220-223 

block version 11-194-196 

convergence 11-196-199, 220-223 

Gaussian elimination 

See elimination method 

Gelfond, A.O. 

generalized solution 

Golub, G.H. 

11-495 

11-19 

11-497-498 

gradient descent methods 11-367 

Green's formulas 11-26-27, 31-35, 

39, 243, 256, 286, 349, 

405, 407, 426, 474, 477 

grid 1-1-4 

non-uniform 1-2 

uniform 1-2 

grid functions 1-1-4 

space of 11-21-24 

Gulin, A.V. I-xxviii; 11-496 

Hamming, R.W. 11-497-498 

incomplete reduction I-xxv, 131, 171, 

211-227; 11-459-461, 478-479 

indefinite equations 11-303-325 

invariant subspace 11-7 

iterative methods 11-1-63 

canonical form II-I 

classification 11-60-63 

convergence 11-1,58-60 

explicit 11-57-58 

general 11-56-58 

implicit 11-57-58 

nonlinear II-57 

theory 11-1-63 

three-level 11-125-143 

convergence 11-125-129, 138-143 

stability 11-136-143 

stationary 11-133-136 

two-level 11-65-124 

Jacobi elliptic function 11-277 
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Lame equations 

Laplace difference operator 

II-496 

II-495 

II-243 

II-428 

I-xxi, xxiii, 

xxv, xxviii, xxix, xxxiii, 
196-203; II-164, 209, 406, 425 

eigenvalue problem 1-196-201 

lattice See grid 

linear independence 

linear spaces 

Banach space 

complex 

Hilbert space 

normed 

real 

Lipschitz condition 

Marchuk, G.I. 

minimal correction method 

minimal error method 

minimal residual method 

1-18-20; II-2 

II-1-4 

II-3 

II-2 

II-4 

II-3, 6 

II-2 

II-5 

II-495 

II-160-161 

II-161, 313 

II-l58-159, 

330-333 

Newton-Kantorovich method II-358-362 

Nielsen, C.W. II-497-498 

Nikolaev, E.S. II-82, 243 

nonlinear equations II-351-387 

norm II-3 

normal solution II-18 

O'Leary, D.P. II-497-498 

Oganesyan, L.A. II-495 

operators II-I, 5-54 

abelian See operators, commutative 

adjoint II-8 

bounded II-5 

bounds 

commutative 

continuous 

domain 

eigenelement 

eigenvalue 

II-l1, 28-42 

II-6 

II-5 

II-5 

II-16-17 

II-16-17 
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energy II-l1 

energy equivalence II-l1 

energy space II-l2 

finite-dimensional II-I 5-17 

function of II-l4-I5 

inverse II-6 

linear II-I, 5 

monotonic II-l1, 352 

non-linear II-I 

non-negative II-lO 

normal II-9 

numerical radius II-lO 

positive definite II-lO 

potential II-365 

range II-5 

self-adjoint II-9 

skew-symmetric II-9 

solubility II-l8-2I 

spectral radius II-7, 16 

spectrum II-16 

strictly monotonic II-l1 

strongly monotonic II-l1, 352 

Ortega, J .M. II-495 

Paige, C.C. II-497-498 

Poisson's equation I-xxv, 47, 117, 

119-120, 123, 125-126, 145-148, 

201-205,208-211,219-227,230,236; 

II-105-115, 162-164, 207-212, 225, 

233-241, 264-267, 280-284, 290, 

339-346, 401-409, 427, 431, 433-438 

in a ring II-453-454, 470-473 

in a ring sector II-454, 483-485 

on a cylinder 1-125, 211; 

II-447-469, 487 

polar coordinates 1-126, 211; 

II-452-453, 470-487 

spherical coordinates 

QR algorithm 

Rayleigh quotient 

regularizer principle 

resolving operator 

1-126, 211 

1-170 

II-16 

II-389-393 

II-67 
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Rheinbolt, W.C. 

Richardson method 

See Chebyshev method 

Rivkind, V.Y. 

Rukhovets, L.A. 

Samarskii, A.A. 

Saunders, M.A. 

Seidel method 

11-495 

11-495 

11-495 

I-xxviii; 

11-82,417,496 

11-497-498 

See Gauss-Seidel method 

separation of variables I-xxv, 

171-238; 11-343-346, 402-406, 

408, 431, 459-461, 478-479 

simple iteration method 11-65, 

86-105, 109, 145, 284, 303, 

317-321, 351-354, 377-378 

non-self-adjoint case 11-90-105 

parameters 

resolving operator 

11-86-88 

11-98-105 

transformation operator 11-88-98 

singular equations 11-303, 326-350 

SOR 

See successive over-relaxation method 

staircase algorithm 1-171, 227-238 

block tridiagonal matrices 1-230-231 

stability 1-231-236 

tridiagonal matrices 1-227-230 

steady state method 11-55-56 

steepest descent method 11-156-158, 
162-164 

successive over-relaxation 

method (SOR) I-xxviii-xxix; 11-189, 

199-214, 220-223, 284, 301 

Index 

convergence 

parameter 

11-200, 220-223 

11-200-204 

spectral radius estimate 11-204-207 

transformation operator 

trapezoid rule 

triangular methods 

convergence rate 

parameter 

under relaxation 

Vainikko, G.M. 

11-67 

11-22 

11-189, 215-223 

11-217-218 

11-219-220 

11-200 

11-495 

Varga, R.S. 11-497-498 

variation of parameters 1-21-26 

variational iterative methods 

11-145-187, 303, 313-315 

three-level 

optimality 

parameters 

two-level 

acceleration 

asymptotic behavior 

convergence 

optimality 

parameters 

Wasow, W.R. 

weak nonlinearity 

Wilkinson, J .H. 

Young, D.M. 

11-145, 164-180 

11-176-180 

11-164-174 

11-145-164 

11-181-187 

11-153-156 

11-149-151 

11-151-153 

11-145-149 

11-495 

11-385 
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