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Abstract. The problem of stability of difference schemes for second-order evolution problems 
is considered. Difference schemes are treated as abstract Cauchy problems for difference equations 
with operator coefficients in a Banach or Hilbert space. To construct stable difference schemes 
the regularization principle is employed, i.e., one starts from any simple scheme (possibly unstable) 
and derives absolutely stable schemes by perturbing the operator coefficients. The main result of 
this paper is the following: for the first time sufficient conditions are pointed out under which an 
unstable three-level difference scheme with unbounded operator coefficients in a Banach space can 
be regularized to a stable scheme. The principal stability condition is the strong P-positivity of the 
unbounded operator coefficients.
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1. Introduction. Second-order differential equations w ith  operator coefficients 
are a powerful mathematical tool in the description and study o f evolutionary partial 
differential equations arising in various fields o f applications. In the numerical solution 
o f evolution problems, the problem o f stability o f numerical methods w ith  respect to 
initial data is o f great importance. Considering these methods as difference schemes 
w ith  operator coefficients provides a suitable model for stability analysis.

In this paper we consider difference schemes for the following initial value problem

where u : R +  ^  X  is a vector-valued function, A  is a linear, densely defined, closed 
operator w ith  domain D ( A )  in a Banach space X  w ith  norm || • || =  || • ||x. In 
particular, (1) w ith  the Laplace operator A  =  —Д  is the well-known wave equation.

Due to the presence o f the second-order time derivative in (1), difference schemes 
for the numerical solution o f this problem have at least three time levels, i.e., they 
involve approximate values yn for u ( t n ) at three neighboring points o f the tim e grid

^ т { t i :  ̂ 1 , 2 , * * * , t0 0, t i t i - 1 T }•
There are several approaches to  the study o f stability o f difference schemes [6 , 

8 , 9, 10, 11, 12, 14, 15, 16]. As a rule, they are based on some assumptions about 
the structure o f difference operators and the stability analysis is performed using the
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STABILITY AND REGULARIZATION 7 0 9

Fourier method or certain energy inequalities. The most general and constructive 
theory o f stability has been developed in [6 , 9, 10, 11, 12]. In this theory a difference 
scheme is presented in a canonical form w ith  operator coefficients, and stability condi­
tions (in many cases necessary and sufficient conditions) are formulated via operator 
inequalities. This theory essentially uses the techniques and tools o f H ilbert spaces, 
and stability estimates are given in H ilbert norms. The stability theory, together w ith 
the regularization principle [10], provide a powerful tool to  obtain stable difference 
schemes. The main idea o f regularization is to  start from any simple scheme (even 
unstable) and by perturbing its coefficients (while taking into consideration the sta­
b ility  conditions) obtain a stable difference scheme or a scheme w ith other desired 
properties. A ll the main classes o f difference schemes for the problems o f mathe­
matical physics have been designed and analyzed on the basis o f this approach in 
[6 , 9, 10, 11, 12].

Unfortunately, known stability theories do not include certain important classes 
o f difference schemes. For instance, there are no results concerning the stability o f 
three-level difference schemes w ith unbounded operator coefficients in a Banach space. 
Such results are also important for finite difference and finite element approximations 
o f unbounded differential operators since the norms o f these approximations tend to 
infinity i f  the discretization parameter tends to  zero.

The aim o f this paper is to  obtain stability results for regularized three-level differ­
ence schemes w ith unbounded operator coefficients in a Banach space. For example, 
this class o f schemes arises when approximating second-order evolution differential 
equations. Note that the initial difference scheme (w ithout regularization) can be 
unstable.

W e consider the following fam ily o f three-level difference schemes:

( 2 ) ( I  +  a A )y tt,n +  P A y ° +  A y n = n  =  1 2 , . . . .

w ith  given y0, y i, where

yt,n
yn+1 yn

2T  : ytt,n
Уп+1 — 2Уп +  Уп- 1

а, в  are parameters, and A  is a linear, densely defined, closed operator in a Banach 
space X .  I f  а  — в  =  0, then we have the explicit difference scheme for (1 ) which is 
unstable in the case o f an unbounded operator A .

The difference scheme (2) can be written down as

(3)

1  +  ( а  +  в— ) A yn+1 — 2

+ I  + (  а  -  ef ) A

yn

n  — 1 , ^ . . . .

In order to  get an explicit formula for the solution o f (3 ) let us consider the scalar 
recurrence equation

aun+1 2bun +  cun—1 0

with  constant coefficients a, b, c. Setting Un — r nUn we get

b

ar
Un+1 2 Un +  2 Un— 1

2

2

http://www.siam.org/journals/ojsa.php
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7 1 0 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

and w ith r  =  y e a 1, x  =  by/ca 1 we have

V 1  2xUn +  U n - 1 °*

This is the recurrence equation that is satisfied both by the Chebyshev polynomials 
T n (x )  o f  the first kind and by those o f the second kind, Un (x )  (see [13]). Since Un - 1 

and Un - 2 are linear independent and by definition U - 2 (x ) =  - 1 ,  U - 1 ( x )  =  0, we can 
write down un , n  =  0 , 1 , . . . ,  w ith  initial values u 0 , u 1 as follows:

Un =  (V  ca-1 )n [ - U n - 2 (x )uo +  ^Vca- 1 ) - 1 U n - i ( x ) u i } .

Thus, denoting

X ( a , e , A )  =  x (A )  =

Q (a ,/ 3 ,A )  =  Q ( A )

I  +  [ a ----^  I A I  +  ( a  +  в— ) A I  +  ( a  -  в — ) А
- 1/2

1  +  ( a  +  в -  ) A
1

I  +  l a  -  в - )  A

1/2

the solution o f (3 ) can be obviously represented by

(4) yn =  Q n ( A ) [ - U n - 2 (x )yo  +  Q - 1(A )U n - 1( x ) y 1}.

Next, we introduce two definitions which we w ill use in our analysis.
DEFINITION 1.1. Given a funct ion  p =  p (—) and a real a  >  0 we say that the 

scheme (2 ) is p-stable with respect to in it ia l data in  the domain D ( A a ) o f  the operator 
A a i f  there exists a constant M  independent o f  n  such that the estimate

(5) 1Ы 1 <  M p n
yo +  y 1

+

0y1y

2 a —

\\Aa u||.

. . , C t C b . .. , e  cb  —  : various positive con-
holds f o r  any y o ,y 1 € D ( A a ) with ||u||a =

Here and below we denote by M ,  M 1, 
stants.

The strongly P-positive operators that were introduced in [4] w ill p lay a principal
role in our stability analysis. Let Г  be a counterclockwise oriented path consisting o f

2
two arcs, Г +  and Г - , o f a parabola y 2 =  -yx  , c0 >  0 connected by a segment Г * o f
the line x  =  j  >  0 (see Figure 1). W e denote by П г the domain lying inside o f Г.
Now  we are in the position to give the definition o f the strong P-positivity.

D e f in i t i o n  1.2 (see [4]). We say that an operator A  : D (A )  с  X  ^  X  is 
strongly P-posit ive i f  its spectrum S (A )  lies in  the domain  Пг and on  Г , and outside 
o f  Г  the estimate

(6 ) (z  -  A ) - l\x—x  <
M

1 +  лД Ц

holds with a positive constant M .
Remark 1. The form o f the path Г  =  T ( z )  for a bounded z is not essential for our 

analysis. W h at is important is the behavior o f the resolvent and o f £ (A )  at infinity, 
i.e., that Г  is a parabola and the estimate (6 ) holds for \z\ ^ ж .

2

a

1

http://www.siam.org/journals/ojsa.php
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STABILITY AND REGULARIZATION 711

Example 1. Le t us consider the one-dimensional operator A  : L i ( 0 , 1) ^  L i ( 0 , 1) 
w ith  the domain D (A )  =  {u\u G H 2 (0 ,1 ) }  in the Sobolev space H 2 (0 ,1) defined by

A u  =  —u "  V u  G D ( A ) .

The eigenvalues Xk =  k2 п 2 , k = 1 ,  2 , . . . ,  o f  A  lie on the real axis inside the path

Г  I 2 =  n2 ±  in, n >  1 ,

1 2 =  1 ±  in2 , \n\< 1 .

The Green function for the problem

( z I  — A u )  =  u ' ' ( x )  +  z u (x )  =  —f  (x ),  x  G (0, 1); u (0 ) =  u (1 ) =  0

is

1
G (x , 0  =

I sin л/ zx  si^A/z(1 — £), x  <  

\ fz sin a/ 2  | sin a / z^ s i^ yZ (1 — x ) ,  x  >

i.e., we have

u (x )  =  ( z I  — A ) - 1f  = f  G ( x , 0 f ( № .
Jo

In order to  show that the estimate (6 ) holds true, it is sufficient to  estimate the Green 

function on the parabola z =  n2 ±  in  =  V П4 +  П2 (cos ф ±  i sin ф), where

n 1
cos ф =  — , sin ф =

v V  +  1 ’ v V  +  1

Actually, we have yfz =  4 n4 +  n2 (cos ф ±  i sin ф) =  a ±  ib w ith

cos — =
ф \Jn2 +  Vхn4 +  n2 . ф у  V n 4 +  n2 — n2

sin — =
2 л/ 2  Vхn4 +  n2 ’ 2 л/ 2  У  n4 +  n2

\Jn2 +  \fn4 +  n2

V 2
b =

^ n 4 +  n2 — n2 

V 2 ■

y

x

http://www.siam.org/journals/ojsa.php
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The following estimates hold for x  <  £ and for n large enough:

7 1 2  A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

sin yfzx  sin y Z (1 — £)

fz sin v  z

[sin2 ax  +  sinh2 bx] 2 [sin2 a (1 — £) +  sinh2 b(1 — £)] 2 

4 П4 +  n2 [sin2 a +  sinh2 b] 2
c 

<  -  
n

with  an absolute constant c.
The case £ <  x  can be considered analogously. The last estimate implies that ||(z/ — 
A ) - 1/  <  — M̂ = H / ||L l , i.e., the operator A  is strongly P-positive in X  =  L i ( 0 , 1).

1+Л
The same estimates for the Green function im ply the strong P -pos itiv ity  o f A  also in 

L TO(0 ,1).
Example 2. Th is example shows that there exist important classes o f the partial 

differential operators which are strongly P-positive.
Let V  С  X  С  V * be a triple o f H ilbert spaces and let a ( . , .) be a sesquilinear form 

on V . Assume that

(7) \ a (u , v )\ < C  ||u||v ||v||v, \Qa(u, u ) \ <  c||u||v ||u||x, u ,v  £ V,

and there exist constants S0 >  0 and S1 >  0 such that

( 8 ) Жa (u ,u ) >  6o||u||V — ^ I M I x  Уп £ V,

where II Ч к , I H  denote the norms in V  and X , respectively. The boundedness 
o f a ( . , .) implies that one can define a bounded operator A  : V  ^  V *  through the 
identity

a (u ,v )  = v * <  A u ,v  > v , u ,v  £ V,

where V * <  ■ > V denotes the duality relation between V  and its adjoint space V * o f 
linear functionals on V . As an example one can consider the following sesquilinear 
form [1]:

/ \ f  (  ^  / \ d u d v  ^  , d u _
a ( u , v ) =  I 2 _^ apq (x )  d x d x  +  2-^i ap (x ) d x v  +  a (x )u v  dx

■'П \p,q=1 x  x  p=1 x  J

with  sufficiently smooth real coefficients apq(x )  defined in a bounded Lipschitz domain 
H С  R d, which corresponds to the elliptic partial differential operator A  defined by

D ( A )  =  { u \u £ H 2 (Q )  П H  1( 0 H  ,

d (  / \ du \ , . du
A u  =  Z ,  d x  ( apq(x ) q x t )  +  2 _  ̂ap( x ) d x  +  a (x )u -

p,q=1 p \ q/ p=1 p

This operator, considered from L 2 (H )  into L 2 (Q ), is unbounded. Supposing that

d 

apqnpnq 
p,q=1

http://www.siam.org/journals/ojsa.php
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STABILITY AND REGULARIZATION 7 1 3

is positive definite and ap (x )  are bounded, one can show that the inequalities (7), ( 8 )
hold w ith V  =  H  1(0 ) ,  X  =  L 2 (H )  (see [1]). For strongly elliptic operators ( 8 ) is the
well-known G ard ing ’s inequality.

The assumptions (7), ( 8 ) guarantee that the numerical range { a (u , u)| ||u Ух =  1 }  
o f  A  (and the spectrum) lies inside o f a parabola determined by the constants S o ^ , c. 
Actually, i f  a (u , u) =  £ +  in, then we get

£ =  ^ a ( u : u )  >  SoNy  — 61 >  ^oce 2 — 6 i :

(9 ) Ini =  \ ^ a (u , u ) l <  c\/Ny,

where N y  =  ||u||y >  c- 2 ||u||X and ce is the imbedding constant. It  implies

£ > 6 oc- 2 — Si =  6 2 , N y  <  1 ( £  +  Si),
So

( 10 ) |,| <  сУ£ + 611

i.e., the numerical range (and the spectrum) lies inside o f the parabola £ =  ^2n2 — S1. 
It  is easy to see that the assumption Ж £ (A )  >  71 >  j 0 >  0 provides the existence o f 

other parabola Г  =  { z  =  (£, n) : £ =  an2 +  b} w ith  the parameters a =  >

0,b e  (0 , 7 0 ) which envelop the numerical range o f A  (compare w ith  [1]). The proof 
o f the estimate ( 6 ) is com pletely analogous to that in [4]. Note that the condition 
S2 >  0 is sufficient for Ж £ (A )  >  0 .

The strongly elliptic partial differential operators w ith  Ж £ (A )  >  0 are important 
examples o f both strongly P-positive and strongly positive operators (also sectorial 
operators or infinitesimal generators o f holomorphic semigroups). The framework o f 
the strong P -pos itiv ity  is important for studying cosine families o f operators related to 
(1 ) (see, e.g., [5, 3]). It  was shown in [4] that the strong positiveness o f the operator A  
provides some algorithmic representations o f a cosine fam ily generated by A  as well as 
the existence, stability, and approximation results for ( 1 ) in the case when the initial 
data belong to the domain o f some fractional power o f the operator A . Contrary to 
the known necessary and sufficient conditions under which an operator A  generates a 
cosine fam ily [5, 7] our condition is easier to  prove.

In the next section we w ill show that the strong P -pos itiv ity  o f the unbounded 
operator A  is one o f the sufficient conditions for the ^ s ta b ility  o f the regularized 
scheme ( 2 ), whereas the explicit scheme ( 2 ) w ith  a  =  в  =  0 is unstable.

2. Stability of three-level difference schemes with strongly P-positive  
operator coefficients. For the sake o f simplicity we set in (2)

т2
в  =  т, a  =  — .
1 ’ 2

In this case the scheme (2 ) takes the form

(11) ( l  +  у  ̂ j y t t  +  T A y°t +  A y =  0

or

(12) [ I  +  т 2A ]y „ + 1 — 2 yn +  yn - 1  = 0 , n  =  1 , 2 , . . . ,  

and the operators x , Q  are given by x (A )  =  Q (A )  =  [ I  +  T2A\e 1 /2.

http://www.siam.org/journals/ojsa.php
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7 1 4 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

The next theorem represents the first main result o f  this paper.
THEOREM 2.1. Let A  be a strongly P -posit ive operator with the domain D ( A )  hav­

ing a spectrum S (A )  placed inside o f  a parabola y 2 =  C0x , Cq =  const >  0 , K S (A )  >  7 ,

т <  \Z2c- 1 . Then the difference scheme (2 ) with в  =  т, a  =  Tj-, is p-stable with re­

spect to in it ia l data in  D ( A a ) with p =  (1 — ĉ = ) - 1 /2.

Proof. Using the Dunford-Cauchy integral we represent the solution o f (12) as 
follows:

(13) Уп =  2П  J  —Q n (z )U n- 2 ( x ( z ) ) ( z  — A ) - 1dzyo

+  2 П  I  Q n - 1 ( z ) U n - i ( x ( z ) ) ( z  — A ) - 1dzyi

or, in v iew  o f the elementary relations

У0 +  У1 , У0 — У1 У0 +  У1 У0 — У1
yo =  — 7;------ 1------ ~— , У1 =  — :

we get

(14) Уп =  4П  J r  /n+ ) ( z ) ( z  — A )  1d z (У0 +  У1)

— 4 П  J /П ) ( z ) ( z  — A )  1dz(yo — y l ),

where

(15) / + ) (z )  =  Q n - 1( z ) [U n - 1( x )  — Q (z )U n - 2 (x ) ] ,

/ - ) (z )  =  Q n - 1 (z )[U n - 1 ( x )  +  Q (z )U n - 2 (x ) ] .

Taking into account the form o f the path Г  we can transform the integrals in (14) 
as follows (we use the notations z =  x  +  iy  =  x  +  i c 0 ^J~X, z =  x  — ic 0 ^J~X, dz =  

(1 +  ic0/ ( 2 \/2 x ) )d x ,  dz =  (1 — i c 0 / ( 2 \f2 x ) )d x ) :

1 (  - (± ) ( z ] ( z -  A )- 1 '
I ( ± )  =  4П  J r  / n ± ) (z ) (z  — A )  1dz

1 /* TO

=  4—  J  [/ ( ± ) ( z ) ( z  — A ) - 1  — /n± ) ( t ) ( z  — A )-1 ]d x

—ш £ и n ± , , z ) , z — A ) - 1 — — A ) - 1 ] ^

1 г co\/T 1 r co ^ -
4П  J  /П±)(1  +  i y ) ( i  +  iy — A ) - 1 d y — 4П  J  /n±) ( 7 — iy ) (Y  — iy — A ) - 1 d y

Ю 4 n J 0

1 Г 0 0  ^
1 A \ - 1 j „  1 c0
1 f ‘ ° °  n  Г 00

—2 П J  Im/« ± ) ( z ) ( z  — A ) - 1 d x  +  2П 7 1 J  /{n±) ( z ) ^ x ( z  — A ) - 1(z  — A y 1dx

http://www.siam.org/journals/ojsa.php
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STABILITY AND REGULARIZATION 7 1 5

+
coi 

4—In

> j  2 ■ гж
I m f ( ± \ z ) ( z  — A ) - 1  - X  — cJ ° l f n ± ) ( z — A ) - 1 (z  — A ) - 1 dx

y/X 8 n

i f  c°y  2
+ 2 П J  f n ± ) ( Y +  i y )y ( i  +  i y — a ) - 1 ( Y — i y — A ) - 1 d y

Г c—
(16) — 2n  J  R e fn± ) ( Y +  i y ) ( Y — iy — A ) - 1dy ■

1

—2П

In what follows we w ill use the relations

U n - 1 ( x )  — Q ( x ) U n - 2 ( x )

=  U n - 1(x )  — x U n - 2 ( x )  =  T n - 1 (x )

1
2  [ (x  +  1) n - 1 +  ( x  — v X — 1 ) n -1 ],

U n -  1(x )  +  Q ( x ) U n - 2 ( x )
1

=  U n - 1(x )  +  x U n - 2  ( x )  =

[(2x  +  V/x T— 1) ( x  +  v x 2 — 1)n - 1  — ( 2x  — V/x T— 1 ) ( x  — v x 2 — 1 ) n -1 ]

(17) |Un-1(x )  — x U n - 2 (x ) l  <  P ( x ) ] n -1 ,

|Un-1(x )  +  x U n - 2 (x ) l  <  M x )]n - 1  ̂ ^ x 2 11 +  |2x  ^  11

with

(18) $ ( x )  =  m ax{|x +  \Zx2 — 1 1, |x — V x 2 — 1 j},

where T n (x )  are Chebyshev polynomials o f the first kind [13]. 
It  follows from (1 4 )- (1 8 ) that

h n H < c • dx +  $ n (z 7 )dy A
а У0 +  У1

(19) +

where

Фп (z r ) ^ ( 1) (z r ) dx +  Г 0 

|zr|a + J o
Фп (z7 ̂ ( 1)(zp )d y A

y 1 — y0

Y

X

c0 V -2OO

20Y

oo

Y

(2 0 ) Ф n (z ) =  [| x (z )| Ф (x (z )) ]n - 1,

http://www.siam.org/journals/ojsa.php
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7 1 6 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

ф( 1) М  =
z ) -  1 |, |2x ( z )  - j X 2 ( z )  -  11}

W X 2 (z )  -  1 1 '

First o f all we have to estimate

(2 1 ) | x (z )| Ф (x (z )) — max {|1  +  i r ^ z l  — , |1 -  i r  - ~z\- 1 }  .

Let z — x  +  iy  — рвгв, x  >  0 ,y  G ( - ж ,  ж ) ,  p — \Jx2 +  y 2, cos в — x , sin в — P ; then 

|q± ( z ) | - 2  =  |1 ±  i r  —z f  — |1 ±  i r  ( x 2 +  y 2 ) 1/4e i0 /2 |2

— [1 T  т(x 2 +  y 2) 1/4 sin в ]2 +  T 2 ( x 2 +  y 2) 1/2 cos2 в

— [1 T  2t  (x 2 +  y 2) 1/4 sin - ]  +  T 2 ( x 2 +  y 2 ) 1/2 .

Since the angle в lies in the first or fourth quadrant, we have

. -  y 1

sin 2 x 2 +  y2 +  x  V/2 ( x 2 +  y 2 ) 1/2

and

|q±(z)| 2 — 1 ±  У 2 т ^ =  y
x 2 +  y2 +  x

+  т  2 ( x 2 +  y2 ) 1/2.

W e see that for z — zr

(22) |q±(z)|- 2 — 1 ±  —2т , c^ x/ 2 _ _  +  T2 ( x 2 +  c0x/2)1/2 >  1 -  т—
V 2

and for z — zr

|q±(z) | - 2  — 1 ± —2t  

(23)

\Jy +  V l ^ T y 2

+  т2 ( y 2 +  y 2) 1/2 >  1 -  V 2 t '
c0 V y T 2

\Jy  +  \ Я Г + coY/ 2

1 т
co 

- 2 ,

0 <  y <  cov7y/ 2 , т  < V 2 /co.

Next, we consider Ф (1) ( z )  for z — zr  and z — zY. It  is easy to see that

(24)

(25)

Ф (1) ^ )  — — max

^ ( i ) ( z r ) <
\J x 2 +  c0x / 2

+ т
1 2

<  - -  +  т
т . 1

y

— iт

1
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STABILITY AND REGULARIZATION 7 1 7

(2 6 ) $ ( 1) (z 7 ) <  -
2 +  y

+  T
1 Г 2 1

<  - -  +  т
r Y

Now  we are in the position to estimate \\yn \\. Taking into account (19 )-(25 ) we get

- n /2

(27) \\yn\\ <  c ( 1 — ^ 2
yo +  У1

2
+

У1 — yo

where a >  0, ||u||a =  ||Aau||. The p roo f is complete. □
Remark 2. From the stability estimate one gets

,, szni (  yo +  У1 ............................ У1 — yo,
\\yn\\<C e 2̂  M|— 2—  IU +  \l— t — I

2siL yo +  y 1 .......... y 1 — yo,
a i =  C e ^ 2 ( \|— 2—  IU +  \l— t — I

i.e., the stability constant increases exponentially w ith  respect to  the length o f the 
time interval T  =  пт.

Remark  3. The explicit scheme (2) w ith  a  =  в  =  0, i.e.,

ytt +  A y  =  0

or in the index form

yn+1 — 2 i  — T2  A
2

yn +  yn- 1  -- 0

is unstable i f  A  is an unbounded operator in a Banach space E. 
Actually, choosing yo =  0 we get

y 2 i  — t 2  a
2

y 1 .

Since A  is unbounded there exists y1k w ith ||y(k) \ =  1 such that ||(I — ^ A ) y (k )|| >  k 
for any arbitrarily large k. Thus, the estimate (5 ) cannot be valid for all yo, y 1, i.e., 
the scheme is not stable w ith  respect to  the initial data.

Note that the scheme (12) related to  the differential equation (1 ) is o f  the first 
order o f approximation w ith  respect to  т, whereas the unstable explicit scheme is o f 
the second order. The following regularized difference scheme,

(28) 1  +  “2 A  ) ytt,n +  A y n 0 , 1 , 2 , . . .

w ith  given yo, y1 is a special case o f (2 ) for в  =  0, a  =  ^ . This scheme has the 
second order o f approximation w ith respect to  т. It  can also be interpreted as the 
regularized explicit scheme. The next main result o f the paper deals w ith the stability 
o f this scheme.

THEOREM 2.2. Let A  be strongly P -posit ive with a spectrum S (A )  inside the 

parabola y 2 =  cox/2 and в  =  0, a  =  , т <  2\/2c-1 , K S (A )  >  y . Then the
difference scheme (2 ) is p-stable with respect to in it ia l data in  D ( A a), a >  0 with

2^2 1

(1 +  +  £o4~ ) 2 .p
OT __

V 2 ' 4
Proof. In the case under consideration we have

Q (A )  =  I ,  x ( A )
2

I + T A
- 1

2

a a

a

2
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7 1 8 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

Similar to  the proo f o f Theorem  2.1 we have to estimate

IQn$ (x (z ) )|  =  |$(x (z ))| , x  ±  Vхx 2 — 1 =  (1  ±  iT  2 \/2 +  ~2 z 1 +  —  z 
+  2

IUn- 1  ( x )  T  U n - 2 ( x ) l
2 — 1 ) n - 2 ±  ( x  — V x 2 — 1)n - 2 I

V 2 | V x ± r  I

Assume that z =  регф lies on the positive arc o f the parabola. Then p 2 =  x 2 +
____  > 0 ............. .. ...  z

p ' r V2pcos ф =  p >  0, sin ф =  >  0. Setting 2 +  T2 z =  p 1eidl we have

P 1 4 +  2т2 p cos ф +
т  4p2

1/2 4
4 +  2т2x  +----- I x 2 +— 0 x

2 1/2

4

2 +  T - P cos ф
cos в 1 =  2 1 ------ -

p 1
>  0 , sin в1 =

т2 p sin ф 

2 . 1
>  0 ,

Ix +  v 7 x 2 — 1 12
1 +  л/2т(PP1 ) 1/2 sin j + h  +  r j PP1 

1 +  т 2p cos ф +  T4p2

It  is easy to see that e  [0, 2] and

ф +  в1 1 — COs(ф +  в1)
sin — ----- =  ‘ '

1 x  2 +  Trp  cos ф co^/хт  p sin ф

p p 1 V 2 p 2p 1

1/2

Ix +  V x 2 — 1 12 =  S 1 +  т pp1 — x  ( 2 +  —  x j  +— —
1/2 т 2

+  T  pp1

4 2
1 +  т x  + 1 +  т

[pp1 — x (2 +  T - x )  +  ~4~ т 2]1/2 

1 +  т  2x  +

(29)

2 21 T p
+  т 2i p p i —-_ A _  =  1 +  m (x )  +  т 2^2  ( x ) .

1 +  т x  +  ■ 4

4
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STABILITY AND REGULARIZATION 7 1 9

Let us estimate the functions n 1 ( x ) ,  ^ 2 ( x ) .  W e represent

M (x )  =  < x  +  —  x )  4 +  2т x  +  —  x  +  —  x

x (  2 +  у  x j  — ^ f r 2 A 1 (x ) ,

where 

A 1(x )  = 1 +  т 2x  +  T -  ^ x 2 + x 2 +  -2- x 4 +  2т2x  +  T_ ^ x 2 +  у x

1/2

+  x (  2 + у x  — ^ 4 - >  1 +  T x  +
т 4x 2 \ 1/2

(4x

and get

M (x )  =   ̂ ( x 2 +  -7° x  ) (4 +  2т2x ) — т 2 ( x 2 +  ^  ^  2 — —-c
2

2 2 2 c -
2 2

(30)

- x 2 2 -  —  c- A 1(x )  =   ̂ 2c^x ( —  x 2 +  т 2x  +  1

Setting

A 2 (x )  = 1 +  т2x  +— — ( x 2 +  x

2т 2 x  +----- ( x 2 +— 0 x

1/2

2 c ­
. x  +-----x

2 1 2

+  x  +----- ( x 2 +— 0 x  I )■ >  2x

2 \ 1/2
4 +

we have

2 c -
M2 (x )  =  < 7  x  +

4
4 +  2т2x  +----- ( x 2 +— 0x

2 16
2 , c0 x  +-----x

(31) — т2 x ( x 2 +  - 2 x )  — ^  / A 2 (x )

provided that 

(32)

c2 c2
■ 2  x / A 2 (x )  <  -4°,

2 ------ c° >  0 .
4 0 >

2 4 2

2

2

2

4

2 2 2

2 4

4 2

2 2

22 4 2 4 2

2

2
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7 2 0 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

Now, it follows from (29), (30) that

(33) Ix +  V X 2 - 1 \2 <  1 +  ^  +  co—

Finally, we must estimate |1 ±  x l  1/2 on Г + . It  is easy to see that

2

(34)

|1 +  x l2
2 +  T2 z

1 +  Tt z

|1 -  x l2 =

M3(x)

(2 +  T2 x ) 2 +  T rc2x
/л t 2 \ t 2 2
(1 +  —  x )  +  —  c0x

=  Mз(x ) ,

1 ,

(1 +  T2 x )2 +  T4 c^x

Since

m3(x ) = x  +  2x  +  c0
1 —2 V  
1 +  ~2 x  I +  "8  c0x

—4 2
c0x > 0

provided that (30) holds true, we obtain

(35) 11 -  X 1 >  —  M3(Y ) -

Following the idea o f the proo f o f Theorem  2.1 and taking into account the estimates 
(32 )-(35 ) we arrive at the statement o f Theorem  2.2. □

Remark 4. One can see from the conditions t  <  \J2c—1 for the scheme (12) and 
t  <  2%/2c - 1 for the scheme (28) that the opening o f the parabola determines the 
upper lim it o f the time-step — for which these schemes are p-stable.

Let us consider the following inhomogeneous difference scheme:

(36) ( I  +  a A )y tt,n +  P A y ° +  A y n =  f n ,t,n

У0 =  У1 =  0.

Below we define a type o f stability that plays an important role for inhomogeneous 
problems.

DEFINITION 2.3. Given a func t ion  p (—) we say that the scheme (36) is p-stable 
with respect to the right-hand side in  D ( A a ) with some real a  >  0 i f  there exists a 
constant M  >  0 independent o f  n  such that the estimate

n -1

\\yn\\<Mpn ] T  — llfp lla
p=0

holds f o r  any discrete funct ion  f p € D ( A a).
The solution o f (36) can be represented as

yn = [ I  +  ( a  +  e ^ j A  I  +  ( a  -  Y ^ a }  '  t 2 £  Q n - p ( A ) U n - P- 1 ( x ( A ) ) f 1

24 z
24

2

24
2 2— c08

2
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STABILITY AND R EGULARIZATION 721

2 n— 1

—  У2 ni < ^
p=0

1 +  ( a  — j z
- 1/2

x  Q n - p ( z ) U n - P- 1 ( x ( z ) ) ( z  — A ) - 1 dz f

Using the inequality

n  =  2, 3, ■■■; yo =  0, y 1 = 0 .

Q k( z )U k - 1(x (z ))|  <
л/ | 1  — x 2 (z)|

the estimates (22), (24), (25), (32), (33), (34), and following the idea o f the proo f o f 
Theorems 2.1 and 2.2 we get the following statement.

THEOREM 2.4. Under assumptions o f  Theorem  2.1 (a  =  Tp, в  =  т) or Theorem  

2.2 ( в  =  0 ,a  =  T r ) the corresponding difference schemes f ro m  the family  (36) are 

p-stable with respect to the right-hand side in  D ( A a ) with р(т ) =  (1 — c°°T ) - 1 / 2  and
J2 т 2 1

р (т ) =  (1 +  ^  ) 2 , respectively.

Example 3. In some sense, this example shows the sharpness o f our results. 
Indeed, let us consider the scalar problem

d2 u 

dt2
+  A u  =  0, t  G (0 ,T ],

u (0 ) =  uo, u ' (0 ) =  i V A u o ,

where A  =  x  — ic 0 ^p2  can be viewed for x  ^  ж  as an “unbounded” strongly P- 
positive operator w ith  the spectrum inside the parabola y 2 =  (c0 +  e )2x / 2  w ith an 
arbitrarily small positive e. The solution o f the problem is the function

i ( x , t )  =  exp < i\ x  — ico\ — t \ uo

where

exp | i  ^ x 2 +  c0 x  ^i cos 2  — sin t ^  uo

x  n ■ co y  2 Г.>  0 , sin 2  = ----- , : <  0 .
x 2 +  c2 x x  ++ co 2 x 2 +  c2 x x  ++ co 2

It  is easy to see that

^ ( x ^ )  =  Pd (x,t)|uo|

Г

with

http://www.siam.org/journals/ojsa.php
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7 2 2 A. A. SAMARSKII, I. P. GAVRILYUK, AND V. L. M AKAROV

T =0.2*sqrt(2)/c0 t =1.9* sqrt(2)/c0

0.1 02 0.3 0.4

Fig. 2. Solution of scheme (28): the sufficient stability condition is fulfilled.

1 -
x 2 +  e2 x x  ++ eQ 2

= e x p < ' v 2 + eQ 2  ̂ ■

For the solution o f the corresponding difference scheme (28) Theorem  2.2 provides 
the estimate

\yn(x)\ =  \ y (x ,n r )| <  epn ( r )\uq\

with  р(т) =  (1 +  (c°+g)T +  (c0+4) T ) 1 . In particular we have for a fixed t  =  пт and
x

\u(ro,t)\ =  lim  \u(x,t)\ =  pd ( ж , t)\uq\,

t

x
t

\y( t ) \ <  eP (T ) T \uQ\, 

where pd(< x , t )  =  lim x^ TO pd( x , t )  =  exp gCyg. It  is easy to check that

lim  p ( t ) " 
T Q

lim
T Q

1 +
( cq

V 2

е)т +  (cq +  е ) 2т2

4
exp

(cq +  e )t  

2 - 2

i.e., the parabola containing the spectrum o f A  defines the behavior o f the difference 
solution asym ptotically in t in exactly the same way as the exact solution.

Example 4. Let us consider the difference scheme (28) w ith A  as in Example 3

for x  =  104, eQ =  102 ,y Q =  1, y i =  1 +  Ti^Jx  — ieQ— X , and n  =  1, 2 , . . . ,  100. One 

can see that the absolute value o f the solution as function o f t computed by (28) is 
stable when the sufficient stability condition т <  2—2/eQ holds (F igure 2). The next 
figure shows that the instability can occur i f  the condition т <  2 —2/eQ is violated (see 
Figure 3).

t
2 t
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T = 5 * s q r t (2 ) /c 0  t = 7 *  s q r t (2 ) /c 0

STABILITY AND R EGULARIZATION 7 2 3

t

Fig. 3. Solution of scheme (28): the sufficient stability condition is violated.
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