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A problem of conjugation of hyperbolic and parabolic equations in domain with moving
boundaries is considered. Existence and uniqueness of a strong solution of the given pro-
blem are proved. A priori estimate for operator-difference scheme with non-self-adjoint
spatial operator is obtain. Homogeneous difference scheme with constant weights for
the conjugation problem is constructed. Moreover, consistency conditions are approxi-
mated with the second-order of accuracy with respect to spatial variables. Stability and
convergence of the suggested scheme are investigated.

1. Introduction

Problems of conjugation for two and more differential equations defined in dif-
ferent space subdomains and connected by some consistency conditions arise in the
mathematical modeling of many phenomena in the media with different physical
characteristics. For example, we obtain the conjugation problems of polytypic equa-
tions in the study of fluid flow in the channel surrounded by a porous medium, in
phenomena of magnetic fluid dynamics etc.”'?13 In such case of consideration the
type of equation is defined by the medium properties and the process character.
Existence and uniqueness of a strong solution of the boundary value problems for
such equations are considered in Refs. 1 and 2. Note that the questions related to
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numerical solution of one- and two-dimensional conjugation problems for polytypic
equations in the rectangular domains are investigated in Refs. 6 and 11.

This paper concerns the two-dimensional problem of conjugation of hyperbolic
and parabolic equations in domains with moving boundary. A priori estimate of
stability for its solution is derived by means of the method of energy inequalities.
A uniform three-layered difference scheme with constant weights® on the moving
meshes is suggested for numerical solution of the problem. In this connection, consis-
tency conditions are approximated with the second-order of accuracy with respect
to spatial variables. Stability and convergence analysis for the scheme suggested is
performed by the general theory of operator-difference schemes.?

2. Differential Problem
Let
Q={(t,x): cot <z <li4cot, 0<z2<lo, 0<t<T}

be a bounded domain in the three-dimensional Euclidean space R> of variables
(t,x) = (t,x1,22). Suppose Q is separated by the surface I' = {(¢,x) : =1 =
xi+cot, 0 < &<y, 0<uxzo <l 0<t< T} into two subdomains, @7 and
Q2 : Ql—{(tx) Cot<$1<£+60t,0<$2<12,0<t<T},Q2:{(t,X)Z
E+cot < x1 <li+cot, 0 <y <la, 0 <t < T} The boundary 9Q of Q consists of
a lower base, Q° = {(t,x) € 9Q: t = 0}, an upper base, QT = {(¢t,x) € 9Q: t =T},
and a side surface S ={(t,x) € 8Q 0 <t< T} The lower base 01° consists of
two parts: Ql a’n 0@ and 92 a’n 0Q2 (Q and Q are closures of Q0 and
09 i = 1,2, respectively).

In @, we shall consider equation of hyperbolic type with respect to desired
function u™ (¢, x)

2,,(1) 2 (1)
o*ult) 0 (ki (X)ﬁu

e O

)00, tHea. @D
and in Q2 we shall consider parabolic equation with respect to function u(z)(t, X)

811,(2) 2 8u 2) "
Zaxl ( ) 5a: >+f (%), (tx)€Q, (2.2)

where kim)(x) €CYQ,,),0<c < k(m)( )<ep,i=1,2,m=1,2.
In addition, assume that the coefficients of Eq. (2.1) satisfy the following con-
dition
k%l)(x) —c>6>0. (2.3)
Equations (2.1) and (2.2) are supplemented with the following boundary and
initial conditions:

uls =0, (tx)€S, (2.4)
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ou)
ot

= u{V (%), (2.5)

u|go = up(x),
Q7

where
¢ o u(l)(tv X) ) (t7 X) € @1 )
"X =0 @), (%) €D,

WP(x), (0,x) €0y,

Uo (X = 2)

WP (x), (0,%) €.

At the interface I', the following consistency conditions are valid

u(l)lr — u(2)|r7
ou® ou® ou?
(co +k(1)(x)—> = (kf)(x)—a )
r 1

8t 1 8.131
2.1. Existence and uniqueness of a strong solution

r

Let B be a Banach space, obtained by closure of a set {u: u(™ € C?(Q,,)(m = 1,2),
u satisfies the conditions (2.4) and (2.6)} with respect to the norm
Lz(Q“’”(t))) ’

ou (' ou®
+ sup
L2(Q1) 0st<T La(QM (1) m=1i=1

ot ot
where Q0™ (t) is a section of the subdomain Q,,(m = 1,2) by the plane {(¢,x) € R?:
t = const.}, || - ||, is a norm in a space, Lo, of Lebesgue integrable functions whose

2 2 8u(m)

8ﬂ,‘i

Jull = |

squares are also Lebesgue integrable. Let Jig (2°) be a Hilbert space that consists
of functions u € L2(02°) (u = 0 on 2’ n S) whose first-order weak derivatives

are also elements of Ly(2°). The norm in Jig Q%) is || - |
2 .
Zi:1 ||3%HHL2(Q°)~
Denote by £ the differential operator Lu = (LM uM, £B2)4?)), where £™). =
% — Zle 82i(k£m)8a—x'i), m = 1,2. We can consider the problem (2.1), (2.2),

(2.4)—(2.6) as the following operator equation
Lu=F,

H1(Q0) I llza@e) +

1)
Lu = (Lu, lou,llu(l)), lou = u|qo , Liu® = %

)

o
f(l)(tv X) ) (t,X) S Ql )
f(2) (tv X) 3 (t7 X) € Q2 3

acting from B onto H = L2(Q) x Jig (2°) x Ly(99) and whose domain of definition
is D(L) = {u(t,x): u™(t,x) € C*(Q,,), m = 1,2, u(t,x) satisfies the conditions
(2.4) and (2.6)}.

F=UﬁmﬂMﬂw9&D,f@ﬂ={
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For the differential problem (2.1), (2.2), (2.4)—(2.6), the following theorem is
valid.

Theorem 1. Suppose that kfm)(x) €CYQ,,), 0 < < kim)(x) < eyt =12,
m = 1,2 and assume that the condition (2.3) holds; then for the conjugation problem
(2.1), (2.2), (2.4)—(2.6), the following estimate is valid

lulls < el Lull# = c(|[Lul|L,q) + loull 5, oy + |\11U(1)|\L2(Qg) +++), ¢>0.
H1(00)
(2.7)

Proof. To prove the theorem let us multiply the expressions
837mu(m

) 2L 9 Hu(™m
(my(m) 9% 7 N~ 9 (pm% 7
L ats—m ;8@ (k s )

by 281:,;;") = augtm) + ¢g 65;? and integrate the product over an ={(t,x) € Qm:

0<t<t<T}, m=1,2. Using the Ostrogradsky theorem and the identities

L0 u® 0 (u gulV o [ [ouD\>
o2 or E(W?)_E (W) '

0 1 (m) Au(™\ dul™) _o 0 () Au™ Py (m)
8.771‘ i 8:21 i &El or

or o 8:21
m 2 (m) m 2
0 [, (m) (Ou™ Ok; dulm™) . _
or (ki ( Ox; + or Ox; , t=12, m=12,

we obtain the following relations:

2

(™)

It +/ S (umydtdx = | FM (¢, x) dtdx, m=12. (2.8)
Q

T QL

) ou® §u® ouM\?
o[ st [ (28000, (a0
! /(‘)Qt; \SO(U ) 5 SQ‘; 8t 87’ vo 8t "

2 Wy 2 2 ou® §u M)
(1) (Ou (1 0u’” Ou
+ ;kz ( 8:1;1 > 7“1,—22k'i 8—% 87‘ v; dS,

=1

2

2 2 2
ou® ou® §u,(2
k(2) 1/_2 k(2) ; d
L2<Qg>+/an (Z ’ <8xi) C B

i=1 i=1

ou2
ot

zg:'

and (™) (u(™)) (m = 1,2) are quadratic forms of the first-order derivatives of u(")
and v(t,x) = (vo(t,x),1(t,%),v2(t,x)) denotes the outward normal vector to the
domain Q! (m =1,2), [v| =1, r, = vy + v1c0.
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To obtain the lower bound of the integral fannan So(uM) ds consider it as a
1
sum

/ %O(u<1>)d8:/ %O(u<1>)ds+/ %O(u<1>)ds+/ So(uM) ds
aQinaQ? QM () aQins Q9
(2.9)

taking into account the given conditions (2.4) and (2.5). For every point (t,x) €
0Q1 NAQ" we shall estimate So(ul).
Since 6g:) =0 (m=1,2) and r, = 0 on S, it follows that So(u(®) = 0 at

(t,x) € S and, consequently,
/ So(uM)ds =0.
aQins

We shall consider the integrand So(u") in the integral fml)(f) So(uM)) over

upper base Q1) (%) of the subdomain Qti as a quadratic form of derivatives du(") /0t,
ou® /xy, du) /9z,. Obviously we have v(f,x) = 1, v1(£,x) = va(f,x) = 0, and
r, = 1 when (£,x) € Q) (#). Thus,

Ou® gy ou®) 2 ou®)
S (0 (DY — _
Solut™) = 2=, ( ) z; (83;1)
uM\ > ou® gy 2 ) (ou® ? - -
= _ h JR— (1)
(m ) + 205 50 +;k (8%) , (5,x) e Q@)

To obtain the lower bound for the quadratic form and then for the expression
fml)(f) %o(u(l)), we shall use the quadratic forms positivity criterion (Sylvestr’s

criterion). The matrix of the form Jq(u(?) is
1 Co 0
o0 K 0
o0 K

According to Sylvestr’s criterion, positivity of go(u(l)) is determined by the main
minors ds (¢, %), d2(t,x) and dz2(t,x) of its matrix. We have

dl(t,X) =1>0,
dy(t,x) =k (x) =2 >6>0,
ds(t,x) = kM da(t,%) > €16 > 0.

Here we use conditions on the coefficients of Egs. (2.1) and (2.2) and the relation
(2.3). Hence,

M\ 2 M\ 2 My 2
/ go(u(l))ds > 03/ <8u ) + <8u ) + <8u ) dx.
QM) (¥) QM (§) ot 8.131 8332
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Estimating the expression fQo %o(u(l)) ds from above, we obtain
1
1
[ 300 ds < calluols oy + 1”10,
Thus we deduce that

ouM\ 2 ouM\%\
So(uM) > ¢ / ( ) + ( ) t,x)dx
/aQinan o)z e am(@ \\ 9t ; o ) )

1
— ea(l[uoll3n a0y + 1”13, 00)) -

(2.10)

Now if we recall the restrictions on coefficients of Egs. (2.1), (2.2) and the boundary

conditions, we get

2
/ Zk(2( ) <8u(2)> - o du® ou?) 8u(2) i
8Qt08Qf =1 8:21 or 8.’171

> c5/ Z <8u 2)) — colluollZp o - (2.11)
Q@ @) ox;

It follows from the first consistency condition that

Su® u®
or | or |p
Since vy = — \/ficg, v = \/11+c3 on the interface I', we obtain

ou gut) AuM\”
/ ) 2 vy — ( ) Ty
6Q§t>ﬁF 8t 87‘ 8t

2 W 2 ou® 9y
(1) [ Ou (0 0u) Ou
-l—iz:;k:Z —8mi ) r, — 22 o oz, v; | ds

=1

2 2
ou® Ou® oy (2
b (1Y, g2 o
" /aQ(j)mF; ’ (( Oz; ) ' or Ox; i)
2 ou Au (1) Au® (2) ou®
=7 — | — —k k ds=0. (2.12
V1+c3 /acggf)nr or ( o M 0x1 T Oz > y (2.12)

Here we also use the second consistency condition.
Using the Cauchy—Schwarz inequality, we get the following estimates for the

second term on the left-hand side and for the right-hand side of the equalities (2.8):

w12

ot

/~ M) (um) dt dx < e,
: L(Q%)
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2 2 2
ouM
+cr(e1) (HW +2 ]
L2(QY)  m=13: L2(Q7)
au(l 2
+ Cg 62
L2(Q%,)
2
oo lflz, e, m=1,2.

Taking into account the estimates (2.10), (2.11), the last inequalities and (2.12)
we sum the equalities (2.8) for m = 1,2. As a result, selecting appropriate values
of 1 and &5, we obtain

oul™)
8:&

M)

1

2

ou® ou®

/f_—n f(m)(t,x)wdtdx <e

Lz(Qg)

Oulm)
8.131‘

La(Q})  m=1i=1

Ha“(z) 2 Hauu) 2 22222: oum™ |I?
+
0t M@y I 9 lleoe) smiS 1 9% o @)
ou 2 Aum ||
<eo{|%] X5
L2(Q])  m=1i=1 Ti L, @)
8u(1)
+ Hf||L2(Qt) + HUOHHl o) t “or
L2(929)
The application of Gronwall’s lemma yields the required estimate (2.7). O

Operator L: B — H admits a closure L.* The solution of the operator equation
Lu = F is a strong solution of problem (2.1), (2.2), (2.4)—(2.6).

Theorem 2. Under the conditions of Theorem 1 for arbitrary F' € H there exists
a unique strong solution u € B of problem (2.1), (2.2), (2.4)—(2.6). In addition,

lullB < c[|Fll%, ¢>0. (2.13)

The estimate (2.13) and uniqueness of the solution follow from the energy in-
equality (2.7). To prove the existence of the strong solution of problem (2.1), (2.2),
(2.4)—(2.6) for arbitrary F' € H, it is sufficient to prove that a set of values of the
operator £ is a compact set in 7.* We can do it by means of averaging operators
with variable step? following the plan of similar proofs in Refs. 3 and 5 and using
a technique for obtaining of the energy inequality (2.7).

3. Auxiliary Results

In this section we shall obtain a stability estimate for the operator-difference scheme
of the form

Dyn+ By: + Ay =, y(0)=wo, u:(0)=1y1, (3.1)
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where y € H, H is a real finite-dimensional Hilbert space with an inner product
(-,-) and a norm || - ||. The operators A, B, D: H — H are linear ones in H,
moreover

B>0, D=D*>0.
Here we use the standard notation of the difference schemes theory®

1 i _ Uy _Y—9
_(yt_yt)7 Yt = ) Yt = )
T T T

y=yt), g=ylt+7), g=ylt-1).

Let R = R* > 0. Denote by Hg a Hilbert space of elements of H which is
equipped with the inner product (y,v)r = (Ry,v) and the norm ||y||% = (y,y)r-

Using the method of energy inequalities, we can deduce sufficient conditions of
stability of the scheme (3.1) with non-self-adjoint operator A:

A:A0+A1, A0:A3>0,

Yt =

provided that the following subordination condition is valid
[A1yl* < ao(Aoy,y), ye€H. (3.2)
Here constant oy > 0 does not depend on 7.

Theorem 3. Let the operators D and Ay of the scheme (3.1) be positive and self-
adjoint. Assume that

By =05(B+ B*) >eU+0.574, e=const.>0, D>1L, (3.3)

where L =L* >0, U =U* >0, L+ U = E, and assume that the subordination
condition (3.2) holds; then for the solution of the operator-difference scheme (3.1)
the following a priori estimate is valid

n
lyns1ll, <M <|y0||,240 +lyeollprara, + M ZTII%IF) : (34)
k=0

Here M = 2e®t'n+1 o = max{1,2¢,2a0(1/e + T)}, M7 = max{2,2/c}.

Proof. To prove the theorem, rewrite the scheme (3.1) in the form
Dys + Byr + Agy=®, =9 — A1y. (3.5)

Consider an inner product of Eq. (3.5) onto term 27y;. Taking into account the
relations

27(Dyse, yi) = (Dye, ) — (Dys, yi) + 72 (Dyar Vi)
2T(A0y7 yt) = (Aogv /y\> - (Aoyv y) - T2(A0yt7 yt) )

27—(Byt7 yt) = 27—(Boytv yt) ’
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we obtain the following energy identity
[YenllD + Ynt1lh, + 72yenllD +27((Bo — 0.57Ao)ye, ye)
= Yen—1llD + llynlZ, +27(n, yen) - (3.6)
Since
27(®,y:) =27 (L+ U)®, y¢)
estimating the right-hand side by the Cauchy inequality and e-inequality
2r(U®, ) < 2rea(Uye, ) + 5127,

27(L®, y;) = 27(L®, yr) + 27° (L L, y5)

2

P
(L(I)7 Q) + 27—253(Lyt_tv yt_t) =+ 2_8'3,(L¢’ (I))

.
< 27eo(Lyz, y7) + —
< 27ea(Ly; yt)+2€2

2 T 2, T 2
< 2realuelly + o |1 + 519l
we get the following bound

1yenllD + lyns1li, +7° (1 = 2e3)l|yee.nllD + 27((Bo — €1U — 0.57A0)ye.n, Ye.n)

2 2 2 1 1
< ”yt,nleD + Hyn”Ao + 27'52Hyt,n—1||p +0.5 5—1 + 5

X T||®n || + 2237 @, .
Using the subordination condition (3.2) for ||®,,||?, we have
[12nl* = llon — Arynll? < 2llenll® + 2l Arynl® < 2[lonll* + 2a0llynll%, -

Further, selecting e5 = 0.5, 1 = €2 = € and recalling (3.3), we obtain

20[0
Il + ol < (260 tnca ot (1 (222 2007 ) ) B,

2
+ (U 7)7llenll® + 20+ 7)7llen]*
Hence,

lyesllD + lyeslZ, < 1+ ) (lyer-11D + lyll, + Marllew]?) -

Summing the last inequality over k = 1,2,...,n, we get the following estimate

n
DA ll%,) + (L + aar)" My Yl
k=0

lym+1lZ, < (X +eam)"  (llyeol

Further, taking into account the relation

Iyl = lvo + Tyeoll%, < 2llwollh, + 273 yeoll,

and inequality 1+ 17 < e™7, we obtain the desired estimate (3.4). O
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Note that in Ref. 10 an analogous estimate is obtained for the operator-difference
scheme

Dyg + Bys + Ay =9, y(0)=v0, w%(0)=u1,

with non-self-adjoint operator A, provided the condition (3.2) is fulfilled. Though
the operator B here has satisfy stronger inequality:

BQZEE, e>0.

4. Difference Scheme for the Conjugation Problem

In this section we construct and investigate the numerical method for the conjuga-
tion problem (2.1), (2.2), (2.4)—(2.6).
Let

Whr = W X Wy

be a uniform moving mesh in the domain (). Here

Wy, = {xgli2 = (x{il,xgiz) : x{il =i1h1 +cotj; T2, = i2ha,

0<ipr <Ng, hgNp=1l, k=12},

wr={tj=47; 0<j<No—1, 7Ny=T}.

The set
wh=1{x];,: 0<ip <Ny, k=1,2}
is a set of interior mesh-points of @y, and
dwp =Wp\wh = {x},;, 0 i1 =0,N1, 0<is<Np 0<i; <N, io=0,No}

is a set of boundary mesh-points of wp,.
We assume that the interface I' contains the mesh-points of wy,, and denote

this set by
Y =1%),4, = (x),,2]): o], =piha+coty, piha=xi, 0<iy<Na},

where 2 < p; < N; — 2. In addition, in the domains @); and Q)2 we shall consider
the following meshes

W1 =wWip X Wr, W2 = W2 X Wr.
Here
I T ; ;
wlh—{xili2.0<21<p1, 0<22<N2},

w2h={X§1121P1<i1<N1’ 0<i2<N2—1}.
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On the moving mesh wy,, we approximate the differential problem (2.1), (2.2),
(2.4)—(2.6) by a three-layered scheme

Yir = (alya‘u);(u?’@) + (02%2);(2021’02) + 2coyt:%1 +¢, (t,x)€w, (41)

i = (alyil)ghw) + (a2y52)g’21’”2) +coyg +¢, (t,x) € wa, (4.2
Ylow, =0, (¢,%x) € dwy,, (4.3

=~

y(0,x) = up(x), w:(0,x) = ugl)(x) , XE€ wf‘h, wfh =wipUy, (4

y(0,%) = up(x), 1:(0,x) =u?(x), x€wm, (4.5

)
)
)
)
with constant weights o, kK = 1, 2. Here

Oup(x)

u@@%=hm@ﬂwwgz—+fmmmy X € W,

Lu = 8.121 (kl 81‘1) + 81‘2 <k2 8.1?2 '

Also we use the standard notation of the theory of difference schemes®10:
v — y(+la) _y’ v — y — y(—le) = y(Hla) — y(=1a) Ca—1o,
“ he “ he Ta 2hq
Y =Yirip = y(t,x(t)), Yy =i n1, = y(t, 21(t) £ ha,x2),
y &) = gm0 = y(t, 21 (t), 22 £ ho)
Yit = @, Yr = y;y’ Yi = y;g’ Y77 =1+ (1— 01 — 02)y + 027 ,

g=yt+rx(t+7), yg=ylt—7xt-71).
Stencil functionals ¢ and a,,(x) (m = 1,2) are defined by formulas

@(x) = 0.5(f(t,z1 — 0.5h1,x2) + f(t, 21 — 0.5h1,22)),

( ) k§1)($1 - 0.5h1,$2) — Cg y X € wfh ,
a1(X) =
kf)(xl —0.5h1, 22), X € wop ,

kél)(lfl,lfg —0.5h2), x€wj,,
az(x) =
kéQ) (:El, To — 05h2) s X € wap ,
respectively.

Similarly as in Ref. 9, we approximate the second consistency conditions (2.6)
with the second-order of accuracy with respect to spatial variables and write its
approximation in the following form

Co

A +0.5(ye + yir) = (a192,) 77 + (a2yz,) 707 + coyz, + 0.5¢0yz, + ¢ (4.6)
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Note that the second initial condition y:(0,x) = ugz)(x) for the parabolic equa-

tion is obtained from the condition of the second order of accuracy of value y(7, x).®

4.1. Stability of the difference scheme

To investigate the stability of the constructed difference scheme (4.1)—(4.6) we shall
use the results obtained in Sec. 3. Thus, the three-layered scheme (4.1)—(4.6) must
be reduced to the canonical form (3.1).

Let H be a space of mesh functions y = y(x) that are given on @y, and equal to
zero on the boundary Owy,. In the space H we introduce the inner product

(y,”l)) = Z y(X)’U(X)hth, Y,V € H?

XEWh
and the norm
lyll =V (y,y), yeH.
For functions y € H let us introduce an operator A as follows:
A=Ay + A;. (4.7)

Here Ayp = A§ and A; # A} are determined by the following expressions

2
- Z(ak(x)yfck)wk y X EWh,

Aoy = k=1
0, X € Owp, ,
07 X € Wih,
—0.5¢0Yz,, X E Y,
Ary = (4.8)
—CoYg X € wap,
0, X € Owp, .

Properties of the operator Ayg: H — H are well known.®° In particular, it is self-
adjoint and positive operator. Note that for A; and Ag the subordination condition
(3.2) is true.

Let us define the other operators:

B:G+2A2+(01—0'2)TAO, (49)
D=C + 0'27'2AQ . (410)
Here
0, X € wyp,
Gy = <6—0+0.5)y, X<V,
h1
+
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Y, X € wyp ,

Cy=40>by, xe€v,

0, wa;h,
0, X € Owy,,
_COy§17 X € Wih,

—0.500%1 , X &€,

0, X € wap ,

- _ — +__
wlh—wm\’)’h, Wgh—w2h\7h«

Thus, the scheme (4.1)—(4.6) is reduced to the canonical form (3.1) with opera-
tors A, B and D specified by formulas (4.7)—(4.10) and

y(0) =yo, Yo =1uo,
(4.11)

In order to use Theorem 3, we have to verify conditions (3.3). Since the operators
G and Ag are self-adjoint, we have By = G + Ay + (01 — 03)7Ag. Here Ayy =
0.5(As + A3).

To find the operator A3, we consider the inner product

No—1 p1—1 No—1
(A2y,v) = —co Z ho Z hiyg ; ;,Viniz = 0.5¢0 Z hoh1Yz, prizVpriz
io=1 11=1 i2=1
Na—1 p1—1
=—0.5c0 Y ho (Z (Yirt1i2 — Yir—1ia)Viriz + (Ypris — ypl—liz)vp1i2>
i2=1 11=1

Ng 1 P1 1
= —0.5¢o E h2 E (YirinViy—1iy — YiriaViy +1iz) T YprioVps —1Li

12=1 11=1

+ Yp1—1isUpriz + YprizUpriz — Yp1—1iz UP1i2>

N2—1 p1—1 No—1

Ypiz (Upy —1in + Vpyiy)
= Cp Z ha Z h1Yiyiyve S1vinia 0.5¢o Z hohy p1iz2 \Upi —1is piia)

hy
ig=1 i1=1 i2=1
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Consequently,
0, X € Owp, ,
C()y;:l ) X € Wih,
A;y = y(_ll) + Y
—0.5¢cp————, X €,
hy
0, X € wap -

Thus, for the operator Asg, we have

0, X € Wy,
c

Aoy = _0'5h_0y’ X € Y,
1

0, X € w;h.

Since Ay > 0 and G > 0 then By > 0, provided o1 > o5.

If L =C and
0, X € Wiy,

Uy=4( 05y, x€,
v, X € wyy
then the condition (3.3) is obviously fulfilled for
01 >02+05, 092>0. (4.12)

In that way, if the conditions (4.12) are satisfied then for the solution of the
difference scheme (4.1)—(4.6) a priori estimate (3.4) is valid.

4.2. Convergence of the difference scheme

Here we shall investigate an accuracy of the proposed difference scheme (4.1)—(4.6)
for the conjugation problem (2.1), (2.2), (2.4)—(2.6). Let y € H be a solution of
the problem (3.1), (4.7)—(4.11) and u(t,x) be a solution of the differential problem
(2.1), (2.2), (2.4)—(2.6). Write the equation for an error z = y — u. Substituting
y=z+uin (3.1), we get

Dzzy+ Bz + Az =14, 2z(0)=0, 2z(0)=v(x). (4.13)
Here 2z, ¢, v € H,
(a1uz, )87 + (aguz,) 57 + 2coue +—up, X E Wi,

(alufl)gghlw) + (aQuf2):§Ca21’J2) + Cout§1

c
—1—0.511551 + @ — h—out — 0.5(ut + ug) , X € g,
1

(aluil)gh@) + (a2ui2)§c021’02) + Coug + o —u, X € wap ,
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is a truncation error of Egs. (2.1) and (2.2) and the consistency condition (2.6).
The term

v(x) = O(t + h3 + h3)

defines a truncation error of the second initial condition.

To estimate the accuracy of the difference scheme (4.1)—(4.6), we shall assume
that

kz(m) € CB(Qm> n C2(F) (7’ =1, 2) ) ul™ € C4(Qm> n CB(F)7 m=1,2,

) (4.14)
kél)(x) = ké )(x), xel.

Employing Taylor series expansions we have

ou hy 0*u  h? B3u 3
o = Ban T 2 022 + % o3 +O(hy),

ou hy 0*u  h? B3u

o _Ouw MmOu  hou 3 —1,2
Yo T Pz 2 ox2 % ox3 +O0h), a=12,
Ou 9 0%u 9
Uo = Oa1 +0(h), Uig, = ordz, +O(7 + hi),
ou 0%u 2 .o
w =5 +OM), uy =55 +0(?), wl =utOr).
On the mesh wyy, for the coefficient a; the following expansions are valid
o oKy o ngokY

a] = k§1)(x) - (x) + O(hi’) , X Ewip,

2 O0x1 (x) 8 Ox?

) hy Ok h2 ok
ag-irl ) _ k§1)(x) _cg—i—?l 8;1 (x) + §1 81‘1% (x) + O(h3), x€wy.
Hence,
(O R u®
(+1),,  _ g 20k O (o a) o 0u
oM = (Y = )T T (- ) )
R (1 a5 0% 19k 02 10%Y gu) 5
Ly A - - h
2 (3( %) oz3 +2 ox1 0z? +4 0z?  Ox +OMh),
CO R ouV)
a0 e 9 ) o Ou
a1z, (kl CO) 81’1 2 81’1 <(k1 CO) 8331 )
h: (1, ) 5.0%u® 10k 920 182k gu® 5
2 <§(k1 ~<) oz} T3 Oxq Oz "1 oz3  Om +0(h).
Consequently,

0 ou®)
(@11 = e (709 = D5~ ) (3 + O0), (1.3 €.
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Similarly, we obtain

~ o 8 (2) 8u(2) 2
(@) = 5o (M2 5 ) (630 £ O0) . (1.3 €.

(aztiz, ), ai (k )(x )3g - )(t,x)+0(h§), (t,%) € wmy, m = 1,2.

Since % = m + co &E , then for the truncation error we have

Y(t,x) = Ot +h?+h3), (t,x)cw Uws.

Now we consider the truncation error on the interface I'. Using expansions

2 p
a1y, =P M0 ((k(z) )2 )+O(h%>, X €,

8.131 2 8 8331
(R u®
I (1)_28U _m (1) 20U 5
aruz, = (k; cg) s 2 o ((k cg) s >+(9(h1), X €Y,

and the second consistency condition (2.6), we obtain

co OuM)

_ 0 (2) 8u(2
(aluil)xl = h—lw(t,x) +05 <8 1 <k ( ) 8:171 (t,X)

b (W5 (60 + 0lhn). (1) € x

Since the conditions (4.14) are valid and 8“( ) ‘ = 6“(2) ’ , it follows that
r r

ox
. 0 (2) 8u(2)
(@20z)es =05 (5= (7005 ) (6

0 ou)
+8—:1:1 <k2 (x) Oy ) (t’x)) +0(h3), (t,x)€yn X wr.
Thus on the interface I' we have
I/J(t, X) = O(T + hy + h%) .

Recalling Theorem 3 and conditions (4.12), for the solution of the problem
(4.13), we obtain

lznt1llay < VM ('Zt(0>||D+27'2A0 + ZTWH) :

k=0

Further,

[yl 42724, = O(7 + b + h3) .
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Thus, we have proved the following statement.

Theorem 4. Suppose that the conditions (2.3) and (4.14) are valid. Then under
conditions (4.12) the solution of the difference scheme (4.1)—(4.6) converges to the
solution of the differential problem (2.1), (2.2), (2.4)—(2.6), and for the error z(t)
the following estimate holds

max||z()]a, < Mi(7+ 1Y%+ 13),

where My = const. > 0.
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