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A QUASILINEAR HEAT EQUATION WITH A SOURCE: PEAKING, LOCALIZATION,
SYMMETRY EXACT SOLUTIONS, ASYMPTOTICS, STRUCTURES

V. A. Galaktionov, V. A. Dorodnitsyn, UDC 517.956.45+517.958
G. G. Elenin, S. P. Kurdyumov,
and A. A. Samarskii

A survey is given of results of investigating unbounded solutions (regimes with
peaking) of quasilinear parabolic equations of nonlinear heat conduction with a
source. Principal attention is devoted to the investigation of the property of
localization of regimes with peaking. A group classification of nonlinear equa-
tions of this type is carried out, properties of a broad set of invariant (self-
similar) solutions are investigated, and special methods of investigating the
space —time structure of unbounded solutions are developed.

INTRODUCTION

Processes of spontaneous violation of a high degree of symmetry of a macroscopic state
of a complex system are one of the surprising phenomena of the world surrounding us.

These processes lead to the appearance of so-called dissipative structures — ordered
formations with characteristic space—time forms. TFor the occurrence of processes of spon-
taneous violation of symmetry with reduction of its degree the system must necessarily be
open and the mathematical model of it must be nonlinear [29, 64, 80].

At the present time phenomena of structure formation are the focus of attention of in-
vestigators in various specialities. These phenomena are of interest to biologists in con-
nection with the question of the origin of life, problems of prebiological evolution, and
morphogenesis [49, 71, 75, 80, 81], to ecologists from the viewpoint of recognizing the laws
of formation and stable functioning of biogenesis [75], and to physicists and chemists in
connection with the possibility of creating new devices and installations which are new in
principle, The interest of technicians is caused by the possibility of raising the produc-
tivity of old technologies and creating new intensive technologies [77]. These phenomena
attract philosphers as examples of the nontrivial occurrence of a category of "part and
whole'" and the dialectics of self-movement [78].

In spite of the different nature of the systems, on passage from an unordered state to
an ordered state they behave in a similar manner which bears witness to the existence of
fundamental principles of their functioning. Representatives of various disciplines are

occupied with the study of these principles within the framework of the synergetic approach
{59, 64, 79].

It is altogether natural that one of the most powerful tools of modern science — mathe-
matical modeling by means of a computational experiment [72] — is used in studying structures
in nonlinear media. A combination of traditional methods of mathematical physics, modern numer-
ical methods, and methods of processing information makes it possible to analyze the phenom-
enon considered from all sides, accumulate information regarding it, and create new concepts
and methods adequate to the qualitative features of nonlinear phenomenona. The concept of
symmetry —asymmetry is of considerable use in creating the basic concepts and constructing
mathematical models.
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Dostizheniya, Vol. 28, pp. 95-206, 1986.
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In studying any phenomenon the investigator deals with a hierarchical sequence of models
which, as a rule, is formed by successive consideration of various factors. In such a hier-
archy of models it is always possible to trace the hierarchy of symmetry. The model of the
lowest level of descriptive detail hereby has maximum symmetry.

The presence of a rich symmetry makes it possible to formulate "atomistic" concepts
which are to a considerable extent adequate to the class of phenomena being studied. In es-
sence almost all dissipative structures known at the present time are from a mathematical point
of view invariant or partially invariant solutions of phenomenological nonlinear equations,
that is, the most symmetric solutions. Thus, stationary dissipative structures are a special
case of invariant solutions — stationary solutions [39]. Autowave structures to good accu-
racy can be represented by means of another special case of invariant solutions — so-called
traveling waves {38, 49, 56]. Finally, the nonstationary dissipative structures of regimes
with peaking considered in this work and in other works of the authors [32, 40, 41, 45, 59,
73, 741 are directly connected with power self-similar solutions. Symmetry—asymmetry is
the deep property of the matter which can be used not only for formulating the basic concepts
but can also be taken as the foundation for mathematical modeling. We have in mind the crea-
tion of a hierarchy of models on the basis of a hierarchy of symmetry.

The present work is devoted to the study of dissipative structures of regimes with peak-
ing which are formed in an active, dissipative nonlinear medium. As a substantial mathematical
model of minimal dimension we choose the quasilinear heat equation

uy=div (K («) grad u) +Q (). (1)

In this equation #>0 is the temperature of the medium, K(«#)= 0 is the nonlinear coefficient
of thermal conductivity, and Q(#)>= 0 is a nonlinear heat source. It is assumed that K(u)
and Q(u) are defined and smooth for all u > 0 and vanish only in an absolutely cold medium

(x(0) = o0, 0(0) = 0].

Solutions of the Cauchy problem for Eq. (1) for various types of the pair of coeffi-
cients {K(u), Q(u)} form the object of investigation.

O0f special interest are K(u) and Q(u) satisfying the conditions

1
5K(u)u-‘du<—'roo (2)
0
and
1Q @l-du< + co. (3)
1

Condition (2) in the absence of a heat source in the medium [Q(u) = 0] ensures in the
case of a compactly supported initial distribution a wave regime of propagation of a thermal
perturbation in an absolutely cold medium with finite speed of the front [43, 68] (see Fig.

.

Condition (3) in the absence of heat conduction in the medium [K(u) = 0] leads to the
nonexistence of a global solution of the Cauchy problem. In this case heating of the medium
occurs in a regime with peaking: after a bounded interval of time ?#6[0, i] in some region of
space the temperature becomes infinite. An essential feature is the localization of the
region of high temperatures in space for an inhomogeneous, bounded, initial thermal pertur-
bation (see Fig. 2).

Study of the solution of the problem with simultaneous action of the dissipative factor
[K(u) # 0] and a volumetric heat source [Q(u) # 0] is of interest.

Investigations of unbounded solutions (regimes with peaking) occupy a special place in
the theory of nonlinear evolution equations. In the general theory nonlinear problems ad-
mitting unbounded solutions are globally (in time) unsolvable. For a long time they were
considered exotic examples indicating the degree of optimality of those conditions which en-
sure global solvability.

Successful attempts to derive conditions for unboundedness of solutions of nonlinear
parabolic problems were made more than 20 years ago [93, 97, 108]. The methods proposed in
these works were very fruitful and were further developed.
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Fig. 1. Evolution of an initial thermal perturbation in a medium without a
source. The front of the heat wave propagates with finite speed.

Fig. 2. Evolution of an initial thermal perturbation in a medium without heat
conduction. The temperature reaches an infinite value after a finite time <t
at one point of space.

The development of the theory of unbounded solutions received new impetus from possi-
bilities of practical applications, for example, problems of self-focusing of light pencils
in a nonlinear media, the effect of a T-layer in a low-temperature plasma, problems of shock-
less compression, etc. (in this regard see [59] and other papers of the present volume). The
number of mathematical publications in which unbounded solutions of nonlinear evolution equa-
tions were studied rose abruptly in the last decade and a half.

However, in mathematical investigations of unbounded solutions preference is mainly
given to questions of the general theory and principally to the derivation of conditions
for global insolvability of nonlinear problems. Constructive methods of investigating
space —time structure of unbounded solutions has so far not advanced far enough. The main
reason for this apparently is that to a wide circle of specialists in the area of nonlinear
evolution equations those essentially nonstationary effects and phenomena of physical char-
acter which can arise in a nonlinear medium and stably evolve for a bounded interval of time
are unknown. These effects are unusual and are of considerable theoretical and practi-
cal interest.

In particular, regimes with peaking lead to localjzation in space of regions of high-
temperature and to the formation of nonstationary dissipative structures.

1. Unusual Effects of Regimes with Peaking

Properties of regimes with peaking can be most simply demonstrated in a one-dimensional
medium with a particular pair {K(u), Q(u)}.

As such a pair we choose the power functions

K @=us, ¢>0, (4)
Q@=ub, B>1.

With the restrictions ¢ > 0, B8 > 1 the functions K(u) and Q(u) satisfy conditions (2), (3).
The choice of power functions is not accidental. By means of methods of group analysis it
will be shown below that in the class of such functicons the symmetry of the mathematical
model is maximal in a particular sense. On the other hand, the powers ¢ and B are a con-
venient measure of the intensity of the heating and dissipative factors. Relations between
o and B determine the space—time order in the medium in question. An idea of the space-—
time structure can be obtained on the basis of a preliminary analysis of invariant solutionms.

For a special choice of the initial thermal perturbation u(x, 0) = 6(x) its further
evolution

u(x,t) =g (t,1)0 (xqp=" (, 7)) (5)
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is determined by the functions
g, )=(1—tz)", @, 1)=(1—t1tY,
where

y=@—1)" a—05{—o—1)F—1)"
The function 8(g) hereby satisfies a corresponding boundary value problem (see Sec. 3) for
a second order nonlinear ordinary equation

e o ’ ¥

Although the invariant solution (5) is a special solution of the Cauchy problem it nev-
ertheless turns out that for practically any initial perturbations the solution of the origi-
nal problem ''passes out' onto this solution at an advanced stage of the heating process.
Thus, the most symmetric solution describes the asymptotics of the evolution process. The
basic asymptotic regimes of heating of the medium [40, 41, 45, 73, 74] are established by an
analysis of Eq. (6).

The Thermal Wave. HS-Regime with Peaking. A wave regime — the so-called HS-regime
with peaking — is possible in the medium in question. A wave regime of evolution of the
initial perturbation is possible for 1 < B < o + 1. The last inequality means roughly speak-
ing that with increase in the temperature the diffusion of heat occurs more intensively than
the heating of the medium. In this case after a finite time the entire space is heated to
an infinite temperature (see Fig. 3).

Localization of Heat in an S-Regime. For B = ¢ + 1 the intensity of heating and diffu-
sion of heat equalize which leads to a parodoxical effect: heating of the medium to infinite
temperature occurs over the so-called fundamental length (see Fig. 4). 1In spite of the pres-
ence of diffusion the heat does not propagate into cold space beyond the limits of the funda-
mental length. An effect of localization of the region of intense heating occurs. Moreover,
a nonstationary dissipative structure is formed in which the distribution of temperature does
not depend on the initial perturbation. Only the time of existence of the structure depends
on the initial perturbation. Such a heating regime was called an S-regime [45, 74]. Ve
emphasize that in the cases of the HS- and S-regimes at an advanced stage of heating the tem-
perature perturbation has a unique structurally stable space—time form determined by the
unique solution of the boundary value problem for (6) with a definite value of the time of
the existence of the solution t > 0.

Dissipative Structures of the LS-Regime with Peaking. For more intense operation of the
source as compared with the diffusion of heat (o + 1 < B < 0 + 3) a finite number of dissi-
pative structures of the LS-regime with peaking are formed in the medium. The number N of
qualitatively distinct structures is determined by the formula [40]:

N=—[—a]—1, (7

where a= (§—1) (B—o—1)-L

The number of structures is connected with the number of zeros of the solution y = y(x)
of the following linear problem [40]:

y"—0,5 (p—o—1) 25’4 (f—1) y=0,
y'(0) =0, y(0) =1.
The solution of this problem has the form
Yy (%) =@ (—(p—o0) (B—o—1)"", 0,5, 0,25 (B—0—1) #?),
where &(a, b, £) is a degenerate hypergeometric function [7].

Each structure has its own space—time form which is determined by a solution of the
same boundary value problem for Eq. (6) (see Fig. 5). These structures exist for the same
interval of time v > 0. At the time of peaking t = T each structure leaves a trace in the
medium — the limit distribution

u(x, T)—:Cfl.xl—z(ﬂ—c—l)_lv i=13ANa C;>0. (8)

The limit distributions for different structures are distinguished by the values of the con-
stants cs.
i
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Fig. 3. The thermal wave of an HS-regime with peaking.

Fig. 4. Formation of a dissipative structure of an S-regime with peaking. The structure is
localized at the fundamental length Lg.

Fig. 5. Eigenfunctions of a self-similar problem in the case of an LS-regime with peaking:
6 = ei(g), i =1, 3. The eigenfunctions determine the distribution of temperature in the
simple (1) and complex (2, 3) dissipative structures.

w W
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Fig. 6. a) Decomposition of a complex dissipative structure corresponding to the
second eigenfunction; b) decomposition of a complex dissipative structure corre-
sponding to the third eigenfunction.

The values cj are the eigenvalues of a nonlinear boundary value problem for (6), and
its solutions are eigenfunctions.

For a given time of peaking there are N isochronic structures (existing for the same
interval of time) "containing" at the initial time a definite quantity of "thermal energy"

Q=0 @®d Q>Qm i=LN.
0

Thus, the eigenfunctions determine a finite number of "energy levels" existing for the same

time interval T.

On the other hand, due to profiling over space of the initial temperature, any amount
of energy given at the initial time in correspondence with the finite number of eigenfunc-
tions can exist as a finite number of isoenergy structures. The times of existence of such
structures are different: the simplest structure has minimal "life time"; the most complex
structure has maximal life time. The degree of complexity of the structure is determined
by the character of its nonmonotonicity for x>=0. To the simple structure there corresponds
a monotonically decreasing temperature distribution; to the most complex there corresponds a
distribution with the maximum possible number of local extrema.
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Investigations have shown [41] that the simplest structure is the most stable structure.
Figure 6a, b shows results of calculation of the conversion of complex structures 6, and 0,
into the simple structure 6,. The complex thermal structures are conserved during almost
the entire time of peaking. Degeneration of a complex structure into the simple structure
occurs during the course of a rather brief interval of time just before the time of peaking.

The existence of 'needlelike" limit distributions (8) bears witness to the loalization
in space of the region of intense heating (Fig. 7).

On the basis of the examples considered above the impression is formed that localization
of the region of intense heating occurs for an action of the source more intense than diffu-
sion. Indeed, for 1 < B < o + 1 there is no localization; for B = o + 1 the region of local-
ization is determined by the fundamental length Lg. For o + 1 < B < ¢ + 3 the higher the
temperature u,, the smaller the region of space where uzu,.

If for 1 < B < o + 3 and any initial data a regime with peaking is always realized, then
for 8 > 0 + 3 there exist two types of regimes — the HS-regime of cooling without peaking
{(t < 0) and the LS-regime with peaking (Tt > 0).

The invariant solution of the HS-regime without peaking is structurally instable and is
the boundary between two classes of initial data. If the initial distribution dominates a
temperature distribution of an invariant solution of the HS-regime of cooling, then an LS-
regime with peaking occurs (see Fig. 8a). 1If the initial distribution is majorized with the
same values of the maximal temperatures, then a damped wave is formed (see Fig. 8b). The
wave exists for a rather large interval of time. 1In Fig. 8 the distribution of the HS-regime
without peaking is denoted by a dashed curve.

It should be noted that the existence of the regimes enumerated for power dependence
of K(u), Q(u) on u can be predicted on the basis of the method of averaging proposed in [42].

A preliminary analysis of the invariant solution (5) for the special case of power de-
pendence of K(u) and Q(u) [40-42, 45, 59, 73, 74] made it possible to determine and formulate a
number of concepts characteristic for the class of problems considered. These are pri-
marily the concepts of peaking, localization, effective localization, a limit temperature
distribution, complex and simple dissipative structures, and their structural stability.
The precise definitions of these concepts can be found in Sec. 3.

In proving the existence of peaking and localization in the case of more general depen-
dencies of K(u) and Q(u) an important role is played by methods of group analysis, qualita-
tive methods of the theory of ordinary differential equations (o.d.e.), numerical methods,
and methods of comparing solutions of parabolic equations, including degenerate solutions.
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Fig. 8. a) Formation of a dissipative structure of an LS-regime with peaking for
B > o+ 3. The structure is localized at the fundamental length. 1 is the criti-
cal temperature distribution; b) formation of a thermal wave of an HS-regime with-
out peaking.

Methods of group analysis make it possible to determine for which pairs {K(u), Q(u)}
there is a sufficiently rich collection of invariant solutions and to determine their con-
crete form.

By means of the methods of the qualitative theory of o.d.e. it is possible to establish
special properties of invariant solutions and to formulate the basic concepts. Numerical
methods make it possible to obtain information regarding a specific invariant solution and
its stability relative to perturbations.

By means of the method of approximate self-similar solutions (ASS; see [23]) it is pos-
sible to assign to the initial equations certain other basic equations. These equations may
have a richer collection of invariant solutions as compared with the original equations. A
remarkable circumstance is that these equations may differ from the original equations, and
nevertheless the solution of the original problem at the asymptotic stage of the evolution
process tends to invariant solutions of the basic equations. This circumstance makes espe-
cially important the investigation of the spectrum of invariant solutions which determine the
various final forms of processes in nonlinear media.

A sufficient reserve of invariant solutions is needed for successful application of
methods of operator comparison. In the method of operator comparison these solutions are
used as the basic carriers of particular properties of the general solution (see [14]).

One of the interesting results of the investigation in the multidimensional case is
establishing the existence of different types of group-invariant solutions on the basis of
different coordinates: power self-similarity with respect to the radius and a traveling wave
with respect to the angle. Such solutions determine the well-known spiral waves [49]. It
is noteworthy that solutions of such type exist for only the heat equation with a source.

In the present work we do not consider the important and difficult problem of construct-
ing and studying the architecture of multidimensional eigenfunctions of a nonlinear medium.
We mention that basic constructive steps in this direction have been made in the work [60].
The problem of constructing multidimensional self-similar solutions leads to the necessity
of numerical solution of nonlinear elliptic equations. The problem of the initial approxi-
mation is solved on the basis of the method of linearization in a neighborhood of a so-called
homothermic solution and of a fundamental solution. This approach makes it possible to con-
struct multidimensional structures also in trigger media.
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Establishment of the asymptotics of evolution processes leading to the occurrence of a
particular number of types of metastably stable dissipative structures whose space—time
structure is described by group-invariant solutions plays the role of an analogue of the
second law in open nonlinear systems.

2. Symmetry of the Heat Equation

2.1. What Does Group Analysis Provide? Modern group analysis is a generally recognized
method of describing the symmetry of continuous mathematical models.

This direction is based on the theory of continuous groups developed by Sophius Lie at
the end of the last century and is a synthesis of algebraic ideas with ideas of analysis.
The concept of a continuous group developed intensively and led to the creation of an entire
direction in mathematics: the theory of Lie groups and algebras, the theory of group repre-
sentations, etc. Lie's approach to the problem of integration (from the beginning Lie's
purpose was the creation of a theory of total integration of differential equations) was
basically forgotten in the theory of differential equations. This was caused by the fact
that the methods of integration developed by Lie were not a universal mathematical tool —
an arbitrary system of differential equations need not admit a nontrivial group of transfor-
mations {a discussion of these questions can be found in [66]). Moreover, Lie's theory is a
local theory unsuited, generally speaking, to giving directly a solution of a boundary value
problem.

Nevertheless, later Lie's approach to differential equations was appreciated by applied
persons, since the mathematical models used in physics and mechanics possess, as a rule,
basic symmetry described by a broad group of transformations. Knowledge of this group af-
fords the investigator considerable information for study of the mathematical model. 1In
particular, a group property of a system of differential equations makes it possible to dis-
tinguish classes of group-invariant solutions, the finding of which is a simpler problem
than finding a general solution, to generate new solutions from solutions already known,
etc. This circumstance acquires special importance in studying nonlinear models where each
exact solution plays an important role and where algorithms of group analysis act just as
effectively as for linear models. We remark also that in contrast to traditional methods
of investigation (for example, the method of a small parameter, etc.) groups methods do not
use linearization of the original model. Apparently the wide investigation of group prop-
erties of sets of models of mathematical physics carried out in the sixties is connected
with these circumstances. A new, independent direction called group analysis of differen-
tial equations arose after the works of Birkhoff, L. V. Ovsyannikov, L. I. Sedov, and their
followers.

Contrary to popular opinion group analysis is not exhausted by methods of constructing
special solutions of a system of differential equations. Already at the beginning of our
century the connection of the symmetry of a mathematical model with conservation laws found
a constructive formulation in the form of Noether's theorem. Since conservation laws in the
majority of cases are the foundation for constructing mathematical models, Noether's theorem
indicated the fundamental role of symmetry in mathematical modeling. It is not superfluous
to recall that considerations of symmetry played a decisive role in the creation of quantum
mechanics, the theory of elementary particles, and in other areas.

The development of group analysis led to many other ways of using the symmetry of a
mathematical model. However, modern problems of mathematical physics hereby posed a number
of questions which found no solution within the framework of classical Lie theory. Individ-
ual transformations not of point character were found which preserved differential equations;
transformations were found which connect solutions of nonlinear equations; solutions were
found which are not classical invariants (for example, the multisoliton solutions of the KdV
equation). The so-called Biacklund problem crystallized out completely, although a construc-
tive formulation of it was given comparatively recently [48].

All this was a prerequisite of the development and generalization of Lie theory. Lie
himself gave the first generalizations — his theory of first order tangential transfor-
mations. However, further advances in this direction encountered difficulties of principle
character. Only recently [47] was it possible to create a satisfactory theory — the theory
of Lie—Bédcklund groups — which generalizes classical Lie theory in a nontrivial manner. The
new theory made it possible to resolve a number of questions which were unsolved by the
classical theory and, most important, provided the possibility of finding "hidden symmetry"
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of mathematical models inaccessible in the classical approach. Within the framework of the
theory of Lie—Bidcklund groups it is possible to obtain a number of constructive theorems
in the study of conservative systems of differential equations, to formulate the Biacklund
problem, and to give effective methods of solving it.

At the present time group analysis is undoubtedly at a new stage of ascent and is be-
coming an effective method of investigating nonlinear differential equations.

In this part of the work we present some results of group analysis and its applications
within the framework of the model of nonlinear heat conduction. The symmetry of the non-
linear heat equation with a source will here interest us mainly from the point of view of
structures — the possibility of the existence of stable dissipative structures of a heat-
conducting medium. The concept of structural stability, i.e., the preservation in time of a
form characteristic for a given structure, rate of growth, localization in space, etc., is
closely connected with the concept of invariance of a solution under transformations involv-
ing time. There is reason to suppose that precisely the invariant solutions in many cases
form "attractors" of the evolution of dissipative structures of a particular type of non-
linear problems. From this position group-invariant solutions are not exotic, degenerate
representatives of a manifold of thermal formations but structures which characterize impor-
tant intrinsic properties of the nonlinear dissipative medium.

2.2. Group Classification of a Nonlinear Heat Equation with a Source: the Group of
Point Transformations. 2.2.1, In this subsection we consider group properties of the non-
linear heat equation with a source (sink) in the one-dimensional case

= (k{u)u) s+ Q(x). (1

For concrete functions k(u) and Q(u) the algorithms of group analysis make it possible
to find groups of transformations (forming local Lie groups) admitted by Eq. (1). A natural
generalization of this problem [group classification of Eq. (1)] is the enumeration of groups
of transformations for all possible forms of k(u), Q(u), more precisely, the finding of an
admissible group of transformations for an arbitrary pair (k, Q) (nucleus of the basic
groups) and enumeration of all those special forms of (k, Q) for which extension of the group
of transformations admitted by Eq. (1) occurs.

It is known (see [67]) that a criterion for the invariance of a differential equation —
in our case Eq. (1) — relative to a group of point transformations of the dependent and in-
dependent variables of the form

tr=f(t, x, u; ai,..., a),
x*=g(t, X, U; Q,..., @), (2)
u*:(P(t, X, U; Ay, . v vy ar)y
where a,,...,3y are the parameters of an r-parameter Lie group of transformations
X (12— (& () ) — Q ()| 1y =0, (3)
where the linear operator
5 =9 ,~d ~ 9 ) d 9
—=f 2l a0 2 2 2
X=t ot }-xt)x T4 o l_g“t Ouy +€”xaux +§”xx0uxx’

defines an inifinitesimal transformation of the group (2), where t, X, u are unknown functions of
the point (t, %, u), and Cut, lux, Cuxx are_computed by the standard extension formulas in
terms of t, X, U (see [67]). The operator X is connected in a one-to-one manner by the Lie
equations with the group of transformations (2), and hence to find the admissible group it
suffices to solve the system (3) for the functiomns t, %X, u.

In solving the problem of group classification the system of equations (3) [we note
that (3) is a system of equations, since the coefficients £, %X, U do not depend on the de-
rivatives ug, Uy, Uggs..., and hence, expressing, for example, uy in (3) by means of (1) in
terms of uy, Uyys, we obtain the possibility of "decoupling" (3) into a system of equations by
equating to zero the coefficients of uy, uyy and their powers] is solved for nonspecific
dependencies k = k(u), Q@ = Q(u). As a result classifying equations for k(u), Q(u) arise
whose solutions give an extension of an admissible group of transformations.

The results of group classification can be written in more compact form if we use a
group of equivalent transformations (see [67]). In our case we can use the transformations
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TABLE 1

k=el
Q) 3 x a
+eb?, B£0 Bt B—15 —1
+e?406, 6=! e 0 se—0t
o0 0 se—0t
2 X 0
0
{ ¢ 0 -1
TABLE 2
E=u% o+0; —4/3
Q(u) i x T
+ uo’—l-l + Su e—éo‘t 0 ae—&‘!tu
181=1
+ u” 2(n—1)¢ (n—o—1)x —2u
0 ox 2u
5”: ] 8 I =1 { e-—OUt 0 ae—ﬁo'tu
8= +1 t (c+1) x/2 u
2 X 0
0 { 0 ox 2u

e (1) =y (cut+-B),
Q@)= Q (cu+P),

u=au--p, x=06yx, ¢=0%.
Two equations (1) equivalent in the sense of the transformations (4) admit similar groups
and are not distinguished in the group classification.

(4)

For arbitrary k(u), Q(u) Eq. (1) admits (see [30, 31]1) the group of translations in
t and x (the nucleus of the basic groups) to which there correspond the operators X, = 3/3x
and X, = 3/8x. For Q = 0 to X;, X, there is added the dilation X, = 2t(3/3t) + x(3/3%).
Tables 1-4 present special forms (specializations) of the pair {k(u), Q(u)} for which Eq._
(1) admits a wider group of transformations. For each pair {k(u), Q(u)} the coordinates t,
X, u of the basic operators of the Lie algebra are presented, but the nucleus X;, X, is not
listed. Tables 1-4 also contain classical results [65, 115] pertaining to the linear heat
equation and the nonlinear heat equation (without a source).

2.2.2. Here we present results of the group classification of the heat equation with a
source (sink) in the two-dimensional and three-dimensional cases (see [33, 351):

o= (kW) iy )x,+Q ), k0. (5)
i=1

Calculations according to the method of [66] lead in the case of Egq. (5) to the following
equivalence group:

t="b%t+f,
X;=abx;+e;,
u=cu-}td, (6)

k(i) = a2k (),
Q@)= Q@)

where a, b, ¢, d, ej, f are arbitrary constants, a*b:c # 0, i = 1,..,,N,
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TABLE 3

b=y
Q(u) i x a
an~13 1 §u, o102/3 0 selotrs,
fat=18]=1 0 2312 —@a) 2
% e2(o¢/3)1/2xu
0 oA/ (B2 x¢
e—2(oa/3)1/2xu
4¢/3 0 u
0 e2(ar3)1/2x —@Bl2x
au—lls, la|= 1 XeQ(a/S)‘/Z'xu‘
0 e—2(a/3 2k Ba)li?
—~2(a/3)! %
e u
+u®, nt—1/3 Q(ﬂ—l)t (n+1/3)x —92n
0 —2x/3 u
ou, {81=1 [ e 0 5et01/3y,
0 —x? 3xu
8= + 1 FA —-JC/G /4
2 x 0
0 0 —2x/3 u
0 —x? 3xz
TABLE 4
k=1
Q&) 2 x 7
+ e¥ t x/2 —1
+ u” 2(n—1)¢ (n—Nx —2u
0 ed —8/2e%xu
dulnu, 8=x1 { 0 0 o
2t x 26t
4¢2 4xt — (24 x*—45) u
du, &= +1 0 2t —xu
0 0 u
0 0 b(x, 1),
by=byy+ 50
2 X 28¢
442 4xt § (612 +Ex®)—(x2+28) u
§= 21 0 2t — xu+ 8t
0 0 u— 5t
0 0 a(x, t), a;=ag.
2t X 0
42 4xt —(x2+20)u
0 0 2t —xu
0 0 /3
0 0 a(x, 1), @r=ag,

The result of solving the system of equations for (1) for N = 3 is as follows. In the
case of arbitrary functions k(u), Q(u) Eq. (5) admits the group of translations along t, X;, X,
X3 and the group of rotations about any of the spatial axes which are defined by the infi-

nitesimal operators

/] l7] _ 0 90
X1=3—J_g'v X2~0x2, Xa—-gz, X4_0_Z’
bi) a J

X5=x26§!-—x1 oz Xe=Xagpm —Xigg
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TABLE 5
K(U.) k= k(u)

2 k=t | n=u—¥5|Kk=ub | x=e“ iﬁai§b1'
w “function
Q+Q(uw)
matt | b by | Ly | br | Ly
function
D
Q:i‘eu-f-ﬁ', ///
181=1 b7 L7 Ly /"5 L
7 A

=t yS*hgy, N
Qiﬂ=15 Ly /)‘%% br | Ly
Q=tutnu L?/// Lg Ly Ly Ly

W 7447
e )"5@/’7//?%///%;/
ks 13Dl v 7

NN :

= 1 o) 1 7 7, // //
v e

0 i 7
X7=JC35)TQ'—JC25}:—. ( )

N
2\

The group nucleus (7) can be extended only for those special forms of k(u), Q(u) listed below.

Table 5 presents an orienting "scheme'" of group properties of Eq. (5). L, denotes the
space of dimension r (the Lie algebra) of operators of the form

3
~ ~ @ ~ g
X=tf 0—t+l2=_1 xia—x—i—-}-ua‘&—s

admitted by Eqg. (5).

We remark that in linear cases, just as in the linear one-dimensional case (see above),
the space of admissible operators is formed by a direct sum of a finite-dimensional and in-
finite-dimensional space.

Tables 6-10 present the coordinates of the basis operators of the Lie algebra for cases
of extension of the nucleus of the basic groups (the hatched cells in Table 5), while the
coordinates of the basis operators of the nucleus are not presented. In the majority of
cases ¥y is written in place of the three coordinates X;, X,, Xj.

2.2.3. 1In the two dimensional case (N = 2) the group nucleus is formed by the following
operations:

0 J 9 o 0 0
Xlzs—;;’ X2==0x2 5 X3=a—t, X4—-—)C2A‘E 15;2—.
TABLE &
i l ‘;’i l a ‘ Q (u)
2t l Xi l 0 l Q=0

Note. The function k = k(u) is arbitrary.
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TABLE 7

k= e¥:
Q (u) £ X, P
Q= 1’3, -
181=1 e 0 g
Q= e, .
%0 Qat (z—1) x; —2
0 X3 2
oo 0 a0t
2t Xi 0
Q=0
t 0 —1
TABLE 8
k=u’ o+0; —4/5:
Q (2) £ *, 7
Q =* uﬂ,
nt0; 1 2(0—n) ¢ (0—n+1)x 2
Q= +u"ty6u =0t 0 8e—09%y
18]=1
0 gx; 2u
Q=08u=+u
e—éat 0 6e—éctu
2t X3 0
Q=0
0 cXy 2u
Table 11 gives the scheme of the group characteristics of equation (5)whenN= 2, Table 12
shows only the special case K = u™! not obtained from the two-dimensional case. All other

cases of extension of the nucleus of the basis groups (the hatched cells in Table 11} are
obtained from the corresponding cases for the three-dimensional equation (5) if we formally
set x; = 0, d/dx® = 0

We note that in case of any special dimension N with coefficient of thermal conductivity

k(u)=u_’v4+7 (8)

There will be significant extension of the admissible groups of transformations. At the
same time the two-dimensional case N = 2, k = u™! distinguishes itself, when the groups of

admissible transformations is infinite-dimensional
te=A(Inu) +6u, 6=0; +1. (%)

It is known that a considerable change of the functional properties of solutions of
Eq. (5) [for example, the Cauchy problem for (5) ceases to be well posed) occurs for the co-
efficient of thermal conductivity
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TABLE 9

E=u45
QW i % %, %, E
Q=u% o (d—n) t| (1/5—n) x, | (1/5—n) x5 | (1/5—n) o
n+0; 1
Q= uS 48, | a5t ’ 0 0 0 §et/50
[81=1
Q4150 0 0 0 PRI
0 2x4 2x, 2x3 —5u
]QﬁTiul, 0 |d—sxl—x3| 2xx, 2x1%3 —5x,1
0 2x1X, xg—-xfx—% 2x9X5 —5x.u
0 2x1%, 2X9%; x%—- xg—x% —5x5u
2t x1 % X3 0
0 2% 2x, 2%, —b5u
Q=0 0 x%—x%——x% 2% Qx5 -—5x,0
0 Qxaxy  H—x—xE  2xaXs —5x,u
0 x5, Qrpxs  |xE—xi—xi| —Bxu
-2
k(Wy=un ¥, (10)

It is interesting to note that the intersection of the regions (8) and (10) gives pre-
cisely N = 2, that is, Eq. (9) (and only it) has all the qualities enumerated.

We note that negative power exponents in the coefficient of thermal conductivity are
used in describing diffusion processes in polymers, semiconductors, in porous media, in
crystalline hydrogen, in some problems of chemistry, in problems of the physics of the sea,
etc. In these areas modeling of the diffusion process with reduction of the dimension of
the problem may distort the group properties of the problem which, in particular, may lead
to the appearance of solutions which are absent in the multidimensional formulation or, con-
versely, to the absence of solutions present in the multidimensional case.

2.2.4. Ve consider the group properties of a nonlinear, anisotropic heat equation with
a source (or with a sink)

= 2 (s () 2 ), Q (12)s

ki>01 N=2’ 3,

2

(11)

(&0

In classifying Eq. (11) on the basis of kj(u), Q(u) the following equivalence group is used:

i,

X =a,-bxi +eja
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TABLE 11

K(u} K1 K=IJ.-1 K=u.‘ K=glt t;n:axr(bu]‘?_
= = . Yary:
Q) (6=-1) | 6#0;-1 Eunc?tlion
Q=Qfu) .
e N
1ion
YD 7
’5,31 Ll; ‘.vl; Lq /bs Lq
g,
Q=1 //// //
L L L L L
o #0 /V 4 4 5 4
“ /7 N Z
Q=i U-ﬂ Lq /L‘S/%% Ly L:4
// /////
ll=i u‘”+6’u, // y /
L
16]=1 L‘# /""5 ’y L“f 4
. SN
Q=futnu /'-'7// Ly Ly L Ly
161=1
A
a=tu {@L.{ 1,29.,{‘/1.6; Ly Ly
LA A
s 7 v
Q=11 L./g/@/b:Zs/?A//Ls/ Ly
AP 2 AL,
NN s 7 7%
= 9 o [} 2 o / /
L DAL
TABLE 12
k = u'l:
Q) £ l *, %, F
Q: aéi- lun 21(m~y) ni, nix, —%
rlervi 0 0 e
Q=+t ¢ 0 0 u
ed? 0 0 5edty
Q=éu, 0 A (x1, %5) B (x1, x5) —2ud,,
[§1=1 4, B— any so;ution of the system
Ax1=Bx2
Ax2=“‘Bxl
t 0 0 | 73
Q=0
0 A (x1, x3) B (x5, x3) ' —-2qul
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TABLE 13

Ky ¥ Ky # Kz #Ky:

. . _y6i Y #174 K; =Kg(u)
Ki(u =u%i = i =K
i(u) |k =us, Ki=€ " lan arbi-
Q(u) 61#6p#63F by | 8yF0F0LgFEOY tt::;ary funcy
ion
Q=Q(w)
an arbi-
trary func- Ly Ly Ly

tion

a=2e®, L //L / | L
a¥0 4 //% ¥

é%/ o

Q@)= Q)

In the three-dimensional case it is convenient to distinguish two possibilities: 1)
all three components are nonproportional K #k;,  k,®k, kywk, and 2) two coefficients are pro-
portional, k;~&;, k;*k , where (i, j, %) is any permutation of (1, 2, 3). The second case
reduces by means of the equivalent groups (12) to Ri=k;%k . To be specific we assume that
ky=Fk3»k, which will be convenient for reduction of the two-dimensional case to a special
case of the three-dimensional case.

2.2.4.1. Rywhy, kyks, kgwky. As a result of solving the definition-system for equation
(11) (see [34, 35]) we obtain the group nucleus corresponding to the operators

a 7]
5)?1_’ X2=E;C‘2’s

Xlﬁ X3=‘TZ’ X4=£

ot’
which can be extended only for those specializations of [kj(u), Q(u)] which are listed in
Table 13 and below.

The "general scheme' of group properties of Eq. (11) in the present case is presented
in Table 13.

Tables 14-16 give the coordinates t, ii, u of the basis operators which augment the
nucleus; the latter is not given.

2.2.4.2. The case ky=ky*k;. The group nucleus in this case is determined by the oper-
ators

2 d (4
3§==5? A%==x35;rn—x15;:-

Table 17 shows the "general scheme'" of the group properties of Eq. (11) in the case
considered, while cases of extension of the group nucleus are listed in Tables 18-22.

In the case k; = ky = 1, k, = u'“/a, Q=-u"3, and Q = —u"1/3 + §u (see Table 22) two
operators augmenting the nucleus have complex-valued coefficients. In structuring real-
valued invariants and invariant solutions this circumstance, however, causes no difficulties:
using the linearity of the space of admissible operators it is always possible to take the
real or imaginary part of a linear combination of operators relative to which invariance of
the objects studied is then considered.

2.2.5. In the two-dimensional "anisotropic cases k;wk, the nucleus of the basic groups
consist only of translations along the axes x,, x,, t:
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TABLE 14

ki(u) are arbitrary functions:

=)

Q (1) \ & X,
TABLE 15
ki=e%i¥, oy b oy oyt
Q () i ¥, s
Q= +e% 2ut (a—0a;) X; —2
Q=x+1 0 Qi x; 2
2t X 0
Q=0
0 @yx; 2
TABLE 16
k=101, 0,4 0,540,401t
Q (u) t ¥, u
Q= tun 2(1—n)f (6;4-1—n) x; 2u
Q= +1 2t (o;+1) x; 2u
2 X; 0
Q=0
0 0;X; 2u

? d 0
X1=§Z5 X2=0_x;’ X3"b‘2u

which form a basis of the Lie algebra L,.

Table 23 presents the ''general scheme" of the group properties of the two-dimensional
anisotropic equation (R;7k;). The coordinates of the operators augmenting the nucleus L,
(the hatched region of Table 23) are obtained from the operators of the three-dimensional
case enumerated in Tables 18-22 if in them we formally set x, = 0, d/dx, = 0.

We note that in the two-dimensional anisotropic case no extensions of the group are
observed. Indeed, for example, the case ky = k; = u™', Q = 0 (Table 21) on passing to the
two-dimensional case k; = u™!, k, = 1, Q = 0 gives the operator X, = d/dx, which is obtained
from

o a 0 0
X = A (xl, X3) 5}1——}—3()61, xg)bx—3—2Axl (xl, X3) l«lﬁ’

Ax3= —th,

AJL‘,_:B.X‘;,"

if we set x; = 0, 3/3x, = 0.

2.3. Lie—BRidcklund Groups Admitted by the Heat Equation with a Source.
section we consider the group classification of the heat equation

In this sub-

N
uf=i2_l (ks (@) 2+))+, 4 Q ),
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TABLE 17

Ki(uw) K1=K3=1’ "1"‘3“‘-} K1=K3=Ll61, x1=ns=e“’“, Ky=K3=k

- K, K5 1
Kp=u 4/3 Kp= K2=U62, K2=e“2“, y K2 1s an

Q(u) arbitrary
6% 6y o FLy function
a=a(u
.arbitrary-| Y5 Ls Ls Ls Ls
function -

—tpltl I,

Qm;n " Ls Ls Ls %s Ls

g=* un, V/L/ Z/ V ///
y‘ bs/ Lg Ls Ls

n#0; 1, -1/3

=ty 7 VL 7 L L
o G000 |

NN

Q=iu'1/3+5u,7

511 L% Ls Lg Lg Ls
‘ 7 A

G.:iu La7 Lz@bm /LE L5 L'5

V.
o=%1 E/LE 7'-'6///"‘8/ /L,77 Lg
w

TABLE 18
ki=ks=k(u), ky=k,(a),
k(4), ky(8)is an arbitrary function:
R T . :
Q =0 l 2t l X3 I u
TABLE 19
by= by — ™%, By %R,
Oy = Qg
Q(u) i % s %5 T
Q= +e% Qut (@—a1) x4 (— ) x5 (@— o) x5 —2
Q==1 0 Oy Xy Cp Xp o1 X5 2
2f X X X3 0
Q=0
0 oy X1 osXp Oy X5 2

k>0, N=1,2,8,

from the point of view of tangential Lie—Bicklund transformations [47, 48].

2.3.1. Suppose there is given the one-dimensicnal evolution equation
dn

uy=F (12, t, thgy -« .y Unm)s ”i="$rT'
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TABLE 20

bi=kyi=0% Fky=u" o0,

Q (1) 2 \ X %2 \ A g7
Q= +u* ‘2(1——n)t (c+1—n)x, | (g +1—n)xs| (c+1—n) x5 |22
— 4 . 4 4
Q=o' 8/3t (G+§>x1 (G+'§) Xa ((H—'g) x; |2u
Q=*u 0 ox1 GaXs { ox; \ 2u
Q=x1 2t (6+1)x (o2+1) x, \ (0+1) x5 \2u
2t Xy Xy ! X3 \ 0
Q=0 -
0 0x; Oy \ 6, \2u’
TABLE 21
By=ky=n"", ky=1
Q () F 7, %, 7, Z
Q=xu* | 2(1—n)t —nxy (1—n) x, — X 2u
Q= +u~V3 8/3¢ 1/3x, 4/3x, 1/3x, %2
Q= +u 0 Axy, x)* 0 B(x, x)*| —24,u
Q= +1 2t 0 X2 0 %
2t 0 Xy 0 2u
Q=0
0 A (21, x5)* 0 B(xy x)* | —24,1
e : A11=Bx ’
*Here A, B are any solution of the system:{&r=_;
K] Lot

Let M be the manifold defined by (14) and all its differential consequences in the space &
of points 2z=(f, ¥, 4, 4, u,...), where u={u;, w;}, u={us, Uiz, s}, etc. The one-parameter Lie~—
12 1 2

Bicklund group admitted by M, is given by transformations in & of the form (see [47, 48])

x*=x+E(, x, u, W, Uy...)ato(a),
tr=t+n(t, %, u, wy, U, ...)a+o(a), (15)
w=u+U(t, x, u, wy, tg,...)a+o{a),

where & m, U, & is the space of locally analytic functions of a finite number of vari-
ables from z = (t, X, u, u;, U,,...), and a is the group parameter. The symbol ofa) denotes
the remainder of a formal series of special form [ensuring closedness relative to multiplica-
tion — superpositions of the transformations (15)]; if the series in (15) converge, then the
symbol o{a) takes its usual meaning. The arguments do not contain derivatives of the form
altiu/atisx], since they can be expressed in terms of u, u;, u,,... by means of the original
equation (14).

Just as in classical Lie theory, Lie—B&cklund groups are related in a one-to-one manner
to vector fields (infinitesimal operators). Thus, the transformations (15) can be given by
means of an operator of the form

GO N 2 N, 9
X=U6—li"ri§§i a[q‘“‘é@um*f...,
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TABLE 22

by=tky=1, ky=u4?
Q (1) i x, A 7 7
Q==xo" 20—n)t|(1—n) x:|—(n+1/3)x;|(1—n) x, 2u
2f X3 0 X3 3/2u
Q’—"Vu—l/s: 0 0 &2V Vidx, 0 — 7V 37e2 v13) 12,0
7=zl
0 0 e—2V V3 0 V 3y 20031 2y,
Q=S+ 0 0 2V ¥/3x: 0 VY Sy 2V 2,
+ 8u, —
fpl=181=1 o 0 |e2V¥Bn| V 3y 2(V/9) Pz,
0 0 X 0 ~—3/2u
Q= +u
0 0 x 0 —3x0
Q=+1 . 2t X —1/3x, X3 u
2% X1 0 X, 3/2u
Q=0 0 0 % 0 —3/2u
0 0 x2 0 —3x5u

where U=U—gm—nuy §=(D}U, 5;;=D,(D U, ...,

8 0 0
1)x==5;-Fu15;-Fﬂ2§;;4--~

a . a , (/]
tha—rutﬁ--ru”ﬁ‘;“l-..-.

The criterion of invariance of (14) has the form
X{ut"-F (u: Uiy ouvs um)}'ﬁ——:O'
This equation can be rewritten in the form
(Dy—F ) U =0, (16)

where we have introduced the operator
oF | oF oF
F*=6_tz_+'aT,—D-"+ - +517;(D“')m'

We remark that Eq. (16) always has a solution, since the evolution-Eq. (14) admits trans-
lation in x and t to which there correspond the operators

/) 7]
X1=u1w, X2=F517'

Knowledge of one solution U of Eq. (16) often makes it possible to construct a sequence
of solutions of this equation (this is precisely the situation for all Lie—Bicklund groups
admitted by evolution equations which have so far been computed. For systems of equations
this is not true; see [48]).

Indeed, suppose for Fy and some differential operator L the following commutator is
defined:
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TABLE 23

KW Kp=ub, | K=" | Kylu)Ro(u)
L xy=ub? Ix,=e*2% lare arbi--
Kp=u V8 | 72 I " ltraryfunc
Qlu) 6#¢6, xprop {To0
A=Quw) is
arbitrary Ls L3 Lz L3
function
=4 gtd / //
a==e" L3 L3 /L 7 L3

a#0 2;/24?/5572// 1/4/52

Q=tu {/y/)//u// L3 b3
7 ’ 2
- 7

A,
U
DAL 2
{F., L]=F.L—LF.,
Then if on solutions of (14) the cperator L satisfies the Lax equation (see [122]})
Ly={F., L}, (17)

where Ly is defined by the expression DL = Ly + LDg, then the operator L takes any solution
U of Eq. (16) again into a solution LU of this same equation. Indeed, (17) is equivalent to
the equation

[D—F., L]=0,
and hence on solutions of (14)
(D4—F.) (LU) =L (D,—F.)U=0.
In othe§ wgrds, the action of the operator L generates an infinite chain of solutions Lka
of Eq. (16).

We remark that solvability of Eq. (17) in a particular class, generally speaking of
operators L which are not differential operators (see [48]), is a necessary condition that
{16) has solutions U(t, x, u, u;,...,ux) of arbitrarily high order k, and hence that Eq.
(14) admits an infinite group of Lie—Bicklund transformations. This fact has major practical

importance, since solution of the Lax equation (17) is frequently a simpler problem than
solution of the defining Eq. (16).

2.3.2. The defining Eq. (16) for the one-dimensional heat Eq. (13) has the form
Ut = (B2 1) U2, Us-kU== - QU
where Ut-“:».DtUma), Ux-ZDxU, Uxx=Dx2U.

It is assumed that the desired function U depends on a finite number of variables: U =
u(t, x, u, u;,...,u,). It can be shown [36] that for n<2 Eq. (18) defines the Lie group
of point transformations computed in [30, 31} and presented above; therefore, it is hence-
forth assumed that n > 2.
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The method of investigating the definition-Eq. (18) is based on decoupling it according
to the powers of u,4,, upy, contained in (18) and not contained in the number of arguments
of U. It is shown in the work [36] that a nontrivial solution of (18) exists only in the
following cases:

1) k =1, Q = au + b, where a, b are arbitrary constants;
2) k=u"?, @ = 0;

3) k =u ?, Q = au, where @ is an arbitrary constant;

4) k = u"?, Q = b, where b is an arbitrary constant.

It is easy to indicate point transformations reducing the case 3) to 2) and taking case
1) into a linear equation without a source. Since point changes do not alter the structure
of the Lie —Backlund group, it is possible to restrict attention to three variants:

a) up = s
b) ut

c) ur = (u?ug)g + b, where b is an arbitrary constant.

(0™ 2ug)y;

[}

a) The linear equation uy = uyy admits transformations (see [105]) given by the func-
tions ‘

U0=u1 UM=W(t, x),

where W(t, x) is an arbitrary solution of the equation wy = wgy. The Lax equation in this
case has the solution

LI:Dm L2=fDx+”§—.

Any Lie—Bicklund transformation for a linear equation is determined by a linear combination
of U,, U, and solutions obtained from U, by means of the indicated operators L, and L,. Those

sclutions U which depend on u, for #2=3, correspond to Lie—Bicklund transformations.

b) The equation uy = (u %uy)y is investigated in [89]. The admissibile Lie—Backlund
group in this case is determined by a linear combination of the functions Uy = Lka, k =
1, 2,..., where Uy = (u %uyg)yg, and L = DZ(u~!)Dg'; the operator L in this case is an integro-
differential operator. It can be shown that Uy can be represented in the form

Up=—[D%w'D)] (x), k=1,2 ....
c) The case ut = (u ?uy)y + b is essentially new (see [36]).
In this case the Lax equation has the solution 11==l)i(u413x———g-x)l);?, while the scolu-

tion of the defining equation which "starts" the chajn of Lie—Bicklund transformations has
the form

Uy=— [Di (rz-lew%x)] {x).

It can be shown (see [36]) that the series Uy can be represented in the form l]k:=~nl)§[u4i)x——
b

B+l . 3
i—x} {x), and any solution of the defining equation can be represented as a linear combina-

tion of the Uyg.

Tt is shown in the work [36] that the multidimensional heat equation with a source (13)

admits a nontrivial Lie—Bicklund group only in the linear cases: ky = const, 1 = 1,...,N,
N=2, 3, Q= au+ b, where a, b are constants.

Thus, with this the group properties of the heat equation with a source have been stud-
ied in the one-, two-, and three-dimensional cases. Below examples will be given of the use
of the groups of transformations admitted by the heat equation.

2.4, Invariant Solutions of the Heat Equation with a Source in the One-Dimensional
Case. 2.4.1. The presence of a nontrivial group of transformations admitted by some differential
equation or system carries a particular algebraic structure into the set of its solutions.
This is expressed in particular in the fact that transformations of the group take any solu-
tion again into a solution of the same system of equations. The set of solutions obtained
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by this process can "start' with any solution including one which is in no way connected
with the admissible group of transformations. This property is especially important in in-
vestigating nonlinear equations where the 'value" of each exact solution is high and where
transformations taking a solution into solutions often carry a nonobvious character.

If under a transformation of the group a solution goes over into itself or remains with-
in an invariant manifold, then such solutions are called, respectively, invariant and par-
tially invariant solutions. The search for such sclutions is alleviated in connection with
the possibility of describing them in terms of invariants of the same group of transforma-
tions. Since the number of invariants is always less than the total number of dependent and
independent variables in the original system, the theorem on the representation of a non-
singular invariant manifold (see [67]) guarantees a reduction of the dimension in a coordi-
nate system connected with the invariants (the special case of this fact for groups of dila-
tions is known as the "w-theorem" in dimension theory). The number of independent variables
in the space of invariants is called the rank of the invariant solution and may assume dif-
ferent values. Therefore, a first step in the classification of invariant solutions of a
system of differential equations whose admissible group is known is enumeration of the classes
of solutions having the same rank. The next step of classification is usually the calcula-
tion of an optimal system of subgroups of the basic group te which there corresponds a col-
lection of essentially distinct invariant solutions [67]. Such solutions cannot be obtained
from one another by means of the admissible group, while all other invariant solutions are
obtained in just this manner. Distinguishing a collection of essentially distinct solutions
makes it possible to systematize the set of invariant solutions: altogether even for cases of
a small number of variables it has a cumbersome form. In the work [31] such a classifica-
tion is carried out for the one-dimensional nonlinear heat equation with a source for all
forms of k(u), Q(u) for which an extension of the group of admissible transformations occurs.
(We remark that for the heat equation in any dimension there may exist only invariant solu-
tions, and there may not exist partially invariant solutions distinct from the invariant
solutions.)

2.4.2. Linear Heat Equation with a Source of Alternating Sign. Here we present only
a fragment of the classification corresponding to the special case

ut=uxx+6ull'lu, §==x1. (19)

Equation (19) admits (see Table 4) the Lie algebra L, of infinitesimal operators with
basis

; Xg=e™ l—%—e“xu—a

3
Xo= ox du’

X ax

T (20)

X4=eﬁ‘u£-,
and the optimal system of one-parameter subgroups in this case is
(X aXi+Xy; Xs; Xo: Xy X},
where o is an arbitrary constant.

The invariant solutions corresponding to this collection can be represented in the cor-
responding form:
u(t, x)=u(x)
u(t, xX)=1u(ax—1),
(21)
.
u(t, x)=u(t)e *,
B Ax?
u(t, x)=u(t)e 10z,
There exists no invariant solution corresponding to X,, since for it the corresponding neces-
sary conditions are not satisfied (see [67]).

Substitution of the representations (21) into Eq. (19) leads to an ordinary differential
equation for u(}), where A is the independent variable in the given representation.

It is necessary to note that the classification of invariant solutions from the view-
point of similarity (that is, distinguishing a collection of essentially distinct solutions)
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may not have great value from the viewpoint of applications. 1In applications the collection
of solutions found is usually adapted to a particular boundary value problem. There the
interest is in global properties of such solutions, while the classification is carried out
by means of the group of admissible transformations, that is, by means of local analysis.
Proceeding from the collection of essentially invariant solutions, it is not always easy to
perceive a "“suitable" solution, since passage to a similar solution may be realized by rather
complex transformations of the group. In the work [30] an example is presented where passage
to a solution similar to one of the invariant solutions of the optimal collection leads to

a regime with peaking, while none of the solutions of the optimal system of subgroups pos-
sess this property.

Below we shall consider in more detail the family of invariant solutions of Eq. (19)
corresponding to the operator (see [32])

X=eXy+X,.

In this case the invariant solution can be represented in the form

bt
u(t, x)=ﬁ(t)e 4 1+ae“5t) (22)

Substitution of (22) into (19) leads to an ordinary differential equation for u(t):

~ 6 u —~ ~
ug——? m—i—éulnu.

This equation can be integrated and gives a two-parameter family of invariant solutions

dx2 o) [ (H_se—él )1/28]
e v nf iyl —sm—r——
w(t, x)=e “0tee¥) o TLNTITE . (23)

We shall consider only those solutions of the Cauchy problem for Eq. (19) in which the tem-
perature perturbation is bounded in space: u(t, x) > 0 as |x| + ». The family (23) is a
solution of the Cauchy problem for the two-parameter family of initial data

Ox?

1(0, x)=uye HFe), (24)

where u,, £ are parameters >0, e<—1for § < 0, -1 < g < += for § > 0. We shall consider
in more detail possible variants of the evolution of the initial perturbation (24).

a) The solution (23) for € = 0 goes over into

0 bt (gL
ult, x)=Vee *e (1 ,
>0, 6>0.

The half width of the temperature distribution (25) does not depend on time and is equal to
2/1n2/§.

For u, < Je at each fixed point x the temperature u(t, x) decreases monotonically to

zero, lim #(f, x)=0, for u, = /e the solution (25) is stationary, and for u, > Ve the tem-
{400
perature increases monotonically and unboundedly at each fixed point x as t > + «.

(25)

Figures 9 and 10 show the numerical realization of a solution with constant half width.

b) We consider the solution (23) for € > 0, § > 0. 1In this case the half width of the
initial distribution (24) is greater than the half width of the solution (25). The half width
of the solution (23) is a monotonically decreasing function and as t » += tends to the half
width of the distribution (25). There are three possibilities for the amplitude of the solu-
tion.

If #o<us(e)=el/C+%), then the amplitude decreases monotonically and Hm #n. (£)=0.
oo
If uwy>u, (8)=(1-+¢€)!%, then the amplitude increases monotonically and unboundedly as
t > oo,

If us(e)<up<ui(€), then the amplitude is a nonmonotone function of time: it first in-
creases (but does not reach the magnitude ve — the amplitude of the stationary solution),
and it then decreases to zero as t > +x.
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The solution (23) for € > 0, § > 0 is a solution with a monotonically decreasing half
width.

Figures 11, 12, 13 show a numerical realization of a solution with a monotonically de-
creasing half width.

c) Solutions with a monotonically increasing half width are determined by formula (23)
either for § > 0, =1 < € < 0 or for § < 0, € < -1.

In the first case the half width of the solution (23) is a monotonically increasing

function. At the initial time t = 0 it is less than the half width (1.4), while as t > 4w
it tends to the value 2/1n2/§.

If u; < u;{e), then the amplitude decreases monotonically to zero.
If uy > u,(e), then the amplitude increases monotonically and unboundedly as t -+ +o.

If u;(e) < uy < u,(e), then the amplitude is a nonmonotone function: it first decreases,

it attains some maximum value at a finite time, and it then grows without bound in a mono-
tonic way as t & +o.

A numerical realization of the solution for 6§ > 0, =1 < € < 0 is shown in Figs. 14, 15,
and 16.

In the second case (§ < 0, € < —1) the half width of the sclution (23) grows monotoni-
cally and unboundedly as t > 4w,
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If u, < u,(e), then the amplitude increases monotonically to the value u(0, =) = 1.

If u, > u,(e), then the amplitude first decreases monotonically and then, while growing
monotonically, tends to the value u(0, «) = 1 as t > +»,

Such a solution (see Figs. 17, 18) is analogous to the solution of a traveling wave
considered in the work [54].

The behavior of the temperature distribution (23) in space and time is determined by
the pair of parameters (g, uy,). Figure 19 shows the plane of parameters of the initial data
(e, uy) which is separated by the curves u,(g) and u,(e) into zones corresponding to the
regimes described above.

d) In order to graphically represent the behavior of the solution (23) in time, we go
over to variables of the amplitude and half width of the temperature perturbation:
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14ge—0\1/2e
‘A(t)=u(t,0)=-—ee°im[”°( I+e ) ] (26)

in2

X, 0=2) 5V sm® (+ee ).

The connection of the amplitude with the half width is given by the equation

dA Aa?sign (8) (1—2sign (6) X %a—“ In 4) (27)
axXn Xp (Xj—a?sign (8)) '

where a:=2}/h12ﬂ6] is the half width of the stationary solution (25). The integral of Eq.
(27) has the form

(Xg—afsign(c)) X%o-atslgn(ﬁ))X
K

xpeim® _al e, (28)

where Xy, = Xp(0), A, = A(0) = u,(0).
o

In the (Xp, A) plane Eq. (27) has a zero isocline
21n2sig n{d)
Blxz

A=e )
and an infinite isocline (dXy/dA = 0):

Xj—4in2 28O
T

which exists only for § > 0.

A singular point of Eq. (27) for finite A # 0 and X > 0 for § > 0 is the point with
coordinates X = a, A,, = Ye. The singular point is a saddle point with separatrices (see

Fig. 20)
/}&1)2—1)—1
@
Xfl a, A = (T) .
In the case § < 0 the point (0, 0) is a saddle point with separatrices X; = 0 and A = 0
(see Fig. 21).
The course of the integral curves of Eq. (27) is represented in Figs. 22, 23.

We note that all results enumerated in this section carry over easily to the case
where the volumetric source of heat has a lienar "increment" Q@ = culnu + Bu by means of a
transformation of the equivalence group u » yu, y = const.

2.4,3. Nonlinear Heat Equation with a Source of Variable Sign. We consider the heat
equation in the case where the source and the coefficient of thermal conductivity have power
dependence on the temperature

= (un,) foutt+8u, o>0. (29)
One of the invariant solutions (see [31]) in this case has the form
u(t, x)=u(x) (M (1—nr)e )0, (30)
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The representation (30) gives a solution of the Cauchy problem if the following conditions
are satisfied: o > 0, A8 < 0. [These conditions ensure that the heat flux k(u)uy vanishes if
the temperature vanishes. ]

The function u(x) is a solution of the equation
(°8,) - an® ! - Abu =0,

and has the form

1 ijo —
—— 216] O @
u(x)= (_2}“6(0+1)a(0+2)) cos /0(2 Vc+1x)’ for x|<Ly/2,
0, for|x|>Ls/2,

where Lg = (o + 1)a™/o is the fundamental length. We remark that Lg is determined only by
the parameters of the medium ¢ and o and does not depend on §, that is, the presence of a
linear source (sink) does not affect the spatial structure of the invariant solution.

For § > 0 for any wo=(—248(0+1)a'(0-2)"")"*>0 the time characteristic of the solution
(30) g(t) = (A4 (1—hr) e)~Vostoo as f—r=—In[A(A—1)""]/0b.

For § < 0 there exists a critical value of the amplitude of the initial distribution
u,=(2]8| (641)"°/a(c+2)) (the amplitude of the stationary solution) such that

(a) if uy > ug, then g(t) » 4+~ for t » 1;

(b) if u, < ug, then g(t) > 0 for t » +=;

(¢) if u, = uyg, then g(t) = 1, where

. In [ug (ug-uf)"]

- 6]

The solutions considered convey the qualitative features of the Cauchy problem for the
heat equation with a source of variable sign and nonlinear type: the phenomenon of localiza-
tion and the presence of superfast regimes of growth of thermal perturbations.

2.5. Two-Dimensional Heat Conduction: Directed Propagation of Heat in an Anisotropic,
Nonlinear Medium. 2.5.1. Here we consider an example of the construction of an invariant
solution describing the propagation of heat with different types of localization in different
spatial directions which occurs in a regime with peaking [4].

As shown in part 2.4, the nonlinear, anisotropic heat equation with a source

= (Uu,) s+ (ugzuy)y -+, 0,>0, 0,>0, >0 (31)
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is invariant relative to transformations defined by the Lie algebra of infinitesimal opera-
tors of translation in t, x, y and dilation

Xy=2(1=B)t g o+ 1B % 35+ (01 =By 2+

We shall consider self-similar solutions invariant relative to the subgroup of dilations
defined by the operator X, which we write in the form

=2(1—B) (bo—1) gy -+ @14 1=B) % o O+ 1)y 5+ 2 55 (32)

The parameter t, > 0 introduced determines the time interval [0, t,) on which the solution
exists (a solution does not exist globally). To the operator (32) there corresponds the
invariant solution

w(t, x, ) =@E—1""u 1), (33)
where

o-+1—8 Oz+1—1
S (lo— PP,y (fo— £y 0D

Substitution of (33) into Eq. (31) leads to an equation for the function (%, n):

1 U {42y 1+ 1— a1 1 1
(uCuE)ET(uGuﬂ)ﬂ+ 0'2(5 g ‘3 l ;(ﬁ 1) "'Wn‘l‘u - 6_1 u=0' (34)

Regimes with peaking corresponding to the case B > 1 are considered below. The depen-
dence of the direction of heat propagation on the relations among the parameters B, o;, 0,
follows easily from (33).

Equation (34) was solved numerically by two methods: the method of finite elements and
a finite-difference method (see [4]). Tt is assumed that the temperature distribution at the
initial and subsequent times is symmetric relative to the axes 0x, Oy. This makes it pos-
sible to consider the problem only in one quadrant of the (x, y) plane.

Let
Q={(x,y), 0<x<<a;, 0<<y<<as},
Q= {(x, y), 0<<x<Chy, 0Ty <y},
where a,, b, a=1,2 are positive constants,

A functionu(t, x, ¥y} is sought which satisfies Eq. (31) in the cylinder Qp = & x (0, T],
where T = const, 0 < T < t;, the initial condition at t = 0

1, (.XI, y)EQh
u(O, £, y)=u0(x, y)={o, (.JC, y)EQI (35)
and the boundary conditions for t > 0
u=01 if - X=a; ovr y—‘—_az, (36)

%%:O, if  x=0 or y=0,
(n is the normal to the boundary of the domain Q).

The relation among the quantities 8, (o, + 1), and (o, + 1) affects the character of
heat propagation as is evident from the representation of the invariant solution (33). Below
we consider two types of solutions which in analogy with one-dimensional regimes [45, 74]
we call HS-S- and HS-IS-regimes. The results presented also make it possible to judge the
qualitative features of self-similar regimes of heat propagation with other parameters of
the medium, in particular, in an LS-S-regime which we therefore do not consider. We remark
also that the formulations of the problems can easily be carried over also to a three-dimen-
sional, anisotropic medium.

HS-S-Regime. Problem (35), (36) was solved with the following parameters:
01=3, 02=2, B=0z4+1=3.
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In this case no propagation of heat occurs in the y direction, while in the x direction after
a finite time t, propagation of heat to infinity occurs (an HS-regime).

Figure 24 shows the numerical solution u(t, x, y) at different times; Fig. 25 shows its
level lines. It is evident that the support of the solution is a convex region. The time
of peaking obtained in calculations was t, = 2.42389, while the discrepancy of the procedure
is less than 47.

Figure 26a, b presents results of self-similar processing of the numerical solution
u(t, x, y). Namely, the quantity [see (33)]
u(E W=(t—t)""ult, x, ),
x=>t—t)"" y=n,

was computed which in the course of time t - t, approaches a solution of the self-similar
problem. Beginning at a certain time the curves u(%, n) practically coincide which bears
witness to the passage to a self-similar regime. A solution of the elliptic equation (34)
was thus obtained numerically.

HS-LS-Regime. This regime is the most paradoxical manner of heating an anisotropic
medium,

Problem (34), (35) was solved with the following parameters: o, = 3, 6, =1, B8 = 3. 1In
this case the invariant solution (33) approaches infinity in the x direction (an HS-regime),
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while in the y direction curtailment of the effective depth of heating occurs (an LS-regime),
that is, the interval along the y axis where, for example, u 2 uy,y/2 tends to zero as t > tg.
Thus, at the final stage the solution (see Fig. 27) is an infinitely heated line off which
the temperature is finite. The level lines of the solution are shown in Fig. 28. We point
out the characteristic cross-like form of the support., This form of the support is deter-
mined by two processes. Along the x axis accelerated heat propagation proceeds in an HS-
regime, while along the y axis the solution tends to a self-similar LS-regime in which the
heat front is located at infinity. The time of peaking obtained in the calculation

was t, = 3.07660.

Figure 29a, b shows the results of self-similar processing of u(t, x, y) for x = 0 and
y = 0, respectively. The functions u(g,nﬂrag and u(g,nﬂy ¢ are computed from the formulas
[see (33)]

1 (E M= t—8)""u(t, x, v),
x=Elto—t ", y=n(fe—t)"".

In the course of time the functions G(Z, n) tend to a solution of the elliptic equation (34),
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We note that the heat propagation analogous to that described above will occur for any
0,5 0,, and B for which the relation o; + 1 > B > o, + 1 holds [see (33)]. Moreover, the
anisotropy 0, > 0, may be expressed arbitrarily small. This leads only to a change of the
rate of growth of the amplitude and propagation of the front; the qualitative features of
the process remain the same.

We emphasize that in this subsection, on the one hand, we have presented a numerical
investigation of an evolutional (structural) stability of the self-similar solution (33)
of the nonlinear, anisotropic heat equation with a source (31). On the other hand, we have
constructed a numerical solution (g, n) of the nonlinear elliptic equation (34). This is of
particular interest, since so far there exist no efficient methods of integrating such equa-
tions. The construction of this solution can in principal not be done by direct solution of
Eq. (34) by the method of determination, since the solution u(g, n) # 0 in such a formula-
tion is unstable (regarding theoretical methods of investigating such problems see, for ex-
ample, [16, 871).

2.5.2. An Example of the Construction of an Invariant Solution on an Infinite Group.
An unlimited reserve of invariant solutions can be generated by an infinite group. We con-
sider the two-dimensional heat equation

utzA(lnu)E(”Tx)x-'r(fﬁ)y, (37)

u

which admits (see Table 12) the algebra of operators
9 9 o d F 2
Xl:gt_’ X2=t73—t‘+ll5;, XOO=A$C‘+B-()—!J-—-2[1xZL(3—u‘,
where A(x, y), B{(x, y) is an arbitrary solution of the Cauchy—Riemann system

Ay=B,, A,= —B.. (38)

A solution of the system (38) can be written in the form A + iB = &(x + iy), where ¢ is an
arbitrary differentiable function.
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As an example we consider ®(x + iy) = eXtiy, where A = eXcosy, B = eXsiny, Ay = e¥ x
cosy, and the operator X takes the concrete form

&7 a 0 2
X ' X ai - X -
Xo=g2* cosy gx Tersiny 5 =+ \2ue cosy 5
In order to construct an invariant solution of rank one of Eq. (37), it is necessary to

consider a two-dimensional subalgebra. We consider the algebra <X,, X > for which a com-
plete collection of invariants can be chosen as follows:

¥ e*
11__u_?_’ 27 sing
We seek an invariant solution in the form
z (M) - X
u(z.‘,x,y)=t—e—2x—, }u=‘-—m,

where the function {(A) is determined by the ordinary differential equation
M (sattpg,— 1) + 2N3uaty, — 1P =0. (39)
Making in (39) the change of variables #(\) = e@(}) | we obtain the equation
Aty -+ 203, =,
which by means of the substitution 4(A) = y(x), A = 1/x goes over into the equation y" = e¥
whose general solution is known [53] (the method of integrating it is also based on the group

of transformations which it admits). As a result the desired invariant solution can be
represented in the form of the three families

2t
u(x, y, t‘)-——————-——-—(Sinijczex)2 ;
2c%tec,(e‘x sin g+-c2)
u(x’ yy t)= X

£2% (|— et (e™* sin y+03))a’
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where c¢;, c, are arbitrary constants.

2.5.3. "Spiral Waves' in a Nonlinear Thermally Conducting Medium. We consider the
invariant solution describing spiral propagation of inhomogeneities in a nonlinear medium
constructed in the dissertation of S. R. Svirshchevskii. The equation

ut=(u6ux)x‘}_ (ucuy)y’l"uﬁ’ ﬁ> 1, (40)

admits (see Table 8), in particular, the operators

7} i}
X1=yﬁ—-x a—"yy

+1— a , .0 0
X2=(1——[3)t~2;k° (xﬂ-ryay) Flge

We write Eq. (40) and the operator X = c,X; + X, in polar coordinates:

1 1 0 [ guot! 1 92T\,
w97 (r 25 ) (41)
0, o+l— b
X—=(1=B) to— ) gy + 5L (r =) it + (1 —B o oo (42)

where c, and t, are constants, ty, > 0. Proceeding from the complete collection of invariants
of the operator (42)

p—o—1
=r(tg—£P0=F; Iy=0—coln(tg—1t); I3=u (to—1)~11-5;

we seek a solution of Eq. (41) invariant relative to X in the form

1
w(t, r, ®)=(tr— )b (R, ©),
f—o—1 ’ (43)

R=r(to——t)2<1_5), q)ch—-Colﬂ(to-—f).

The function u(R, ®) is determined by the equation
1 1 9 (0ut! 1 0%t B—o—I oz B,
0+1{Wﬁ<R R )+RT 90¢ }“ s Rog— COam’“‘““ (44)

It is easy to see that the invariant solution (43), (44) describes the propagation of in-
homogeneities of the temperature field (local maxima, weak discontinuities, etc.) along a
logarithmic spiral. The trajectories of such inhomegeneities are represented schematically
in Fig. 30: For B < o + 1 we have expanding spirals, for B > ¢ + 1 contracting spirals, and
for B = 0 + 1 we have circles. The arrows indicate the direction of motion of the inhomo-
geneities with increasing t (¢, > 0). We note that the growth of u as well as the motion
of the inhomogeneities along spirals takes place in a regime with peaking.

In the three-dimensional case it is possible to construct analogous solutions which
describe the propagation of inhomogeneities u along spirals wound on the surface of cones with
vertex at the origin. Numerical realization of the invariant solution (43) encounters
great difficulties. The case ¢, = 0 of the solution (43) describing the evolution of a
complex "architecture" of inhomogeneities u in a regime with peaking is realized numerically
in the work {60].

2.6. Linearization and Other Questions. Heat equations admitting an infinite group
of transformations occupy of special place. The presence of an infinite chain of transfor-
mations leaving the equation unchanged makes it possible to construct a corresponding chain
of solutions invariant relative to the Lie—Bdcklund group. However, the chief property of
such equations is related to the possibility of their linearization. The presence of an
infinite Lie —Bécklund group (more precisely, automorphicity of the equation) is a necessary
condition for the presence of a (nonpoint) transformation taking it into'a linear equation
[48]. Although sufficient conditions for linearizability have not: been obtained for all
heat equations admitting a nontrivial Lie—Bidcklund group it is possible to find a linearizing
transformation. The presence of linearizing transformations makes it possible to construct
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solutions of the nonlinear equation by proceeding from solutions of the linear equation, to
apply the principle of superposition of solutions, etc.

2.6.1. The equation
U= (u-2u,),, (45)

admitting an infinite chain of Lie—B&4cklund transformations {89] can be linearized by means
of the change (see [105})

wlt, ©)— (o) x—o( ), I—t. (46)
Indeed, it follows from (46) that

0 4 0 [7] d ) 0

U i A L 7

and therefore (46) takes (45) into the equation
1 0 d _ 1
wylw(wyﬂ(@yl )___Dy[g(:v;_@yy)}:o,

or

Vp=0yy+ J (£) 0y
where f is an arbitrary function of t. Hence, the transformation (46) takes any solution of
the equation

Uy ==Tyy (47)
into a solution of Eq. (45).
2.6.2. The equation
uy= U U,) -+ b, b=const, (48)
by means of the transformation (see [361)
b (vy\!
“lt, x)=—~2—(v—>y ’ (49)
—_ 2 ‘Uy
x“_T(?’ t=t,

goes over into the equation
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Thus, any solution of Eq. (47) goes over under the transformation (49) into a solution of
Eq. (48).

2.6.3. Heat Equation in an Inhomogeneous Medium Admitting a Nontrivial Lie —B&cklund
Group. In the work [76] a broader classification problem was solved — heat equations

Up= (k(x’ u) th)x—{—Q(X, u) »

were distinguished which admit a nontrivial Lie—Backlund group. It was shown that nontriv-
ial Lie—Bicklund transformations are admitted by a linear equation in an inhomogeneous me-
dium (k§ = 0, Qiiy = 0) and by the nonlinear equation

= (k) s+ au+b Ve—Ve& (VE)xx ul, (50)

where k(x) is an arbitrary function of %X, a and b are constants, and ab = 0. By means of the
change

u>VeX)u (51)
Eq. (50) reduces to the equation
=W, +au-+b, ab=0,
investigated above.

In the work [119] a special case of Eq. (50) for a =b =0, k = (Ax + p)? is considered:

w— | (G ) wel.

By means of the (point) transformation

1 A2
=1 Lul, A
x> njAx+ul, - - t,

the last equation goes over into the equation
= ((ou+p)~*u:) -ty (au+p) ~*u.,
which arises in some problems of porous media and is considered in [91].

New equations linearizable by Bicklund transformations are obtained in [76] where a
more complex model of heat conduction is considered — one of hyperbolic type.

Figure 31 shows the scheme of connections of the solutions of the equations considered
where the following transformations are given in addition to those listed above:

{

u(t, x)=ue-, ?=—2—ae‘2“f, X=x; (52)
W ’t_—_'.—-TQ;-—, = :1_, =—;
@ 1) = y=Dyu t=t (53)
Wy, t)=2v,/v; (54)
u(t, x)=—oWw, ", x=—%W(y, £); (55)
: 5 .
u(t, x)=— D= (ux)"]",
7 7Dy () (56)
f=——2, t=%
bxu
2.6.4. Invariant Solutions. Suppose the evolution equation
Uy =F (s Uiy « ooy Upy)s
admits a nontrivial Lie—Bidcklund group defined by the operator
XU (s th s oo ) aetoee (57)

Then the solution u = f(x, t) invariant relative to the corresponding transformations is
defined by the relation

U(x, Wy Uy oo vy un)[u=f(x,t)=0-
In other words, to find invariant solutions it is necessary to solve the system of equations

u=F(u, uy, ..., Un),
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Ux, 4, w,..., t,)=0, (58)

of which the second is an ordinary differential equation. As n increases it is necessary to
solve a differential equation of even higher order. Since this equation, as a rule, is non-
linear, attention is usually restricted to only a small number of solutions in the chain
given by means of a recurrence for U (see, for example, [89]). Nevertheless, the problem

of solving (58) can be simplified considerably (see [36]) if a linearizing transformation

is used.

We consider the equation
‘ U= (u—zum)x'*'b) (59)

which admits operators (57) for which
n
U= c.Vi+eVoteVitcve,
=1

where n = 1, 2,..., c,, c', c?, ¢4 are constants;

Up= (4~2u,)»+ b, Ul=u,, U?=2u+xu, —2t(u"%u,).—2bt

correspond to point transformations (found in [31]), while U; have the form

£+1 .
Uiz—Di(u—lD,,—gx) ), i=1,2,....
n
Solutions of Eq. (59) invariant relative to the group with L/==:S¢%L]h are defined by the
equation i=0
n
. 2 e N ‘b i1 -
Dxigoc; (u“Dx-—g x) (x)=0. (60)

Applying the linearizing change (49) to (60), we obtain a linear system. As a result of
solving it it is found that the entire collection of solutions invariant relative to the
Lie—Bicklund transformations is given parametrically in the following form:

b [vy\T! 2 Uy

where

i=17=0 (61)
B

i I ,
N (ki—s)! et l t/-s-1
A‘(’Zi*/'):z B, —s (kt Il 2 (2h;) 525y T=s=01
0 =0

—s—l’

Bii-s (s = 0,...,ky) are arbitrary constants, [...] is the integral part of a number, cp is
the number of combinations of m things taken n at a time, and Ay (i = 1,...,r) are pairwise
unequal complex numbers.

We shall not pause to analyze the invariant solutions (61) of Eq. (59), since for (59)
it is not possible to formulate the boundary value problems considered here.

2.6.5. For heat equations admitting an infinite series of Lie—Bécklund transformations
it is not possible to construct a corresponding chain of conservation laws (as is the case,
for example, for the KdV equation). By a conservation law we mean the existence of a vector
(g, h) satisfying the condition

-D,g+D,h=0,

on solutions of the corresponding heat equation. The functions g and h depend on t, x, u,
Uy,..s3Ups 8 is called the density of the conservation law.

It was shown above that the equation
= (u~%u) . +b (62)
admits a Lie—B&dcklund group for which the definition equation

DU~ D% @ 2U)=0
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has the sequence of solutions
[ X8}
Uk=_D§(u-1Dx—%x)+ ), k=1,2.... (63)

Hence, Eq. (62) formally has an infinite series of conservation laws of the form
DtUk__’_Dx(_Dxu—ZUh) =01 k= 1, 2; s

However, by (63) these conservation laws can be represented in the form
\NB4t
D[ D, (u—le—%x) ")+ u2U, | =0

and are trivial in the sense that they have a density equal to zero.

This situation has general character in considering evolution equations having even
order in the leading derivative (and one of the differences from equations with an odd leading
derivative consists in this).

It is known (see [54]) that if g is the density of a conservation law for an evolution
equation

uy=F (i, sy .., Uy), (64)

then the function f:?%gEZ(—-Dx)ko—Z; satisfies the equation
>0

th+-§<—z>x>k (r 2L )—0 (65)

(formally adjoint to the defining equation of the Lie—Bicklund group), and, conversely, if f
is a solution of Eq. (65) and f = (§/8u)g, then g is the density of a conversion law. From
this theorem (see [see [54]) it follows that in the case m = 2k Eq. (64) cannot have conserva-
tion laws whose densities depend on ug, s > k.

Therefore, in the case of the equation
ay=(k (1) 1t;) s+ Q (&) (66)

it is possible to find solutions f of the defining-Eq. (65) which depend only on t, x, u,
u,, u,. Analysis of Eq. (65) shows that in this case f, = fu1 = fu2 = 0, that is, f = f(t,
x), and (65) has the form

ft"{_kfxx"i_Qlf:Ov (67)
whereby
g=f(t, x)u (68)
It follows from Eq. (67) that (66) has nontrivial conservation laws only in two cases:

1) k = const, Q = au + by a, b are constants. The density g in the conservation law has
the form (68), and f is any solution of the equation

[t Rfxat-af =0;

2) k # const, Q' = ak + b; a, b are constants, and g has the form (68), where

B e‘bt(cle”/ax-}—@e_”/ax), a%O,
ebt(cix-rcq), a=0,

where C, and C, are arbitrary constants.

3. Quasilinear Equation ut = V(u%Vu) + uP: Unbounded Solutions,

Localization, Asymptotic Behavior

The present section is devoted to the investigation of unbounded solutions of the Cauchy
problem for a quasilinear equation with power nonlinearities

= (@vu)+-ub, £>0, x€RY; ¢>0, B>1; (1)
#(0, x)=uy(x)>0, x€RY; supuy< - oo. (2)
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As a rule, we assume that the initial function u, has compact support, and u“HFCF(RN) Since
the degenerate equation (1) describes processes with a finite speed of propagation of pertur-
bations, for all t > 0 the solution u = u(t, %) 2 0 will then also have compact support in x.

Justification of the many qualitative results of Sec. 1 is given below. We shall
first introduce a number of concepts and definitions whose significance has been discussed
in detail in preceding sections.

Principal attention will be devoted to the investigation of unbounded solutions of prob-
lem (1), (2) defined on a finite time interval €[, Ty), with

lim sup u (¢, x)= -} 0. (3)
-7 xGRY

Here a point x=x,€R", at which unbounded growth of the solution occurs as t > T; we call a
point of singularity or a point of peaking if there exists a sequence 4€[0, To), &i>Toyhen k +

such that

u(th, x0)~+—|—oo, k—++°° (4)

The value T, = T,{u,)e Réwhich,naturally, is a function of the initial function u, #0, is
called the time of peaking of the unbounded solution.

A considerable part of this and the next section is devoted to the study of the effect
of localization of regimes with peaking in which unbounded solutions of problem (1), (2) may
occur for particular values of the parameters (see Sec. 1).

Definition 1. Let u,(x) be a compactly supported function. An unbounded solution of
problem (1), (2) is called localized (in the strict sense) if the set (the region of local-
ization)

Q ={xeR" | u(T7, x)>0} (5)

is bounded in RY. If Q1, is unbounded (for example, Q;=RY), then there is no localization.

Boundedness of Qf, means that u = 0 in [0, To) X {R¥\Q.}; this follows from general proper-
ties of solutions of a parabolic equation with a source. The next definition is more gen-
eral; it is meaningful in the case of arbitrary equations and for any noncompactly supported
initial functions.

Definition 2. An unbounded solution of problem (1), (2) is called effectively localized
if the set (the region of effective localization)

o, ={xR" | u(T5, x)=+ o} (6)

is bounded. If wj is unbounded, then there is no effective localization.

In both definitions u(Ty, x)=Iim #(f,x).
l-—»T

It is obvious that @r=Qz. As a rule, we henceforth omit the word "effective'" from the
second definition. Introduction of the set (6) makes it possible to classify localized solu-
tions as follows: localization in the S-regime if meswy, > 0 and in the LS-regime if mesuwp, =
0. In the last case the solution u(t, x) can grow to infinity as t > T, only at one singular
point, while at the remaining points it is bounded above uniformly with respect to £6(0, Ty).

We shall indicate the basic conditions imposed on the solution of problem (1), (2).

1) In any region of the form (0, 7¢—1)XR" there exists a unique, bounded. nonnegative
generalized solution of problem (1), (2), wusHeL>(0, T; HyR"Y)), @' T7,6L2(0, T; L2(RYY),
w9261 (0, T'; L2(R™)), T=7,—7 (see the various methods of analysis of properties of
generalized solutions in [9, 11, 37, 51, 55, 63, 68, 84, 114, 124, 125]).

2) The solutions satisfy the comparison theorem with respect to initial functions: if
u V), v =1, 2 are two solutlons corresponding to different initial functions u\V/(0,
x)=u{(x)>0 and ud>u #® in RY, then u#® > u® m(OT@XRN7}=mmUm)T@}(%e,
for example, [51, 55, 68 84, 88]).

3) The function V& (4, x) is continuous in x in RY for each fixed t6(0, Ty)s see [50, 55,
82, 90, 110].
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4) The solution u=u(f,¥)220 in the case of a compactly supported initial function u, is
compactly supported in x for any #€(0,7To) (this is established by comparison of u(t,
%) in the sense of 2) with compactly supported, self-similar solutions constructed,
for example, in [12].

5) In deriving individual results we shall use the fact that a generalized solution in
(0, Tg—1) XRY can be obtained as the limit of a monotonically decreasing sequence of
classical, strictly positive solutions of the same equation on each of which it is
uniformly parabolic; see [51, 55, 68, 114] [we note that this implies the validity
of 2-4)].

6) In a number of cases we shall also assume with no loss of generality that everywhere
in Plu]={(t,x)€(0, To) XR¥|u(t,x) >0} the solution is classical, u6C'2(P[u]), and fails
to have the required smoothness only on a surface of degeneracy S[u]=Plu]\P[u]\{t=
0, xéR¥} [51, 55, 68].

Other natural restrictions will be formulated during the course of the exposition.

3.1. Conditions for the Occurrence of Unbounded Solutions. A very complete analysis
of conditions for unboundedness of a solution of problem (1), (2) can be carried out by con-
structing unbounded lower solutions of Eq. (1). For this we require the following assertion
where A(v) denotes the operator A(v)=0v,—V (v°Vv)—t*, v=0(f, x)>20 and Dy denotes the region
(0, T) X {x€RN| |x|<<{(f)}, where reC([0,T)) is some nonnegative function; Qu= (0, T)XRY.

Proposition., Let #:Qr—[0, 4 ) be a solution of the Cauchy problem (1), (2), and sup-
pose the functions u-: Qr—a[O + ), uz€CHH(Dr)NC (Dr)y ux=0 in Qr \ Dp satisfy in Dy the in-
equalities A(x.)<0, A(x,)>0. Suppose Vuit'eC (R") for all t&(0, T), and, moreover 1. (0, x)<
w(£)<u,(0, ¥) in RY. Then =z <u<u, in (0, T)xR".

The functions u. and uy4 are called, respectively, lower and upper solutions of problem
(1), (2). For a proof see, for example, [51, 52, 55, 88].

3.1.1. Construction of Unbounded Lower Solutions. We seek a lower solution of problem
(1), (2) in the self-similar form

u-(t, x)=(T —4)~VE=DQ_(g), E=|x|/L*(2), (7)

where C[*(t)=(T—1)" m=[f—(c+1D]/2(B—1). The inequality A(z.)<O0 in Dy is then equivalent
to the ordinary differential inequality

I s 7 r
o7 (8V070L) —mo E— 1 0.+ 6 0. (8)

Setting 6-(§)=A(1—E/a%){°, where A, a are positive constants [we note that V82 '6C(RY)], we
reduce (8) to the follow1ng form:

=
m—nA+APTAT 50, A=(1—2/@).60, 1], (9)

where

445  B—(o+ 1) 24° L2
m::Gzaz -+ G—1o = I—L az (NT—}J (10)
Conditions for the validity of (9) and thus the validity of the following assertion [19] can
be derived without difficulty.

THEOREM 1. Suppose in problem (1), (2) uy,(x) is such that

1o (x) > u_ (0, x)=T"YEDg_ (""), x€RY, (11)

where 0-(§)=A(1—&/a?)Y° and T, a, A are positive constants the last two of which are con-
nected by the inequalities

m>0, AP'>(n—m)(mn)"Bro-1lo, (12)
Then a solution of problem (1), (2) exists for a finite time To=To(uo)<T.

It is easy to see that the system (12) is solvable for a, A for any values o > 0 and
B > 1. An elementary analysis of the lower solution (7) shows that for B€(l,o-41) any solu-
tion of problem (1), (2) for uy # 0 is unbounded. A stronger result will be proved below.
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3.1.2. Absence of Nontrivial Global Solutions for 1 < 8 < o + 1 + 2/N. THEOREM 2.
Let B€(1, o-+142/N), uys=0. Then the solution of the Cauchy problem is unbounded.

The proof of the theorem is based on comparing u(t, x) with a known self-similar solu-
tion of the equation without a source

%=V (vova), >0, xeR". (13)
It has the following form (see [5, 43, 441):
Va (¢ X)=(T14+8) VO p @), =] x| (T 2) 7N, (14)

F)=Bm—m){° B=[o/2(@2- Na)'.
Here T; and n, are arbitrary positive constants.

Suppose without loss of generality u,(x) > 0 in some neighborhood of the point x = 0.
We fix an arbitrary T; > 0 and choose n, > 0 in (14) so small that uy(x)>>v,(0,%) in R¥. Then
obviously u(f,x)=ua(f,x) in R¥ for all admissible t > 0. We shall show that for R < o + 1 +
2/N there exists #2>0, such that v(t,, x) satisfies inequality (11) [wvs (¢, x)>=>u_(0,x) in R¥]
for some T > 0 and hence because of the estimate u(f;, x)==va(fi, *¥) a solution of the Cauchy
problem exists for a time no greater than t, + T.

The inequality uvs(f,x)=2u_(0,x) in RN is equivalent to the following:

(TI_I_tI)_.N/(%Nc) Bn§?“> AT—I/({S—!), (15)
1o (T3 "i‘tl)l/(2+Nc) < 7B~ (@FDIR2E-1 )

Suppose in the first of them equality holds; it then remains to verify that the second is
satisfied for large T > 0. It can be reduced to the form

1 Ta_ 2 . 2
726D [6 (‘7+1+N )]< - (AE)”AV %Vg-rl (15%)
/

and is valid for all sufficiently large T if B8 < o + 1 + 2/N which completes the proof.

We note that conditions (15), (15') make it possible to analyze also the "critical" case
B =0+ 1+ 2/N, but the result obtained at the qualitative level [40, 41] regarding the
absence of global solutions for B = ¢ + 1 4+ 2/ cannot be proved in this manner. For the
case 0 = 0 Theorem 2 has been known for a relatively long time (see {63, 971); an analysis
of the critical value p=1+ 2/N is carried out in [85, 102, 111]. Of course the technique
of investigating a semilinear equation using the possibility of inverting the linear operator
(8/8t — A) is not applicable in the gquasilinear case.

3.2. Global Solutions for B > o + 1 + 2/N. Optimality of Theorem 2 is established
below.

Conditions for global solvability of the problem will be obtained by means of the con-
struction of upper solutions uj of the following form:

u,(t, X)=T 1) Vg, (), e=|x1/(T+1)m,

(16)
6, (®)=A(1—2a3))/°, T>0, A>0, a>0.
The inequality A(z)>0 [we note that v#{T'6eC(RY)] is equivalent to
Bto~1
m,+nA+-AA 0 <0, A=(1—g2/a?), 60, 1); (17)
44 B—(o+1D) ! [ 24° (4, 2
Ms=Tigz ~ —Tro * "+ 1“’4-2‘(N'5 7) '
For the validity of (17), for example, it suffices that ﬂl*$§0,’n*”Fﬂ*-F14&4<§O, if
4 A° _B—(o+1) g—1 _ 2N A7 [
FE<G-ne A ST @ T (18)

It is not hard to obtain a condition for solvability of (18). TFrom the second inequality we
obtain the necessity of the restriction 2NA®/ca? > 1/(B — 1) which together with the first
gives
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> 447 gt
Ns(p—1) 6t at ~ (p—Do °
Therefore, (18) has a solution if

2
Nu(p—1)

—(o+ 1)
B—Nho

or, equivalently, [p—(©-+1--2/N)]/oc(—1)>0, i.e., B > 0 + 1 + 2/N. We have thus proved the
following theorem [19].

THEOREM 3. Suppose B > o + 1 + 2/N and for some T > O
o (x) <u, (0, x)=T""® Vg, (|x|/T™, xeR", (19)

where 6,(8)=A(1—8/a®)"° and the constants A, a > 0 satisfy (18). Then the Cauchy problem
(1), (2) has a global (bounded) solution, and

w(t, Xy <@ -~y D, (x /(T +t)") B RLXRY. (19")

Summarizing the results formulated in Theorems 1 and 3, we arrive at the following as-
sertion: for B > o + 1 + 2/N for all "large" initial functions problem (1), (2) is not glob-
ally solvable, while for sufficiently “small" u, there exists a global solution.

B

Remark. It is hard to show that global solutions for 8 > o + 1 + 2/N are not necessarily
finite as in (19). To construct a "nonfinite" set of stability it suffices to take for 64
in the upper solution (16), for example, the function 0.(%)=A4(a*}+E?)V®-Y>0, and to choose
the magnitudes of the constants A > 0 and a > 0 so that A(u)=0 in R+!'R¥,

3.3. Three Types of Self-Similar Regimes of Combustion with Peaking. It is convenient
to begin the investigation of concrete properties of solutions of the rather complex non-
linear problem (1), (2) from an analysis of special self-similar solutions which were in-
vestigated in a preliminary way in Sec. 1. Although these special sclutions are realized
for a certain special choice of u,(x), analysis of their very simple space—time structure
nevertheless makes it possible to basically judge the character of the course of the combus-
tion process with peaking in the general case. The passage from special solutions to in-
vestigation of solutions of very general form is realized on the basis of special comparison
theorems formulated in Subsec. 4. A detailed qualitative and numerical investigation of
various regimes of combustion with peaking in the present problem was carried out in [40, 45,
59, 74]. The first investigations of complex self-similar thermal structures and their stabil-
ities were carried out in [40, 41, 59, 73, 74] (see Sec. 1).

The investigation of self-similar solutions carried out below uses individual results
of {1, 2, 101] and is based on some of the approaches developed there.

3.3.1. Formulation of Self-Similar Problems. As shown in Sec. 1, for any* ¢ > 0 and
8 > 1 Egq. (1) has an unbounded self-similar solution

1
o =i . x . R o k)
uA(t’ x)_‘(TO""t) GA(E)’ E‘— (To——-t)m ] m= 2(6__1) ? (20)
where T, > 0 is the time of existence of the solution. The function 0a(2)>=0 satisfies in R~
the following elliptic equation which is obtained after substitution of the expression (20)
into (1):
1

V (63 V6x) — mV0rE— g7 Oa-+ 6§ =0, EER". (21)
Equation (21) always has the trivial solution 6p = 0 and also the spatially homogeneous solu-
tion0s(E)==0g = (p—1)""®-D, We shall be interested in nontrivial solutions 84 # 0 such that

6p(E) > 0 as [£] » +o. Radially nonsymmetric solutions of the elliptic equation (21) have
so far been studied only qualitatively and numerically [60] (we note that (21) apparently
admits an entire spectrum of solutions with extremely varied spatial structure; examples are
given in [60]).

We henceforth restrict our analysis to symmetric solutions:
0a=0a(8), E=|x|I{(To—1)">0. (20")

Then (21) becomes the ordinary differential equation

%“The case ¢ = 0 is considered in Sec. 4.
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E” — (EV1080,) — mﬁAE—— 16A+65 =0, >0, (22)

GA(0)=0, 0a (- 90)=0 (64 (0)>0). (23)

Equation (22) degenerates at 8, = 0, and hence problem (22), (23) admits, generally
speaking, a generalized solution not having the necessary smoothness at points of degeneracy.
However, in all cases the solution 84 must be such that SXG is contlnuous for all £>0 (and,
of course, 6i6C? wherever 8j > 0). In particular, this means that GAGA 0, where 84 = 0,

3.3.2. Localization of Combustion in an S-Regime, B = o + 1. For B = o + 1 Eq. (22)
takes the especially simple form

gN._.l (EN—-IQGQA)"""GA"{"GG'{'I =0, £>0. (24)
1) it can be easily integrated, and one of its solutions
[x] for g =0 + 1)

[‘3(((;112)) cész(milﬂ v x| <Lgt2,

6A=Bs(x)={o, [x]>L,02,

In the one-dimensional case (N
has the form (we recall that &

(25)

where L,=2n{c-+1)"?/¢, This solution was first constructed in {45, 74]. Its distinguishing
feature is that the corresponding self-similar generalized solution (20)

tn (b0 %)= (To—t)1, () (43 =0 in[0, o) | x| > Z}) (26)

exhibits the effect of localization of the unbounded solution in the region @ =o,={ x|<L;/2}
In spite of the unbounded growth of the solution as t » T, at all points of the region of
localization, thermal perturbations do not penetrate into the surround cold space. The width
of the region of localization Lg = mes @, is called the fundamental length.

It will be shown below that Lg is a fundamental characteristic of the nonlinear medium
in question. For N = 1 Eq. (24) admits a countable set of distinct solutions formed from an
arbitrary number of elementary solutions (26) [by periodic continuation of the function (26)
to both sides with period Lg] which because of the condition of thermal isolation generate
in accordance with (20) combustion independent of one another at the fundamental lengths
Lg. The equation u;= (u"+'),+u°"! also admits another class of unbounded, localized solutions
of the following form: u(l, x)=¢(*)[l—(A+cos(rx))/g(t)]s°, where A = a/(c + 1), A is a con-
stant. Substitution of this expression into the equation gives a system of ordinary dif-
ferential equations for the nonnegative functions ¢(f), g(¢) (the idea of constructing such
"noninvariant" solutions for a parabolic equation with a sink u9t! in place of a source was
advanced in [88]).

The multidimensional case N > 1 is considered in detail below. Self-similar solutions
of the S-regime exist in spaces of arbitrary dimension, but here, in contrast to the one-
dimensional case, there are no nonmonotone solutions.

THEOREM 4. For any N > 1, g = ¢ + 1 there exists a compactly supported solution 8,>0
of problem (22), (23). The function 8 decreases monotonically wherever it is positive.
The problem has no nonmonotone solutions,

We note first of all that the fact that the solution of problem (22), (23) has compact
support follows from a local analysis of the equation in the region of sufficiently small
8y > 0. This gives the following asymptotics of a compactly supported solution:

0 (O = {3y &= U+e@) e<t (27)

where Ey—messupp 8a< + w0 (Ba=0 for £>§) and €(g) > 0 as £ > &,.

To prove existence it is convenient to consider, together with (22), (23), the family
of Cauchy problems

gxf:(ﬁ"’"l161’6’)%178-%19!“6:0, £>0, (28)
6(0)=p>0, ¢/ (0)=0 (29)
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and to choose the quantity p > 0 so that 8=0(% u)>=0 satisfies the condition 0(+4-o0; u)=0;
0(£; u) will then obviously be the desired function 8x(E).

The proof of Theorem 4 is based on the following lemmas.

LEMMA 1. Suppose

[ 2(s+1)us
0<u<=|575 | - (30)

Then 6(£; u) > 0 for £>0. Moreover, |6(E p)| is uniformly bounded for >0 for any i > Cu:[6 (&
wi<p.

Proof. Multiplying (28) by |6/’ and integrating the equality obtained over (0, &), we
arrive at the identity

E
5 180 @+ —1) Y (0877 () T+ D6 ) =D ), (31)
¢
where ®(p) denotes the function
tp fot? Phas

®“”::2w+1>“am+2r

From (31) it follows immediately that ®©{O(E n)<®P@) for all £ > 0. It is not hard to see
that this ensures the validity of the assertions of the lemma.

LEMMA 2. There exists p = p* > 6y such that 6(f; u*) vanishes.

Proof. We suppose otherwise: suppose 8(£; p) > 0 in R, for any p > 0g- Setting 9=
16[°, @(0)==pﬁ¥1, we obtain the following integral equation for the new function ¢:

£ 5.
W’<§)=(o+1-)z“”SnN-*[%1@1 "“‘P-—(P}dn, £>0.

0

Setting now Yu(E)=9(£)/P(0)=P(E)/n°"!, we have

§ 5
¥ @@=+ {nv- [-‘;u"“!wul gz wu—xpu] dn, §>0. (32)

0
Tt follows from Lemma 1 that |yu(B)|<1in R} if u > 8y, while from (32) we find that |, B)|<
const on any compact set [0, Ejl. From the Arzela—Ascoli compactness theorem it follows
that for some sequence Mz—> 4+ 0, Pu,(§)—~® (f)>0 uniformly on each compact set [0, Ey]. An
equation for w is obtained from an integral equation equivalent to (32) by passing to the
limit p = pg > +° and has the form

3
@ (©=—@c+DE " (e mdy, >0 w©O)=1, (33)
0

with @(8)>0. Because of (33) w' < 0, and hence w > 0 in R} . Now (33) is equivalent to the
following problem:

v+ Xl e hw=0, £50; @ (©=0, w(O=I, (34)
whose solution vanishes [at the point &==ZSU(0%—1YW, where zél) > 0 is the smallest root of
the Bessel function J(y-,)/.].

To complete the proof we need the assertion regarding conditions for continuous depen-
dence of the solution of problem (28), (29) on u > 0. We note that in the general case con-
tinuous dependence, generally speaking, is lacking, since Eq. (28) is degenerate.

LEMMA 3. Suppose the function 6(& m), p1>0 is such that (]6{99)' # 0 at those points
E€(0, &.], where 8 = 0. Then (|0}%) (& n) and ({6]°0)'(E; n) depend continuously on u on the com-
pact set [0, Ep] in a neighborhood of the value of the parameter pu = u,.

Regarding the proof, see Lemma 5 in [20] which is closely related in meaning.

Proof of Theorem 4. We construct the set J ={uo>0| for all 0<p<p®:6—(g; ) > 0 in R}.
Then 47 {u’<0n} (Lemma 1) and # is bounded above (Lemma 2). Therefore, there exists
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So=sup#>0u. It then follows from Lemma 3 that the function 8(£; 6,) is the desired func-
tion 8p which satisfies conditions (23) with the asymptotics (27). Monotonicity of 8y fol-
lows from the identity (31).

3.3.3. The Lemma on Stationary Solutions. To investigate the solvability of problem
(22), (23) for B 2 0 + 1 we need some properties of radially symmetric solutions of the sta-
tionary equation

VWUV UP=0, U=U(x)>0. (35)

Setting U%t! = V and transforming the independent variable x - x(o¢ + 1)1/2, we obtain for the
function V = Vy({x|) the following problem:

;WL_T(fN_IV;’h)'T'V%:O, r=|x|>0, (36)

Va(0)=2, V3 (0)=0, (37)

where A > 0 is a constant (the parameter of the family {Vi}), a=p/(c+1)>0. Because of the
invariance of Eq. (36), for any A > 0 we have the identity
=
Vi(n=av, (x 21 (38)
LEMMA 4. Suppose o > 0. Then
(a) for a<(N+Q/(N—2), [i.e., 0 < a < 4o for N=1or N=2 and 0 < o < (N + 2)/(N —

2) for N > 2] the solution of problem (36), (37) vanishes at some point r=r;(A)=
Ib(l)k“““”Z’ and V,(ry)s40, so that the problem has no solution V;>0 in RL;

(b) if a>(N-+2)/(N—2),, then Vj(r) > 0 in R} and V) > 0 as r » +=.

For the proof, see, for example, [10, 107, 101]}. At the "critical" value a = (N + 2)/
(N — 2)4 the solution can be represented in explicit form:

. r=|x|>0 (39)

Vs (r)::}v[ N (N-—-2) ](N-—Z}/?

N (N—2) a4 (V=Dpe
{(this family was considered in [1161).

Returning to Eq. (35) we find that for 0 < B < (o + 1)(N + 2)/(N — 2)4 no stationary
solutions U=U(|x|)>=0 in R} exist (moreover, there are even no nonsymmetric solutions U =
U(x) # 0; see [98]). On the other hand, for B=(c+1)(N-+2)/(N—2), all symmetric solutions
of it are strictly positive (69, 101, 107].

The basis of the proof of Lemma 4 is a known integral identity [69]. The investigation
carried out in {69] and for more general gquasilinear elliptic equations in {70] shows that
the "critical" value of the parameter, on passing through which the properties of solutions
change abruptly, can be found from a condition for imbedding function spaces corresponding
to various terms of the equation. For example, for Eq. (36) for az=(N-+2)/(N—2), compact-
ness of the imbedding Ho!(B;)c=L**!(B;), B; is violated; B; isthe ball of unit radius in R¥ [62].
In the critical case a = (N + 2)/(N — 2)4+ Eq. (36) is invariant relative to a certain con-
formal mapping [46, 48] which in final analysis made it possible to find the family of solu-
tions (39) [116].

Proceeding from these propositions, it is possible to analyze other problems. For ex-
ample, for the equation

V(| vU|'vU)+UP=0, ¢>0, p>1
p=[N(o+1)-+(c+2]/[N—(c+2)]. is "critical," and for this R there exists the family of solu-

tions (see [20])

FaiN (N—(c+2)) 11+ 2 1| v (o2 oL V(T (042)
U ={[FEGE T @ s -

In the case of the equation of fourth order
—ANU+UP=0, p>1,

at the "critical" value g = (N 4 4)/(N — 4)4 there exists the following family of strictly
positive solutions RY [25]:

U (x)={a'N (N —4) (1V2—4)}(N_4)/5/(a2+f x ]2)(1\"—4)/2'

1268



3.3.4. Nonlocalized Self-Similar Solutions of the HS-Regime, B < 0 + 1. It can be
established by local analysis that a solution of problem (22), (23) for BE(l, ¢+1) can only
be a compactly supported function with the follow1ng asymptotics near a point of the front
E==Eo=m1es suppha:

8 @)= S 55— (1o @), (40)

where w{g) > 0 as & > Eg.

THEOREM 5. For any 1 < 8 o+t 1 and N==1 there exists a compactly supported solution
8p of problem (22), (23) with 4 < 0 wherever 84 > 0. The problem has nonmonotone solutioms.
For n = 1 a solution 684 # 0O is unique.

The proof of the first part of the theorem is practically no different from the analy-
sis of the S-regime presented above. Uniqueness of the solution for N = 1 is established in
Subsec. 3.6 on the basis of an investigation of the original parabolic partial differential
equation.

We shall say a few works regarding properties of the self-similar solution (20) for
ge(l, o+1). It represents an HS-regime of combustion with peaking, and there is no localiza-
tion. The front of the thermal wave moves according to the law

| 2o ()| =5 (To— )P~ HIED > o, Ty,
i.e., after finite time the wave encompasses all space, and ug + +~ as t > T, everywhere in
R¥,

3.3.5. Localization in a Self-Similar LS-Regime with Peaking, g > o + 1. The self-
similar solutions (20) for 8 > 0 + 1 still more clearly than in the case of an S-regime con-
vey the property of localization of processes of diffusion of heat and combustion. Here it
is a question of effective localization, since the self-similar problem (22), (23) for g >
¢ + 1 has no compactly supported solutions (in contrast to the case PB=<Co+1), and, as local
analysis shows, any function 85(£) has the following asymptotics:

04 (O =Cat "I+ v (@), v(E0 E>+ o, (41)
where Cp = Cp(a, B, N) is a constant.
THEOREM 6. Suppose B > o + 1. Then

(a) if B < (o + 1)(N + 2)/(N — 2)4, then problem (22), (23) has at least one solution
0a=—=0a (§)>0 inR!, which decreases in a strictly monotonic fashion in £ and has the
asymptotics (41), whereby

_ﬁ, 1
ON ﬁ—(G+ 1) o1y B—(o+1)
CA>‘{[ﬁ—(a+1>] [ B 1 j

(b) for N = 1 problem (22), (23) has no fewer than

(41")

— (gl — __L___
K()—_I a] 1’ a (0+1)>1
distinct solutions differing in the number of extremal points for £€[0, +o0) (the
first is a monotone solution which has only a maximum point at u=0; if X, > 1 the second
solution has a minimum at £ = 0 and exactly one maximum for § > 0, etc.)

The main part in the proof of Theorem 6 is the method proposed in [40, 73] of describing
the local behavior of nonmonotone solutions near a homogeneous 6 = 6y by "linearization" of
the equation. Together with (22), (23) we consider the family of Cauchy problem

1

gﬁ:](glv—llﬁlgal),—nla,g—g—:l——l8_1—,8!6_16:0, §>Os (42)
’ . — 1
6(0)=p>0, ¢ (0)=0; m:%ﬁ%). (43)

We set 8=0(§ u) =0x+ev(§), where ¢ > 0 is a constant which plays the role of a small para-
meter below. TFor v(£) we then obtain the problem

1 .
9%§N_, (EV-10') —mv'E+v=—e, (v), E>0, (44)
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v(0) =v=(n—bx) /e, v'(0) =0, (45)

where &.:C* > C is a bounded, quasilinear operator of second order. From (44) it follows
that because of the continuous dependence of a solution of the equation on the parameter e
in a neighborhood of € = 0 on any compact set [0, £,] the solution v(§) for a particular

choice of je| € 1 and Iu — 6gl € 1 is close to a solution of the corresponding linear prob-
lem

eUH ENI—I (EN—Iy/)/_myl§+y=0’ §>Or (46)
y(0)=v=£0, y (0)=0.

By the change E=n'?(20%/m)"* the equation for y reduces to a degenerate hypergeometry equa-
tion ny”"+4y’(¢—n)—ay =0, y(0) =v, where ¢=N/2, a= —1/2m= —(p—1)/[p—(c+1)]. Solutions of
this problem are nonmonotone and have for n > 0 exactly K = —[-a] roots (see, for example,
[7]1). Returning to problem (44), (45) and then to the original problem (42), (43) we find
that for sufficiently small {p—8x| any function 8(£; un) in the region of its positivity has
no fewer than

Ky=—]—a—1>1 for a— b=

G ! (47)

extremal points for £ > 0. This fact is of principle significance. We note that for o = 0
from (47) we have Ky, = 0 which, as will be explained below, bears witness to the absence of
nontrivial self-similar solutions 8 for ¢ = 0 [and 1<B<C(N42)/(N—2),].

We shall briefly describe the main features of the proof of proposition (a) of Theorem
6. We set N={p>0x|0( un)>0 on (0, gy) and has on (0, gEy) at least one minimum point}.
From the foregoing analysis N##=J. If JW is bounded above, then the function 0(%; ), Bo=supA’
will obviously be the desired solution of problem (22), (23) with asymptotics (41).

We shall thus prove that sup/"< -+ co. 1In problem (42), (43) we set Yu(E)=p- otV g/
umB-0), where @=|6(. For b, we then obtain the following integral equation:

; o
P ©) = — 0+ DE=Y {01 |9 [Tl +pi-8G (), (48)

0

where Yu(0)=1, ¥, (0)=0 and G (y,) is an integral operator bounded in C,

1 : 1
G () =m (o+ 1) [4u 7T u -+ o+ 1) a*—NS = g —m N | [T g,

which is not contractive in a neighborhood of ¥, = 0. In contrast to the case B<Ko+! (see
Subsec. 3.2) for B > 0 + 1 it is a priori not possible to say anything regarding the bounded-
ness of |¥,} and |¢,/] on a compact set. Therefore, the continuous dependence of by (g) on

in a neighborhood of yu = 4= will be used. For u = += (48) formally becomes the equatlon

5 B
Voo @)= — @+ {0V |4 7Tt e (O)=T1

9 .
or, equivalently, &~V (EV Y, ) +(0-F )| e [FOHD 1y, =0, E>0; oo (0)=1, ¢, (0)==0. Therefore, as
follows from Lemma 4 in Subsec. 3.3, for B < (o + 1)(N + 2)/(N — 2)4 the function vy (¢) van-
ishes at some point & = &4 [, > 0 on (0, £4)], and ¥, (E,)<0. We consider the compact set
Ke=1{0,E,—¢g}, ¢6>0. Then wm(§)>>wm(§*“-s))>0 on K¢, and hence on K. there is continuous de-
pendence of ¥, and w on U in a neighborhood of W = +, i.e., in particular, Pu(E,—¢€)—
Yoo B — 8)s Pl — E)—>¢ (Es—#€) as p > +o. Now G (yu)=0 (|| pu}|]/CtD)-0 as [[Yulc—+0. Therefore,
it is possible to use Schauder's theorem to extend Yu(f) from the point §=f,—& to a neigh-
borhood of £ = £4; moreover, due to the "smallness" of G(y,) the derivative WP.'(§) on {|E—
&.| <<e} will change inappreciably, and as a result Y.(§) vanishes for all sufficiently large
g > 0. This completes the proof of proposition (1). The estimate (41) will be proved in
Subsec. 3.8.

The question of the existence of nontrivial solutions of problem (22), (23) for B=
(o+1) (N+2)/(N—2), remains open.
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Proposition (b) of Theorem 6 is proved in detail in [1, 2]. A discrete spectrum of
solutions of problem (22), (23) can be constructed in this manner for particular values of
R, 0 also in the multidimensional case N > 1. The idea of linearization of the equation
relative to the homogeneous solution 6 = 8y makes it possible to investigate the structure
of nonsymmetric solutions of the elliptic equation (21) for B > ¢ + 1. So far interesting
qualitative and numerical results have been obtained in this direction [60].

In conclusion we present an important result below which follows from a simple analysis
of Eq. (22).

THEOREM 7. Suppose o+1<p<<(6+1)N/(N—2).. Then any self-similar solution (20) is
critical, that is, everywhere in (0, 7o) X R¥
|

ou ___1.__ -
"5%5(7‘0—4) =1 ‘ane;\g-'r’g_—leA]>0 (49)

and hence

2
ua(t, X)<ua(To, x)=Cy| x| FOTD, xeRV\ [0}. (50)

The estimate (50) graphically indicates the effective localization of combustion in an
LS-regime — the temperature grows without bound as t -+ T, only at the one point x = 0; in
R¥\{0} it is bounded above uniformly with respect to £6(0, To) by the limit distribution up x
(Ty, x). Strict localization in the Cauchy problem (1), (2) for § > o + 1 with compactly
supported uy(x), N = 1 will be proved in Subsec. 3.5.

We shall now proceed to an investigation of general properties of rather arbitrary un-
bounded solutions of the Cauchy problem. Here an important role is played by a special ap-
proach to comparing different unbounded solutions of Bq. (1) having the same time of peaking.

3.4, Main Comparison Theorem. Application of the traditional apparatus of the theory
of parabolic equations — comparison theorems based on the boundary conditions — is difficult
for investigation of the asymptotic properties of unbounded solutions. The situation is
that majorizing one solution of the Cauchy problem by another, uz=v, as a rule, means that
the solutions u # v have different times of peaking; therefore, beginning from some time,
one of them ceases to exist, and the comparison loses meaning. In the theorem formulated
below solutions with the same times of existence are compared, while the number of spatial
intersections of the profiles of the solutions is taken as the main "comparison criterion."
As will be shown below, this approach makes it possible to describe the space—time structure
of unbounded solutions of general type.

Below u>=0 and 9220 denote different solutions of the one-dimensional equation
ut:“(uuux)x‘l’yls- (1' )

We say that two solutions u and v for fixed 7=f>=0 "intersect" with respect to x on a
(bounded) interval I=[a, b], a<<b, if w(fy, X)=u(ty, x)—0v(f;, ¥)=0 on I, and w assumes values of
different signs in any e-neighborhood of it {a—e<x<b-+e}, >0

This definition is specially oriented toward investigation of generalized solutions non-
analytic in x. If u and v, u # v, are amalytic in x (which is natural for solutions of
semilinear parabolic equations with analytic coefficients; see [92]), then obviously any
intersection for t = t; > 0 occurs at a point, and they are isolated with respect to x.

We introduce the following notation: N(t,) is the number of intersections of u(t,, x)
or v(t,, x) or, equivalently, the number of changes of sign of the difference w(t,, x) in
the x-region considered.

THEOREM 8 (the basic comparison theorem). Suppose u(f, ¥)== 0 and v({, ¥)==0 are two dis-
tinct, unbounded solutions of Eq. (1') having the same time of peaking t = T, < +». Suppose
that N(0) < +«. The following assertions hold:

(I) Suppose u and v are defined in a region wr= (0, TIX (n:(#), n=(f)), T<T,y, which is not
necessarily bounded, where nj are either continuous functions or separately or together are
equal to *e., Then N(T) in [n;(T), n,(T)] does not exceed the number of changes of sign of
the difference w = u — v on the parabolic boundary dwp.

(II) Suppose u, v are solutions of the Cauchy problem for (1') with v (x) = v(0, x) > 0
in R!, and uy(x) = u(0, x)is compactly supported. Then N (f)>>2 ,and N(t) is nonincreasing in
t6(0, To).
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Suppose u, and v, are compactly supported functions in R! with connected supports. Then
(III) {t€[0, To)|u(t, x)>v(t x) for all x€suppv(f, X)} = ;
(IV) if supp uoflsupp vo=, then N(#)<I for all #6(0, Ty).

For uniformly parabolic equations assertion (I) is a natural consequence of the strong
maximum principle, and in a somewhat different formulation it has been known for a relatively
long time [126] (see also [117, 121]). 1In the proof the fact is used that the difference
w = u — v satisfies in wr a "linear" parabolic equation. Its extension to the case of un-
bounded |n;|=-o0, i=1 or 2, in the case where the behavior of u and v at infinitely distant
points in x causes no special difficulties; see, for example, [26, 27]. 1In the case of a
degenerate equation (1') in the proof the possibility is used of approximation (with repre-
sentation of the number of intersections on dwp) of generalized solutions u and v by sequences
of classical, positive solutions on each of which the equation is uniformly parabolic [15-17].

The condition of equality of the times of peaking of the solutions u and v is used in
an essential manner in (II) and (III). It is not difficult to verify that violation of the con-
clusions of each of these assertions, because of sufficient regularity of the solutions, leads
to contradiction of the condition of coincidence of the times of existence of u and v. Com-
parison theorems of this type were broadly used in the works [15-17, 26-28] where additional
facts can be found.

To conclude this subsection we note that the concept of intersection is defined in a
natural manner for symmetric solutions of Eq. (1) depending on r = |x|. We shall not spe-
cially formulate the corresponding comparison theorem (which is altogether analogous to the
foregoing), and below in analyzing unbounded solutions u = u(t, |{x|) for N > 1 we shall appeal
to the corresponding one-dimensional assertions.

3.5. Localization of Unbounded Solutions for B=0+1, We restrict ourselves below to
the analysis of the one-dimensional Cauchy problem

= (U°U) .+ uP, 10, x€RY; >0, p>1; (51)
(0, x)=uo(x) =0, x€R'; sup up<+ oo, (52)

where u, # 0 is a compactly supported function with connected support, o(0)=supp uo= {x€

R uo(x) >0}=(h_(0), h,(0))=R!, and ug*® is uniformly Lipschitz continuous in R!. Then the

support of an unbounded, generalized solution u(t, x) for each (€(0, T;) is also bounded and
connected: o (f)=supp u({, x) = (h_(f), h+(f))=R!.. Moreover, because of well-known properties of
solutions of an equation with a source o(f)=e(f+1) for all ¢ t+16[0, Ty), v>0, so that mes x
o(f)=h(f)—h_(I) does not decrease with time L,, and hs(t) € C([0, T,)).

At the present time differential and other local properties of the functions h(t) have
been studied in detail (see [83, 109, 123]; interesting results have been obtained for the
multidimensional equation u;=Au*l ¢>0 [90, 94, 123]). We shall primarily be interested
in the behavior of h4(t) for /Ty (#g)<+oo. The conditions |A+(To™)|<+oo are equivalent
to localization (in the strict sense) of the unbounded solution. As will be shown below,
this occurs in S- (B = o + 1) and 18- (B > o + 1) regimes. For 1 < B < ¢ + 1 (an HS~regime;
see Subsec. 3.6) hi(t) > t~ as t » Tj, and there is no localization.

The main result of this subsection is formulated in the following general assertions
[15].

THEOREM 9. Let B = o + 1. Then an unbounded solution of the Cauchy problem (51), (52)
is localized, and

h(To)<h, O+Ly, £ (T5)>h (0)—L,, (53)

where Lg = 2n(c + 1)*/2/s is the fundamental length of the S-regime, and, in particular,
mes o (To~) <<mes w (0) +2Ls.

The estimates (53) show that the quantity Lg is actually a fundamental characteristic
(not depending on the initial perturbation) of the nonlinear medium. In correspondence with
(53) each front of the thermal structure independent of the form of the initial perturbation
u, and the time of existence T, = T,;(u,) < += can travel a distance no greater than the fun-
damental length Lg.

THEOREM 10. Let B > o + 1 and let T, < +» be the time of existence of an unbounded
solution (51), (52). Then it is localized, and
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B ATO)<h, O)+ET, h(To)>h (0)—E*TY, (54)
where m=[p—(c-+1)]/2(—1) and E*=Et"(0, ) >0 is a constant.

We emphasize that here, in contrast to the S-regime, the distance which a front of the
solution can travel depends through the quantity T, = T,(u,) on the initial function u,.
Upper bounds for T, = T,(u,) are obtained in Subsec. 1; a lower bound can easily be obtained
by comparison with a spatially homogeneous solution.

Other theorems which specify for a special form of u,(x) the depth of penetration of
the thermal wave will be proved below. We mention that many results carry over to the multi-
dimensional case without principle changes.

3.5.1. Proof of Theorem 9. Investigation of the effect of localization for § = o + 1
is carried out by comparison with the localized self-similar solution u,= (T,—t)~'0,(x), where
(see part 3.3.2)

2(G+1) gj;__x__‘ /o
es(x)={[6<o'+2> COSQ(LJ] o lxl<Ls 2, 559
O’le>/LS/2:

so that mes suppup = Lg.

We shall prove the first estimate of (53); the second is established in a similar way.
For convenience we denote by ug(f, x; xo, To) the function wua= (To—¢) V°0;(x—x0), localized in the
region |¥—Xy| <Ls/2 and having the same time of peaking t = T, as u(t, x). We set xo==/1, (0) +
Lgf2, xi=xo+Ls/2.

It is then obvious that uy(x) and ug(0, x; x4, T,) have only one intersection at the
point x = ht(0), so that N(0) = 1, and hence N(t) £ 1 for all 7€(0, To). We shall show that
he(t)<<hi(0)+Ls. We suppose this is not so and for some ¢=1#6(0, Tp), hs(t)>hi(0)--Ls. But
then u(t), %)) >us(t, X1; %o, To) =0 and u(ty, h+(0)) >us(t, +(0); %o, To)==0. Therefore, either N({;)=
2, which contradicts assertion (IV) in the comparison theorem or N(t;) = 0 and suppug(t,, x;
xo, To)zsupp u(?, x), which contradicts assertion (IIT) (i.e., the assumption of the equality
of the times of peaking of the solutions u and ug). This completes the proof.

Comparison with the self-similar solution upg for B = ¢ + 1 makes it possible to establish
other finer properties of S-regimes with peaking.

3.5.2. Condition of Invariance of the Support of an Unbounded Solution for 8 = g + 1.
The support of the self-similar solution (26), (25) does not change during all the time of
its existence #6(0,7p). Tt will be shown below that this property is possessed by a broad set
of order (non-self-similar) solutions which are localized in the region suppu, where they
are initially prescribed. In the formulation of the theorem ug(t, x; X,, T,) denotes the
solution introduced in part 3.5.1.

THEOREM 11. Let P==0-+1, messupp #o>Ls and suppose T, < += is the time of existence of
a solution of problem (51), (52). Suppose there exists A, > 0 such that ug(0, x; %o, o) <Co(x)
in R!, where xo=h(0)—Ls/2, and the functions u#o(x), #s(0, x; %o, A) intersect only once for all
0 < XA < Ay. Then hy(t) = hy(0) for any #€(0, To).

It is curious that for the immobility of a point of the right front during the entire
time of peaking a "nonlocal' condition is needed on the character of the behavior of u, only
in an Lg-neighborhood of it [hy(0) — Lg, hy(0)]; the behavior of u,(x) in the rest of space,
i.e., for all x<Chi(0)—Ls, is not reflected in the mobility of the front. This underscores the
universality of a characteristic nonlinear medium such as the fundamental length Lg of
an S-regime which now emerges as a type of radius of the effective influence of thermal per-
turbations.

Combining Theorem 11 with an analogous assertion regarding the immobility of the left

front, h-(t) = h_(0), we obtain the set which unbounded solutions with unchanged support gen-
erate [15].

Proof of Theorem 11. It is obvious that To=To(u)<<he. If Ty = Xy, the the assumption
regarding the motion of the right front because of assertion (III) of Theorem 8 leads to a
contradiction. Thus, T, < Ay. If then N(t) is the number of intersections of u(t, x) and
us{t, x; %o, To), xo=h(0)—Ls/2, then under the conditions of the theorem N{0) = 1, and hence
N(f)<<1. The arguments used in completing the proof of Theorem 9 are now repeated.
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3.5.3. The Condition of Localization at the Fundamental Length Lg. Below conditions
are obtained under which an unbounded solution during the time of peaking is localized in
the region {|x|<Ls/2}, i.e., both fronts of the solution during the time of its existence
travel a total distance not exceeding Lg — messuppu, < Lg. It is hereby assumed that

tp(—x)=1(x) in RY (X} does not increase for x>0, (56)
Under these conditions u(f, —x)=u(t, X), . (¢ x)<O0 for x€(0, &, (¢)) and supu (¢, x)=u(t, 0).

THEOREM 12. Suppose P=oc-1, suppu,c{/x|<Ls/2} and (56) is satisfied. Suppose, more-
over, that there exists Xy > 0 such that # (0, X; 0, Ao)>#(x) in R!, and uy(x) and u,(0, x; O,
A) have exactly two intersections for all A > A,. Then |Z:(#)|<L;/2 for any t6(0, To(10)).

The theorem is proved in analogy to the previous theorem. Under the assumptions made
Ty < Ag, and hence ug(0, x; 0, Ty) and u,(x) have exactly two intersections: N(0) = 2, i.e.,
N(#)<2. But then either N(t) = 2 (which proves the theorem) or N(t,) = 0 for some #6(0, T),
which contradicts the equality of the times of peaking of the two distinct solutions.

3.5.4. Proof of Theorem 10 (Localization in an LS-Regime, B > ¢ + 1). In Subsec.
3.3.5 it is shown that for B > o + 1 Eq. (51) has no self-similar solution capable of con-
veying the property of strict localization as in an S-regime. However, it is possible to
construct a lower self-similar solution with a localized point of the front:

Uy (b X)=(To—1t)"V6-NDg_(8), t=x/(Te—1)" (57)
(626L) — mE— 316+ 620, (58)

where m=[p—(c+1)/2(—1)>0.

LEMMA 5. Let B > o + 1, Then there exists a solution 8_(£) > 0 on (—£%, 0) of Eq. (58)
such that

6-(0)=0, (6%.)(0)=0, (59)
and 0_(—£*) = 0.

Local solvability of problem (58), (59) for £ < 0 is established by reducing it to an
equivalent integral equation and analyzing the latter with the help of Schauder's theorem.
The fact that 68_-(§) vanishes at some point § = —£% < 0 follows from the identity obtained
after multiplication of (58) by (69.)(8) and integrating over the admissible interval (£, 0);
see [15].

We now set B_(§) = 0 for £ > 0. Then 6_(£) is a generalized solution of Eq. (58) on
(—£*, +~), and hence ug(t, x) in (57) is a generalized solution of Eq. (51) in the region
(0, To) X (x4 (), + ) with a mobile left boundary x, (f)= —E&* (T¢— )"0, t{—Tg, on which up(t,
x4(t)) = 0. Therefore, (57) exhibits localization in the strict sense: the point of the
right front x4 (#)=0 is fixed in spite of the unbounded growth of uj in a left neighborhood
of it. If we additionally set 6.(£) = 0 for £ < —g%*, then uj is obviously an unbounded lower
solution of Eq. (51) in (0, 7o) XR' [we note that (8%.)(—&*)>0].

We denote by upg(t, x; x4, T,) the function up(t, x — x,), and we set Xo=£#, (0)-+E*T7,
Ty = To(us) — the time of peaking of u(t, x). In the region (0, 7o) X {x¢—§&* (To— "< x < + oo}
intersections of u(t, x) and ufg can occur only due to their occurrence on the lateral bound-
ary (0, To) X {x=x0—E" (Ty—¢t)"}, since for t = 0 uy,(x) and uig(0, x; x4, T,) do not intersect
in this region. But then by construction N (#)<1 for all #6(0, Ty), which, as we have seen
earlier, proves the theorem.

With the help of the lower solution uj in exactly the same way as in the case of an
S-regime it is possible to find conditions for the immobility of the front of the solution
during the entire time of peaking and also other properties {(see [15]).

In conclusion we mention that E*(g, 0+1)=Ls, so that Theorem 9 is a special case of
Theorem 10 for B = o + 1 (when m=][g—(o+1)]/2(B—1)=0).

3.6. Nonlocalized, Unbounded Solutions of the HS~Regime, 1 < < ¢ 4+ 1. In the next
assertion with the help of the comparison theorem sharp upper and lower bounds are obtained
for the length of the support of an arbitrary, unbounded solution of problem (51), (52) for
p€(1, o-+1) which is compactly supported in x.

THEOREM 13. Let 1 < B < g + 1. Then a solution of the Cauchy problem (51), (52) is
not localized, and if t = Ty(u,) < +» is the time of peaking, then there are the "lower"
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bounds
b, ()= ko (0)+ 5T [(1 —¢1To)"—1], (60)
h-()<h, O)—57T¢[(1—t/Tom—11, ¢6(0, To), (61)

where m=[p—(o+1)]/2(p—1)<<0 [and hence hy(t) + *» as t > Tj)}. Moreover, there are the
"upper' bounds

b )<k, (0)--5T0 [(1—¢/Toy+1], (62)
b ()= b (O)—ET0 (1 —£/Tq)"+ 1], t6(0, Ty). (63)

Here B&o==Ei (o, B)>0 is the length of the support of the compactly supported self-similar
function 8p(g) (&, = messupp6y < +=») whose existence is proved in Theorem 5, Subsec. 3.3.4.

The estimates formulated in the theorem imply that
Be()= +E5To— "+ 0(1), T, (64)

for B&(l, o+1) and any solution of problem (51), (52) compactly supported in x. From (64),
in particular, it follows immediately that the self-similar function 85 for N =1 is unique
(see Theorem 5 in Subsec. 3.3.4) [16].

In method the proof of Theorem 13 is practically no different from previous ones. Having
"at our disposal" a self-similar solution up with time of peaking T, = T,(u,) < += first on
one side and then on the other side of suppuy, so that in each of the cases N(0) = 1, from
the comparison theorem we find that N(f)<<l for all #6€(0, To). This leads to the lower and
upper bounds for h4(t). For the details we refer to the works [15, 16].

In conclusion we mention that absence of localization for P&é(l, o+1) is also established
by the method of stationary states in part 8.1 where, for example, it is shown that in an HS-
regime u(t, x) -+ 4+~ as t » T; everywhere in R!,

3.7. On Asymptotic Stability of Unbounded, Self-Similar Solutions. The main purpose
of this subsection is to prove "structural" stability of the self-similar solutions con-
structed, i.e., to establish conditions under which the asymptotic behavior of u(t, x) as
t > Ty 1is described by up(t, x). Earlier we discussed some principle difficulties of the
analysis of the space—time structure of unbounded solutions which arise in the absence of
stability of solutions with respect to perturbations of the initial function. Therefore, in
this subsection we shall not strive for maximum generality which requires considerable ef-
forts directly mainly in overcoming nonprinciple difficulties. The key features of the proof
are presented for the example of the one-dimensional Cauchy problem using some restrictions
on the form of the initial perturbation u,.

Everywhere below we consider problem (51), (52), and we assume that the conditions on
u, formulated in Subsec. 3.5 and also conditions (56) are satisfied. Then u(t, x) is a solu-
tion even in X, and sup u=u(f, 0).
X
We first give estimates of the amplitude of unbounded solutions of problem (51), (52).
LEMMA 6. Let ¢ > 0, B > 1. If T, = Ty(u,) < 4=, then

sé‘:zp u(t, x)>0s (To—12)~1E=D, #6[0, Ty); Ou = (B— 1)~1/B-D, (65)
x T

The proof is based on comparison of a solution u(t, x) compactly supported in x with
the homothermic solution v(f) =0g(T;—#)"V®D (they must intersect, i.e., N(f)=2 for all r€[0,
Ty)s whence (65) follows).

LEMMA 7. Suppose ¢ > 0, B > 1 and (56) is satisfied. If T, = T,(u,) < 4=, then there
exists a constant 8, > 8y such that

xzt;;?u(t, X)=u(t, 0)<0, (To—1)~1E=D, ¢6[0, Ty). (66)

A proof of Lemma 7 can be found in [15, 16] (see also the assertions in [26-28] having
analogous proofs). In all three cases B<<o+41, p=0+1, p>>0+1 it is carried out by comparing
u{t, x) with a lower self-similar solution up of the form

gt x)=(To—t)"EDB(E[5 p), E=x/(To—E)™ (67)

where the function 6(&; p) wherever it is positive is a solution of the Cauchy problem (42),
(43).
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As an example we present the proof of (66) in the case B > o + 1 (for B<o+1 it is
still simpler). As follows from the proof of proposition (a) of Theorem 6, for all suffi-
ciently large p > 0 the function 9(&; u) vanishes at some point § = £y > 0 (8(g; n) > 0 on
[0, g4)). Moreover, by the continuous dependence of go+1 and (o°+l)é on p in a neighborhood
of u = +» we have the estimates

o+1—p Broti
Eo~p 2 =0, [0 Gl ~n T, p> oo
[this follows from the condition G(E;H)~«V1AWH)«G-F1yﬂl§D, A=ps*! 3¢ | > +w; see Subsec.
3.3.5]. Therefore, it is always possible to choose a sufficiently large u = 84 so that,

first of all, suppua(0,x)Csuppu, [then obviously suppux (¢, x)Csuppzia (0, x)Csuppuy for all £6(0,
T,)] and, secondly, uy(x) and uj(0, x) have exactly two intersections. Then by the compari-
son theorem N(t) = 2 in the region (0, Tg) X suppu; (¢, X), which leads to (66).

Remark. Following the procedure indicated, it is not hard to show that for 1 < B < ¢ +
1 the estimate (66) holds for arbitrary compactly supported u,(x). Inde=d, in this case
Ey > e as u > +=. Therefore, by Theorem 13 [see also (64)] it is possible to find a u = 84
such that, first of all suppu(f, x)f| X | <& (To—#™ for all #€[0, Ty) and, secondly, th (x) <uy (O,
x) in {{x|<ETs}. Then obviously u(f, x)<uy(t, x) in {{x|<Eu(To—1%)"}, which gives (66).

3.7.1. Asymptotic Stability of the Self-Similar Solution of the S-Regime (B = o + 1).
If conditions (56) are satisfied the only self-similar solution which can possibly be asymp-
totically stable is

Ua (ta .’C)==(To-—i)‘”693 (JC), tE(O’ To), xERly (68)

where 64 is the function (55). It satisfies the ordinary differential equation (see Subsec.
3.3.2)

(670,) —— 0. +67+1 =0, xeR%. (69)
We specially emphasize that 8 = 645 is the unique nontrivial solution of it which is even,

compactly supported, and monotone in x for x > 0.

In accordance with the structure of the self-similar solution (68) we introduce a
self-similar treatment of the unbounded solution u(t, x) of problem (51), (52), g = o + 1,
with time of peaking T, = T,(u,) < +w:

0 (¢, x)=To—1)u(t, x) in (0, Tg) X RL (70)

The asymptotic (structural) stability of the self-similar solution (68) implies the following
theorem (see [16]).

THEOREM l4. Suppose B = o + 1, and conditions (56) hold. Then uniformly in R!
0t x)=(To—1)u (t, x)—0; (X)s £—T. (71)

It can be verified without difficulty that the function 8 = 8(t, x) at the new time
T=—In(1—#/To):[0, Tg)~>[0, -+ ) satisfies the Cauchy problem

et%(eoex)x— %G-I-e‘”"‘, >0, x€R}, (72)
B(O, x):eo ()C)ET(I)/Guo (JC), JCERI- (73)

Comparison of Egs. (72) and (69) shows that (71) is equivalent to the proof of stabil-
ization as t > 4+ of the solution of problem (72), (73) to the stationary solution 6 = Bg(x).
The main difficulty here is that 8 = 64 is an unstable stationary solution of Eq. (72); 6 = 0
and 8 = +», roughly speaking, are stable here (8 = 8g lies between them and is hence un-
stable). Corresponding examples are presented in [16, 32]. Stabilization to other "sta-

tionary solutions' is forbidden by the following:
LEMMA 8. Under the conditions of Theorem 14 for all © > 0
igg@(t,x):>c—VU,jgge(r,x)<:6*; (74)
supp 0 (v, x)C[—Zlo—Ls, Ly Ls], 2ly==mes supp uq. (75)

The estimates (74) were proved in Lemmas 6 and 7; the inclusion (75) was proved in
Theorem 9. By (75) the Cauchy problem (72), (73) is equivalent to a boundary value problem
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in an arbitrary region QD (—lo—Ls l+L;) with the condition 8(t, x) = 0 on Ry';70Q. The
following estimates can be derived without difficulty (see, for example, [11, 125]):
0"+ 26L™ (RY; L2(@), (6")<€L2 (Rl X ), (76)
87eL™ (RY; H ().
With the presence of estimates (74)-(76) stabilization of 6(t, x) in the weak sense to some

stationary solution of Eq. (72) as 1 = 14 > +» follows from general results of [8, 84] with
use of the fact that the equivalent boundary value problem has the Lyapunov function

(0°); +1 L o }
V(B)(r):gj; T T araly 04— g e [ dx,

which does not increase in 1T on any evolutional trajectories. Formal computations give

=V O @=— T2t Sﬂ(elwﬂ)idx <o.
Here the independence of the limit function of the choice of sequence {tj} follows from the
uniqueness of the corresponding nontrivial stationary solution 8 = 64(x). Stabilization in
C(R) follows from stronger estimates; by the method of S. N. Bernshtein in the form [82] it
is not hard to show that |(6°F),|<const in R} XR!. From this it follows that @°+!(t, X) is
Holder continuous also in the variable t in ]2L><R1 [57, 100}. For details we refer to [16]
(see other examples of investigating stabilization of solutions of degenerate equations in
{84, 95, 118, 1271).

Remark. In the process of proving Theorem 14 we actually constructed the set of at-
traction 9 of the unstable stationary solution 8 = 84(x) in the Cauchy problem for (72) [if
80€#°, then 8(t, )—>0; () as T > += everywhere in R']. It has the form U —{f,=T0 1 (X)| %> 0
satisfies (56) and To=Ty(u) <+ «w}. It is obvious that % is unbounded, for example, in
C(RY), is infinite-dimensional, and, of source, is not dense in C. We emphasize that such
an unbounded set of attraction of an unstable solution can in principle not be determined
by "linear" analysis of solutions near a stationary solution (by this method it can be proved
only that there exist functions 0,6#°, lying in a small neighborhood of 6 = 64; see, for ex-
ample, [106]). A somewhat different approach to the construction of #° was used in [120].

As a corollary of (71) we present the following result.

COROLLARY. Under the conditions of Theorem 14 u(t, x) > +® as t » T; at any point of
the region of localization {|*|<Ls/2}.

Here condition (71), generally speaking, does not forbid unbounded growth of the solu-
tion outside the region of localization which, however, must proceed with speed o((Ty—t)"V°),
i.e., more slowly than according to the self-similar law. One of the optimal results from
this point of view can be obtained by combining Theorem 14 and Theorem 12 of Subsec. 3.5.3;
this gives the following assertion.

THEOREM 15. Under the conditions of Theorem 12 u(t, x) » +» as t ~ T, everywhere in
{lx|<Ls/2}, and u = 0 in [0, To) X {|x|=Ly/2}. Combustion at all points x€R! hereby asymptoti-
cally approaches self-similar combustion: (To—if)Vou(t, x)—0; (x), t—Ty,

3.7.2. Asymptotic Stability of the Self-Similar HS-Regime. As shown earlier, for 1 <
B <o+ 1 Eq. (51) has a unique, self-similar, unbounded solution

ur =(To— ) 1800y (&) E=x/(To—t); m—=E ), (77)
(6584) —m0jE— 5 oa+6h =0, EERY, (78)

where 64 # 0 is an even function which decreases for E€(0, &) [0 =mes{E>0|04(8) >0} 1. We
shall briefly characterize the main problems which arise in proving its asymptotic stability.

Introducing the self-similar representation of the solution u(t, x) of problem (51),
(52) in the usual manner,

Bt &)=(To— )V E—Dy (¢, E(To—1t)Ym),
where(7b==T00m)<:4—c0, we obtain in the new time tv = —ln (1 = t/T,) the Cauchy problem for
6 = 8(t, E:):
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6c=(005); — mot—g—7 06" >0, EeRY, (79)

60, &)=60(&)=T0®*"u, (6T7), zeRL (80)

To prove stabilization of 8(t, £) to the stationary solution 8 = 64 of Eq. (79) special
estimates of 8(t, £) are required. Suppose conditions (56) are satisfied. Then by Lemmas
6 and 7 (Subsec. 3.7) and the estimates of Theorem 13 (Subsec. 3.6) we immediately obtain
for all 1=0

Sup 6 (%, §) > (B—1)"VED,  sup 6 (v, £) <O (81)
EGR gaR

supp 0 (T, E)C[—Eo—(lo--&7T0") To "exp (m), & + Co-+5&T0) To ™ exp (mt)] - [—E&» &, T— - 0. (82)

As in the case B = 0 + 1, the last inclusion implies that the Cauchy problem is equivalent
to a boundary value problem in a bounded region QcR! with the condition 8 = 0 on R} XoQ.

By the method of S. N. Bernshtein uniform Holder continuity of the function emH(T,EL in‘Riﬁx
R! can then be established; therefore, stabilization of 80+1(1, £) as 7 » += to the unique (see
Theorem 5 of Subsec. 3.3.4) stationary solution 6 = 05(%) follows from the existence of a
Lyapunov function V(8)(t) with suitable properties. The function V(8) is constructured ac-
cording to the general approach [8] (it cannot be written out in explicit form). Known prop-
erties of the two-parameter family of solutions of the stationary equation (78) are used in
constructing V. The proof of stabilization uses in an essential way the uniform boundedness
of the support of a generalized solution of the Cauchy problem (79), (80).

3.7.3. Stability of the Self-Similar LS-Regime, B > ¢ + 1. leaving in place all com-
putations of Subsec. 3.7.2, we characterize the basic problems which arise in the proof of
asymptotic stability of the self-similar solution (77) for B > ¢ + 1.

_ First of all, supp@(w E)-R' as t - +», i.e., the possible limit function 6(£) {6(t, &) »
8(g) as T » 4+~ in R!'] is not compactly supported. Therefore, in contrast to S- and HS-re-
gimes, here nothing so far forbids stabilization of 8(t, £) as T + +~ to the spatially homo-
geneous solutiont éés(ﬁ——l)“”w‘J). This difficulty, by the way, can be avoided; in Subsec.
3.8.2 conditions are obtained on u,(x) under which u(f, x)<Casl x| /=@ in (0, Ty) X (R*\{0}),
which is equivalent to the inequality 6(t, &) <Ca|g| B~ in RL X (RI\{0}) [this obviously
forbids the stabilization 6(t, -)~—>(B—1)""%¥"Y as 1 » += uniformly on each compact set of R'].
However, additional complications arise in constructing the Lyapunov function by the method
of [8] and in the derivation of the corresponding integral estimates.

Secondly, the question of uniqueness of a self-similar function 05(%) of simplest form
has so far not been resolved (this is important for the independence of the limit function of
the choice of sequence t; - +»). Therefore, the question of asymptotic stability of the self-
similar LS-regime remains open.

3.8. Asymptotics of Unbounded Solutions of the LS-Regime near a "Singular" Point.
Here, for example, an analysis of the multidimensional Cauchy problem is carried out for
8 > 6 + 1 under the assumption that uy=uo(|x]) is a bounded function on R¥, and ugt? is uni-
formly Lipschitz continuous in R¥; u, is not necessarily compactly supported; uy(0) > 0.
It is assumed that x = 0 is a point of singularity of the unbounded solution, i.e., there
exists a sequence 4T (u) <40, such that u(f,, 0)—>+oo.

The main problem is in deriving estimates of u(T,, x) in a neighborhood of x = 0 [the
sense in which u(Ty;, %) is to be understood will be specified in each concrete case]. It
will be shown that the limit distribution which the self-similar solution u,(Ty, x)=Ca X
lxl“ww_*mH” forms is characteristic for a broad class of non-self-similar solutions of the
LS-regime.

3.8.1. A Lower Bound. This problem can be solved quite precisely on the basis of the
method of stationary states {13, 14, 17, 26] as possibilities of a type of "approximation"
of evolution properties of solutions on a "field" of stationary solutions continuous with
respect to a parameter. A general characterization of this method of investigating various
nonlinear evolution parabolic problems is given in [24]; application to parabolic systems of
quasilinear equations can be found in [24, 25].

+This occurs, for example, in the case ¢ = 0; see Subsec. 4, Sec. 4.
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We denote by {U(|x|; Uo)} the family of symmetric stationary solutions of Eq. (1):
1 17777’y B .
e (r¥IUU ), 3-UP =0, r=|x|>0;
N1 rjr (83)
U, (0; Up=0, U(0; Up=Uy
where U, > 0 is the parameter of the family. The basic properties of the functions {U} are
indicated in Lemma 4 (Subsec. 3.3.3). In particular, if PE(l, (c+1) (N 4-2)/(N—2),), then
each of them vanishes at the point NKLRQEEFOG)[]$+4"MM<(-+<m. We also present the identity
U (| x}) Ud=UU (| x| UF 12y, (84)

We extend U(|x}; Uo) to the region r > ry(U,) by zero. Since U(|x|; Us) are not stationary
solutions in R¥, it will be convenient to call them stationary states. For p=(c+1)(N+2)/
(N — 2)4 the functions U(]x|; Us)>0 are stationary solutions in R¥,

The family of functions {U|#|; Uo)} forms in the plane {|x|, U} a "field" of stationary
states which is continuous with respect to the parameter U, > 0. For § > 0 + 1 a general
characteristic of the family {U} is the envelope L = L(r), r > 0, to the functions U(r; U,)
on the {r, U} plane which is defined from the following condition: for any r > 0 there exists
U, > 0 such that

Ln=U(r; Uy, L' (F)=U,(r; Uy). (85)

As will be shown below, the form of the envelope L(|x]) makes it possible to estimate
the structure of the limit distribution u(T,, x) near the singular point x = 0 (see [13, 17,
261).

LEMMA 9. Let B > o + 1. Then problem (85) has a unique solution
L x])=Co| x|2B-e+tD], | x|>0,
where the constant C; = Cy(o, B, N) > 0 is defined from the system of transcendental equations

Co=a2/1B~E+D1L (g3 1),

2 (86)
~ =y Co=% B, (ag; 1), o >0.
Here we have the estimate
B 1
_f N 18—+ e Vi
CO>C*_'{B_(6+ B [ B JC“H- }ﬁ (o+1) >O' (87)

The first part of the lemma can be proved directly with use of the identity (84). We
note only that tangency of L(|x|) and U(|x|; U,) in accordance with equalities (85) is
realized for Uj==(x/r)*/IB—0tD], where a, > 0 is the constant in (86). The existence and
uniqueness of a solution of the system (86) follows from known properties of the function
U(xl);1) (it can be expressed in terms of a special function of mathematical physics). We
consider in more detail the derivation of (87) (see [17, 26]). Using the estimate =N (PN~ x
U Uy =—=UP> —Uf, we find without difficulty that

/ 1 _ 1 (o+1)
U1 U9 > U (1=t U I U (s ), (84")
0<r<@N (o 1) PUFH-PE,

The family of functions {U.} is very simple, and from the same considerations it is easy to
construct an envelope of the following form: L_(jx|)=C,|x | ¥B-(0+DI, However, by (84') in
Ly xD>L (x)) in RY\ {0}, which gives (87).

THEOREM 16. Suppose o+1<f<(6+1)(N+2)/(N—2),. Then under the assumptions made
regarding u, = u,(|x|) there exists € > 0 such that the unbounded solution of problem (1),
(2) satisfies the lower bound

w(To, x)=limu(t, x)>Co| x| /P ra0<| x| <6 (88)
f~>T0—

Proof. We choose L/§:>uQ«» so large that, first of-all, {|x|<ro(Uy}csupp u, for any
Uop> Uy and, secondly, U(x[; Ug intersects #(|x|) in |x| at exactly two points for all U,>
U3. We set e=ro(Uy). Then obviously u(t, X)>0=U(x|; Uy for|x|=ry(Usy), if Uy>U;. In
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accordance with the comparison theorem the number of intersections N(t) of the distinct
solutions U( x|; Up) and u(t, x) of Eq. (1) in {r=|x|<rg(Uy)} is such that N ()< 1 for all
t6(0, Tp). Since x = 0 is a singular point, there exists #,6(0, To)» such that u(fs 0)>Us. But
then by symmetry N(ty) = 0, and hence u(f;, x)>U(x}; Uy in RY. By the maximum principle
this will be true also for all #€(f; To). Considering now that U,>U; is chosen arbitrarily,
we obtain

#(Tos x)> sup U(x]; Uy=L(x]), 0<|x|<e, (89)

UpUq

which by Lemma 9 gives (88).

We note a curious corollary of the method of proof of the theorem.

COROLLARY 1. Under the conditions of Theorem 16 there exists £€[0, 7o), such that ut(t, 0)
> 0for all tge [ty, Tol.

Thus, the definition of a singular point x = 0 given at the beginning of the section in
the symmetric case is equivalent to the condition u(t, 0) > +» as t » T;. We note that for
= 1 this is valid for arbitrary solutions. The proof in the general case requires applica-
tion of a special comparison theorems based on an analysis of the character of spatial in-
tersections of distinct solutions, and is not considered here (in this regard, see [27, 28]
and Sec. 4).

COROLLARY 2. Under the conditions of Theorem 16 for any p=[p—(c+1)]N/2
lim S ue (¢, x)dx= - co. (90)

T {14l<e}

The validity of (90) follows directly from (88). A similar assertion was known earlier
for the case o = 0; see [86, 103, 128] where (9) was not proved for the "ecritical" value
= [Rp — 1IN/2 when the integral has a weak logarithmic divergence at the point x = 0. The
proof in [86, 128] used the semilinear structure of the equation for o = 0. From the posi-
tion of the method of stationary states for the derivation of integral and pointwise estimates
of u(T,, x) the type of nonlinearity in the differential operator of the equation makes no
difference; examples are presented in [13, 17, 24].

If the method of stationary states is applied to investigate the HS-regime, then the
following result is obtained {19, 13]. Suppose 1<fp<o-+1, wy=ue(lx))>0 in RY, and ugt?
is a uniformly bounded, nonlncrea51ng, Lipschitz continuous function. Then u(t, x) > +~ as
t—T5 ()< + « everywhere in RY. 1In the proof the fact is used that for B<o-+1U( x|
Lﬁﬂ—>—%co for Uy—~ 1+ 0 everywhere in RY. Therefore, the validity of the assertion formu-
lated follows from an estimate similar to (89)

u(ly, x)> sup U(x] U)=+ oo, x6RY.

U0>U

3.8.2. An Upper Bound. We shall show that under particular conditions the lower bound
(88) is sharp with respect to the character of the dependence on |x| near x = 0. One ex-
ample is already known: the self-similar solution (20') which for 04—1<:ﬁ<10—r1)ﬁJKﬁV 2, »
as shown in Theorem 7, is bounded above: ua(f, X)<u (T, X) =Cyu|x| /=D in RY\{0}. With the
help of this result a similar upper bound is obtained below for a broad class of u,(x) satis-
fying all the conditions introduced earlier.

THEOREM 17. Suppose 0 + 1 < B <(0+1)N/(N—2),, To=To (1)< -+ and #y=1( x| inter-
sects with respect to r = |x| the function T3 "/® Vg, (| x|/T) (85 is defined in Theorem 6) at
precisely two points, while #(0)>75"® g, (0). Suppose further that u, is critical, i.e.,
#,>0 in P[u]. If x = 0 is a singular point of the solution u(t, x), then

u(t, x)< Ca| x| B=CHI 5 (0, To) X (RV\{0))- (91)

Before proceeding to the proof of the theorem we shall show that the conditions on u,
in the hypotheses are not too restrictive. As concerns u,(x) being critical, this question
is resolved very simply. If, for example, u,6C?*(R¥), 4;>0 and
A (o) =V (4§ g) -+ uf >0 in RY, (92)
then by the maximum principle ;=0 in (0, T¢) XR¥, since the function z = uy satisfies a
"linear" parabolic equation. Condition (92) is satisfied by, for example,zm(x)—*Aexp(——a|x|)

if AP-C+D=90exp{[p—(64+1))/2(c+1)}, @ > 0. Another example of a critical function is u,(x) =
U{lx|; Up) for any U, > 0 (see [14, 17, 26]).

1280



The condition of the presence of precisely two intersections of u,(x) and the self-
similar function up(0, x), where up has the same time of peaking, is somewhat more difficult
to verify. Without considering this in detail, we mention that the compactly supported func-
tion wy=U(|x|; Uo), satisfies all the conditions of the theorem; see [17]. We remark also
that the condition that u, be critical for N = 1, generally speaking, is superfluous; re-
garding this, see Subsec. 1, Sec. 4.

Proof of Theorem 17. We suppose that (91) does not hold and there exist ryx > 0 and
£,6(0, Ty), such that u(f,, ry) >Car;?/P-(+0]l,  Then by the critical property this is satisfied
in (f4 To)X{ x|=rs. In the region S,=(t,, To){x|<r,} we consider two solutions u and up
with the same time of peaking f=T,< -+ . Under the assumptions made N(t) = 0 in [ty, T,),
while since on (f,, To) X{ x|=rs} — the lateral boundary of S, — there is the estimate

inf wu(t, x)>" sup ua(t, x), |x|=r,
Gt To) 1t To)

it is not hard to show that there exists a T > 0 so small that wa(t-+7, X)<u(f x) in (ty,
To—t)X{lx|[<r,. This contradicts the equality of the times of peaking of the solutions
u and up.

COROLLARY. Under the conditions of Theorem 17 for any p€(0, [f—(c--1)|N/2) and € > 0

wit, x)dx<C% | xR g o 4o, 160, T
{lxl<e} {lxl<e}

4, Semilinear Parabolic Equation ut = uxx + ub

In this section we present some results of investigating the Cauchy problem for the
one-dimensional semilinear parabolic equation

U=t --uPf, 1>0, x€R!; p=const>1, (1)
u(0, x)=uy(x)=0, xeRL (2)

Many of the results presented below can be carried over without special changes to the case
of the multidimensional equation uy = Au + ub.

This problem has much in common with its quasilinear analogue; therefore, our main at-
tention below will be given to those properties of unbounded solutions which are not present
in the quasilinear case. Conditions for the occurrence of unbounded solutions of the Cauchy
problem (1), (2) have been studied for more than 20 years; see, for example, [93, 97, 108,
112, 113} and the bibliography in the survey [21]. Without considering this in detail, we
mention only that for 1<p<{3 any solutions u # 0 is unbounded, while for 8 > 3 there exists
a class of global solutions; see [63, 97].

The following conditions are imposed on the initial function ug:
sup do=~M<-+o00; |ug(x1)—uo(X2) | <Ma|x1—%2|, %1, %26R}, (3)
where M;, M, are positive constants.
Everywhere below we assume that To=7T¢(u) <+ oo.

4.1. The Critical Set. The theorem formulated below simplifies the exposition of sub-
sequent results.

THEOREM 1. Under the assumptions made there exists a constant Mzg=Mg(M,, M;)>0, such
that if wu(fy, x)=Mg, then u;(f, x)=0 for all {€[f, Ty).

In particular this means that the conditions — thereexists a sequence {,—Ty"<C+4o00, such
that u#(f, X)—>-+o0 as k > +» (the condition that x = %, is a point of singularity of the un-
bounded solution) and u(f, x)—>+o as t + T; — are equivalent.

The proof of Theorem 1 [27] uses a rather fine theorem of comparison of u(t, x) with
a family of stationary solutions {v(x)=U (x—a; Uy), Us6RL, a€éR!}, based on an analysis of the
character of intersections of the functions u and v with respect to x. An approximate for-
mulation of this comparison theorem is as follows: if N(O) = 2 for any small "C!'-deforma-
tions" of uy(x) and v(x), then at any point of intersection x==xq, w(¢, xo)==u(t, X} — V(%)= 0
the condition wy(f, %)5=0 holds. In this connection we note that solutions of Eq. (1) are

analytic in x [92]; therefore all intersections for t > 0 are isolated points (with respect
to x).
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4.2, An Upper Bound for the Amplitude of an Unbounded Solution. Several approaches
are known to the derivation of an important upper bound for the amplitude of an unbounded
solution; see [15, 16, 26-28, 96, 129, 130]. The following result is the most general [27,
28] (see also [26]).

THEOREM 2. Suppose (3) is satisfied and uy,(x) »~ 0 as |x| + +~. Then there exists a
constant .= (7o, Mi, M2)> 0 such that

u(t X)<py (To—8)"H®=D in [0, Tg) X RL (4)

The proof is based on a comparison (an analysis of the character of intersections) of
u(t, x) with a family constructed in [26, 27] of unbounded, lower self-similar solutions.

4.3. A Lower Bound for the Amplitude. The next result follows immediately from Theorem
8 in Sec. 3; see assertion (II). As a comparison function v the spatially homogeneous solu-
tion v=s (f—1)"VE-1(Te—t)-Ve-D is taken.

THEOREM 3. Under the conditions of Theorem 2
sup (£, ) > (B— 1)/ =1 (To—#)=/®=1 4n [0, T). (5)
*g

4.4, Asymptotic Behavior of Unbounded Solutions. The asymptotics of u(t, x) for t »
T; < 4+~ in the Cauchy problem for a semilinear equation is considerably different from what
would be expected in the quasilinear case.

THEOREM 4. Suppose (3) is satisfied, and, moreover, u,(-x) = u,(x) in R', and uy(x)
is nonincreasing in x in RiJ Then

0(f, B)==(To— O B-Dy (t, E(Te—E)2) = B—1)"YB=1 a5 t>Tg (6)
uniformly on each compact set in § of RL

The proof [27, 28] proceeds basically by the same scheme as that used in Subsec. 3.7,
Sec. 3. The equation for the self-similar representation 8=0(z, &), v=—In(1—#/Ty) has the
form

)

GT:A(B)EB:E———;—-EQE—-B—_I_TG—{—eﬁ, T>O, §€R1 (7)

Under the assumptions made x = 0 is a point of singularity of the solution u(t, x), and
supu(t, x)=u (¢, 0). By Theorem 2 the solution 6 of the Cauchy problem for (7) is then uniformly
XER

bounded, 6(%, §)<p, in RL><R1, and uniform boundedness of 6y as well as boundedness of 6.
on each set of the form [l, +o0) X {{£] </} can be established by the method of S. N. Bern-
shtein. Theorem 3 then forbids stabilization to the trivial solution of the stationary equa-
tion (7) 8 = 0, since (5) implies that §(z,0)>0u =(B—1)~U®-D in RL. The following result
is of major significance for the proof of (6).

LEMMA 1. The function 6 = 6y is the unique nontrivial, nonnegative solution of the
equation A(6)=0 in R.

For B = 3 the lemma is proved in [104]; for arbitrary f > 1 it is proved in [3].

To complete the proof of Theorem 4 it now suffices to note that (7) admits the Lyapunov
function
© { [ !
— 2 ELEPY 2 1) g
V(O 0= | exp (=84 [ 02+ g, O — 5 O 6
which is monotone on the evolution trajectories:
d w
LV (O ()=— S exp (—£2/4) 02dE <.
From the last equality we obtain the uniform estimate (C; > 0 does not depend on T > 1)

T oo )
[ [ exp(—eu4 edzar <.

1 —oo

Remark 1. As shown in the work [99], the assertions formulated in Theorem 4 and Lemma 1
are characteristic also for the multidimensional problem
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Uy =AutuP, t>0, xRN, (8)

Here there arises the problem of investigating the solvability of the elliptic equation [the
analogue of the one-dimensional equation A(8)=0, see (7)]

N
1 00 i PN
A~ g, b~ pp o+ =0 mRY.

In [99] it is established that 8 = 6y is the unique, nontrivial solution for 1<B<<(N+2)/
(N ~ 2)4. The basis for the proof of this interesting fact is the derivation of a special
energy identity on the basis of the technique of {69, 70]. For $>(N+2)/(N—2), there may
exist nontrivial solutions B{g)—0, |E|->+o0; an example of such a solution was constructed
in [22] for the case 8 = 2 and 6 < N < 16 [the lower bound of the dimension of the space

N > 6 is connected with the inequality > (N+2)/(N—2)=2 for N = 6]. We note that in the
presence of the estimates (4) and (5) Theorem 4 follows from a result of [99] where methods
close to [26, 28] were used for the proof of stabilization.

Remark 2. Returning from the self-similar representation 6(t, &) to u(t, x), we find
that Theorem 4 gives an idea of the asymptotic behavior of the unbounded solution u(t, x) on
any compact sets of the form P, (f)={|x|<a(To—)}: u(t, X)=6u (To—¢)~V6-D in P,(t). Of
course, this does not enable us to establish the space—time structure of u(t, x) in a neigh-
borhood of the point t = T, x = 0, since it determines only the amplitude of the solution and
not its spatial width. In [26] (earlier for the case B = 3 in [104]) it was shown that the
behavior of u(t, x) as t » T; in regions {|x|<a(To—&""|In(To—F)|Y?} of larger dimension is
described by the degenerate approximate self-similar solution with a nontrivial spatial struc-
ture

g (s X)=(To— )71 E-Df (), n=ux/(To—1)"?|In(To—1t)| 2. (9)

The function u, satisfies the equation without diffusion ug = uP; substitution of (9)
into this equation after passing to the limit t » T, leads to the following ordinary differ-
ential equation of first order for f = fu(n):

1 , 1
—gWy—g=r S+ /=0, neR.
It has an entire family of solutions f(W)={f—1)+Cn}-1®-D, ¢ > 0, The value

C=C,=(B—1)/4p, (10)

to which there corresponds the function fg(n) in (9) is selected from the quite natural con-
dition of analyticity of 6(t, £) at the point T = +=, n = 0.

The question of rigorous justification of the asymptotics (9) remains open. A numerical
verification was carried out in [26, 104]. TIn Subsec. 4.6 a result is presented which in-
directly argues in favor of the asymptotics (9).

4.5. Localization of Unbounded Solutions of the Cauchy Problem. In this subsection
conditions are obtained for the effective localization of unbounded solutions, i.e., for
boundedness of the set (the region of localization)

o, ={xeR'|u(Ty, x)= lim u(t, x)==-r+oo} (1)

t—»TO

THEOREM 5. Suppose conditions (3) are satisfied and, moreover, there exists a constant
d > 0 such that

Uy (x)<djx| "% for sufficiently large |x|; (12)
uo(x) decreases monotonically in |x| as |x{~>--oo. (13)
Then the region of localization (11) is bounded.

The proof (see [27, 28] and also [26]) is based on a comparison of u(t, x) with a spe-
cial lower self-similar solution of Eq. (1) of the usual form

ta (£, %) =(To—H)=1EDBE),  E=x/(To—1)",

where the function 60 satisfies the equation A (0)=0,A4 is the operator of (7). It has
no nontrivial solution 8 # 6y in R' (Lemma 1) but admits special lower solutions exhibiting
the property of localization.
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LEMMA 2 [26]. For any d > 0 there exists C > d such that the equation A (8)=0 has in
(—E&0, +o0), &>0 a solution 6 ==6(§)>0, whereby 0(—&)=0, 8"(—&) >0, and

8(8)=CEED 4o 6D), E> . (14)
The next lemma gives simple properties of the self-similar solution
D (¢, x5 x0)=thp (£, X —x0) =(To— =BG (1 — x0)/(To— 1)), (15)

which is strictly positive in the region (0, 79) X (i (), + w0) =(0, To) X Q(¢; X0o)» M (£)=x0~—Eo(To—
t)t/2, while v = 0 on (0, Ty) X 0.

LEMMA 3 {26]1. For any fixed #€[0, Ty)

O (tpy X3 Xg)/ X~ YEDC, x>+ oo0; (16)
for any fixed x > x, there exists the limit
v (t, X3 %)~ C (x —x0) WV, 1 5TF (17)
everywhere in (0, 7¢) X {x >x¢} the solution v is critical (v¢ > 0), and by (17)
v (t, X3 x) <0 (TT, x; X0) =C| x—x0) /*V. (18)

The validity of Theorem 5 follows from an assertion in which, to be specific, bounded-
ness of wy, on the right is established. We first recall that by Theorem 1 the solution of
the Cauchy problem is critical in the region {x¥€R!, u>M,}.

LEMMA 4. Under the conditions of Theorem 5 there exists a constant C > d and xo¢R!, such
that

u(t, x) <max{C (x — xo)"2 D, Mg}, 60, To)r x>0, (19)
ice., or{x>x}=».

Proof. By Lemmas 2 and 3 in the family of self-similar solutions (15) there is a func-
tion v [Ty =To(ug)<-+o0and C > d in (14)] such that uy(x) and v(0; x; x,) intersect in 9(0;
X,) at exactly one point, i.e., N(0) = I. This is ensured by conditions (12), (13). Then
by the comparison theorem (Subsec. 3.4, Sec. 3) N(#)<! for t€(0, T;). Then it is not hard to
verify that violation of (19) at even one point (£, %.)6(0, 7o) {*>xo} implies that (19) is
not satisfied everywhere in (4, T¢) X {x=2x.}, which contradicts the equality of the times of
peaking of the unbounded solutions u and v considered in the region (f., To) X{m: (H) <<x<<wx} (a
detailed proof is given in [27]; an analogous technique was used in [26, 28]).

4.6. Behavior of Unbounded Solutions near a Singular Point. The principal aim of
this subsection is to show that under particular conditions unbounded growth of u(t, x) as
t —+To= (uo) <+ occurs at only one point (i.e., an LS-regime with peaking develops) and to
establish estimates of the limit distribution in a neighborhood of the singular point from
above and below.

4.6.1. A Lower Bound. It can be obtained by the same method as in the quasilinear
case (Subsec. 3.8, Sec. 3). However, since each solution has a critical set (Theorem 1) it
is possible to obtain a stronger result in the present csae.

THEOREM 6. Suppose (3) is satisfied and x = 0 is a point of singularity of the solu-
tion of the problem. Then there exists g, > 0 such that

max{u (75, x), u(T5, —x)}>Col x|V, x6(—eq &)\ {0}, (20)
where Cy=Cy(f)>0 is a constant, and C,>C,=(f—1)(287F)Y®D,

As in the quasilinear case, the proof is based on comparing u(t, x) with a family {U(]x|;
U,)} of stationary solutions of Eq. (1). The envelope L=L(|x|)>0 in R!\ {0} of the family
{U} is determined as in Subsec. 3.8.1, Sec. 3 and is indicated on the right side of inequal-
ity (20).

We choose the quantity U¢*>>0 so large that Uy*>M;=supuy, and, moreover, U(|x|; Uo)
for all Us>Ug* intersects uy(x) at exactly two points. We set go=max{e>0|L(2)=Us* L(s)=
Mg}. Then for any x.6(—eg, g0) \ {0} we have the following: the function U(|x|; Uy), where U, >
0 is determined from the condition L(|x.|)=U(|x:|; Uo) [i.e., the envelope L = L(}x]|) is tan-
gent to U(|x|; Uy) at the points x==z[x.|], is such that the number of intersections of u,(x)
and U(|x]; Up) is N(0) = 2. Then by the comparison theorem N(f)<2 for all #€[0, 7;}). Because
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of the continuity of u(t, 0) in t€[0, To) there exists £€(0, To), such that wu(t, 0) =Us=U(0; Up).
Then, since N(f)<C2, all intersections of uy(x) and U(|x|; Uo) will lie either in x>0, or in
x<<0, and hence u(ty, x)=U(|x|; Uo) either for x < 0 or for x > 0. In any case we obtain
max{u(to, %), u(to, —x.)}=L(|x,|)=Co|x| €0, Suppose to be specific that u(fy, x,)=L(|x|).

Now L(|x.})=M, by construction. Hence, u(f, x.) =0 for all t€[ty, To) (Theorem 1), i.e., u(t,
x)=L(|x.]) for all t€[t,, To), which proves (20).

A somewhat different version of the proof of Theorem 6 is presented in [27]. From (20)
we obtain the

COROLLARY. Under the conditions of Theorem 6 for any p=(p—1)/2 and € > O
g
(urt, xydx—>4 o, t=T5. (21)
-8

A similar result was obtained earlier for the interval of values p>max{l, (B—1)/2} (see
[86, 128]1) not containing the "critical" value p = (B — 1)/2. We note that it is possible to
prove the validity of an inequality of the type (21) for e=-o0, p=(f—1)/2 without special
separation of a concrete point of singularity [27].

4.6.2. An Upper Bound. The main problem of this subsection is to determine the degree
of optimality of the lower bound (20) with respect to the character of the dependence of
u(T;, x) on |x|. 1In contrast to the quasilinear case, for ¢ = 0 Eq. (1) has no localized
self-similar solutions (Lemma 1). Therefore, an upper bound for u(T;, x) cannot be derived
by the same method used in Subsec. 3.8.2, Sec. 3. For this purpose the approach proposed in
[96] turned out to be effective. An upper bound for u(Tj, x) which is apparently optimal
(within the framework of this method) will be obtained below. For simplicity we carry out
the investigation of the boundary value problem for (1) in the region (0, To) X (—R, R), R=
const > 0 with the conditions

u(t,—R)==u(f,Ry=0, {>0; u(0, x)=u,(x) =0, x6(—R, R) (22)

(a problem of this type was considered in [96] where the investigation was carried out for
the multidimensional Eq. (8)]. It is assumed that u,€C!'([—R, R]) and To==Tp(to) <<+ 0.

The idea of [96] is to derive an estimate of the function
w(t, x) =t,+c(x)F(u),

where ¢(x)>=0, F(#)=0 are some smooth functions which remain to be determined. The function
w satisfies a "linear" (in w) parabolic equation, and by the maximum principle it is then
concluded that w<0 in (0, T¢) (—R,R), if ©(0,x)<0, @, (¢, =R)=0 and, moreover, in application
to Eq. (1)

put—'F —ufF,—2¢ . F.F >0, F">0, ¢">0 (23)

for all uz=0, x€[—R, R]. It is not difficult to verify that integration of the equality w=
Ut c(x)F(u)<0 for a suitable choice of the functions c and F makes it possible to obtain an
upper bound for u(T3;, x).

In [96] for this purpose c=¢|x|!*®, F(4)=u’, were chosen where 1<<y<Cf, 6>0 is arbitrary,
and £ > 0 is sufficiently small. It is easy to verify that (23) is then satisfied. Without
going into the procedure of choosing suitable initial functions u,(x) and £ > 0 [in order
that ©(0,x)<<0 and wy(t, *#¥R) S 0], we note only that integration of the inequality u,te|x|+x
u'=Z0 over (0, x) leads to the estimate

at, x)<x=|x|77ON 1<v<p, (24)

where the quantity v can, generally speaking, be made arbitrarily close to the value P7; x>0
in (24) depends on v, §, £ and u,(x). With regard to the character of the dependence on

x| the upper bound u(T;, x) (24) and lower bound (20) are quite close. As will now be shown,
the "gap" between them can be made still smaller.

For this we first consider in place of (22) the boundary value problems with the condi-
tions

u(t, =R)=A4, {>0; u(0, x)=us*(x)=A, x¢(—R, R), (25)

where uo*(x)=A(2—x%R?), and A > 0 is sufficiently large. The last ensures the unboundedness
of the solution of the problem, and u(f, x)=A4 in (0, Ty*) X (—R, R).
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THEOREM 7. For any R > 0 there exists A > 0 such that the solution of problem (25) is
unbounded, To*=T,(#y*)<C+o00, and there is the following asymptotically sharp estimate:

w(7s x)s[iﬂs‘ﬁ—”’]"”‘ﬂ‘%x;-”(ﬂ-”|1n|x||”‘f’—", | £]~0. (26)

For the proof in [28] a solution of the system of inequality (23) was found which is
sharp with regard to the dependence of F(u) on u for u > +e. It has the form c(x)=]|x|/2§,
Fy=vf/lnu(F” (u)>0 for u>exp[2/(f—1)]). Integrating the inequality u, 1+ xubf/2Blnu<0 over
(0, x), x€0,R), and considering that by Theorem 4 u(f, 0)=(B— 1)~/ (T =161 1, (To—
#P"D) (pecause of the estimates (4) and (5) it is then also valid for the boundary value
problem (25); see also the general assertion in [99]), we then obtain the following estimate
which is asymptotically sharp for f—7¢, x—0:

u(t, X) S[To—1t)|In(To—1) |7 x

[

— 12 2)-1/(B—1) . —1 1/{F-1)
{(B—IH (ﬁ‘m) [(To-—t)"2 \l\f)l(To—t) P"QU {ln (T, —2) |1n (TO"“H@T;TL’CZ]JL ' (27

Setting here t = T;, we arrive at (26).

The upper bound (26) and lower bound (20) (it holds also for a solution of the boundary
value problem) now differ in the character of the dependence of u(T;, x) on |x| only by a
logarithmic factor which increases weakly as |x| = 0. Inequality (26) establishes, more-
over, the optimality of the corollary of Theorem 6. From (26) we also obtain the following
estimate: under the conditions of Theorem 7 for any o < —3/2 and € > 0 sufficiently small

5 a®-V2(TF, x)|Inu(Ty, x)*dx < < oo.
—8

Remark. From (27) it is not hard to obtain the following estimate: on the trajectories
n=|x/(To—t)"*|In(To—1)|'*=const as t > T; there is the estimate

w(t, x) S @To— 7 fp— 1) L, (28)

The approximate self-similar solution ugy [see (9) in Subsec. 4.4], which was constructed in
[26] proceeding from other considerations, appears on the right here.

Passage from the special result formulated in Theorem 7 to rather general solutions of
boundary problem (22) is established by means of the comparison theorem. For example, we
have

THEOREM 8. Suppose x = 0 is a point of singularity of an unbounded solution of problem
(22), and suppose the function u,(x) and u}(x) intersect at precisely two points, while
To(to) =To(tto*) =To<<+oc. Then for all sufficiently small [x| > 0 there is the asymptotically
sharp estimate

‘ B - (P—12 1~1/(B—=1)
min{u (o, x), u(Ty, ‘“x)}é[ B815) 1

| x|~/ ®B=1 | 1n | x | |/ B-D,
Regarding the method of proof, see Subsec. 3.8.2, Sec. 3 and also [27].

CONCLUSIONS

1. The search for principles of localization and also conditions for formation, self-
sustainment, and complication of structures should be carried out with substantial models
of minimal dimension not overloaded with details. The relative simplicity of the model makes
it possible to develop a number of new mathematical methods for studying the developed non-
linear stage of evolution processes. Computational experiment makes it possible to play
through the scenario of nontrivial behavior of an open nonlinear system.

2. Investigations of the simplest model of a heat conducting medium turned out to have
content. Depending on the relations of the exponents of the nonlinear medium (o, B), its
heating can take place in three regimes. The most interesting regime was the LS-regime with
peaking. Heating of the medium in this regime can lead to simple and complicated dissipative
structures localized at the fundamental lengths. Complex structures may be considered as a
particular manner of existence of simple structures having, generally speaking, different
times of peaking. The regions of localization of the simple structures within the complex
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structure overlap in such a manner that the structures synchronized their rate of growth -
they had one common time of peaking. Construction of eigenfunctions of the self-similar
problem provides all possible types of such coordination. The criterion for the "viability"
of the union of the parts into a whole in such a medium is the synchronization of the pro-
cesses of heating and diffusion of heat. If synchronization is destroyed rapid degeneration
of the complex structure into simple structures occurs.

3. Regimes with peaking and the phenomena of localization and formation of structures
accompanying them have the character of intermediate asymptotics. TFor the occurrence of
properties of localization growth according to a law with peaking is required only for one
or two orders.

4. As shown by means of the method of approximate self-similar solutions, the asymp-
totic stage of processes in models not admitting group-invariant solutions can be described
by group-invariant solutions of other equations.

5. From the analysis of the structures of the LS-regime with peaking it follows that
processes near the center of the structures are characteristic in a particular sense for their
states in the past, while processes on the periphery are connected with the future. 1In the
HS-regime with peaking the sites of spatial occurrence of the past and future are inter-
changed. The connection of past and future in the spatial structure existing in the present
is the paradoxical principle of construction of dissipative structures of the type indicated.

6. The development of concepts and methods of investigating the phenomena in nonlinear
media established in the process of the analysis may play an essential role in understanding
tendencies of evolution processes in the problem of obtaining the spectrum of elementary par-
ticles in a unified field theory and explaining and predicting the spectrum of biological,
economic, and social structures as products of self-organization of processes in correspond-
ing media.

7. In this approach the medium as a whole contains in its material characteristics in
nonmanifest, potential form all types of structures which can occur in it and stably or meta-
stably exist as the asymptotics or a type of intermediate ''goals'" of the evolutionary de-
velopment.
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CLASSIFICATION OF SOLUTIONS OF A SYSTEM OF NONLINEAR DIFFUSION
EQUATIONS IN A NEIGHBORHOOD OF A BIFURCATION POINT

T. 8. Akhromeeva, S. P. Kurdyumov, UDC 517.958
G. G. Malinetskii, and A. A. Samarskii

The theory of reaction-diffusion systems in a neighborhood of a bifurcation point
is considered. The basic types of space—time ordering, diffusion chaos in such
systems, and sequences of bifurcations leading to complication of solutions are
studied. A detailed discussion is given of a hierarchy of simplified models (one-
and two-dimensional mappings, systems of ordinary differential equations, and
others) which make it possible to carry out a qualitative analysis of the problem
studied in the case of small regions. A number of generalizations of the equations
studied and the simplest types of ordering in the two-dimensional case are de-
scribed.

1. Two-Component Systems and the Classification Problem

In many systems which are studied in physics, chemistry, and biology there arise self-
sustaining structures of various types [24, 32, 36, 40, 42, 62]. The question of the prop-
erties of nonlinear media where structures are formed and of the general regularities of
their occurrence is one of the fundamental guestions of modern science.

We shall characterize the deviation from equilibrium in the systems studied by a para-
meter A (A = 0 corresponds to the equilibrium state). It follows from classical thermo-
dynamics that the evolution of such a system proceeds in the direction of increasing entropy;
any order hereby vanishes. A necessary condition for the existence of stable structures is
exchange with an external medium (the system must be open).

For small deviations (0 < A < X,) concepts of linear nonequilibrium thermodynamics are
applicable. This theory describes processes in a neighborhood of thermodynamic equilibrium
and ... encompasses all cases where the flows (or velocities of irreversible processes) are
linear functions of the '"thermodynamic forces' (gradients of the temperature or concentra-
tions)" [52]. It has been shown that in this range of parameters a stationary state of the
system is close to the equilibrium state (for each value of A it is unique and stable). It
is therefore said that all such states lie on the thermodynamic branch.

Translated from Itogi Nauki i Tekhniki, Seriya Sovremennye Problemy Matematiki, Noveishie
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1292 0090-4104/88/4105-1292$12.50 o 1988 Plenum Publishing Corporation



