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ON DIFFERENCE SOLUTIONS OF A CLASS OF QUASI-LINEAR PARABOLIC EQUATIONS®

V.A. GALAKTIONOV and A.A. SAMARSKII

The properties of implicit difference schemes for quasi-linear parabolic
equations of non-linear heat conduction with a source are studied. The
sufficient conditions are found for the global solvability and uniqueness
of the solution of the difference problem., It is shown that the global
difference solution converges by a passage to the limit to the general-
ized solution of the initial differential problem.

The present paper, which is a continuation of /1/, considers the difference solutions of
the following boundary value problem for a quasi~linear parabolic equation of non-linear heat
conduction with a source:

du a?

Tty () +u!, >0, z=(0,)), (1)
u(0, ) =u,(z)=0, O0<z<l, u,eC([0, 1]), (2)
u(t, 0)=u(t, 1)=0, t=0, (3)

0>0 and p>1 are fixed constants.
Problen (1)—(3) is associated with the implicit (non-linear) difference scheme /2/

a_:£=(a~+*)n+fz“, (t,2) €0 Xon, )

u°=uM, TE Wy, ﬁEIIA, lE0,. (5)

Here and throughout, we use the same notation as in /1,2/.

In /1/ we examined the conditions for scheme (4), (5) to be solvable at a fixed time
layer, and we also showed that, if B>0+1 , the difference solution may not exist, may not be
unique, and may increase without limit during a finite time.

Below we obtain the sufficient conditions for global solvability and uniqueness of the
solution of problem (4), (5), and we also show that, as 1, h—+0 , the difference solution con-
verges to the generalized solution of the initial differential problem (1)—(3).

5. Global solvability of the difference problem and passage to the limit
with p<o+1, 1In this section we cbtain the conditions for the global solvability of pro-
blem (4), (5) in the case when p<o+i. (Here and in Sect.6, the mesh o, is assumed to be uni-
form.) .

Theorem 6. Let P<oti. Then, with sufficiently small T, the difference problem has
a global solution (i.e., for any 7T>0), the solution being unique.
If p=¢+1, a similar claim holds under the supplementary assumption

4 h
A,"-=—sin*("_)>1. (5.1)
Then, on the basis of Theorem 6, we can prove the convergence of the difference scheme
(4), (5) as 1, h—~0 , and at the same time we prove:
Theorem 7. Let the initial function u,(z) in (2) be such that ug*eH,'(0,1). Then,

with p<o+1, the differential problem (1)—(3) has a solution satisfying the inclusions.
ual=(0, T; L***(0, 1)), w*'eL=(0, T; IL'(0, 1)), (5.2)

P
L erOTHOD), R SLOTLOD), (5.3)
If PB=o+1, a similar claim holds under the supplementary assumption

AP= (/D) > 1. (5.4)

To prove these theorems, we require some preliminary lemmas.

Lemma 2, For all E, n=R,*' we have
(§u+l_nt+l) §§ < p-a*::-i*_i (§B+¢+|_nu+¢+i) +C‘[max (E, T]} ]B-l (Euc/x_.qu-/z) I' (5.5)
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where C,=C(g, B)>0 is a constant.
Lemma 3. Given any mesh function weH, ,
Ianc YRTA o4t "Al/(-fl)' Ay=lvriosn, (5.6)
1f the function v(z)=0 is such that v"*'eH,*(0, I), then estimate (5.6) holds with h=0,
Lemma 3 is proved in /2,3/, while inequality (5.5) is proved directly.
Proof of Theorems 6 and 7. We fix arbitrary T>0. Let ul" (z)=H,(0, ).
1. we first consider the case P<o+1. By Theorem 1L (see /1/), with p<ot+1l , scheme (4)

is solvable for any T . Multiplying scalarly both sides of (4) by @°*' and then using the
estimate /4/

E-n)gi= —(E - ), EasR,,

we obtain
a9+3 Biott

1
'U:'z——r-(Mh,uz luls, uu)'Hlflr'““A o<liley Stosts (5.7

By means of the estimate /2/

!val;:::;sSAql]v;“lI f;"“m’“), nel,, A =]+ Cornesn
and Young's inequality /3/, we obtain
|u|:;::,‘1<—u 2"t ytA,, (5.8)

[(o+1)—B] [
2(p+o+1) LA, (p+o+1)

] e+ 1)/ [2=l04 )]

A=

In view of (5.8), inequality (5.7) takes the form

. 1 11
izilﬁh,::g+?llﬁ°“ll:,:<t4«+-1—' o+2|u|l.o+:- (5.9
a
From (5.9) we obtain the estimate
max [ e <A T (0+2) Huamlner<4s {5.10)
[
ax_md by (5.6), the inequality
max |u’“|g<A,[2A +-2 2 1 A]i/:(ou) . 5.10)
eiaN T (o+2)

To obtain the other a priori estimates, we multiply (4) scalarly by (@°*'—u°**)/t and
then uee inequality (5.5), along with the inequality (§"*'—n*)(§—1n)=Ci(E'+°*—n'*?)? valid for
all &, neR,!, where (,=C,(6)>0 1is a constant /4/. As a result, we obtain

sl40/2__ 140/2 3 1
a|———|  s-5Oe- (5.12)
T A2
T SR N PV R o B P R U8
gtotl = '

‘l+6/2_ui+ﬂll 2

Cix[max{lslc, lulc} 1P~ I T ra

When obtaining (5.12) we have also used the fact that ((a°*')s., &°H'—u**')s=— (ﬂu"“ll»z—l|u’“llu)/2
by virtue of the inequality E(E—n)=—(8'—n"/2, §, n=R,%.

We now choose so large an N that C,t[max {|i&[c, |u|c}]P-'<C/2 for all 0<j<N, i.e., (see
(5.11))

q (5=1)/2(a+1) C,
___A,] <=2at (5.13)
(c+2) 2C,

It is easily seen that, in the case f<o+1 , this is always possible, Then,summing Eq. (5.12)
over all j from (0 to N and applying Young's inequality (sece e.g., /3/), we obtain

G2

jmt

2
x[zm+—
T

Grei_pttelz 2
u I +_1_" (unn)nl“:"{
L %] 2

+1 . ot+1i .
;*_c_*_“u'\“l:;it;l "ll o ln.s— E*_-O—H'IHM.;,,:LQ -—“ (u"“)’“"n 1+A|
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Hence we have the inequalitics

N
al+u/2__ul+u/l 2
Y+ | <Ar (5.14)
T a2
J0
max [ (@)t <4, (5.15)
N

Thus the restriction (5.13) on the time T step ensures global solvability of difference
problem (4), (5). Notice that, using (5.6), we obtain from (5.15) the inequality

max |u*|.<4,. (5.16)
(T4, 4

Let us show that, for fairly small t , the solution is unique. Let there be two solu-
tions #, and 4., and let Tt be such that restriction (5.13) holds, and also the condition
1 .
1<TA.‘ . (5.17)

It follows from (4) that g,—d,=<(2 " =8  )utt(3—0*). Multiplying this equation scalarly by
ot 5", we get
(Gy—ilz, l“‘l.“_az'*')A=_T"ﬁ.l+‘ _’2:“ "Af: +

@it 0t —ast s
wplmax{ide, Vaale) 1P (Ba—its, @7 =03 )0,
Hence we conclude, using (5.16) and (5.17), that (d,—i,, it —11,'“)‘=0, i.e., =0,

To justify the passage to the limit we need a further estimate, from (4), we have

NG ) eellna=1Go4 nzy (8800 (1) 21010,

we obtain by means of (5.15):

d—uy’ N .
—|| < 18 sl H 2%
T [ %]

Hence, since

e
max [| || <au. (5.18)
oCIEN T XY
We introduce for simplicity the notation
LAz 1
vn —Ur .
Vegelep = — - L, st

From (5.10), (5.14), (5.15), (5.18), recalling the results of /4/, we obtain the following
estimates:

gpr(u’)°**  are bounded in L=(0, T; H,'(0, 1)), (5.19a)
ap(W)™  are bounded in L=(0, T; Lexnrern(0, 1)),
g:.qx(v')°*' are bounded in L=(0, T; Liexa/e+(0, 1)), (5.19b)
7. ()'*"*  are bounded in L=(0, T; L*(0, 1)),
V.q. g (@) *** are bounded in L*(0, T; L*(0, 1)), (5.19¢)

gpsu’ are bounded in L=(0, T; L**(0, 1)),

V..p!  are bounded in  L=(0, T; 11(0, 1)), (5.19a)
[g2n ()12 are bounded in L= (0, T; 1[-*(0, 1)),
g qn()® are bounded in L=(0, T; L@*»(0, 1)), ¢:(t™*') are bounded in L°**(0, ). (5.19¢)
These estimates, along with the compactness theorem of /5/, justify passage to the limit
as 1, h—~0 (sce /4,6,7/), as a result of which we prove the existence of aglobal solution of
problem (1)-—(3), satisfying inclusions (5.2), and (5.3).
2. Now consider the case P==0+1. On estimating the term on the right-hand side of (5.7)
with the aid of the inequality /2/

1 L
lvul:_g‘(’:::)g F” Un“ "nf:, neH,,
'
we cobtain
1 1, e i s 1 1 o4t
m—;hlnﬁn*‘ (1—;‘—',)"11"'|IA.:< m’;‘lull.v“'

Hence (see (5.1)) it follows that (5.10) holds when 4,=0 and that
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11).

o2t
We choose T so small that (see (5.13))

a41 Alo

|la°“l|.,\ lunln,on\ s

C, o,
—a g —0/3(041
oD = 4 -0 o+
2C,

We then have the inequality

ﬁnc/z_uualz 3 1 1 1
Z | | +.-—(1——,) () e < — (lui = lua A5,
M 2 by 2

j=o
whence estimates (5.14), (5.15), (5.16). The rest of the analysis is the same as in the case
when B<oi-1.

6. Difference stability set and passage to the limit when g>o+1 1In this
section we obtain the sufficient conditions for the global existence of a solution of differ-
ence problem (4), (5) in the case when §>g+i, which converges as 7, A-~0 to the generalized
solution of problem (1)-—(3),

1. We define for all vl the functional

+
JA(UA)——GA(UA) p_*_ +1 (A)v (6.1)

o4l

where g,(v)=llva ]l.;, Ba(va) =luals, ::::x

Lemma 4. Let Pp>o+1. We then have the inequality

. +1)

dy— inof Tt >P=O D om0, .

e e n(wn) > 2 +o+1) .2
TpH0

The proof is similar to that of the similar proposition in /8/.
We define the difference stability set ¥’ by the expression

”’A'={UAIU;.EHA, o (lvn) <dm re [0» 1]) (6.3)

By (6.2), ¥ is not an empty set.
By the constructionof ¥’ we have:

Lemma 5. Let B>g+1. Then ¥=#'U{0}, where
Foy= {Un | wnel), an(vn) —ba(1n) >0, JA(VA) <d'\} . (6.4)

Note 1. If the functions u(z)»0 in (6.1)—(6.4) are such that »*+'eH:'(0,l), then Lemmas
4 and 5 remain true with k=0 (see /8/, and also the similar assertions in /9, 10/). In this
case, instead of Iy ¥ ¥»°... we shall write Jo, ¥, ¥0o'....

2. Theoren 8. Let P>o0+1 and let the function u, in (5) be such that uwSH#s» Then,
for fairly small t , the difference problem (4}, (5) has a global solution, belonging to ¥’
for all tew,, the solution being unique.

Note 2. In the conditions of Theorem 8, no reduction of the step T ever leads to un-
boundedness of the difference solution. Hence, by Theorem 5 (see /1/), inequality (4.4) may

(e+1)-8

not be satisfiled if umeX¥’), i.e., 1-A(um, ta)a <0, upcHa. This inequality is a further

characteristic of the difference stability set.
Passing to the limit at 7, h~+0 , we obtain from Theorem 8:

Theorem 9. Let p>0+1 and let the function u, in (2) be such that u&#’%. Then the
differential problem (1)—(3) has a global solution, belonging to ¥, for all t=(0,T), and
satisfying the inclusions (5.2), (5.3).

Here, ¥ is the closure of ¥%in the set {ulu(z)=0, uv**'eH.'(0, )}.

Note 3. It was shown in /8/ that satisfaction of the condition /o(us)<0, which is in
a sense opposite to the inclusion u€¥, (see (6.3)), implies that the solution of problem
{(1)—(3) is unbounded, and for the time of existence of a solution we have the estimate

pro+1
G- [p—(o+1)]

1-8
Kp=1)/(0 P2 ugll posso,0)<+e<,

Proof of Theorems 8 and 9. We fix an arbitrary T>0. Given any function u,(z)e¥,
u,#0. Then, unE¥, for fairly small j, From this and Lemma 5,
p—(ot1)
g (um) <N (un),
2(B+G+i) ﬁ( oﬁ) A( Uh)

and hence (see Lemma 3)

Iunlc

2(p+at1) s () 304
el B
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Let us show that the constraint

= min {1, C,/2C,}
(1+A4,) 4202 (144, )““
ensures that scheme (4) is solvable at each step.

We take the first step. By Theorem 2 (see condition (2.9) in /1/ with C,=1), scheme (4)
is solvable under condition (6.5). Then, from (5.12), recalling that

C.
t[max{lutle, [u'lc} I*-'< '2—2:‘

(6.5)

(notice that, by (6.5), we have lu’|cs|u“|c+1, see Theorem 2), - we obtain

(ul) 1+e/2 (uﬂ) 140/2 (2

5 Si[ln(u")—h(u*) 1. (6.6)
2 T h3 T

Let us show that u!'€¥#’%. In fact, assume that u'@¥. Then, since u'-u® as t>0 and
=/ 4% we can always find T, satisfying condition (6.5), such that u'€d¥’. By (6.3), this
means that Jy(u')==dr. Hence we obtain a contradiction with (6.6), since, by hypothesis, /i(1°)<
dh.

Thus 4'S#% We then find by Lemma 5 that a(u')>b(u'). On estimating the right-hand
side of (6.6) with the aid of this inequality, we have

+o/2__ (1,0} 14072 2 —(6+ 1
A NCD bl C e | o st WM S RS SN
2 T a7 2(ptotd) T
Hence
ﬁ_'(0+1) 1yort|| 2 <7, (0
2(protl) il ()= <Ja (u”)
and hence |u!|c<Au. This last inequality justifies taking the next time step with condition

(6.5) on T, etc.

Notice that, for the global solvability of the problem, it is sufficient that t=o0(h%),
k<1, in the difference stability set ¥,

In short, when condition (6.5) holds, the difference problem has a global solution, and
asi, |alesA,,  for all 0<j<N , and moreover,

frtez_pive/z 2 p—(o+1) o ;
2 l h.2+2(ﬁ+0+1) 187+ 0z (uon).

i=0

The uniqueness, for sufficiently small T, of the uniformly bounded difference solution is
proved in the same way as in Theorem 6.

The difference solution satisfies estimates (5.19), which enable us to pass to the limit
as T, k~0. As a result, we establish the existence of a global solution of problem (1)—(3)
with B>o+1, where us¥, for any >0 by virtue of the condition. uwS¥) for tSo.
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