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DIFFERENCE SOLUTIONS OF A CLASS OF QUASILINEAR PARABOLIC EQUATIONS. I.”

V.A. GALAKTIONOV and A.A. SAMARSKII

The properties of implicit difference schemes for quasilinear parabolic equations
of non-linear heat conduction with a source are investigated. The sufficient condi-
tions for the scheme to be solvable, for a difference solution to be non-unique and

non-existent, and also for its unlimited increase over a finite time, are determin-
ed.

1. Introduction. 1In this paper we study the properties of difference solutions of
quasilinear parabolic equations of the type encountered in non-linear heat conduction with a
source

a:
9u_ 9 (wor)tu, (1.1)
at ozt
Here ¢>0,p>1 are certain fixed constants.
Equation (1.1) was considered in /1—7/ (see also the bibliography in /8/) when invest-
igating the occurrence and evolution of dissipative structures in non-linear media with volume

energy dissipation. It was shown, in particular, that the solution of the Cauchy problem for
(1.1) may be unbounded, when for a certain T, <+

max u(t,z) >+, t—~T,". . (1.2)

x
It was also established that when p=0+1 the unbounded solution is localized in the sense that
as t—T, the solution increases without limit in a set of finite measure.

The investigation of the unusual properties of the solution of Eq.(l.l), carried out in
/1—6/, rested largely on the results of a numerical sclution of this problem.

In the present paper we investigate the degree of adequacy with which the solutions of
the implicit difference schemes for (1.1) describe the properties of the solutions of the
corresponding differential problen. )

1. For Eq.(1.1) we will consider the boundary value problem

u(0, z) =u.(z) =0, O<z<l, u=C([0,1]), (1.3)
u(t,0)=u(t,1)=0, =0, . (1.4)

where 0<lI<+o is a certain constant.

The sufficient conditions for the implicit difference scheme for Eq.(l.l) to be solvable
(Sect.2), and for the solution to be non-unique (Sect. 3), non-existent(Sect.3), and (the dif-
ference analogue of condition (1.2)) to be unbounded (Sect.4) are obtained.

In Sects.5 and 6 (to be published in the next number of the journal under the same title)
we obtain the conditions for the system to be solvable as a whole, and for the solution of
the difference problem to be unique, and we also establish the admissibility of the limit
transition, as a result of which theorems on the existence of a solution of problem(l.1l), (1.3),
and (1.4) are again proved (see /9/). Note that unlike the case considered in Sect.5, I<f<
ot+1 when B>6+1 global a priori estimates of the difference solution do not exist. For
p>o+1 we establish in Sect.6 the limitations for which the solution always belongs to a
certain difference set of stability X¥°, as soon as this inclusion is satisfied at the initial
instant of time.

The results obtained in Sects,4—6 indicate that for fairly small but finite intervals
h, T of the space-time net, the solution of the implicit difference scheme exhibits many im—
portant properties, inherent in the solution of the corresponding differential equation (1.1).

2, We will introduce a uniform net in space @ with an interval h=l/(M3+1), M>0 is an
integer, a system of time intervals {t}, 1;,,<7 and a time net 0. generated by it. Every-
where, with the exception of Sect.4,we assume the net ®¢ to be finite and uniform: T=1=T/
(N+1), 0<j<N, N>0 is an integer, T is a positive constant (in Sect.4 we have 7,+0 as j—oo
and the net & is non-uniform).We will denote by H: the set of net functions uvy={vi|Ue=vi+,=0,
ve20, i=1,2,..., M}.

We will assume that problem (1.1), (1.3), and (1.4) corresponds to the following implicit
(non-linear) difference scheme /10/:

i—u

T

= (") s, +18°% (t,2)s0,Xom, (1.5)

u'=un, IEW ieH,, tEw,, (1.6)

where ﬁ=u{'ﬂ, u=u,’ is the required net function, (V)m=(Uin—20stvs=1)/h? is the notation for the
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operator of second-order difference differentiation /10/, and uuw is the projection of the
function u(z) on w,.

When formulating problem (1.5), (1.6) and all subsequent results, we will assume that
the difference solution is non-negative. In fact, the difference scheme

27 o (181%) e [max {0, 8})%, (£, 2) S0 Xon 1.7)
T3

is identical with (1.5) when #20. However, as can easily be seen, the solution i of scheme
(1.7) canmnot be negative if u=0 in w, (moreover, >0 in ws: so long as u#(0). Note that a
similar "weak" maximum principle also occurs for the differential problem.

A detailed study of the difference scheme (1.5) without the non-linear termon the right
side has been carried out in a number of papers (see, for example,/10-~15/). It is shown in
Sects.3—5 that the presence of a source considerably changes the properties of the solution.
The most interesting case from this point of view is the one where P=o+1! when a difference
solution may not exist, may be non-unique, and may be unlimited. The latter indicates that
(compare (1.2))

wax pl>teo,  jortoo (1.8)
1R
(in this case we assume that E“’ 7;<+~), When 1<p<g+1 and for fairly small Ta solution as
a whole will always exist, and :Lt will be unique.

3. Many results in Sects.2—4 can be reformulated for difference schemes for parabolic

equations of the type (1.1} having the general form

du at
S =EeWTew, >0, 2=(0.h), (1.9)

where ¢, QeC*(R,*)NC([0, +=)) are specified functions, and ¢{(u)>0,¢'(2)>0, Q(u)>0 when u>0,
9’(0)=0, @(0)=9),

+oo
f om = (t.10

(inequality (1.10) is a necessary condition for unbounded solutions of Eq.(1.9) to exist, see
/16/). The implicit difference scheme for Eq. (1.9} has the form /10/

=[p(@)]=+Q@), (hz)=0Xou (1.11)

Without any major changes the difference schemes (1.5), (1.1l) can be investigated for
the case of several spatial variables,

4. We will use the notation employed in /17/. The space Va={v|i=0, {4,..., H+1; Ve=Usr41=0}
is provided with a scalar product and a norm, which are found from the equations

N
(vs, Waa=h Z viw,  lulae=(us, a)a™. (1.12)
it
The norms in the net analogues of the spaces Li(0, 1), ¢g=1 and H,'(0,l) have the following forms,
respectively,
M 1/q M Veni—U; I
Iv,.ln_,=(h2|v«|") y "UA”r.,:z(hZ %l ) .
fmy fm0
We will denote the norm, dual to [l . with respect to the scalar product (1.12) by [[-Ih" i.e.
(v, wakn|
v = sup S
ﬂ h"hl ]‘)'h ﬂwh“h.z
u‘h#o
The following equation holds:
I (Uh)iz”;,!:" Ualla,z, neV,, (1.13)
In the net analogue of the space C(0,1) the norm has the form
lvile= max lvl, neV.
IS

We will introduce operators of extension p. and ¢», assuming that pw, is a continuous
function, linear in each interval [ik, (i+1)k]}, and paun(ik)=v,, i=0, 1,...,M+1; g is a piece-
wise constant supplementation of tlie net function wn<V,, which for all zh<:c<(l+1)h is egqual
to w. It is obvious that pwnel'(0,1), gonsLi(0,1), and

lgaoallets, n=|valn o  IPbsllsso, ) =1valls, 2
In a similar way, for the net functions Vs, defined at the nodes of the net oXon, we will
introduce an operator of extension ¢, form the formulas g.paVea=pitit!, G:@iVe a=qwi! for all

ji<t<(j+1)7, j=0,1,2,...,N (the net w, in this case is assumed to be uniform).
We will denote (see /10/) by

4 nth
h.—_
A= st ( . ), (1.14)
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t
\]‘,.(I)'———M-sin (ix_), 0<z<l, (1.15)

h i

the first (least) eigenvalue and the corresponding eigenfunction of the difference problem
() =HAh=0, z€w, PEVa (1.16)

The function ¥» in (1.15) is chosen so that |fa]ss=1. Note that w(z)>0 in o
Throughout this paper the difference constants independent of hand T are denotedby A,
Ay....

2. The sufficient conditions for the difference scheme to be solvable in
a fixed time layer. 1. We will show initially that when p<o+1, and also when P=o+i,
A4>1 , the difference scheme (1.5) is solvable for the net function#® (u in this case is
assumed to be known) for any values of T. To do this we will need the following assertion
(see /10,16/).

Lemma 1. For any function ue=H, the following éstimates hold:

2(041) 1 o4ty 2
lvnla\,:(u“) < i—n—' IEXN "a,:, (2.1)
1
B4+t ol BHot1)/{o+1)
IvalaprarssSAallon TG ggmpreroririrn, (2.2)

If the function v{z)=0 is such that v""'€#,!(0, l), inequalities (2.1) and (2.2) hold when k=0,
Consider the continuocus operator P,: R¥—R¥

Pa@)={ = @ e, k=1,2,....0}. (2.3)

The existence of a root of the equation P.(d)=0 will denote that scheme (1.5) is solvable.
Suppose initially that 4{<p<g+i. Then

(PA(8), 8%)a =~ (@, 570 (L 52 (2.4)

Using inequality (2.2), and also the estimate /12/

1
- ot > a+2__ 4042 . t 2.5
(E=mEH>—— (), &, =Ry, (2.5)
we obtain from (2.4)
. . 1 1 612 [ 22234 2({04t
(P,,(u),u"“)h>—m-;—lllln,uz—Iﬁln,afv+|+A1|ﬁ|n.;+:f’ly

where A,=[-1P+3¥)/B+e#1) The second term on the right side can be estimated using Young's in-
equality /16/. BAs a result we obtain

E+o+1 1, 2(9+1)
laln.gqmq.l < ‘_2— Iulh.ﬂ+0+l+A11

A:

oFl—B [ patl 7 Breruswhn
T 2(0H1) [ A (o+1)

The final estimate takes the form

N a Al ap 2(043) . 1 1 642
(Pn(2), 8 +l)r.>—2' |u|n,s$+:+|—' (Az+——”c+2—;luln,q+;) .

Hence, by virtue of Brauer's theorem /17/, we can conclude that the equation Pi(@)=0 in the

sphere
2 1 1
2(0+1) a2
1ilnseo <—(.4 +——1Iu z) (2.61

Inssoss Y Sl Ihos

has at least one solution (note that there are no solutions outside this sphere).
Now consider the case when Bp=o+1. Then, we have from (2.4) and (2.1)

1 1 o4
———luli..
at2 ¢

Hence, when A#>1, the equation P,(2)=0 has at least one solution such that

(Po(i2), 87> (P —1) [ genrr sy —

1 a4z
- 2(0+1) .. .
'ulh_z(cu) <_—(}.|n_ 1‘)__'(0_‘_2)—“ luleses (2.7)

wWe have thus proved the following theorem.

Theorem 1. suppose B<o+1 or B=oc+1, A >4, Then, for any 1>0 at least one solution
inelly of the scheme (1.5) exists, which belongs to the sets (2.6} or (2.7) respectively, and
there are no solutions outside this set.

Note. 1. As estimates obtained in Sect.5 show, under the conditions of Theorem 1, dif-
ference scheme (1.5) has a unique solution for fairly small >0.
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2. The following result, similar to Theorem 1, holds for scheme (1.11) of general form.
Suppose that for all u>0

Qu) =vi@(u)+vz, vy=const<A,", ~v;=const. (2.8)
Then in the set

-~ i
u <
|(P( )lh.z a

vy

1
[Vz"" +—|ulars ]
T

at least on solution mel of scheme (1.11) exists.

2. When B>0+1 or p=o+1, A"<1 the operator of scheme (1.5) is not coercive,and Theorem
1 ceases to hold. In these cases we will seek a solution & of scheme (1.5) close to u for
fairly small v. We will put #—u=2 in o, and introduce the continuous operator Fu: R¥—R*:

Fr(2)={t[ Gytu) ]t (2tu,)?, k=1,2,...,M).

The presence in F, of a fixed point denotes that scheme (1.5) is solvable., We have

2
an(z)ICS(Iulc+Iz'|c)"r+-h—z (Iulc+lz|c)a+‘ T.

Hence the operator F. translates the set X,={%||2|.<C,} into itself (here Cy is an arbitrary
positive constant), if
Co
< . (2.9)
T QulF Gy r2n(lal+Co) o+
Then, by virtue of Schauder's theorem regarding the fixed point /18/, the following theorem
holds.

Theorem 2, Suppose condition (2.9) is satisfied. Then the difference scheme (1.5) has
a solution i€l where |d—ufc<C..

Note 3. Assuming that Co=|u|c in (2.9), we obtain the following expression for the
maximum possible time interval T4, for which scheme (1.5) is solvable:

tq =@ule+ 24 afe A1)k (2.10)

In the last paragraph we will show that this estimate regarding the nature of the dependence
of tgon julc is in a certain non-improvable (note that in the case of uniformly bounded |u|c the
estimate 13 =0(k*) when k<),

3. Conditions for the non-uniqueness and non-existence of a solution of the
difference scheme. 1. we will show that when p>o+1 and for fairly small T the implicit
difference scheme (1.5) has, in addition to the solutions constructed in Theorem 2, one other
solution, which lies "close" to the root U=t~¥®-1 of the difference equation

O/x=0". (3.1)

Equation (3.1) is identical with (1.5) if in the latter we ignore the term (&°*')z and put
u=0. This second solution is such that |O|c>+w as 10,
We will put 2=4—1-Y®" and determine the continuous operator G R¥—R¥ from the
equation
Go(2) = {1 (21 -V) P b [ (2T O0) M VO Dby — 2y, k=1, 2,..., M).
The existence of a root of the equation G,(4)=0 will denote that scheme (1.5) is solvable.
Consider the expression

(Gh (1) , z),‘= ( (2+1:‘“‘"") u_.r-m-n’ Z)n +
([ Ve-0)ort)e 2) ot (u, 2)a— |t =L+ 1T 12] 2,

On the sphere |Z|n:=a,>0. It is obvious that |[z[c<a,h~%, and therefore by putting

No=aoh="hgt/ =1, (3.2)
where %
L=—121l (@tr-ve-n)TH (e ) _hz;u.*_m)anlv.-'
I;?-IzIh,zluln,z=—aglu|n_z.
To estimate Jywe will use the inequality
+1
nlm—1]>E (3.3)
which holds for anyp>1, |n|<C.(f)<+e. Then, by choosing Tto be so small that
Ne=a.h~“t"/¢-V<C.(B), (3.4)
using (3.3) we obtain
+1 +1
1,>£2—|zl:,=—"2 o

Hence, the following inequality is satisfied:
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O e G L

2
e pB=(s+ )V (B-1) . o+t)h .
s [ee.ir]}

Hencz we conclude that (G.(2),2),=>0 for all
2 tmtotn 1 (0-1) & et ph
fzha=a, =1 fulptr o 1HC.(B)] i}‘ (3.5)

It remains to show that conditions (3.4) and (3.5) are compatible for small T . Substituting a,
from (3.5) into (3.4) we have

T = _p_ii h—‘l-hdiu 1.1/(5—&) + Bit_ h”f’[{-i-C.(;}) ]c«n l'l: .[w-(ch)ll(a—x), (3 .6)

whence 1,0 as 10 if P>o+1, i.e. condition (3.4) does not contradict (3.5) for small T.
We have thus established the following result.

Theorem 3. suppose p>¢~1. Then, for fairly small Tthe difference scheme (1.5}, in
addition to the solution constructed in Theorem 2, has one more solution. 1If f=0+1, the
previous conclusion holds when (see (3.6)])

%h-”’[i+C.(0+i) JeHh<C.(o+1).

Note 4. Using the example of problem (3.1) it is easy to show that in any neighbourhood

of the solution O=t-1¢-1 as sui‘all as desired, the operator
Filz)={t(aatt-1/G-1))8 g-1/68-1) k=1,2, ..., M}

is not a compressing operator. Hence, we can obviously assert that the solution of scheme
(1.5) constructed in Theorem 3 is unstable with respect to any iterational process (this
conclusion is confirmed by a number of numerical calculations (1—6).

2. We will show below that when p=¢+1, and for certain restrictions ontand k, dif-
ference scheme (1.5) can generally have no solution. To do this we will use the estimate

2
(l‘l'”');,}—?ﬁ"“, TEW,

and taking this into account we can derive from (1.5) the system of inequalities
a>utrnst (aﬂ-w“’—%), z=a0n. (3.7)

It is clear that it is sufficient to check that (3.7) holds at the point where maxu,is reach-
ed, i.e. to determine the conditions for which the inequality

g=|u| ottt (E"“'“’ ——hz—,) (3.8)

has no solution in R,'.
We will first consider the case when f=o0t+1. Then, inequality (3.8) takes the form

z>|u|c+rgv+'(1—7f;), teR,,

and, as is easily shown, has no solution if

-1
B2, 1>t lulc—o(1_i) ] (3.9)

p— Da
T (o)t 3
Suppose now that f>a+1. Using the Young inequality

_ p_(o-f-i) [4(04.1) (o4 1)/[B—(0+1)]
B

ht
130 % tte, EERY, e

pa ’
we obtain that inequality (3.8) has no solutions if everywhere in R;!
2t T
§<|u|c—-ﬁe+-§~§’.
Hence we obtain the condition for scheme (1.5) to be unsolvable when p>at+1i:
2¢ ﬁ‘i 2 1/(B—1)
>—1+—-—(——) . (3.10)
lule X B Bt

We have thus proved the following theorem.

Theorem 4, Suppose p=o0+1. Then, when conditions (3.9) are satisfied the difference
scheme (1.5) has no solution. When p>o+1, the difference scheme (1.5) is unsolvable when
condition (3.10) is satisfied.

Note 5. Inequalities (3.9) and (3.10) give specific estimates of the value of the time
interval v for which no iterational process for solving the implicit scheme (1.5) will con-
verge. These estimates can be used innumerical calculations. In this connection we will
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consider inequality (3.10) in more detail.
Suppose
2[p—=(o+1)] 1 4(a+1) q E+D/B-to+1)) B-1 ; 2y v&-»
Pl i b v bg= (_..) .
b [ B ] B \p

Then (3.10) takes the form
|ulczao.‘(h:)—D/(a-(a+l)l+bn-[—1/(a-|)
and is satisfied, for example, when

b 8/(p~1)
|u]c=pacde(h?)~1/1B-ta+ 1)1, do—_-[ _—..] , (3.11)
ag(f—1)

=T us .—=do(h=)(ﬂ—i)/m-(v+:n. (3.12)

At the same time, condition (2.10) for the solvability of the scheme when the quantity lule
is chosen from (3.11), takes the form

Tg =h(hz)(5-l)/lﬂ-(a+l)l' la=[25(ﬂaodo)°"+2°”(Baodq)”']-'
and is identical with (3.12) in the form of the dependence on the interval & of the space net.
Hence we can conclude that condition (2.10) for the solvability of scheme (1.5) when p=o+1
cannot be improved for fairly large values of |u|e (when, for example, the difference solution
is developed into a mode with accentuation (see Sect.4).

4., Bounded difference solutions. we will determine the sufficient conditions for
the difference solution of problem(1.5), (1.6} to be bounded, in the sense of (1.8), when
p=ot+1. (As will be shown in Sect.5, when §<o+1 problem (1.5), (1.6) has no unbounded solu-
tions.) To do this we will use the difference analog of the method, which was previously
employed in the differential case to investigate the semilinear (0=0) /19.20/, and the quasi-
linear /9,21/ equations of the form (1.1) (see also /22/).

1. We will put

E=(0, {u)n, 1=0, (4. 1)
where ¥a(%) is the eigenfunction (1.15) of problem (1.16) corresponding to the minimum eigen-
value (1.14). Miltiplying the system of equations (1.5) scalarly by 1, we obtain the chain
of equations

E-E
T
*=Ey= (U, $a)1, (4.2b)

in deriving which we took into account the fact that /10/ (see (1.16))
(@) 22, Pa)a== (B, () z=)a=—A" (37, ).

In view of the normalization of the function {x and the fact that it is non-negative in o
the H&6lder inequality holds (we recall that P=o+1 and the function >0 is such that|{u|s =1)

. (ﬁb’ 1;,.);.-—-((&’“)”‘"“’, \Ph)h> (ﬁa{»!, \rr.)h”(”'n,
taking which into account we can derive from (4.2) the estimate

= — A, P )at (85, ), t€ay, (4.2a)

E-E o -
=@ T A, T e,
i

Applying the Holder inequality (4%, $).=(&, {»)i" once again, we obtain

— A
_E_TjE_z(ﬁon, ¢h)n’,(q+’) [1 ""EB_A-"(H'—:T] ’ =0y, (4.3)
Suppose the value of E,is such that
Pa=1—'lihEo(u“)-’> 0, Ev=(uo, '¢n)r. (4.4)
(note that when f=o+1 this condition has the form A"<1). We can then conclude from (4.3)
that E>E in o.for fairly small T j=0, 1,..., and hence
E—E>Eﬂ(1——i—)=pEﬁ T
T’ = Eg—(q+‘) 0 £ 11
Since
lile= max 4,=E, teoy, (4.5)
1SRG

to determine the conditions for the solution of problem (1.5), (1.6) to be bounded it is
sufficient to find a system {t;} of time intervals such that

-

T.=ZT,<+(» (4.6)
J=0
and from the inequalities

E=E+tpu ks, tso, E°=E, (4.7)

we obtain the condition
E’-—>+oo, j—v--*-oo. (4.8)
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In view of (4.5), the correctness of (1.8) follows from (4.8).

Suppose
G=dp=, =0, 1,..., (4.9)
where A>0, a>0, p>1 are constants which will be defined later. Then
A (3
=2l e, (4.10)
p*—1

i.e. condition (4.6) is satisfied.
We will show that when there are certain limitations on the quantities A4, a, p, we obtain
from (4.7) that the following estimate holds:

EiZE ., j=0,1,.... (4.11)
To show this it is sufficient to establish that ’
Ep' 1 ELpP=Eop'tt, j=0,1,.... (4.12)

Substituting the values of T; from (4.9) into (4.12) and simplifying to obtain
1+ AW ES T ptb-s-vz2p,  j=0,1,... .

Hence, when the following conditions are satisfied:

a=p—1, p=1+ApEs (4.13)
estimate (4.11) holds. We have thus proved the following theorem.

Theorem 5. Suppose Pp=oc+1, and the initial function uwm in (1.6) is such that condi-
tion (4.4) is satisfied. Suppose the difference problem (1.5), (1.6) is solvable in its
sequence of time intervals (4.9), where the constants A,q, psatisfy relations (4.13). Then
the difference solution of the problem exists in a time (4.10) where

|u!| e=Epl->too,  jotoo.

Corollary. sSuppose o+1<p<¢+3 and we are given the function wu,(z)>0, z€R,". We fix
an arbitrary k>0. Then, for fairly largeMwe can find a set of time intervals which satis-
fies condition (4.6), such that the solution of the difference problem (1.5), (1.6) for I=
(M+1)h and uw#0 is unbounded in the sense of (1.8). If |uwm|s>2 for certain X, asimilar
conclusion holds in the case when p=0+3. )

This assertion holds for the differential problem (1.1}, (1.3), (1.4), see /2,4,7/.

Proof. For large l, for the value of g, in (4.4) the following estimate holds:

luglay 7 0H=8 p 5y (0408
[ e] " (4)
Ho 9 1
Hence, with the assumptions made p,>0 for fairly large [, which, in view of Theorem 5, en-

sures that the above assertion holds.

Note 6. The assertion of Theorem 5 and the corollary to it also hold for an explicit
difference scheme corresponding to Eg.(1l.1)

u—u
5

= (u.c"l);: 4 uf, )=S0 X o (4.14)

with the conditions (1.6). Naturally, in this case, there is no need to stipulate specially
that the difference problem is solvable. It is easy to show that when p=o+1 and four fairly
small +t/k* the solution of scheme (4.14) is subject to the maximum principle. Note that in
the semilinear case (0=0) the conditions for the solution of the difference scheme (4.14) to
be bounded were obtained in /22,23/.

Note 7. It is well known /9/, that in the case of the differential equation of the pro-
blem considered there are unbounded solutions where B=ot+i if Afl=(a/l)i<i. If A°>1, it is
always solvable "as a whole". Hence, we can conclude from (4.4) and from the inequality
AP<A® (see (1.14)) that when P=o+1 the difference problem may have unbounded solutions when
its differential analog of such solutions is not permissible in principle.

Note 8. The following result, similar to that obtained in Theorem 5, holds for the
general form of problem (1.11), (1.6). Suppose that for all a>0
e(u)<viQ(u)tv;,  vi=const<As*, vz=const>0
(this condition is the oppostive of that of (2.8)). Suppose, in addition, that the function
Q(z) is convex: Q”’(s)=0 when u>0. Then, if the initial function um in (1.6) is such that
: Ainvl
Ah—vy
the choice of the system of time intervals{r}in the form
AE,p!
AP=v) Q(Eap) = Av: '
where 4>0is an arbitrary constant, and p=1{+4>1, ensures that the solution of the difference

problem (1.11), (1.6) is unbounded in the sense of (1.8),and estimate (4.11) holds. The
series I%,7 converges if

Q(Eq)>

Ty= =01,..., (4.15)
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1
lim —* =]im_0(py)

= g=const>1. (4.16)
jem Ti4r ywe P QY)

We will show that it follows from (4.16) that (1.10) holds., In fact, in view of (4.16),
Q(py)>pg.Q(y) for all y=vy., where ¢>! is a certain constant. Then

d 1 d
1 <—I—n—. y>y.,
o em ¢ 2 Q(n)

and hence, (we recall that p>1)

( 1 v n oy dn FVe n
—_ + <
q-)h om o em J e

Hence while making the limit transition y-»= we obtain (1.10).

2, We will give an example of an unbounded solution of the difference problem (1.5),
(1.6) that can be represented in explicit form. This example, in particular, shows that the
requirement that the problem is solvable in a sequence of time steps (4.9), indicated in
Theorem 5, is not too burdensome.

Suppose fp=0¢+{. The difference solution of problem (1.5), (1.6) will be sought in the

Yy>y..

form .
uy'=580,, (¢, z) =0 Xon

Substituting @’ into (1.5), for the net functions § and O defined in o.and o respectively,
we obtain the following problems:

—-S
T5

[

1
=—s*, =0, (4.17)

(0°+") s 0 = —;— 0, =, 0sH,. (4.18)

Suppose we are given the system of time intervals (4.9), where p>1, a=¢. Then the solution
of problem (4.17) will be the net function

Si=ph, j=0,1,..., A=ap=+i(p—-1). (4.19)

We will formulate the solution of problem (4.18) in the special case when ¢=2. We will
fix an arbitrary interger M>0 and we will put k=2sin [3n/2(M+1)]. In this case the length
of the section ! is

nh h

1= 3z arcsin~' —, 0<h<2. (4.20)

2 2 -
The solution of problem (4.18) then has the form
=14

9,={2[3(1—%sin’%h)] } sin(akh), k=0,1,...,M+1, (a.21)

where ay=n/l.

The functions (4.19) and (4.21) define an unbounded difference solution of problem (1.5),
(1.6) when g=2, f=3. When T, h—0 this solution converges to the solution of the differential
equation (1.1), constructed in /1,4/.

Note that the function (4.21) is not the projection onto ®. of the solution of the dif-
ferential analogue of problem (4.18) when o¢=2, although it has a similar structure. For
example, in the case when o=1, Eq.(4.18) also has the solution

0,=A, sin® (akh)+B,, k=0, 1,...,M+1,
where

h
ax =—1-arcsin—, 0<h<2, A =1 [2(22—1) 1",
Zh 2 Zh

By=—
" 4
which, however, does not satisfy the boundary conditions, and 0,>0 for anyk when Ah>0, Only
in the limit as k-0, when 3x,--%,, B,~0 is the function §, a solution of the (differential)
problem (4.18) when [=4n.

In the differential case, the carrier [, of the analytical solution @(z)of problem (4.18).

2(ct1) ., o }”" ot+1
— <ly=23—,
0(x) {0(0+2) sin [ 2(+D) x ] , 0<z<l,=2xn 5

gives the value of the so-called fundamental length, which defines the dimensions of that part
of space in which the unbounded solution of the Cauchy problem for Eq. (l.l) increases to
infinity /1—6/. Note that the fundamental difference length (4.20), corresponding to o¢=2,
differs slightly when h<{ from L=3a. This difference may be considerable for fairly large
h, for example, l=9 when h=1, and I=6 when h=2.

ih{i—[2(2xu—1)l"‘}, .“:1_%[1_(1_?)%]’

The authors thank S.P. Kurdyumov and V.B. Andreev for useful discussions.
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