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USE OF EXACT DIFFERENCE SCHEMES FOR ESTIMATING
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(Kiev, Moscow)
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THE METHOD of straight lines for partial differential equations, based on approximation of
part of the differential operator by certain finite-difference relations, is considered. With the aid
of the operator of exact difference schemes, the rate of convergence of the approximate
solution is established, under natural conditions on the smoothness of the solution of the initial
problem, whereby the existence of the solution is guaranteed.

Introduction

A lot of work has been published on the method of straight lines; the work up to 1965 is
surveyed in [1]. All the schemes of the method can be roughly divided into two classes; the first
contains schemes based on approximation of part of the differential operator by finite-difference
relations, and the second, schemes in which part of the differential operator is approximated by
means of a variational-projection method. As regards the second class of schemes, there are many
publications in which convergence-rate estimates are obtained in the norm of L,, under natural
assumptions about the smoothness of the solution of the initial differential problem. (It may be
mentioned that these results are only obtained for equations of parabolic and elliptic type;
see [2, 3] and the references cited there). No similar results have beeb published for schemes
of the first class; the usual approach to obtaining convergence-rate estimates leads to excessive
smoothness being demanded of the solution of the differential problem; these demands are not
usually met in practice. The reason is that the approximation error appears in the a priori estimates
in a form which contains high-order derivatives of the solution of the initial problem. In the
present paper we offer a new approach to estimating the rate of convergence of schemes of the
method of straight lines of the first class, based on the use of the exact difference schemes originally
introduced in [4, 5]. With this approach convergence-rate estimates can be obtained, of the same
order, and under the same assumptions about the smoothness of the solution of the initial
differential problem, as for schemes of the method of straight lines of the second class [2, 3].In
addition, several new points arise which will deserve attention. Notably, the estimates are obtained
in stronger norms than the norm of L,. Also, on the basis of [6, 7], our approach allows
similar results to be obtained for systems of partial differential equations and of high-order
equations, and also, the results can be extended to quasi-linear equations.

*Zh. vychisl. Mat. mat. Fiz., 20, 2, 371-387, 1980.

102



The rate of convergence of the method of straight lines 103
1. Notation and auxiliary results
Let us first give some results from the theory of exact difference schemes.

Consider the boundary value problem.

[ = ‘Z]—q(z)u=—f(z>, 2=(0, 1),
P .1

u(0)=a, u(l)=b,  p(z)=1/k(z).
Let the following conditions hold:
Conditions A:

a) 0<v=<k(z)=<p, v, p=const and k(x) is a summable function in the interval
[0,1];

b) HQHL,(D, x)<H<°°, 321, Q(.‘L') =0

¢) f(z)eL,(0, 1), t=1, where L,(0, 1) is the space of functions summable to
p-th power.

When these conditions hold, the generalized solution of problem (1.1) exists, is unique,
and belongs to the class W21(0,1). We shall prove this statement, since it holds under weaker
constraints, and may be obtained (so it seems to us) by a simpler method than that used [8].

It is easily seen that, when conditions A hold, boundary value problem (1.1) is equivalent
to the following Fredholm integral equation of the 2nd kind:

u(z)+ jK(x,n)u(n)dn=F(x), (1.2)
where
%1} g d 1 d’;', -1
""I k() 0 “ |
|z, n|= x+n—|x—n|]/~, (z, n)=lz+n+]|z—n]]/2, (1.3)
. _ 1 dg —1 x 1 1% (C) _
Fla)=— [ o U’f(ﬁ) H f——k(g) (-2) ]+
and
l(:c)=||K(I, ’f])“L,(o. Q)EC[Oy 1], (1.4

m(n) =K (x, n)llcro, n=L: (0, 1)
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F(z)eC[0,1). (1.4)

Using Theorem 1.16 of [9], p. 109, it follows from (1.4) and (1.4") that the linear integral
operator with kernel K(x, n) acts from L,,,-,,(0,1) into C[0, 1], and is completely
continuous. Since, moreover, the operator of problem (1.1) is self-adjoint and negative definite,
we see also that the solution of integral equation (1.2) exists, is unique, and belongs to class
Cl0, 1]. If, additionally, we use the consequence of problem (1.1):

k(x)u'(z)=[ ‘% _’“‘jﬂg) dt dn

j j: (B)u(g)dt dn+b_a]’ (1.5)

then we have u(z)eW,'(0, 1), which is what we wished to prove. We introduce the
uniform difference mesh .= {z,=ih: i=1,2,...,N—1, h=1/N}. Ifwetakea
non-uniform mesh, the working is simply more laborious. We shall require the following below:

Definition. The exact three-point difference scheme for problem (1.1) is the scheme
U|=a|vn+i+btv|—1+wu l=1, 2, veey ]V—i, Ve=a, UN=b,
of which the coefficients a,=a,(k(-), ¢(-)), b.=bi(k(-), ¢(+)). wi=w.(k(-),

g(-), f(-)) are functionals of k(x), g(x), and f(x) in the interval z.-,<r<uz,.,, dependent
on the parameter 4. The following conditions need to be satisfied:

v=u(z,), i=1,2,...,N—1.
We have:

Lemma 1

Let conditions A be satisfied; then there is a unique homogeneous three-point difference
scheme for problem (1.1):

(usfa)s—du=—qg (), zIE€W,), u,=a, uy=>b, (1.6)
where a(z)=h~'v,(z), d(z)=T*(q(-)), ¢(z)=T"(f(-)). Here,

Il x -1 x4h

()= | h(g)w<a)azg+—’-‘z-7 (D) w (D),

x—h

and v,(x), v.(x) are pattemn functions.
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Proof. Let us show that, when conditions A hold, the pattern functions have the same
properties as in [4, 5, 10], where it was assumed that

o<M, < !
k

X

<M., O<g(z)<M, k(z) q(z),f(z)=Q[0,1].

We shall show that the pattern functions v,(z), j=1,2, being solutions of the Cauchy
problems

d dv; (z)
Luz,q) ' EE e -——J -— ' =
v (2= = [k (@) =L | = g @ (@) =0,
dv,' (z,-
Z2E(T,~(, Topy), v, (z,-,) =0, k(z,-) L(I__‘l= 1,
dz
V' (2:41) =0, k(z..) W =1,

exist, are unique, and belong to class W' (z.—, T.44).

The proof is similar to the above proof of the existence and uniqueness of the generalized
solution of problem (1.1), belonging to class W21(0, 1). All we have to do, e.g. in the case of
function v (x), is replace Egs. (1.2), (1.5) by the equations

v (@=F@)+ | K@ 5o @,

Xty

(1.7)
dv, ;
k(x)_”zz(_’)_=1+ f g
where
_ ¢ _dn _ % ,
"""@“ﬂﬂ@* F(z) j OR (1.7

On then repeating the arguments of [5], we can see that Lemmas 1, 2, 3 of [5] hold. Using
the imbedding theorem of [11], p. 64, any function of W,1(0, 1) belongs to the class C[0, 1],
and hence the solution u(x) of problem (1.1) is defined at the base-points of the mesh wy,.

We use reductio ad absurdum to prove the uniqueness of the exact three-point difference
scheme. Assume that there are two exact three-point difference schemes

ui=aiu)ui+1+bx(”ul—1+wl(J)1 i=11 21 Tty N_in ]=11 21 '
(1.6)

u,=a, ux=>b.
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We fix arbitrary i, 1 <i <N — 1, and find for problem (1.1) the constants 2 and b such
that u(z,_,)=u(z.,,)=0. For this, putting z=z,., and z=2z., in(1.2)and
(1.3), we obtain for 2 and b the system of linear algebraic equations with determinant

2= [ o ]

x4

-1

Then, from (1.6"), for this solution we have w" =w.‘z). To obtain the equations a,“’=a,-m

and  b'=b"" wehaveto repeat the same set of arguments, but choosing ¢ and b from
the conditions u(z,,,) =1, u(z,,)=0 or u(z4;)=0 and u(z,_,)=1. The
system determinant A in the meantime remains unchanged. Since i was chosen arbitrarily, the
schemes (1.6") must be completely identical. The lemma is proved.

Note. From (1.7) and (1.7"), and the corresponding equations for v,(x), we obtain for
sufficiently small & the inequalities

I ” 1t % odg -
j o [1—qu(z>d§7nj’lm]
-1 1 1

TR, 1 _
<y 1——j atyat| <v, —<—wi@e—,
v § h vy

<Cl j=1a21 q(I)ELS(Oai)v S>1v

Logxy—q Yt}

“ 1 dv,'(z)

where the constants v; and C are independent of / and i.
Lemma 2

Let conditions A hold with s > 1. Then,

1) we have the estimate

17#(u(-))—u(z) Ilo<6'h"(‘ii—l:C Vu(z)eW.'(0,1);

‘L:(O.i)

2)if k(z)eW,'(0, 1), then we have the a priori estimate

17 (2 ()~ (=) le<CR f“ Va(z)eW, (0,1);

L3(0,1)
3)if k(z)el, ,,|0, 1], then we have the a priori estimate

NT=(u(-))—u(zx) |, <Ch™*' Vu(z)el, .10, 1],
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where

fwlo? = 2 ho?(z.).

xewy

Proof 1t is easily shown that

+v:‘(’;)m rr—t) n@u(n) d
_ L"() Hi(l_%-) o [PXMOIE
+ v"‘(:) ’]h[_;_(ﬁ_—ﬁ_g)z—f;-][vz@)u(a)]"da

From this, using our Note, the lemma follows.
2. Convergence of the method of straight lines for equations
of parabolic type

Let us consider the Cauchy problem for an abstract first-order differential equation in
Hilbert space H:

‘2—': +Au=f(t). t>0,  u(0)=u,.

where the linear operator A: H = H has domain of definition D, dense in /H, and

A=A"=2vE>0.

Assume that a linear operator T: H — H exists, with the following two properties:
1) if 4 and v are solutions of the equations
Au=g,

Av=[P(PTA)~']-'v=PTg=§, veX,

107

2.1)

2.2)

(22"
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where P is an operator from H into Hilbert space X, then

(2.2")

2) O<vEsA=4T".

Instead of problem (2.1), (2.2), we consider an “approximation” of it, namely, the Cauchy
problem

dv -
FLt+ﬁ(t)v=J‘(t), >0,  v(0)=PT(0)u.

The error z = v — Pu is then found by solving the Cauchy problem

-(d;[i +AM:= d—\fi—gz t>0, 2(0)=P(T(0)u,—u,), 2.3)
where
wuy=jP[T@)%§—{%Jd§
0
Theorem 1

Assume that the linear operator A(r) in problem (2.1), with domain of definition D,
independent of r and denge in H, is differentiable and satisfies the conditions

O<vE<A(t)=A4"(1), t=0,

where v is independent of ¢. Then, if there exists a linear operator 7\r) : H ~ H, having the
properties (2.2"), (2.2""), such that

O<A'(t)+u A (), =0. |u,|<oo, (2.4)

then we have the estimate for z =v — Pu:

2

t
§Amzman|
0 ' A1 @.5)
< exp [t max (y, 0)] { [l4 (8) + 2 (0) |2 &,
0

Clz@ma: +
0

where || || is the norm in space X.

If the operator A4 is constant, we have the estimate
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{Stllv—PuHﬁd’é 1'-flv—Pu [} < (HP(Tu—u)u at}” 26)
0

Proof. We integrate both sides of (2.3) from 0 to ¢, then multiply scalarly by z(r); after
transformations, we obtain

t 2.7

Integrating both sides of (2.7) from 0 to 7, and using inequality (2.4), we have

4

Suz@)u?du—;-(lg 2 !’

h1- 1t

t
+ Suz iz + o {1 @ — 2(0) pa
0
On applying the generalized Gronwall lemma to the last inequality, we at once arrive at (2.5). If
A is a constant operator, then (2.7) takes the form

k4

1201+ 5| 2@ &) = (e —w. s ).

On integrating both sides of this equation from 0 to ¢, and applying the Cauchy inequality to
the right-hand side, we obtain (2.6). This proves the theorem.

As an example of the use of Theorem 1, consider the problem

du @

T LI

du ]-I-q(x)u f(z,8), z=(0,1), t>0, 28

u(0, t)y=u(1, t)=0, u(z, 0)=u,(z).

Assume that the coefficients of Eq. (2.8) satisfy conditions A; then, as the operator T, we can
take the operator 7 of Section 1. Here, P is the operator of taking the trace of a function in
mesh wy, while operator A is given by

Av=—(vs/a)+dv,
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and obviously, conditions (2.2") and (2.2") are satisfied.

Consequently, for the scheme of the method of straight lines

d 1
E?‘(-vz) +dv=PT*({(,T)), z€wn >0,
a x

v(0, t)=v(1,1t)=0, v(x, 0)=PT*(u.()),

corresponding to problem (2.8), all the conditions of Theorem 1 hold, and from (2.6) we have
the a priori estimate

{ jl]v—PuHoﬁ de +—1-2'%, [ j (v—Pu)dgll]}%
< { flipfr(u(.,g))—u(x,g)noz dt }/

Using this estimate, along with Lemma 2, we have:
Theorem 2

Let conditions A hold with s > 1. Then:

Dfor |fllg, r, or<He. where 1/r+1/2¢,=%,, g1, 2], rielt, /5], uo(z, =
L.(0,1), we have the following estimate for the error of scheme (2.9) of the method of straight

lines:

¢

{j“r——PuH@: d§+—15 (-1—0 [ j (u—Pu)dg]:]}”’ <Ch

0

du

or

¥

2.0,

(2.9)

2)for  ifllzerSpe, k(z)eW,(0, 1), u(z)eW,'(0, 1)  we have the estimate for

the error of scheme (2.9) of the method of straight lines:

’ 11 ¢ 21y o°
{ fro—puteag+—(—.[ | w-Pwaz] |} <cwl| =
- a 3

I

'.IQI

where

i r/g

fulsne,~ { j [f w014z | dt}”', lallse, =Nl

0

In the proof of this theorem, we have to use results (see [12] ) on the smoothness of the
generalized solutions of equations of the parabolic type.
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3. Convergence of the method of straight lines
for equations of hyperbolic type

Consider the Cauchy problem for an abstract second-order differential equation in Hilbert

space H:

d*u ' ’
—+AWu={0), >0, uO)=u, W O)=u/, G.1)

where A(?): H— H is a linear operator with domain of definition D, independent of ¢ and dense in
H,while A(t)=A4"(t)=vE>0.

Assume that there is a linear operator T\¢): H - H, with properties (2.2"), (2.2""). We
introduce, instead of problem (3.1), the problem

dz
—+AWv=7 1), >0,
(3.2)
!
v(0)=PT (0)u,, V' (0)=[PT(t)u(t)]-..
where v € X, and P is an operator from H irito X. For the error z = v — Pu of (3.2), (3.1), we
obtain the Cauchy problem
d: aiy (s
42 L ame=Y s,
dt? dt? (3.3)

2(0)=P (T (0)uo—uo), 2 (0)=I[P(T(t)u—u)liss,
where
p(0= [ PIT(®)u" () —u"(8) ) (t-E)dt.

Theorem 3

Let the conditions of Theorem 2 hold, and let the operator A (f) satisfy the operator inequality
(A2 )'<2p,A-2(2) or [|A*(t))'+2pn,A%(t)=0.  Then, for the difference
z =v — Pu we have the estimate

[“ I § X(n)z(’q)dnuz—'r | St (t —m A(mz(nydn]

1]

p Z‘lxt)]
<2e exp{[2max (s, 0) + 5| 1] S' 19 @) 11 &, oo

[
]

where (&) =y (E)+E2z'(0)+z(0), e>0.
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If A is a constant operator, we obtain, instead of (3.4),

foos [ Sl [ f v [y

- . (34"
o7, [ [ 1P (Tu—u) g ] "

Proof. We integrate both sides of Eq. (3.3) twice with respect to ¢, then we multiply
scalarly by

1
a0 [ 2®z(0)4ds
and we obtain °

3.5)

If we integrate both sides of (3.5) from 0 to ¢, use the conditions of the theorem, and apply the
e-inequality, we finally obtain

t !

lro({se:ea ~le-vam:02]

| . "A‘l(”
0 O
¢ 2
<{2max(u1- 4——] {' IEx Sif(n)z(n)dn!! (3.6)
0
t
I! g—mAmzmadn_ a2 (13 e
! ATy v

Finally, integrating (3.6) with respect to ¢, and applying the generalized Gronwall lemma, we
arrive at the a priori estimate (3.4).

If operator A is constant, then (3.5) becomes

—g—t—])gz@)da}b%—ﬁs t—p:@a’ =260, (.

A s

whence we have
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t

Sz(&)dg f(t £z () dE]; < f;w B ]’
h N

X [5952(71)(1‘1“‘ dE]l"QZT';’“ “‘p(g) “2d§]

x max [§2@d] §<t—§ CEINN

oIS Ty P
which leads to (3.4"). The lemma is proved.

We shall use Theorem 3 to find the rate of convergence of the method of straight lines
for the first boundary value problem, in the case of a hyperbolic equation.

_‘3_2__-6_(1;(,@)..._)+q(x)u =f(z,t), =z=(0,1), >0

ot* oz , n ’
du

u(0,)=u(1,)=0, u(z,0)=u,(z), — =u,(z).

at foe
Using the operators T* and P of Section 2, we construct the scheme

d*v 1

LY (v ) +dv=pPr , W 130,

— (a ) de=PT({(-,1)), z=0

v (0, ty=v(1,t)=0, 3.7
d

v@ O =PI @:(), | =PT@ ().

In accordance with inequality (3.4"), for the error z = v — Pu we have the g priori estimate

(e (I f-0a]> ([ ] evsm] )"

<or." [Tj’nprx(u( 8))—u(z.8) it dE ]/

(3.8)

This estimate, in conjunction with Lemma 2, gives us:
Theorem 4
Let conditions A hold. Then:

1) for max|q(z)|<p, f(z, t)el, ,(0r), u.(zx)eW, (0, 1), u,(z) €L.(0,1)
we have the estimate for the error of the scheme (3.7)

s [ feea]] ([ e Y <er 2]

LSER 20 g .-
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2)if the condition of Para. 1) and the conditions |k’ (z) |<p., f/(z, t).=L,,(Qr.),

u(z)=eW,* (0, 1)NW,'(0, 1), u,(z)eW,'(0, 1), hold, we have the estimate for the
error of scheme (3.7):

(i [N o= ([ eopem] ]} v 35

To prove the theorem, we make use of the results of [12], Chapter 4, Sections 3 and 4,
on the smoothness of generalized solutions of a hyperbolic equation.

2@y,

4. Convergence of the method of straight lines for equations of elliptic type

Consider the first boundary value problem for an abstract second-order differential
equation in Hilbert space H:

%—A(r)u=f(x), ze(0,1), u@)=u,, u(l)=u,. @1)

Here, A(x): H — H is a linear operator, with domain of definition independent of x and dense
in H, which satisfies the condition A4 (z)=A4"(z) =vE>0.

Assume, as above, that there is a linear operator T(x): H - H, with the properties (2.2'),
(2.2"). Instead of problem (4.1) we consider an “approximation” of it in Hilbert space X
(“simpler” than space H):

ggﬁ-zcwv=fux 2=(0,1), v(O)=PTO)u, v(1)=PT{1)u,
v

where all the notation has the same meaning as before. Then, for the error z = v — Pu we have
the problem

dz g (z)
-d—_zj_‘q(x):= d,zz ] 15(091)7

(4.2)
2(0)=P[T(Quo—n,}, z(1)=P[T(1)u,~u,],

where

$(@)= [ G(z, O PIT(®)u" (8)—u" (8) 4.

(1-z)8, z=t,

G(z8) ={ (1-8)x, z<Ek.
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We replace the variable x by £ in Eq. (4.2), multiply both sides by the function G(x, §), and
integrate with respect to £ from O to 1:

2(2) -2 (0) [6(z,9)2(0)de=— [6(2,8) [T () ~A(§)12(8) de+5(2).
Here, §(x)=v(z)+zz(1)+(1—2)2(0). From the last equation we have the estimate

I2(2) n.2=||[3‘7;—~2f @] 5 JORECH |

‘ 4.3)
<2l§(2) I*+n, [ 12(8) 12 de,
where it is assumed that
p=2 max [G*(z,8) 14 (2)—A (1) |2 dg<t. @.4)
[~ 5] o

Inequality (4.3), along with (4.4) and the inequality ||z (z) .=z (z) |l leads to the estimate

2 s
max llz(z) 1< max |z(z) |l.< (——) max [1§(2)]. (4.5)
0T [(E<€Z4] 1—'}11 ox !
We have thus proved:

Theorem 5
Let the linear operator A(x) in problem (4.1) have domain of definition D, independent of

x and dense in H, and let it satisfy the condition

O<vE<A(r)=A" (1), z=[0, 1], (4.6)

where v is independent of x. Then, if a linear operator 7(x): H - H exists, which satisfics
conditions (2.2") and (2.2""), and relation (4.4) holds, then we have the estimate (4.5) for z(x).

Let us use Theorem $ to estimate the rate of convergence of the method of straight lines
for the Dirichlet problem in the case of the elliptic equation

*u 0 du
e O] BT L C N L

u(z, y)=¢(z,y), (z,y)eT,

where T is the boundary of the square G={(z, y): z=(0, 1), y=(0,1)}.
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Using the operators 7 and P of Section 2, we construct the scheme

C—Eﬁ*(iv;) —dv=PT*(f(z, )), =z=(0,1), y=o
dr’ a v
r(r.0)=¢(z,0).  v(z,1)=g(z,1). @7
(0, y) =PT*(¢ (0. -)), v(1,y)=PT(e(4, ).
In accordance with inequality (4.6), we have the estimate
1 i ! 1 1 2 L
{Jeowes [ (= [fe@pama] ]a)
‘ ’ ’ 4.8)

fa

i
< { [iPtrwe - ice}
Inequality (4.8) in conjunction with Lemma 2 gives us:
Theorem 6

Let conditions A hold. Then:

for max|q(y)|spy, (2, y)€L(G), ¢(z,y)eW 1 (G) we have the estimate
o<ukl

for the error ot scheme (4.7) of the method of straight lines:

o

{jl‘;:(g)noﬁdg%—j (71 [ jG(x,E)z(é)dE]i]dx}b <Ch

2) if conditions of Para. 1) hold, and also the conditions | &’ (y) | <m:, ¢(z.¥)
=W, (G), then we have the error estimate for scheme (4.7):

{ j[i:(i)llez d§+j (ia, [ jG(z,g)z(g)dg]

ou

oy’

b

2.6

2 ! °

2 J%u
]dx} scm“‘ﬁu .
oYy i.g

To prove the theorem, we have to use the results obtained in [8], Chapter 3, Sections
5 and 10, on the smoothness of generalized solutions of an elliptic equation.

¥

5. Conclusion

The above resuits can be extended to systems of second-order partial differential equations,
to higher-order partial differential equations, to the multi-dimensional case, to the quasi-linear
case, and to the mesh method. Use is then made of results on exact difference schemes for
systems of ordinary second-order equations [6] and for higher-order ordinary differential
equations [7]. Without dwelling on all the possible extensions mentioned above, to which later
papers will be devoted, let us briefly give the idea of the proof of convergence of the method
of straight lines under minimal conditions on the smoothness of the solution of the initial
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differential problem, for the quasi-linear case. For clarity, we shall consider the method of
straight lines applied to quasi-linear equations of parabolic type.

The starting point is the abstract Cauchy problem

du
—-(—i-;-a‘-Auzf(t, ll), t>0, u(0)=u07

where A: A4 - H is a self-adjoint positive definite operator, with domain of definition D{A) dense
in H. For simplicity, we shall assume that operator A is independent of 7. Let the function
A, u) satisfy the Lipschitz condition

Itf(e, uy) ~f(t, u,) le<Lilu,—u.llx

with constant L, independent of .

Using the notation of Section 2, we consider the “simpler” Cauchy problem

dv
EZT + dv=PTf(t,Av), >0, v(0) =PTu,, (5.1

where A : X - H is a linear operator with bounded norm: I A || <¢,. Using the notation
2(1) = v(r) — Pu(¢) for the error of the solution of problem (5.1), we arrive at the Cauchy problem

dz d
= +Az= -&—;P(Ta-—u)+PT[j(t,Av)——-f(t, u)l.

z2(0) =P (Tu,—u,).

Performing working similar to that of Section 2, we arrive at the a prior! estimate

a

{ j‘luz(g) I12 dg }"’s 2% exp| Te, L%t {[ f P (Tu—n)|? dg]
o - (52)
+[ [ nf PTG AP 1z an]} . osesr.

0 ¢

The application of estimate (5.2) to prove the convergence of the method of straight lines for
quasi-linear equations of parabolic type, is virtually the same as in the linear case, except for the
operations with the second term on the right-hand side of (5.2). We shall therefore merely quote
the result, similar to Lemma 2, for this term. Let the scalar function fx, y) satisfy with respect
to its second argument the Lipschitz condition |f(z,u,)—f(z, u.) | <L|u,—u,| with
constant L, independent of x. Then, under the condition A = E, and using the operator 7* of
Section 1, we have
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IPT=[fCou())—f(,ulx) ]!

Lh-t §
< v, (1) j

H Lh— "% :
@) | forman|ds+ = [ @ | [ man|ae

“ (5.3)
2 =+h 2
<—3-Lh"’{ {h[u’(n)]zdn} . z€0n

which leads to the estimate

IPTLF () 1) 1 < o L8 [ [ (2) 12 . (5.4)

Estimate (5.4), in conjunction with Lemma 2, enables us to prove the convergence at a rate O(h)
of the method of straight lines for a quasi-linear parabolic equation, provided that its solution
belongs, for each fixed 1, to the class W21 with respect to x.

Now let the solution of the quasi-linear parabolic equation belong, for each fixed ¢,
to the class W22 with respect to x. As the operator A we take the linear interpolation

3z, Z,p—Z
Au= 5h ‘u(z,+,)+ +2jh u(zi-y), IE[xl—h‘rt+l]-
We then have
Ti+1
u(r)—Au= jK(x,t)u”(t)dt

g

= j [{x—tl+ —'21];(3“11-:) (Zi41—1) ] u”(t)dt,

Xt-y

where |E|.=% for £>0, |g|,=0 for E<0. Hence, recalling (5.3), we obtain

©
ity

Lh~t &
T () =1 AP0 Tl <= [w(®) ] [ K e @ya ] ax
vy ()

x,+h Tipd xy+h

w® | | K@ 0w wa s [ | wmia)”,

x(~h

~1
"-————t
v2(x)
xy

which leads to the estimate

! Y2
IPTL7Cu () =1 ¢ Aue) M<2vzwe { fla(pian},
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which, in conjunction with Lemma 2, enables us to prove the convergence at a rate O(h?) of
the method of straight lines for the quasi-linear parabolic equation.

10.

11.

12,

Translated by D. E. Brown.
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