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1. Many o f modern s c ie n t i f i c  in v e s t ig a t io n s  d ea l w ith so lu tion  
o f  m u lti-d im ensional MHD-problems. For these problems the f i n i t e -  
-d if fe r e n c e  methods are o f  the most u n iversa l and e f fe c t iv e  use*

The d if fe re n c e  scheme may by considered as the d is c re te  model 
.of a medium. Obviously the scheme o f b e t te r  q u a lity  r e s u lts  In  b e t
t e r  s im u lation  o f the medium p ro p e r t ie s . For example the divergence 
schemes ^1^ p rov ide  an adequate accuracy o f the discontinuous flo w  
computations. The com pletely  con serva tive  schemes f2 lm a y  be used 
su ccess fu lly  even on crude g r id s .

The d i f f e r e n t ia l  equations o f non d iss ipa tive  MHD and th e ir  most 
important p ro p ertie s  w ith  conservation  laws included may be obtained 
brom v a r ia t io n a l p r in c ip le s  s im ila r  to  those o f  Ham ilton-Ostrograd- 
s k i i  in  c la s s ic a l  mechanical systems t 3 ,  4 l  . The com pletely conser
v a t iv e  f in i t e - d i f f e r e n c e  schemes can be obtained through the analo
gous approach.

2. As an example we consider the l iq u id  volume I?  o f an id e a ly  
conductive ad iab a tic  plasma moving in  space. Let -Q 3 be th a  
domain that corresponds to  Q- in  Lagrangian coord inates

J7 t he C arte- 
z ian  coord inates o f  p a r t ic le s  o f  the medium. The Jacobian

ФСХ) У О ) .off JSj^£:_Q .3 # The Lagrangian o f

l iq u id  volume Q i s

Here is  the v e lo c i t y  v e c to r , the
vec tb r  o f fro z e n - in  magnetic f i e l d .

The law o f mass conservation  is

The frozen-in condition for magnetic f ie ld  yields the equations
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In  th is  paper we consider that a l l  flow  parameters depend' on on ly twt 
space coord inates 3C and У i . e .  oL and R e s p e c t iv e ly , in  Lagran* 
gian coord inates. In  th is  case we can accept

J 2, - H i  © { 0 4 * АЪ
a .  -  г , ш  = n

e j  0

Equation (2 ) converts in to
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The r e la t io n
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0

(?)
fo llo w s  from ( 5) .

The time d i f fe r e n t ia t io n  o f ( 5 * ) g ive s  the equation o f induc
t io n  o f magnetic f i e l d

where
3  г Ф С - ,Я > ф С у .; 0  0 l -  +

t фы.р 7 7 M  ® v

By varying the fu n c tio n a l o f  a c tion  S ~ № №  and tak ing
|into account a d d it io n a l con stra in ts  ( 2 ' ) »  ( 3 ' ) »  and a d ia b a t ic ity  
’̂cond ition

! ££ -  5  Aj ft)



and by s e tt in g  the f i r s t  v a r ia t io n  S^S equal to  ze ro , we obta in  the 
Euler equations

P£} dM =-V7ft (p.+ii5\ + 2. + -£• iiJid. (K)* v di +gfr ) +^ы 4^ “ <2>/3 4 p  w
From (4 ) we obtain  the equation fo r  in te rn a l s p e c i f ic  energy

p  <k  dJ? _  __ p Г ^  фСХдЛЛ)*! ^
* u a t  1 L t>Coi(sp3 \

3* We assume th a t S lu C d ijО  is  a square. Let us in tro 
duce the restangu lar d if fe r e n c e  g r id  w ith  the in te r v a ls  |f^ and b }  
CO being the set o f  i t s  c e l ls  and CO the set o f i t s  nodes*

L e t us approximate the L a g r a n g i a n b y  the d is c re te  expression

^-ZSgBjCZ I  • f.r| ,) <0
where Ш 4С|, j )  =  { O . j ), C W , j ) ,  C i+ l,'p 4 ),

i s  the volume o f the Lagrangian c e l l .
. The d is c re te  analbgs to  the law o f mass conservation  and fro zen - 

-in  con d ition  are

and Sij

U * S ~  $ ^ ? t =  $  = oms. I  ) U J jC i,^

Ф).

The repeated  index denotes the summation. The value JCic_ 4T,A>'ij 
(]4Д^ 'bb;e magnetic f lu x  across d iagonals o f the
c e l l  f t j j )  in  the d ire c t io n  to  the k -th  node. According to  (4 ) 
the energy change law is

11 ')

After the time differentiation frozen-in condition (3**) yields 
the magnetic induction equation
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Varying the a c t io n  fu n c tion a l w ith  con stra in ts  (2 ” ) - ( 4 “ )  resu lts  
in  the MHD-equations

<P)

M S  +

ьсшяа,\)

Here Ш 2 С 1 , р - £ Ч 1  V ^ 4  H>!)
Schemes C5” )  are v a l id  in  the inner nodes o f the g r id  and 

accurate to  the second-order approximation in  |j^ and ll^  . Simple 
g en e ra liza tio n  oi the a c tio n  fu n c tio n a l extends (5 * )  in to  the boun
dary nodes. D if fe r e n t ia l-d if fe r e n c e  schemes (5*) are  com pletely 
conservative  M -

4. The d iffe ren c e  scheme is  deduced from equations (5 * )  through 
rep la c in g  the time d e r iv a t iv e  by the f in i t e - d i f fe r e n c e  r e la t io n s .
By tim e centering the r ig h t  hand s ide  terms the d iffe ren c e  schemes 
are made com pletely con serva tive .

5* The l in e a r iz a t io n  o f equations (2 " ) - (5 * )  produces the d i f f e 
r e n t ia l-d if fe r e n c e  schemes fo r , MHD-acoustics. The v a r ia t io n a l appro
ach provides f o r  a space operator o f th is  schemes to  be s e lf-a d jjo in t 
and p o s it iv e  м  . The scheme s t a b i l i t y  depends on the im p lic itn ess  
o f  the scheme. The d iffe ren c e  equations are so lved  by the Newton 
method.

To ca lcu la te  the discontinuous flow s  a r t i f i c i a l  v is c o s ity  is  
used M  *

6 . The v a r ia t io n a l approach has been used as a. basis f o r  nume
r i c a l  algorithm s and techniques employed f o r  so lv in g  a number o f 
model and app lied  problems £ 5 » 6» 7^  •
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