
ON NUMERICAL SIMULATION Ш FLUID DYNAMICS

A.A. Sam arskii
I n s t i t u te  of A pplied M athem atics, 

Academy of Sciences,
Moscow, USSR

This paper d iscu sses  some questions of num erical s im u la tio n  of 
experim ents i n  physics  and f lu id  dynamics problem s.

1. R ecently  th e  problems in  magnetohydrodynamics, r a d ia t iv e  
f l u i d  dynamics, plasma flow in  s tro n g  e l e c t r ic  f i e l d s ,  etc* have 
become of considerab le  in t e r e s t  along w ith  th e  c la s s ic a l  is su e s  of 
continuum mechanics, i*e* th e  problems of the  e l a s t i c i t y  th eo ry , gas 
dynamics o r flow  around a  body.

The fo rm u la tion  of many such problems th a t  demands in te n s iv e  
applying th e  num erical methods has o r ig in a te d  w ith  plasma p h y sics .
As a r u le ,  the m athem atical models in  plasma physics  a re  n o n lin e a r .
In  g en e ra l, two l im itin g  cases most w idely used can be emphasized:

a) a model of dense plasma -  equations of r a d ia t iv e  m agneto-gas- 
dynamics (RMGD)j

b) a  model of c o l l i s io n le s s  plasma in  th e  Vlasov equation  
approxim ation.

At p re sen t th e  problem of c o n tro lle d  therm onuclear fu s io n  (OTR) 
should be considered  a s  most u rgen t in  plasma p h y s ic s . A number of 
approaches to  so lv ing  th i s  problem has been proposed (s ta t io n a ry  
Tokamak-type in s t a l l a t i o n s ,  f a s t  plasma h ea tin g  and compressing in  
i n e r t i a l  p u lse  systems by a la s e r  p u lse  o r r e l a t i v i s t i c  e le c tro n  
beam, e t c . ) .

The CTR problem i s  c lo se ly  a s so c ia te d  w ith  problems of u t i l i 
z ing  the therm onuclear energy re le a s e d , so th e  problem of construc
t in g  an e f fe c t iv e  r e a c to r  i s  in  p ro sp ec t.

2. C u rren tly  a num erical experiment (№ ) i s  the  b a s is  fo r  
comprehensive th e o r e t ic a l  in v e s tig a tio n s  of problems in  f l u i d  mecha
n ic s  м  • The NE enables us no t only to  ex p la in  some known ex p e ri
m ental f a c t s  o r confirm  th e  th e o r e t ic a l  concepts b u t ,  in  some ca se s , 
to  p re d ic t  new p h y s ic a l e f f e c t s .  A new p h y s ica l phenomenon, the 
T -lay e r e f f e c t ,  d iscovered  through th e  NE may be an example И  •
The main p o in t i s  th a t  under c e r ta in  cond itions a self-m ain tained*
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h ig h -tem p era tu re , e lec tro -co n d u c tiv e  gas la y e r  forms and develops 
during th e  magneto-hydrodynamic plasma motion* The cond itio n s of the  
T -la y e r  fo rm ation  p re d ic te d  by th e o re t ic a l  in v e s tig a tio n  p erm itted  
to  re v e a l th e  e f fe c t  l a t e r  in  lab o ra to ry  experim ents. The HE m y  be 
considered  as a sequence of a number of th e  fo llow ing  s tag es :

1) choice of a p h y sica l approach and m athem atical fo rm ula tion  
of a problem (choice of a m athem atical model)} as a ru le  the equa
t io n s  d esc rib in g  th e  m athem atical model express th e  conservation  
laws ( fo r  m s s ,  energy, momentum, charge, e t c . )  and a re  the p a r t i a l  
d i f f e r e n t i a l  equations of m athem atical physics*

2) development of a conpu ta tiona l a lgo rithm ;
3) a lgo rithm  programming;
4) con fu ting ;
5) a n a ly s is  of com putational r e s u l t s ;  comparison w ith  experimen

t a l  and th e o r e t ic a l  r e s u l t s ;  re v is io n  and c o rre c tio n  of the  mathema
t i c a l  model; improvement of the  c a lc u la tio n  techn ique .

The ty p ic a l  f e a tu re s  of HE a re  as fo llow s:
1) W ithin th e  m athem atical model chosen, a number of runs (no t 

one) i s  computed in  th e  re q u ire d  in te r v a l  of th e  param eters invo lved .
2) The m athem atical model may be re p ea ted ly  v a r ie d .
Ш f a c t ,  one may speak of a new approach to  perform ing the 

th e o re t ic a l  in v e s tig a tio n s  on th e  b a s is  of HE, which p rov ides a pro
p e r connection between the  m athem atical model and a p h y s ica l exp eri
ment through computing.

3) The m u lti-v a r ia n t n a tu re  of com putations in  HE imposes s t r i c t  
requirem ents on th e  com putational a lgorithm s and corresponding 
softw are a s  w e ll. While the  same problem i s  being so lved , th e  form 
of n o n - l in e a r i ty  or equations type may vary , d is c o n t in u it ie s  may 
a r i s e ,  in te r a c t  and d is s ip a te ,  domain geometry and topology may 
change, .and so on.

3* The num erical methods should have a s u f f ic ie n t  re so lu tio n , 
i . e .  accuracy f o r  an adm issible amount of com putations, to  d escribe  
c o r re c tly  th e  main c h a ra c te r is t ic s  of complex, n o n lin ea r p ro cesses .

In  d is c re tiz in g  the  continuum problem s, i . e .  changing d if fe re n 
t i a l  equations by th e  d iffe re n c e  ones, the n a tu ra l  requirem ent* 'is 
th a t  the d is c re te  model ob tained  should r e f l e c t  the  b a s ic  p ro p e r tie s  
of continuum c o r re c t ly .  In  p a r t ic u la r ,  th e  conservation  of mass, 
momentum and t o t a l  energy i s  such a p ro p e rty  ( th e se  laws hold on the  
g r id  f o r  conserva tive  d iffe re n c e  schemes [ i ]  , [ 3 J ) as w e ll as  th e  
balance equations fo r  in te rn a l  and k in e t ic  en e rg ie s , e lectrom agnetic  

f i e l d  energy, e tc .  The d if fe re n c e  schemes w ith  such p ro p e r tie s
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we s h a l l  c a l l  th e  com pletely co nserva tive  schemes (CCS) M  . CCS 
have proved to  be h ig h ly  e f fe c t iv e  and p erm itted  to  ob ta in  th e  so lu 
tio n s  s u f f ic ie n t ly  accu ra te  fo r  th e  MHD -  and RMGD-problams in  both  
cases of low and high tem perature plasmas*

A h e u r is t ic  approach to  o b ta in ing  CCS, proposed by Popov and 
Sam arskii (1969)» allow ed to  co n s tru c t CCS f o r  o th er problems to o , 
e*g. the  Landau k in e t ic  equation*

4* At p re se n t an in te g ro - in te rp o la tio n  method, i . e .  a  balance 
method [3 ]  * a s  w e ll as p ro je c tio n  and v a r ia t io n a l  methods a re  used 
f o r  o b ta in in g  CCS of the  d e s ire d  q u a li ty  fo r  th e  c la s s ic a l  equations 
of m athem atical p h y s ic s .

In  case of a r b i t r a r y  dimension th e  v a r ia t io n a l  method has proved 
to  be e f fe c t iv e  fo r  o b ta in in g  CCS f o r  the  MHD-problems [5 ]  • The 
hydrodynamic equations r e s u l t  from a v a r ia t io n a l  p r in c ip le  s im ila r  
to  th a t  of l e a s t  a c tio n  in  c la s s ic a l  m echanics. For example, l e t  us 
consider the l iq u id  volume Si  of an id e a l ly  conductive a d ia b a tic  
plasm a, moving in  th e  vX—̂5 p lan e . In  Lagrangian coord ina tes (^*^0
the volume corresponds to  the domain (r (°* * )  . The Lagran
gian L(’i)  of th e  volume i s  taken  as th e  in te g ra l  in
of th e  expression  p ro p o rtio n a l to  ( 7X **)/& — S -IHiZ/ ,where 

8 i s  the  in te r n a l  energy, ( itA+ Ц*Л) / Л  i s  the  k in e t ic
energy, [Hi* / i s  th e  magnetic f i e l d  energy p e r u n it mass,

£> i s  the  d e n s ity . The in te g r a l  of a c tio n  i s
v a rie d  w ith  tak in g  in to  account the  a d d it io n a l  c o n s tra in ts ,  i . e .  equa
t io n s  of c o n tin u ity  and f re e z in g - in  of m agnetic f i e l d .  By s e t t in g  th e  
f i r s t  v a r ia t io n  2S equal to  zero we o b ta in  the Euler, equa tion .
Note th a t  th e  energy and momentum conservation  r e s u l t s  from the  
absence of an e x p l ic i t  dependence of the  Lagrangian and c o n s tra in t  
equations upon tim e and co o rd in a te s .

The COS are  ob tained  in  a s im ila r  way. The Lagrangian and const
r a in t  equations a re  approxim ated on the  g r id  }
Varying the  in te g r a l  of a c tio n  w ith th e  c o n s tra in t  equations taken 
in to  account g ives us a system of d i f f e r e n t ia l -d i f f e r e n c e  eq u a tio n s. 
A fte r rep lac in g  th e  d e r iv a tiv e s  in  by th e  d iffe re n c e  r e la t io n s  
and In troduc ing  an a r t i f i c i a l  d is s ip a t io n  we o b ta in  th e  homogeneous 
CCS of th e  f i r s t -  and second-order approxim ation in  ~t (the  schemes 
of run-th rough  com putations). The above approach p erm itted  to  o b ta in  
CCS fo r  th e  MHD-equations in  a r b i t r a r y  c i r v i l in e a r  coo rd ina tes  w ith  
heat co n d u c tiv ity , magnetic f i e l d  d if fu s io n  and o th e r f a c to r s  in v o l
ved, and to  apply them to  so lv ing  a number of p h y s ica l problems M  .
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5* Taking in to  account th e  r a d ia t io n  t r a n s f e r ,  i . e .  the t r a n s 
form ation  of MHD-problems in to  the  RMGD ones, re q u ire s  a d d itio n a l 
e f f o r t s  f o r  co n s tru c tin g  and implementing the  CCS.

Let us consider a technique proposed by Goldin and Chetverush- 
k in  £8] f o r  so lv ing  the n o n -s ta tio n a ry  problems (including  two-dimen
s io n a l ones) of ra d ia t iv e  gas dynamics. The ra d ia t io n  t r a n s f e r  i s  
considered  in  th e  m ulti-group d if fu s io n  approxim ation.

Solving th e  s e t  of corresponding RMGD-equations i s  perform ed 
in  th re e  s te p s : I)  so lv ing  th e  proper gasdynamic eq ua tions, 2) s o l
ving the  tra n sp o r t  and d if fu s io n  eq u a tio n s , and 3) ob ta in ing  the  
tem perature from the combined so lu tio n  of th e  energy and d if fu s io n  
eq u a tio n s .

We now dwell on d i f f i c u l t i e s  a r is in g  when th e  ra d ia t io n  i s  
invo lved , i .e *  th e  second and th i r d  s te p s . Due to  the complex s tru c 
tu re  of ab so rp tio n  c o e f f ic ie n ts  th e  genera l number of d i f f i s io n  equa
tio n s  i s  r a th e r  g re a t . Solving th e  n o n -lin e a r  d iffe re n c e  d if fu s io n  
equations on each s tep  in  tim e i s  q u ite  a problem th a t  re q u ire s  
applying th e  s p e c if ic  i t e r a t io n a l  methods. In  a number of cases the  
most sim ple e x p l ic i t  scheme fo r  so lv ing  th e  combined d if fu s io n  and 
energy equations re q u ire s  a very sm all time s tep  to  p rovide th e  s ta 
b i l i t y  of com putations. While the  technique having been developed 
th e  d i f f i c u l t i e s  were overcome. The d if fu s io n  approxim ation used in  
the problems of r a d ia t iv e  gas dynamics d esc rib es  c o r re c tly  the ra d ia 
t iv e  c o n tr ib u tio n  in  the  energy eq u a tio n s . In  the num erical implemen
ta t io n  the d ire c t  use of tra n sp o r t  equation  fo r  determ ining th e  r a 
d ia t io n  f i e l d  may cause an undesirab le  e f f e c t ,  " th e  beam e f fe c t"
( i t  a r is e s  in  case  when the  zone g en e ra tin g , in  g e n e ra l, th e  ra d ia 
t io n  i s  sm all as compared w ith  the  whole reg io n  under in v e s t ig a t io n ) .

R ecently  a technique has been developed to  compute th e  r a d ia t io n  
t r a n s f e r  equations w ith  the  use of V lad im irov 's s e l f - a d jo in t  equa
tio n s  and the above e f fe c t  e lim in a ted .

6 . The v e r i f ie d  methods fo r  so lv ing  the gasdynamics problems 
being a v a ila b le , the hydrodynamic approxim ation can be used to  
solve o th er p h y s ica l problems [ 9 j  « In  n o n lin ea r o p tic s  and plasma 
p h y sic s , of g re a t in te r e s t  a re  the problems on wave f i e l d  dynamics, 
energy lo c a l iz a t io n  in  the v ic in i ty  of a c e r ta in  p o in t ( f o r  example, 
l ig h t  s e lf - fo c u s in g  in  a n o n lin ea r medium, co llap se  of Langmuir 
waves). For an am plitude of e l e c t r i c  f i e l d  in  plasm a, the n o n lin ea r 
SchrSdinger-type equation
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By in troducing  th e  energy la g ra n g ia n  coo rd ina te  *8 =  /  р г  d %о
th e  s e t  of equations ob tained  may be so lved  using  the known schemes 
on th e  lag ran g ian  grid*

The im plem entation of th e  above approach made i t  p o ss ib le  to  
in v e s t ig a te  th e  dynamics of s e lf - fo c u s in g  in  a cubic medium as  w ell 
as su c c e ss fu lly  co n s tru c t th e  com putational a lgorithm s fo r  Langmuir 
tu rb u le n c e •

7 . L et us d iscu ss  p a r t ic u la r ly  such im portant questions a s  th e  
"p h y sica l a t t r ib u te s "  of a num erical experim ent, th e  thermodynamic 
p ro p e r t ie s  of a medium.

The KMGD-equations d esc rib e  some macroscopic phenomena in  a 
moving medium. In  f a c t ,  prim ary a re  the  m icroscopic motions of p a r
t i c l e s  (e le c tro n s , io n s , atoms and photons) in  th e  f i e l d  c re a te d  by 
th e  e x te rn a l sources and o th er p a r t i c l e s .  Averaging the m icroscopic 
motions y ie ld s  the  c o e f f ic ie n ts  of RMGD-equations, i . e .  thermodyna
mic fu n c tio n s , e l e c t r i c  co n d u c tiv ity  and o th e r p ro p e r tie s  of the  
m a tte r . I t  i s  ev ident th a t  th e  b e s t gasdynamic c a lc u la tio n  procedu
re s  do not give th e  c o rre c t s o lu tio n  to  a p h y s ic a l problem ±£ they  
co n ta in  in c o r re c t  p ro p e r t ie s  of th e  m a tte r , f in d in g  th e  p ro p e r t ie s  
of th e  m atter i s  a complex in d iv id u a l problem.

In  so lv ing  th e  RMGD-problems one has to  know the  p ro p e r t ie s  of 
various substances; hydrogen, i n e r t  gases, w ater and m etal vapors,
p roducts of co a l and o i l  combustion, e tc .  In  th e  p rocesses of 
in t e r e s t  f o r  p h y s ic is ts ,  most v ario u s cond itions develop, tempera
tu re s  from th e  room to  s t e l l a r  ones and d e n s i t ie s  from those of ga
ses to  those of s o l id s .  Most of these  cohd itions a re  so d if f e r e n t  
from the  room ones th a t  the d ir e c t  experim ental determ ination  of the  
m atte r p ro p e r t ie s  seems to  be im possib le . On the  o th e r  hand, the
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s im p lif ie d  models s im ila r  to  th a t  fo r  an id e a l  gas, which a re  com
monly t r e a te d  in  th e  th e o r e t ic a l  p h y s ic s , o f te n  cannot be used under 
those co n d itio n s . T herefore , we have to  develop new p h y s ica l appro
xim ations to  determ ine th e  m atte r p ro p e r tie s  of i n t e r e s t .

To p rov ide t h i s  p a r t  of our gasdynamie com putations i t  was nece
ssa ry  to  co n s tru c t th e  m athem atical d e sc r ip tio n  of continuum ( in  t h i s  
connection we had to  solve a number of most complex problems in  
quantum mechanics) and to  develop th e  p roper com putational a lgorithm s. 
At p re sen t quantum, exchange and o s c i l la t io n  (envelope) c o rre c tio n s  
to  the Tomas-Permi model have been ob tained  a t  a r b i t r a r y  tem peratu
re s  fo r  chemical elem ents and a r b i t r a r y  compounds. The com putatio
n a l a lgorithm s have been developed and c a lc u la tio n s  of the above 
c o rrec tio n s  perform ed. This work i s  c a r r ie d  out under the  d ire c tio n  
of N.N. K a litk in .

To o b ta in  th e  c o e f f ic ie n ts  of e l e c t r i c a l  co n d u c tiv ity  and 
e le c tro n  heat co n d u c tiv ity  a se m i-c la s s ic a l model of e le c tro n  t r a n s 
f e r  was co n s tru c te d , invo lv ing  th e  most e s s e n t ia l  quantum e f f e c ts  .
po] . Now the methods have been developed (under the  d ire c tio n  

of A.Ph. N ik iffo ro v  and V.Y. TJvarov) to  c a lc u la te  th e  photon f re e  
paths in  a h igh-tem pera tu re  plasma of any complex com position w ith  
not only th e  in v e rse  brem sstrahlung and p h o to e ffe c t taken  in to  
account bu t th e  l in e  ab so rp tio n  a s  w e ll. One can conceive a comple
x i ty  of th i s  problem by no ting  th a t  so lv ing  the  H artry-Fok equation  
fo r  m u lti-e le c tro n  atoms i s  a p a r t  of i t .

The ta b le s  f o r  th e  equations of s t a t e s ,  co n d u c tiv ity , e le c tro n  
heat co n d u c tiv ity  and photon (and o th er p a r t ic le s )  f r e e  paths being  
a v a ila b le , num erical computations a re  in  good q u a n ti ta t iv e  agreement 
w ith p h y s ica l experim ents in  many complex problems of plasm a p h y sic s .

8. The CCS developed fo r  the  МНР- and RMGD-problems p erm itted  
to  c a rry  out NSs fo r  in v e s tig a tin g  a number of problems in  plasma 
physics and r a d ia t iv e  gas dynamics. We r e s t r i c t  o u rse lves by l i s t i n g  
some problems w ith  b r ie f  comments supplied .

I )  The in v e s t ig a t io n  of pu lsed  ra d ia tin g  d ischarges in  in e r t  
gases [IX] .

The RMGD-model coupled w ith  an e le c t r ic  c i r c u i t  was chosen. The 
accu ra te  trea tm en t of the  p h y s ica l p ro p e r t ie s  of substances involved  
and th e  p roper d e sc r ip tio n  of the  e l e c t r i c  c i r c u i t  w ith  th e  photon 
tra n sp o r t  taken  in to  account allow  to  solve th e  £  -p iuch  and in v e r
se 3 : -p inch  problems w ith  d e ta i le d  q u a n ti ta t iv e  agreement between 
th e  experim ental and computed va lu es  of t o t a l  c u r re n t, Jou le  heat
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re le a se d , lo c a tio n  of shock and boundaries of em itting  reg ions in  
d ischarge  e tc .  The s p e c tra l  e f f e c ts  were found to  be of major impor
tance in  heat t r a n s f e r ,  and th e  lum inosity  boundary observed c o rre s 
ponds to  th e  io n iz a tio n  f r o n t ,  and so on.

2) The T -lay e r s t a b i l i t y .  The T -layer was shown to  be s ta b le  
^with re sp e c t to  tw o-dim ensional d is tu rb a n c e s . The in v e s t ig a t io n  was 
perform ed by means of CCS f o r  th e  MHD-problems [12] •

У) The study of compressing and h ea tin g  a therm onuclear ta rg e t  
by a la s e r  p u lse  • The s t a b i l i t y  of com pression was in v e s tig a 
te d  w ith  re sp e c t to  the d is tu rb an ces  of i n i t i a l  ta rg e t  form and 
la s e r  pu lse  [ 7 ] •

4) The in v e s tig a tio n  of th e  R ayleigh-Taylor i n s t a b i l i t y .
5) The problem s of la s e r  "pumping" and search ing  fo r  p e r io d ic

so lu tio n s  14 •
Here we speak mainly of two-dim ensional problems of gas dynamics 

and MHD. Among th e  people engaged in  gas- and aerodynamics th e  
com plexity of a problem i s  u su a lly  defined  by the  number of dimen
s io n s .

However in  th e  plasma physics problem s, such as compressing a 
therm onuclear ta rg e t  by la s e r  p u lse  or e le c tro n  beam and burning in  
a t a r g e t ,  the b a s ic  d i f f i c u l t i e s  a re  in  com prising various p h y s ica l 
e f f e c t s .  Since the question  of m athem atical model choice i s  not 
c le a r  i t  i s  necessary  to  consider d i f f e r e n t  approaches to  d e sc r i
b ing  th e  same p h y s ica l e f fe c t  which im p lies  comparing a few mathema
t i c a l  models. In  conducting the num erical experiment we s t ic k  to  the 
fo llow ing  p rin c ip le s

a) tak in g  in to  account a l l  p h y s ica l e f f e c ts  in  “one-dim ensional” 
approxim ation ( e .g . ,  under the  assum ption of sp h e ric a l or c y l in d r i
c a l  symmetry)$

b) considering  th e  in flu en ce  of tw o- or th ree-d im ension  on th e  
p h y s ica l p rocess under in v e s t ig a t io n .

In  some cases i t  i s  expedient to  ca rry  out an one-dim ensional 
p h y s ica l experiment to  compare i t  w ith  an one-dim ensional № .
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