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A METHOD for the asymptotic estimation of integrals with a kermel of 3-function
type is presented.

In [1-3] in the solution of the problem of finding the asymptotic forms of
definite integrals with a kernel of d-function type a special difficulty was
encountered which consisted of the fact that the integration of the asymptotic
expression for the integrand obtained leads to formally infinite coefficients of
the asymptotic form of the integral. This situation is characteristic of many
asymptotic problems.

A special method for the asymptotic estimation of integrals was developed
in [1-~3] to overcome this difficulty. The proposed method is based on the
recurrence relations given in [1-3] and is applicable to many other problems,
and for this reason it is useful to give an independent treatment of this method.

1. Asymptotic form of integrals over a finite interval

We first consider the problem of calculating the asymptotic form as k > 0 of
the integral

(1) I(k)——-—%—jm (—:-) f(z) da.
0

We will suppose that the kernel w (x) and the function f (x) satisfy the
following conditions.

Condition 1. The function w(x) is integrable in any finite interval and as
X -+ o« has the asymptotic form
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We will assume that the functions g, (x) are integrable in any finite interval,

Condition 2. The function f (x) has N right derivatives at the point x = 0,
which are bounded and integrable in the interval {0, 11

For every m, 0 & m < N, we define the functions

Fm "Fm 0
Fm+£(x)z'—'§f')z—("}”‘: Fo(z) = }{2),
(2) Om4t(2) = 20m (2) — gmye(2), wo(z) = a(z),

i’ x
Imkm"““ m'—Fm ds
(h) ’*Jm (h) (2)dz
3

cm(h}z‘y Qmit (hi) Fuii{z)dz,
0

2)

i . z
B {h) == ";;J‘ [1: 1% (—}:) az.
0

Conditions 1 and 2 ensure the correctness of the definitions (2), the following

formulas holding:

1™(0) 1 o
Fou(0) = —— Fm(x)a;[f{z)_zﬁ k(:'?) xk],
(3} k=g
Om(2) = 2™ap(z).
Lemma 1

The following estimate holds:
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[l By} ~>0ash-0,0gm<N. C)]
Proof. By Condition 1,
XM (1) = @y, () + 0, X > o,
therefore

x

1
:‘f{mm(t)idt—)-o’ Z - o0,
0

and
! 1/h

[ Rl (B) | = ”mm (-E-) Fa(z)dz | < sup JFm(x)fhfgmm(z)idmo, h 0.

0 Oy ,
i

Theorem 1

The following recurrence relations hold:

(5) In(h) = Fu(0)Bm(h) + Cm(R) + Blmst(h), O<<m <N, h>0,
Indeed,
1 : z 1 . z ld
T s —— T w— " e Fm T -}mFm(O) T ==
() = — ‘fmm( h)Fm(x)dx - 5&0 ( h)(m e

Omt1(2/0)+ gmrr(z/h)
{z/h)

2P (x)dz =

i 1
— Fu (0B (W) + — 5
i
x
= Fn(®)Ba(0)+ [omn (7{‘) Foner(2)d2 +
H
+ [ ames (-—E—) Fons1(2)dz = Fru(0)Bm(k)+ Cm () + hImsa(R).

Therefore, equation (8) is proved. The relations (4) and (5) imply Theorem 2.

Theorem 2

If Conditions 1 and 2 are satisfied, the following asymptotic estimate holds:
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N~}
() I{h)y= Z [Fin(0)Bm(h)+ Cr (k)] h™ + ¥ ~p(h), p(h)—~>0, h—

m=0

Formula (6) is fundamental in the proposed method of calculating the
asymptotic form of the integrals. It enables the problem of the calculation of
the asymptotic form of the integral (1) to be reduced to the calculation of the
asymptotic forms of the integrals B, (k) and C, (k). We notice that the integral
Bm (h) depends only on the kernel w (x), and the integral C (h) only on the
single coefficient f (x) and the function f (x).

As a first example we consider the case where all the coefficients q, x)
are constants:

q,, (x) = q, = const.

Then
i

Cm(h) == gm+1 s Faii(z)dz,
v

and the asymptotic value of the integrals Bm (h) is calculated as follows:

1/h 1 1n

B (h) = j.mm(t)dtr—“ j'm,,.(t)dz+ j [mm(t)——

dm+1
i

]dt——qm.,.glnh::

1/h

i -3
- jo}m(z)dt—t— j‘ ((nm(t)— q”‘:‘ )ds-q,,,+,1nh+ f ( dmiz ) dt.
[ 1 o

t2
Since
1/h i/h
I jtman(t)dt l 5 AV-i-m “- ltN"‘o—)—N(t) |dt = hY—1=™mp(h),
we have
1 oo
(" Bn(h)= I Om(t)dt + j(mm(t)— It ) dt —
) t

o
i
~— Gt lnh+qm+gh +‘_)Qm+3hz+...+hN—i“mQ(h), h—0.

After substituting formula (7) in (5), we obtain the following theorem.
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Theorem 3

If the functions o (x) and f (x) satisfy Conditions 1 and 2, where all the
coefficients g, (x) are constants, the integral (1) has as h - 0 the following
asymptotic form:

N—-i 1

(8 I(h)= 2 [ —gmes f("';(!O) Inh 4 ( j‘mm(x}d:c +
m=0 [+]
+ f ( Om (@) — q’;‘“ ) dx) ! m;(f’ ) 4 gmin ( f Pt (2)dz —
10(0)

— —————— lh’"-—[—h”"’p h N o h —>(’, h-0.
w0

Formula (8) was first obtained in [1-2].

As a second example we consider the case where

ki
gm{z) = fm +Z Bamz—k.m, 0< opm < 1.
k=1

In this case .
ity

s 4
. Fmys(z)
Con(h) = Pmss ij+£(3) dz + Zﬁ*:m+‘hak’m+‘ j‘ chk e
° r=1

1]

and the asymptotic value of the integral B, (k) is easily calculated from the
equation

Bmet

x

Bm(k)=j' mm(:z)dz—{-} ( Om ()~ ) 3z — Prmss 10k +

i/h

+j ( 9m+1"!3m+1+ Qm+2+”') o —

z a®

Bt

x

i o
25 Om(z)dz + ! (mm(x)-— ) dz — BmysInh +

o Brmt
+ 2 . hokmss 4 Bugak + ... .
R

Arm+t
1

The general formula for the last case is rather unwieldy to obtain and we
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will not write it out.

We specially mention the case where g, = const and the function f (x) is
continuous only on the right. Then reasoning similar to that given above enables
us to state that

I(h)= [—thlnh+ j o(z)dz + } (m(z)——ii) dz] 1(+0)+ o(1).

2. Asymptotic form of integrals over an infinite interval

1. General case. We now consider integrals of the form

o

©) I(h)= —:-J.co( ) f(z)dz.

0

We suppose that the function w (x) satisfies the following condition.

Condition 3. The function f (x) is integrable over any finite interval, is
bounded on [0, ), and the integrals

oo () 2

are finite for any A > 0.

<< 00, 0<<m<N.

The following theorem holds.
Theorem 4

If Conditions 1-3 are satisfied, the asymptotic estimate

N—4
(10) I(h)= 2 Fun(0)Bm (h)+ Cum(h)+ J'q,,.+, (-:—) f(@)z—m dz] jr
+ h=1p(h).

holds for the integral (9).

Proof. We divide the integral (9) into the two integrals:

1(h) =_:fjm( )j(z)dz-l--fh—:": ( )f(z)dx.
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In the second integral we replace the kemel w (x) by its asymptotic estimate,
and we find the asymptotic estimate of the first integral by formula (6). If all the
coefficients g, (x) are constants (the case considered in {1, 21), we obtain from
(8) and (10) that the following theorem holds.

Theorem 5

If the conditions of Theorem 3 are satisfied, and f(x) is integrable and
bounded on [1, =), the following estimate holds for the integral (9):

I(h) = E [— (q,,..Hlnh-l— .i'm,,.(z)dz+} (m,,.(z)— q";“) dx) x
1

m=0
(0
(11) X m,)+qm+me(f)]hm+h~-*p(h). p(h)~>0, B>,
i m—1{ o
1®(0) f(z) o I®(0)
Pn(f)= [j - a] g 1@, ™)
.! (=) kZ_o' T $+.1fzm dz ;kx(m—k)'

If the function f (x) has N continuous derivatives in the interval [0, =), and
|z¥fm) (z) | -0, z—>0, 0<m<N,

the functional Pm (f) assumes the form

i

Pm(f)____i_“ﬂm)(z)—ﬂm)(O) dz+§f(m;(z) dz + f™(0) Z’:_%_] _

m! z
0 1 v=1

2. A special case. If for every m the integrals

Bn' =! On(z)dz,

are finite, we also use another method for calculating the asymptotic value of the
integral (9). We put

! fm,,. (-’;—) Fm(x)dz,  Cm'(h)= !'q,,.,q (ih) Fss(z) dz.

In' (h) = —

It is easy to see that the integrals introduced exist and are connected by the

recurrence formula
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£™(0)
(12) I’ () = — B+ Con"(5) + Bl (B).

To prove formula (12) it is sufficient to prove the convergence for every m
of the integral I * (h), since then the recurrence formula itself and the conver-
gence of the integral C, * (h) will be consequences of the recurrence relations
between the functions w_ (x), q,, &), F,, (x). However, because of the bounded-
ness of the function f (x) for every h > 0 the estimate

F, (hx) =0 (1/xh), x - o, a3
is valid, and the integral M dz, a > 0, converges by Condition 1. We
now prove that a z

}kIN*(h)i > 0as h-0. (14)

Indéed, by (13) we have

w(2)

(14) [hIy" (k) | = j’ Fx(ht)ox(£)dt + j‘ (htFN{ht))-—-—dt‘ <

a i
< hj‘ |Fy(ht)]|ox(2)|dt -+ max ht|Fy(kt)] j’ IO)N: )

et

< lox(t
gc;hjlmN(t)ldt+czjl N()Idt, ¢1 = const =0, ¢z = const > 0.
2

a

First choosing @ sufficiently great, and then k sufficiently small, we can
make the right side of (14') less than any positive ¢. Theorem 6 follows from

(12), (14).
Theorem 6

If Condition 1-3 are satisfied and the integrals

Jmm(:c)da:, moe=01,...s

o

are finite, the following estimate is valid:

Nt 0
(15) I(h)== Z[fm,( )B +Cm’(h)l -+ h¥=tp(h), p(h)>0 as k-0
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As an example we consider the integral [ (h) whose kernel has as x -+ o« the
asymptotic form

eix

(16) m(x)=y—x(a1+%+...).

Here etx

1
gm(T) = am ¥z e, Om (L) = amt1—+ 0 (—) , z — oo,
Yz V3

and formula (15) is applicable. In our case the coefficients C m (h) are given by
the integrals

-]

Cr(h) = amsch~'h S ei/h Yz Fpn i (2)d2,

0

the asymptotic forms of which are easily obtained from known formulas (see
[3], p. 61) or directly from the recurrence relations

eixlh

bl ® ix/h
[t = je——[f(z)—f(ondz+f<0>v<m'h>=
° ¥z 0 V=

P 11 @=10 7
= OV (ih)+ ih h; [f’(:c)——z—-___x—-—] .

Simple calculations give

N—m—1

Com (k) = tmy1 ¥ (1d) [f‘"‘) O+ 2 »

Ru=i

0.5:1.5...(k — 0.5)
k!

f(k+m) (O) (ih)h] + hN—m—o.5p (h) .

Substituting this formula in (15), we obtain (see [4]) the following theorem.
Theorem 7

If the function f (x) satisfies the Conditions 1-3 and the kernel w (x) has the
asymptotic form (16), the integral (9) has the following asymptotic form as k ~» 0:

m

N-—-1
I(h)= ZD,,. i (‘O) pm o hN=tp(h),  p(R)—>0, h—>0,
m=0 ’

D = j. om(z)dz 4 ¥ (5i) Z 0.5-1.5...(k — 0.5)i*azss + ¥ (RE) Gmts-

Rhj=m
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Applying this formula to the kemel w (x) = J, (x), where J_ (x) is a Bessel
function of order v, we obtain the asymptotic form of the Hankel transformation of
the function f(x) for large values of the argument z = 1/h:

L] N—14
x
(1) J# (o) 1@de = ¥ eatrrm@am + wetoin,
0 mm=0
where the polynomials Qm (v) are calculated by the recurrence formula
1 m (__1)m+n+l ™
= = 2{V)bn_m,
Q=1 Qnl)="— 12 o )
n=0
(—1)2+i Rl for n=2p+1,
™ _
" 1-3...(n—1
n! (» ) v for n = 2p.
27 p!

We give some of the first of the polynomials Qm(¥): Qu(v) =1, Q:i(v) = v, Qa2(v)
= 1Yp(v2—1), Qs(v) = */6(v* —4&v), Qu(v) = }/2u(v* —10v*+9). We mention that for
v = 0 formula (17) was obtained in [5].
The methods of [1-3] were also used in [6, 7].

3. Some generalizations

1. We consider integrals of the form

b
1= — m(’—h“)f(z)dx, a <z <b.
h

By a change of variables this integral is reduced to the sum of the two
integrals:

1
I(h)= 'z“h “jm( _—(i;-i)t) f(zo +(a— xo)t)dt +

1
b—2z b—2
+— °Jm( - ? t) F(o +(b — zo)t)dt.

If the point x, is fixed, the asymptotic value of each of these two integrals
can be calculated by the formulas given above. But if the point x, is close to a
or b, that is, x, — a ~ h or b — x, ™~ h, the parameter ((x, — a)/h)™ or (b — x %/
h)™* will no longer be small, but then an expansion of the function f(t) in the
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neighbourhood of x, can be used. Corresponding formulas uniform with respect to
x, were obtained in [8].

2. We consider an integral over the multidimensional domain Q:

= (52

h

First locating the coordinate origin at the point x, and changing to polar

coordinates, we obtain
T{PgreeesPpmy)

(18) I(h)=fd¢1...dcpn_i[ J‘ m((pi,...,tpn_g; —:—-) X

L]

X Q1 ooy Pryy )t dr] :

the asymptotic form of the integral (18) can be obtained by integrating with
respect to (¢y, . .-, ¢,_,) the expansion of the inner integral (if the point x,; is
situated on the boundary the formulas of [9] must be used).

Translated by J. Bery
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