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A METHOD for the asymptotic estimation of integrals with a kernel of &function 

type is presented. 

In [l-3] in the solution of the problem of finding the asymptotic forms of 

definite integrals with a kernel of &function type a special difficulty was 

encountered which consisted of the fact that the integration of the asymptotic 

expression for the integrand obtained leads to formally infinite coefficients of 
the asymptotic form of the integral. This situation is characteristic of many 

asymptotic problems. 

A special method for the asymptotic estimation of integrals was developed 

in [l-3] to overcome this difficulty. The proposed method is based on the 

recurrence relations given in fl-3) and is applicable to many other problems, 

and for this reason it is useful to give an independent treatment of this method. 

1. Asymptotic form of integrals over a finite interval 

We first consider the problem of calculating the asymptotic form as h + 0 of 

the integral 

We will suppose that the kernel o (x) and the function f(x) satisfy the 

following conditions. 

Condition 1. The function w (x) is integrable in any finite interval and as 

x -) DO has the asymptotic form 
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We will assume that the functions 4;~ (x) are integrabte in any fiiite interval. 

Condition 2, The function f(x) has N right derivatives at the point x = 0, 

which are bounded and integrable in the interval IO, 11. 

For every m, O$ m < N, we define the functions 

(2) Wm+i(X) = m.h?l(~)- 4m+t(x), 

Conditions 1 and 2 ensure the correctness of the definitions (2), the following 

formulas holding: 

Lemma 1 

The following estimate holds: 
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Ihi, (h) / -a 0 as h -) 0, O,< n < N. 

proofa By Condition 1, 

PO, (x) = 0, (x) + 0, 35 -, -, 

(4) 

therefore 

and 

Theorem 1 

The following recurrence relations hold: 

(5) L(h) - ~r?a(Of%(h) + C,(h) + K%,*(h), 0 < m < N, h > 0. 

Indeed, 

d 
0 

Therefore, equation (5) is proved. The relations (4) and (5) imply Theorem 2. 

Theorem 2 

If Conditions 1 and 2 are satisfied, the following asymptotic estimate holds: 
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Formula (6) is fundamental in the proposed method of calculating the 

asymptotic form of the integrals. It enables the problem of the calculation of 

the asymptotic form of the integral (1) to be reduced to the calculation of the 

asymptotic forms of the integrals B, (h) and Cm (h). We notice that the integral 

Bm (h) depends only on the kernel w (x), and the integral Cm (h) only on the 

single coefficient f(x) and the function f(x). 

As a first example we consider the case where all the coefficients 9, (x> 

are constants: 

Q, (x) = qm = const. 

Then 

and the asymptotic value of the integrals 8, (II) is calculated as follows: 

f/h i m 

&n(h) = 
J 

o,(t)dt = o,(t)dt + 
J J[ 

%I-1 
an (q - - I dt - q,,,+i In h = 

t 
u u I i OL) i/h !lnr+f. htz = J ~rn(~~~~ + s( O,(t)-- 1 dt--q,+ilnh+ t 

0 f J( --F+.** dts > m 
Since 

I/IL ill1 

Is P,, (t) at 
I s 

- 
g /$+-l--m It”-‘(&t) I& = hN-l-yIP(h), 

SW 

we have 

(7) Bnl (h) = 
J 
om(t)dt + s( Pmti o,(t)-- - 

) 
at - 

t u 1 

- Pm+1 In h + 4m+zh + 

1 
y- %+3h2 + . . . + h”-‘-mp(h), h -+o. 

After substituting formula (7) in (5), we obtain the following theorem. 
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Theorem 3 

If the functions O(X) and f(x) satisfy Conditions 1 and 2, where all the 

coefficients qm (x) are constants, the integral (1) has as h + 0 the following 
asymptotic form: 

Ii-i 

P@ (0) 
1 

(8) I(h) = 
Cl 

--P?Zt+i -lnk$ 
m! U 

om (x) ds + 

7D=O 0 

Is4 fm(O) - c k!fm - k) )I hm + h-p(h) I P&)-+0* h-+0. 

&dt 

Formula (8) was first obtained in [l-2]. 

As a second example we consider the case where 

and the asymptotic value of the integral B, (h) is easily calculated from the 

equation 

I 00 

B,(h) = J % (x) dz + J( Bn+: @YB(2)--- ) ax--lL+ilnh+ 
5 0 i 

*lb 

i-J ( qm+‘;Bm+i+~+...) d;t= 

i m 

s ,0,(z) d.T + I( 
Pm+i -_ on&(s)- - ) d*-k+llnh+ 

5 
0 i 

The general formula for the last case is rather unwieldy to obtain and we 
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will not write it out. 

We specially mention the case where q1 = const and the function f(x) is 

continuous only on the right. Then reasoning similar to that given above enables 

us to state that 
I OD 

Z(h) - 
1 

-qilnh+ o(z)dz+ J J( o(z)-QL ) 1 ds f(+o)+ o(l). 2 0 * 
2. Asymptotic form of integrals over an infinite interval 

1. General case. We now consider integrals of the form 

(9) Z(h) = go (f) j(Wz. 

0 

We suppose that the function o (x) satisfies the following condition. 

Condition 3. The function f(x) is integrable over any finite interval, is 

bounded on [O, w), and the integrals 

1 i_+l (f) J-f& 1 <my O<m<N. 

are finite for any h > 0. 

The following theorem holds. 

Theorem 4 

If Conditions l-3 are satisfied, the asymptotic estimate 

(10) 
N-l 

Z(h) = 
c 

rZWW&4+ G(h)+ q j(z)GtPdx w+ 

m=0 
? n+i ($) 
i 

] 

+ hN-‘p (h). 

holds for the integral (9). 

Proof. We divide the integral (9) into the two integrals: 

Z(h)=i 61 
hj ( 0 
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In the second integral we replace the kernel w (x) by its asymptotic estimate, 

and we find the asymptotic estimate of the first integral by formula (6). If all the 

coefficients q, (x) are constants (the case considered in [l, 21), we obtain from 

(8) and (10) that the following theorem holds. 

Theorem 5 

If the conditions of Theorem 3 are satisfied, and f(x) is integrable and 

bounded on [l, w), the following estimate holds for the integral (9): 

N-i 1 m 

Z(h) = qm+ihh+ w,(z)dz+ 
s 

Qm+i 
‘Urn (2) - - 

ma0 
X 

0 i 

(W 
x f”’ (0) 

y- + qm+Pm(f) 
I 

hm + h”-‘p(h), p(h)+ 0, h + r), 

Pm(f)= j [f(x)-g!L] x-~dx+j~dx_p;(0)k), 
0 k-0 i kc0 

If the function f(x) has N continuous derivatives in the interval [0, m), and 

IXNf’“‘(X) 1 +o, x* 00) O,(m<N, 

the functional Pm (f) assumes the form 

Pm(f) = + 
i f”)(x)-F(O) 

[J 
m 1 

dz+ 
“f’“‘(x) 

5 J -dx+p(O) 
5 z 1 - . 

V 
0 I v=i 

2. A special case. If for every m the integrals 

OJ 

B,,,* = J Qh (5) dz, 
0 

are finite, we also use another method for calculating the asymptotic value of the 

integral (9). We put 

It is easy to see that the integrals introduced exist and are connected by the 

recurrence formula 
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To prove formula (12) it is sufficient to prove the convergence for every m 

of the integral I,* (h), since then the recurrence formula itself and the conver- 
gence of the integral Cm* (h) will be consequences of the recurrence relations 
between the functions o, (x), Q, (x), F, (x). However, because of the bounded- 
ness of the function f(x) for every h > 0 the estimate 

F, (hx) = 0 (l/xh), x -t m, (13) 

is valid, and the integral J = I~~(4 I d= - , a > 0, converges by Condition 1. We 

now prove that X 
cl 

/hi,, * (h) j + 0 as h --f 0. (14) 

Indeed, by (13) we have 

RG?<FO :i n 
< c,h j,w,(qpt+c, J- O” I@N(t)I dt , cl = const > 0, ca = const > 0. 

t 
0 

First choosing a sufficiently”great, and then h sufficiently small, we can 
make the right side of (14’ ) less than any positive t. Theorem 6 follows from 

(W, (14). 

Theorem 6 

If Condition l-3 are satisfied and the integrals 

0 

s 
t&n(x) dz, m = 0,1,. . * 1 

0 

are finite, the following estimate is valid: 

(W Z(h) = 
N--i f’“‘(0) 

CC -&“+C,‘(h) 
TlZ! 1 

hm+hN+p(h), p(h)-+0 as h-+0. 

m=0 
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As an example we consider the integral I (h) whose kernel has as x + 00 the 

asymptotic form 

(16) 

Here ,iX 
qm(s)= a,Vxt+, mm(x) = am+1 - + 0 

IX 
I x+00, 

and formula (15) is applicable. In our case the coefficients Cm (h) are given by 

the integrals 

m 

c,(h) = ~,+~h-% s efxfhfx Fm+i (X)h 
0 

the asymptotic forms of which are easily obtained from known formulas (see 

131, p. 61) d’ tl f or rrec y rom the recurrence relations 

= f(O)l’(nih)+ih 1 dX. 

Simple calculations give 

Substituting this formula in (15), we obtain (see [4]) the following theorem. 

Theorem 7 

If the function f(x) satisfies the Conditions l-3 and the kernel O(X) has the 

asymptotic form (16), the integral (9) has the following asymptotic form as h + 0: 

N-i 

Z(h) = 
c 

D f(“)(O) 
m - h”’ + kN-‘p (k), p(h)-+O, h-t@ 

m! 
VI%=0 

m 

D, = 
s 

om(x)dx + ,‘(ni) 
c 

0.5.1.5.. .(k - 0.5)ikaj+i + l(ni)a,+i. 

0 k+j=m 
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Applying this formula to the kernel w (x) = J,, (x), where J, (x) is a Bessel 

function of order V, we obtain the asymptotic form of the Hankel transformation of 

the function f(x) for large values of the argument z = l/h: 

(17) jL (f) i(r)dz=~Qn(v)fI”l(0)h~+h”-lp(h), 

0 ?I%=0 

where the polynomials Qm (v) are calculated by the recurrence formula 

Qo(v) = 1, Q,(v)=&z ,(m_n)! 

m (-l)m+n+i Qn(v)b(V) 
n mr 

?I==0 

t--11 p+’ nl for n = 2p+ 1, 

b;)= ’ 

n! 
1.3...(n- 1) 

V for n = 2p. 
2PD! 

We give some of the first of the polynomials Qm(v): Qo(v) = 1, QI (v) = v, Qz(v) 
= r/r(vz - 1)) Q3 (v) = i/6(v3 - 4v), Q&(v) = ‘/zk(@ - 10~’ -I- 9). We mention that for 

v = 0 formula (17) was obtained in [5]. 

The methods of [l-3] were also used in [6, 71. 

3. Some generalizations 

1. We consider integrals of the form 

Z(h) = a < xo < b. 

a 

By a change of variables this integral is reduced to the sum of the two 

integrals: 

+!+ o (Tt) f(xo +.(b - xo)t)dt. 

If the point x0 is fixed, the asymptotic value of each of these two integrals 

can be calculated by the formulas given above. But if the point x0 is close to a 

or b, that is, x, - a Q h or b - x0 % h, the parameter ((x0 - a)/h)” or ((b - x,3/2/ 

h)” will no longer be small, but then an expansion of the function f(t) in the 
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neighbourhood of x0 can be used. Corresponding formulas uniform with respect to 

X, were obtained in [S]. 

2. We consider an integral over the multidimensional domain $l: 

First locating the coordinate origin at the point x, and changing to polar 

coordinates, we obtain 
‘(~,....>Vi+,) 

(Q3) I(h) = 5 dqh * . . drp,_* 

X fITi,. . . , rp,-I; r)rn--i dr 1 ; 
the asymptotic form of the integral (18) can be obtained by integrating with 

respect to (&, . . . , (sl,,,) the expansion of the inner integral (if the point X, is 

situated on the boundary the formulas of [9] must be used). 

Translated by J* Berry 
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