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WE examine the possibilities of transforming or regularizing schemes in
such a way that the new schemes are stable and satisfy auxiliary require-
ments as regards accuracy and economy.

Difference schemes are treated as operator equations in real linear
normed space [1. 2]. Two- and three-layer schemes are discussed in real
Hilbert space (more precisely, in unitary space, since no use is made of
completeness). Stable schemes are classified. Schemes are written in a
canonical form that enables stability operators, or what will be termed
regularizers, to be introduced. Sufficient conditions for stability only
weakly restrict the arbitrary selection of these stability operators. By
varying the regularizers but remaining in the class of stable schemes,
economic schemes of bounded order of accuracy can be obtained.

All the regularization schemes discussed have in common the use of
energy-wise equivalent (en. eq.) operators as regularizers (similar oper-
ators are employed in linear algebra [3], see also [4, 13]).

All the schemes familiar in the literature can be treated as schemes
obtained from natural explicit schemes by means of some regularization
procedure,

We only need to mention the widely used implicit schemes. As & rule,
the same operator is taken (as regularizer) on the upper as on the lower
layer (or on & smooth part of it).

Another type of regularization is typified by the explicit three-
layer rhombus scheme (5] (the Dufort - Frankel scheme) and the asymmetric
two-layer scheme of V.K. Saul'ev [6] for the equation of heat conduction.

* Zh. v¥chisl. Mat. mat. Fiz. 7, 1, 62 - 93, 1957.
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Both have the following characteristic properties: (1) the schemes are
unconditionally stable, (2) explicit formulae are used for computation,
and (3) the order of approximation is lower than for conventional ex-
plicit schemes. The rhombus scheme is obtained from the absolutely un-
stable Richardson scheme by replacing y;/ by 0.5(y; /™! + y,j-1). Surprise
is expressed in Wasow and Forsythe’s book (5] that such a slight modifica-
tion should transform an absolutely unstable into an uncondigionally
stable scheme. It will be shown in § 3 of Section 3 below that trans-
formation of a Richardson to a rhombus scheme is equivalent to introduc-
ing an elementary type of regularizer. The type of regularizer for the
asymmetric scheme is described in § 4. Multidimensional analogues of
these schemes can be used as iterative schemes for solving elliptic equa-
tions with variable coefficients in arbitrary regions (7].

Our theory of the regularization of difference schemes starts with
sufficient conditions for stability and a priori estimates for two- and
three-layer schemes in real Hilbert space (Theorems 1 - 4). These
theorems will be proved in a later paper.

A general principle for regularization of two- and three-layer schemes
is laid down in Section 3, using similitude operators. Some examples of
selecting en. eq. operators for 2nd order elliptic operators are given
in Section 4. The regularizer R must be arranged in each specific case
80 as to simplify the inversion of the operator to the upper layer and
retain the required order of approximation.

Factorized schemes (FS), i.e. those in which the operator is repre-
sented on the upper layer as the product of a finite number of operators
(factorized), are considered in §§ 4 and 5.

Numerous interesting papers have appeared in recent years on economic
difference methods for solving multidimensional problems of mathematical
physics, e.g. by Peaceman, Reckford, Douglas, Baker, Oliphant, V.K.
Saul’ ev, N.N. Yanenko, E.G. D’ yakonov, S.K. Godunov and V.B. Andreev
(the necessary references may be found in [2, 5 - 11). In spite of differ-
ences in approach, in symbolism and terminology (method of alternating
directions, splitting method, scheme with splitting operator), many of
the difference schemes proposed by these authors have the following in
common: after reduction to the canonical form, the resulting schemes are
factorized, and by definition, approximate to the initial differential
equation. The domain of variation of the space variables x,, XgyeeesXp
is a p-dimensional parallelepiped.

A large number of economic FS for the equations and systems of equa-
tions of mathematical physics have been investigated by E.G, D’ yakonov



Regularization of difference schenmes 81

(see e.g. [9, 14]. the latter with a list of references). The initial
schemes approximating the differential equations and considered by

D’ yakonov were two- and three-layer FS of a special type, which he
termed splitting operator schemes. These schemes were shown to be stable
and convergent under some auxiliary restrictions (a fine mesh, smooth
coefficients, conditions beyond the natural conditions of ellipticity on
the matrix of coefficients of the space operator when mixed derivatives
are present, etc.). It was noted in (2] that these restrictions need to
be removed in the case of equations with discontinuous coefficients, and
in particular, the question of the applicability of FS (splitting
schemes) investigated. V.B, Andreev has proposed two- and three-layer FS
for parabolic equations with mixed derivatives, stable under a natural
parabolicity condition.

Paragraphs 4 and 5, which represent a development of [2, 10], give a
general method for constructing FS by regularization of an initial
scheme, whose regularizer is the sum of a finite number of operators:

m

R = :S R,. Sufficient conditions for stability of the FS are given in

=1

the form of conditions on the operators R,, which distinguish the class
of stable FS. This class includes the family of familiar FS (including
schemes with a splitting operator).

The FS is shown to be stable on any sequence of meshes provided the
initial scheme has this property, and in addition, {Ra} is a system of
mutually commuting selfadjoint positive operators. This leads to an ex-
tremely wide class of unconditionally stable FS.

By using the en. eq. operators described in Section 4, a family of
unconditionally stable economic F'S is obtained for parabolic and hyper-
bolic equations and systems of equations with variable, and even dis-
continuous, coefficients. For instance, in the case of a system of para-
bolic equations with mixed derivatives, the regularizer is a difference
elliptic operator with a diagonal matrix and constant coefficients. The
solution of a difference problem then amounts to successive application
of the formulae of one-dimensional successive substitution [9]. The re-
sulting FS are stable whatever v and h under natural parabolicity con-
ditions, and are convergent in the class of discontinuous coefficients
(provided the coefficients have discontinuities of the 1st kind on hyper-
planes parallel to the coordinate hyperplanes). By selecting special
mesh sequences wp (k) [12], schemes can be obtained with the accuracy
O(h? + 1) and O(h? + 12) (three-layer schemes) in the class of discon-
tinuous coefficients. Only second order equations in x,, ..., x, are
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considered here. The theory of FS (see Section 3) is also applicable to
higher order equations (this is obvious, e.g. in the case of periodic
boundary conditions).

Every difference operator A can be associated with at least one en.
eq. operator of simpler structuré, which can be used as a regularizer
for two- and three-layer schemes. Computational practice should benefit
considerably from the compilation of a 1list of regularizers and rules
for selecting the best. The same regularizer can be used for various
elliptic operators, thereby enabling a standard program to be used for
solving classes of problems. The program for finding the solution on a
new layer remains unchanged, while the specific form of the problem
operator is allowed for when computing the right-hand side.

Regularization methods can be used to construct economic universal
algorithms for stationary problems, or more exactly, for the equations
of the first kind

du = f,

where A 18 a linear selfadjoint, positive definite operator on /I, Classes
of two- and three-layer iterative schemes with one or more relaxation
parameters are considered here. The general stability theorems of Section
2 enable the optimal relaxation parameters and convergence rate esti-
mates to be obtained. These latter results will be described in a sepa-
rate paper.

1. Schemes in ahstract spaces
1., SCHEMES AS OPERATOR EQUATIONS

Difference schemes will be considered as operator equations in
abstract spaces. Let {/y, V=1, 2, ...} be a sequence of linear normed
spaces, representing the analogue of the spaces of mesh functions de-
fined on a sequence of meshes in Euclidean space (finite- or infinite-
dimensional). In the interval 0<t < to, introduce the mesh wy = {t; =
jT, 7 =0, 1, ..., jo. T = to/jo} with mesh interval 1. Let yy(t) be an
abstract function of the argument ¢ with values in Iy, so that, with
fixed t = jT &< @y, yN(t) is a point (vector, element) of space Iy. We
shall be concerned throughout with linear operators A(t), B(t), (1),
S(t) etc., (in general, unbounded), depending on the parameter t < 51
and mapping Hy into dy for each t & w;. In general, all operators de-
pend on N and T, so that e.g. 4 = 2(V, 1; t); the arguments V, T willbe
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omitted when no confusion can arise.

Let B, S|, S5, ..., S,_; be linear operators given in Hy. By analogy
with [13], we shall describe as an r-layer (r-point) linear scheme an
operator equation Byj*tl =S yJ + Spyi=1 + ... + S, _yi-rt2 + fjt1, i>
r-1, yJ =y(t;’) & Ty, connecting the values of y(t) e ‘/y on the r
layers t = tj-r+1, ..., t = tj+;. The initial values are given for j =
0,1, ..., r -2,

Only two- and three-layer schemes will be discussed.

2. CANONICAL FORM OF TWO-LAYER SCHEMES

First take the ordinary two-layer scheme
Byitt = Cyi + 1oit!, i=01,..., ¢=@(t) € Hy for t = w. (1.1)
The initial condition
Y=y (0) = yo = Hy.

is given for j = 0. We introduce the notation

~ JH ] —
yH=y y=yty=y, =2 Tyz=y :
T

and rewrite (1.1) as
By=Cy-+19, O0<tEow, y(0) =y

Substituting # =y + 7y,, and putting B = C + 14, the two-layer scheme
is obtained in the canonical form

Byi+Ay=¢, O0<tEo, y(0) =y (1.2)
Writing the operator B as the sum

B=FE + 1R,

the second canonical form
ye+Rp+Ay=¢9, O0<t€0, y(0) =y (1.3)

is obtained.
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3. CANONICAL FORMS OF THE THREE-LAYER SCHEME

Three-layer schemes connect the values of the required function

y(t) = 7 (t € 2;) on 3 layers t = tj+1, t =tj, t =t;_;. Consider any
linear three-layer scheme

Biyitt + Boyi + Bgyi~t = 197, i=12..., (1.4)

where 35 = 8B5(V, 7; t) (s =1, 2, 3, t =¢; are linear operators given
on !Y’N,

The following index-less notation will be used in future:
j+1

A 3 v ;- 1»\
y=y" y=yW)=y, y=ylt—v=y" y=—FG—y),

y_]})’

—~

1
Yr =T

y—y
(y(+yi')=T’

o] =

Y=Yn Yr=VYp Yyy=
1 1 y
Va=7W—¥=m3@—2+y.
A three-layer scheme (1.4) can be written in the canonical form
Byy +v'Ryy+ Ay =9(t), TStE0, (1.5)
where B, i and 4 are linear operators from 7 into 7.
For substituting
A 1 2 v { o
y=y+w;+7r%, y=y*Wr+§V%
in (1.4) and denoting
(Bi—Bs)t=B, Bi+ B+ Bs=A4, —‘3—(31+B3)=Ra
(1.5) follows.

The scheme (1.5) is written with ¢t =+, 27, ... . The initial condi-
tions y(0) = yg, y(T) =y, o y,(0) =y, Yo Yo Y1 & T must be given
for t =0 and t = .

Note. If a three-layer scheme is written for a first-order differ-

ential equation in t, only the initial condition y(0) will be given. To
find y(7), either the initial equation with t = 0 is employed, or a
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two-layer scheme (see (10]) of the type By, + iy = p for t =0, Since
y = y(0) is known, it can be assumed in this case that y,(9) (y.(M =
B-1(p - 1yq)) is given.

The problem to he considered is thus

By; +TRyz+ Ay =9, t<t€o., yO) =y, ¥,(0) =y
ory (T) = y1, (1.8)

where y = y(t), § Zy(t + 1), ; =y(t - T).

Formally replacing t2% by £ + 121, we get the second canonical form
of the three-layer scheme

yt-t—i-rZRyt—‘-}—Byg + Ay =g, I<t=o, ¥ (0), y(t)siven. (1.7)

4. SOME CONCEPTS OF THE THEORY OF DIFFERENCE SCHEMES

By analogy with [1, 13], the following concept of correctness of a
difference scheme can be introduced.

The introduction of different norms into a linear set !/ produces
different normed snaces consisting of the same elements. The solutions
of problems (1.2) and (1.68) and the right-hand side p will in general
be regarded as elements of distinct spaces that differ only in their
norms. Let [l-lley, l-ll; ... be norms on the linear set H.

Problem (1.2) is correctly posed (scheme (1.2) is correct) if numbers
7o, Yo can be indicated such that, for v<C7g, V>Vg!

(1) a solution of prohlem (1.2) exists for any yy & 71 and p(t) = 7
t € g,

’

(2) the solution of problem (1.2) is a continuous function of y, and
@ uniformly with respect to V and 7; the function may be, for instance,

ly (¢) Iy < Millyoll sy + Mo max ll@(2) 2. (1.8)

T

Here, and throughout what follows, Y,, ¥,, ¥, ¢y, ¢y, ... are posi-
tive constants, independent of T and V.

If the solution of problem (1.2) depends continuously (uniformly with
respect to V, T) on y,, 9, the scheme is said to be stable with respect
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to the initial data and with respect to its right-hand side. More
stringent conditions may be imposed on the stability of the right-hand
side: the solution of problem (1.2) depends continuously on ¢, (t) as
well as on o(t). The following definition of correctness will therefore
be used below:

Scheme (1.2) is correct, 1f, for <<, and V=V,
(1) problem (1.2) is solvable, whatever y, & I, ¢(t) = 7,
(2)

Ny (&) Ny << My liyolly + Mamax ||@(2) e + My max llg: () e, (1.9)
(1) [

T T

where ;' > 0 is independent of V and T.
Generally speaking, ||-ll@ and Il:lle% are different norms.

A similar concept of correctness can he developed for three-layer
schemes.

keturning to scheme (1.2), it is solvable if the inverse operator
R-1 exists. In this case,

y = B8y + 1By, S =B —14.

Hence

A

Iyl < 1B-*SHllyll + Bl (1.10)
The existence of B-1 and the condition
I1B-1Sl << 1 4 ar, ¢1 = const > 0, (1.11)
are obviously sufficient for stability o. scheme (1.2) provided
Iyl =lgl,  lglle = IB-1¢].

For, from (1.10), (1.11),

gl < (1 + erv) Iyl + 7 1B-tqll,
: i (1.12)
971 < exp(ests) [ Dyoll + 3 <lB-1gl7 |

7=t
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Comparison with (1.9) shows that (1.9) is satisfied, where
M; = exp (cito). My = Myt,.
If it is required that [|B-1f:
1B~ < ca, (1.13)

(1.12) gives

i
1991 < exp(eat) [ ol + 2 ) o ] (1.14)

y=t

The definitions of correctness and the sufficient conditions (1.13),
(1.14) hold whatever the normed spaces.

The basic question is: what properties must the operators 4, B have,
in order for scheme (1.2) to be correct? An effective answer can be
obtained by considering schemes in real Hilbert space (see Section 2).

Before considering the idea of approximation for schemes, and the
abstract space 'ly with the normll-llx, consider space i/, with normll-llo.
We assume the existence of a linear operator Py, assoclating a vector

u = Hy with a vector uy = Pyu of space /Iy and that the norms are
matched

lim [|Pyully == llull. (1.15)

N-»co

Given the set V = iy (say the set of solutions of the initial prob-
lem), consider the difference

7=y — Pnv, z(t)y = Hy for t € @y,

where v(t) &V, y(t) & Iy is the solution of equation (1.2). Substitut-
ing y =z +Pyw in (1.2), we get Tz =Bz, +4z =y, where y = ¢ ~

(Bue v +Auy), vy = Py, ¢ & fiy. The vector ¢ = g(t; v) of set fy is
called the error of the approximation for scheme (1.2) on the set V. .
With each Hy we associate a number hy > 0 such that the sequence {hy} is
convergent to zero as V —w :

lim Ay =0.

N-ooo
Scheme (1.2) will be said to have an approximation O(tk + hy™ in the
norm II-lle on V if, given any v & V and any V> Vothy <C o) and 1< 1y
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we have {lp(2; v)llg = O(x* +hy™) or W (E, v) e << M(z* + An™).
Consider two schemes: I,y = ¢, ILj= q;
Let y(v) and §(v) be the corresponding approximsation errors on V.

The schemes 1; and M, will be said to belong to the class of schemes
S(k, m) or to be equivalent in the sense of the approximation O(t* + hy™)
on V in the norm ll-le, it

19 () — ¥ () llg < Myv* + Mahy™,

where ¥, >0, 7, >0 are independent of v and hy; if ¥, =0, T, T, be-
long to the class S(k, ®), or with ¥, = 0, to the class S(x, m).

Various classes S(k, m) of schemes equivalent in their order of
approximation will be considered.

2. Sufficient conditions for stability
1. LINEAR OPERATORS IN HILBERT S8PACE

Let /I = /Iy be real unitary space with scalar product (, )y and the

norm llylly = ¥ (y, y)~ (the subscript V will be omitted in future). We
shall consider linear operators A(t), B(t), R(t) etc. dependent on the

parameter ¢t & ;., (and T, V) and mapping  into # for each t & -‘;1-

We recall some elementary properties of linear operators (4], Let v,
z be vectors of H. We shall write

A =B, if (Av,v) = (Bv,v) ¥;
A =B, if Av= Bv for all ve H.

The operator A 1s selfadjoint: A* =4, 1f (Av, z) = (v, Az); posit .ve:
A >0, 1f (Av, v) > 0, v # 0; positive definite: A>=8E, if (v, v) =
Sllvllz (£ is the unit operator, 5 is a positive number); semibounded
from below: A>> - 5E, 1if (Av,v) = 8l v ||2. (Note: if (Av, v) = (Bv, v)
for all v & ‘I, the operator form of the condition A== 73 will not be
used.)
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A positive operator 4 = 4(t), dependent on t & 57, will be termed
Lipschitz continuous in t if

|(A;v, v)| < 2 (A, v), 2.4
where ¢, = const >0, A; = (4 —A)r, A=A, A=4 t—1), =t E 0.
The necessary and sufficient condition for the existence of the in-

verse operator 4-1 is that 4v = 0 only if v = 0, Hence, if 4 18 positive
(A > 0), 4-1 exists,

2. TWO-LAYER SCHEMES

Consider the set of all two-layer schemes
By + Ay =9o(t), 0Kt oy y(0) =y, (2:2)

where B = B(t), 4 = A(t) are linear operators given on .

Suppose that, for all t & 3

DA=AQ@) is
selfadjoint, 4* = 4; {2.3)
positive, 4 > O; (2.4)
Lipschitz continuous in t: | (43, 2) | << Cz(ffz, 2), z&E H; (2.5)

2) the operator B = B(t) is
positive, B > 0. (2.6)

The set of two-layer schemes (2.2), whose operators 4 = A{t) and
B = B(t) satisfy conditions (2.3) - (2.8) will be termed the initial
family of two-layer schemes and denoted by IF2,

It is always assumed in future that conditions (2.3) - (2.6) are
satisfied, i.e. only schemes belonging to the initial family are con-
sidered.

Recalling the definition of correctness of scheme (1.2) given in § 4
of Section 1, the solution of problem (1.2) will be estimated in the
energy norm
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Iy ||(1) = flyllq = V(A ®y, y). (2.7)
For the right-hand <ide wc: use the norms
lglle = llpll a1 llgplley = (47, @, @)%+ (A~'vg, 7). (2.8)
Since B > 0, problem (!.2) is solvable whatever y, = I, o(t) & /.
The sufficient conditions for two-layer schemes (2.2) of IF2 can now
be formulated. Everywhere, c,, cy, ... denote positive numbers independ-
ent of V and 7.

Theorem 1

If
B > 1/z‘l:(1 —_ Ci‘li')A, (29)

scheme (2.2) of IF2 is stable for sufficiently small T<C 71y, 79 < 1/2 ¢y,
so that the solution of problem (1.2) satisfies

ly ) e < Mi|yola + Mo max [(A“(p, @) + (A%r, 9p) "1, (2.10)

where Y,, ¥, are positive constants dependent only on c;, ¢y and ig.
Corollary

1f
2 1/21:"41 (2'11)

scheme (1.2) is stable whatever v > 0 and ¥;, ¥, depend only on c, and t,.
Theorem 2

If
= eE + Yor(1 —ert) 4, g = const > 0, (2.12)

then the a priori inequality holds:

(2.13)

19 @) o < M1| Yol + V—-
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Corollary
With

B=1wmA+eE, 0<<e<1, (2.14)
(2.13) holds for all t > 0.

Conditions (2.9) and (2.12) distinguish the classes of stable schemes
from the initial family of two-layer schemes (2.2).

As a rule, (2.9) and (2.12) with ¢; = 0, i.e. (2.11) and (2.14), will
be used as sufficient conditions for stability.

Putting B = E + 1R, we write scheme (2.2) in the second canonical
form

ye+ R+ Ay =« (2.15)
From (11),
1 1 1
E4+1R=—14 or R>=—A—_FE,.
2 2 T
This condition will be satisfied for
R = god, wh o ! 4 (2.16)
W = — . .
= oy WIETe G0 = o T Al

(If A is an unbounded operator, we formally put 1/|4All = 0. everywhere in
(2.18), (2.17) ete.).

For, 1f R > 044, i.e. (Ry,y) = oo(4y, y), then

(By,0) —/ax(Ayy) = (E+7(R—"hA))y,y) = [ Iyl — Ay | +
+1((R—00d)y, y) = T((R—d0d)y, y) =0,

since (Ay, y) <Al yll2. The writing in the proof can be simplified
by using the operator inequalities and recalling that £ << (1/]|A)A
and E+4+tR > (1/l1All)A + tR. The condition E -+ TR = 3t4A will be
satisfied 1f (1/(l4l)A 4+ tR = /=14, i.e. R = 0oA.

Similarly, condition (2.14) can be seen to be satisfied for

11—
to0<e<. (247)

R>0d, Oim—m——,
od, 0=
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From Theorem 1, scheme (2.2) is stable with respect to its initial
conditions with > uyl. The difference between conditions (2.18) and
(2.17) is due to the different types of right-hand side stability. Com-
paring (2.18) and (2.17), both can be seen to be satisfied with

R = 1A, (2.18)

In this case, (2.10) and (2.23) are satisfied simultaneously whatever
T > 0. As an example, consider the scheme with weights

ye+ Ay =9, YO =oy+ (1— o)y
Since } == y -} 1y, 1t reduces to the canonical form
(E+otd)y: + Ay = @.
Comparing with (2.15), we find that
R = oA.
The sufficient conditions (2.18), (2.17) give [1]

o = 0o, (2.16")
0 = Ce. (217’)

In particular, according to (2.18'), the explicit scheme (c = 0)

yt+Ay=1¢

is stable under the auxillary condition 1 << 2/l A4 |.

A priori estimates are obtained in (7] for schemes with weights when
the operator A is not selfadjoint.

3. THREE-LAYER SCHEMES
We specify the initial family of three-layer schemes (IF3)
Byy £ vRy; + Ay =9, O0<t=o.,, y0) =y, y@E =0, (2.19)

by means of the conditions: the operators 4 = A(t) and R = R(t) are
selfadjoint, positive and Lipschitz continuous in ¢ (8ee (2.1)).

Only schemes (2.19) belonging to the initial family will be con-
sidered.
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Theorem 3
If
B = —cit?4, ¢ = const > 0, (2.20)
1
R>—-I7;—8A,‘ e=const, O0<<e<1, (2.21)
scheme (2.19) is corr - for sufficiently small T << %o, To << 1/4c; and

the solution of problem (2.19) satisfies

ly &l < Mily (%) o) + M> max [(47'¢, §) + (479, o, (2.22)

lyly =Y A @ +9), y+9)+ (R—=a4) . ¥7), (2.23)
where ¥;, Y, are positive numbers depending only on c;, cj3, &, and ¢.

Notice that B+ 2tR = ((1+ &)/2 —et)tA > 0 for v << 1/2¢;.
Scheme (2.19) is therefore solvable.

Theorem 4
Let
B>06E, d=const>0, R>1(14e)d, 0<e<l (2.24)
Then
Ny () gy < Milly (v) gy + M2 n}‘&x o)1, (2.25)

holds for (2.19) (whatever v > 0), where #, = Y(c,, tq, co/e), Hy =
W(1/5, 02' tOl Cz/E),

Vote 1. 1f the operator R — 4 A>=0 is Lipschitz continuous in ¢,
Theorems 3 and 4 hold provided the condition R=> [(1 + ¢)/4]4 is re-
placed by

R=,A. (2.26)
In particular, this is true for constant operators R and 4.

Consider as an example the scheme with weights
Y+ A (o + (1 —01—0)y +6ad) = . (2.27)
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Writing it in the canonical form (2.19), we get

B=E+(o1—o)14, R= %(01 + 02) A. (2.28)

In view of Theorem 3 and Note 1, the scheme (2.27) is stable with

01— —aT, 0140y =1, (2.29)

O = ————
=l

The condition R>G5E is satisfied for

1—38
-0y = ——— 0 < 1. .
0y — 0z = TR <é<1i (2.30)

In this case (2.25) holds.
The symmetric scheme (o, = g5 = o) is stable if

o= 1, (2.31)
Note 2. Putting R = 0 in (2.19), we get the explicit scheme

By; + Ay=uo,

which is unstable whatever the operator B > 0,

We recall that the two-layer explicit scheme (R = 0)
Yyt +Ay =@
is conditionally stable forTt<<2/[lA|.

While the stability of the three-layer scheme is determined by the
operator R only, that of the two-layer scheme is determined by R + E/x.

3. Regularization of schemes

We now turn to some general methods of regularization.

1. BASIC REGULARIZATION PRINCIPLE

The sufficient conditions for stability
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R = o4 ! ! for the two-1 h (3.1)
= ——, -layer scheme .
== 0p4, Oy 5 1:I|A|| or the two-layer
14+¢
R=——A4, g > 0, for the three-layer scheme (3.2)

impose very weak restrictions on the selection of the operator R. In
consequence, it becomes possible to transform (regularize) a scheme by
modifying R in such a way that conditions (3.1) - (3.2) are still satis-
fied. In future, & will be termed a regularizer.

Consider, for instance, the scheme
(E+R)y: + Ay = o, <<t oy, y(0) = yo. (3.3)

Let condition (1) be satisfied, i.e. scheme (3) is stable. Any other
scheme (3.3) with regularizer 2 =R will now also be stable. The aim of
regularization is to remain within the class of stable schemes and to
select R in each concrete case so as to satisfy extra requirements such
as economy (i.e. minimum amount of computation for finding the solution
of the difference problem) or a given order of approximation. These re-
quirements compete with one another, and it is far from easy to satisfy
both simultaneously. Since solving problem (3.3) amounts to inverting

the operator E - tR: g;= (E+tR)*(E —1(A—R))y+ (E+<R) g,

R must be selected so as to minimize the number of operations (i) re-
quired for inversion of £ + tR. Concrete methods of selecting R will be
found in Section 4, as well as in §§ 2 and 3 of the present section. The
basic principle of regularization consists in selecting en. eq. oper-
ators as regularizers. (The case when the operator 4 also changes during
regularization will not be considered.)

The positive operators A = A(V, v; t) and B = B(N, T; t) will be
termed en. eq. operators if

vi(By, y) < (4y, ¥) < v2(By, y) (3.4)

for any y = Hy and t = oy, where y;, y, are positive numbers, in
general dependent on T and V; if they are not dependent on T, V, we call
A, B uniformly en. eq. operators (with respect to v, V).*

* In [15], the difference operator B satisfying (4) is called majorant with re-
spect to 4; in [16], A and B for which (3.4) is satisfied are termed spec-
trally equivalent. A, B are assumed selfadjoint, and H a finite-dimensional
space. Neither of these assumptions is made here, nor do we use any inform-
ation about the spectra of A and B.
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Uniformly en. eq. operators will always be considered, except in § 2.
Conditions (3.4) are written as the operator inequalities

viB << A < y.B. (3.5)
Theorem 5

Let 4 = A(t) be positive, selfadjoint, and let it satisfy the
Lipschitz continuity condition

[ 4; )y, 9) | <c(d®,y),  AO=A9¢— (3.6)
where 4¢0)(¢) is uniformly en. eq. with A(¢), so that
yidQ < 4 < A0, (3.7

Scheme (3.3) with regularizer R = g4 (%) is stable, and Theorems 1, 2
hold for it, with v > 0 arbitrary and

= ave (3.8)
Proof. From (3.6) and (3.7),

I(A Y, y)i Cg A( )sz) i (“‘iy)y)_——cﬁ(‘ayay)) Cy == :1?13—,

i.8. (3.3) belongs to IF2. The conditions of Theorems 1, 2 are satisfied,
since B=E + 1R = E + '/oty,4® = E + '/;tA. The theorem is proved.

Vote 1. Theorem 5 remains in force in any of the following cases:
(1) 0 == ooy2 0o= /2 — 1/ (xll4ll); (2) A 1s independent of ¢, and in-

stead of (3.7),0 << 4 << 24,
Vote 2. The operator A(0) may be non-selfadjoint.
Now consider the three-layer scheme
Byy+ PRy, + Ay =9, 0<t = ., y(0), y(v) given (3.9)
Theorem 4

Let (3.8) and (3.7) be satisfied, A(t) > 0 and A* () = A(t)., If
4403 (t) is selfadjoint and Lipschitz continuous in t, i.e.

147 @)y, 1) | < ca (A%, ), (3.10)



Regularization of difference schemes 97

then the a priori estimates (2.22) and (2.25) for

1
“st, C<e<t. (3.11)

o=

hold for scheme (3.9) with regularizer
H = gA®

This theorem is proved simply by showing that scheme (3.9) belongs
to IF3. We just observe that condition (3.2) is satisfied, since

R> %(1 + &) y24© > —1!;(1 +e)A.

Note 3. The constants ¥;, ¥, in the a priori estimates depend on y;
but not on y;. The requirement that y, be independent of T and V is
therefore natural. If A, 4(0) are constant operators, (3.7) can be re-
placed by the weaker condition

0 < A < 240,

Theorems 5 and 6 also remain in force when y; depends on 7 and V. If
yo depends on T and V, only the error of the approximation of the scheme
is affected. The case when y, depends on llA H, and hence on V, 7, will
be considered in § 2.

The choice of a suitable en. eq. operator is of basic importance in
constructing stable schemes for concrete problems, Several en. eq. oper-
ators 4 (9) will be listed in Section 4 for the case when A = ~ A, A be-
ing the elliptic difference operator.

Two elementary examples of difference scheme regularization will be -
considered here, and each will be shown to correspond to a specific
method of selecting the en. eq. operator (by Theorems 5 and 6, the
regularizer R is then taken as R = oA (0)),

2. EXPLICIT THREE-LAYER SCHEMES

The simplest en. eq. operator is the unit operator

A® =E,

since A <<l A E, the condition 4 <Cy.4©® will be satisfied with
yg = I 4 H. We shall assume for simplicity that 4 is a constant operator
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(independent of t). Consider the three-layer scheme. For this, R =g4(0),
o=% y,. Recalling that yp = ” | H, we get i = of, where o =% || A ||
The corresponding three-layver scheme is

Bys; + oty + Ay = .
This regularization is meaningful if R is either the unit operator or is

such that inversion of B + 2071 £ can be performed with a small number of
operations. With B = E, we get the explicit three-layer scheme

y; + oty + Ay = @, (3.12)
which is unconditionally stable with
o=l All (3.13)

In the introduction we mentioned the rhombus scheme for the equation
of heat conduction

Ou _ 0% | izt l<ao<1, O0<t<t 3.14

_— f{x x .

ot ox? ( ) )w < ’ = b=z bo. ( )
We specify boundary conditions of the 1st kind with x = 0 and x = 1. Let
wn = {x; =ih,i=0,1,...,Nh=1/N} be a mesh on 0<<x <1, & =
{ti=jn,j=0,1,...,No,t =ty /No} be a mesh on 0 <<t <tg, wpr =

op x op = {(x4, tj)} be a mesh on
O<z<1, 0<t<h),

I be the space of mesh functions specified on w, and vanishing for i =0,
N

N—-1 o
(y,v)= D yivik,  lyl =V(.)
i=1

are the scalar product and norm in fl.

The rhombus scheme 1is
41 j—1 j i+ j—1 j
vi =y _ vty )ty
o h?
To reduce it to the canonical form, we recall that
vty =y y = —2y+ ) + 2y = 2y + Ty,
Yiet— 201 + Yisr = Py,

+ (Pi5.
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which gives

1
Ys + F sz?t =Ay + ¢, Ay = Yspr (315)

Comparison of (3.15) and (3.9) shows that iy = - Ay, Ry = y/h2. Since
N4l = (4/h?) cos? (nh/2) <4/ Hh?% then R =E/h2 > A/4, i.e. the sta-
bility condition is satisfied. The a priori estimates (2.22) and (2.25)
hold for the rhombus scheme whatever T and h.

Next, comparison of (3.15) and (3.12) shows that the rhombus scheme
belongs to the class of three-layer schemes with regularizer R =cF,
where o satisfies (3.13).

The analogue of scheme (3.15) is easily written for the equation of
heat conduction with variable coefficients when one or more space vari-

ables x;, x3, ..., %, are involved. In (3.15) Ay has to be replaced by
a difference operator approximating the elliptic operator, and o has to
satisfy o =4 H 4||. It only remains to evaluate

vy
1A= Al < e D) 4ha2,
=]

where cy is the maximum of the thermal conductivity, and to put
»

0 == ¢y 23 ho= (it is assumed for simplicity that the region of vari-
a={

ation of x,;, ..., Xp is a p-dimensional parallelepiped and the mesh wp
is uniform with respect to each x,; these restrictions can easily be
lifted).

The explicit three-layer scheme is well known to involve an approxi-
mation error (12h-2 + h2) and to converge at the rate J(v + h2) pro-
vided th-2< ¢y = const. It can be shown to be uniformly convergent for
p<<3.

3. ASYMMETRIC SCHEMES

R does not need to be selfadjoint for a two-layer scheme. Consider
the case when 1(9) is expressible as the sum of two mutually adjoint
operators

AO® = Ay + A, Az = Ay,
Then
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(A, y) = (4a2y, y) = 0.5(49y, y).

The regularizer % can be

Ry = v241 or Ry = y24,, R, = Ry". (3.16)

Since (41y, y) = (Aay, y) = 0.5(4%, ), v2(4%, ) = (4y, ),
(R, y) = (Roy,y) = 0.5y2(40y, y) = 0.5(4y, y), the resulting schemes

are stable and satisfy Theorem 5.

In particular, with A®y = Ay (y1 = y» = 1) we have
Riy = Aiy, Rzy = Azy, R, = R1 . (317)

Schemes with regularizers (3.16) will be termed asymmetric or tri-
angular.

Take as an example the asymmetric scheme of [8] for the equation of
heat conduction (3.14) with boundary conditions of the 1st kind. Here,

Ay = —Ay, Ay = yzx (see § 2). Noting that (y, y=) = 0.5hllyzl?,
— (¥, yx) = 0.5kl = (y, yz), Ay = —yzx = —Yyx/h+yz/h, wecan
write A as 4 =4, + A,, where Aw =yz/h, Ay = —y./h Putting

R =A, and R =4, next, two asymmetric schemes are obtained (written in
the canonical form, (6]:

T

Y -+ 'h—y;t =Y.+ 9 Ry = 7 Yo (3.18)
T 1

B Y=Y+ 0 Ry =— 5 (3.19)

Each of these is unconditionally stable, since (R,y, y) = Ry, y) =
0.5(Ay, y). The stability is achieved at the expense of poor approxima-
tion: schemes (3.18) and (3.19) give an approximation O(t/h + h2),
whereas the explicit scheme y, =y- + ¢ gives O(r + h?). Alternation of
schemes (3.18) and (3.19) from layer to layer was proposed in (6] for
improving the accuracy. The resulting mixed scheme has the accuracy (17]
O(t2h-2 + h2) = 0(h2) for th-2<|c, = const.

Asymmetric schemes can easily be written for the equation of heat
conduction with variable coefficients by means of Theorem 5:
du 0 (

ou ,
Ou_ 0 0u <k<ec. 3.20
ot~ o 6.@) +h 0<a € (3.20)



Regularization of difference schemes 101

Here 4y = - (ay;)x, say, a(x, t) = k(x - 0.5 h, t),
Co

Tyx

More asymmetric schemes (4 for p = 2 and 8 for p = 3) can be written for
the multidimensional equation of heat conduction

C
Y1 = 61, Y2 = Cg, A(D)y = y;xv Rly = —7112_ y;s R2y =

du
S‘ ¢ 1 = (x1,...,2,) =G,
> m=0x 2+f($ ), p>1, z = (2 Zp)

0<t<<ty, ulr=np, (3.21)

Let p = 2. Possible regularizers are now

1 1 1 1
Ry = —y— + —y= Ray = _— _— — * 92
'ly hl yxl h2 yx!7 2?/ hl yxl hz yx,, Rz = Rl 9 (3...42)

1 1 1 1 .
Roy = 5oz, = g ¥=e BaY= 595, —5-¥n,  Re=Ro, (3.23)

where h,, h, are the intervals of the mesh wp(G) relative to x;, x;. We
shall assume for simplicity that G = Gy is a p-dimensional parallele-
piped. If v is non-uniform, hy in (3.22) and (3.23) must be replaced

by #o = 0.5(ha 4 ha*'@)). The operators R, and R,, R, and R, are mutually

adjoint. All 4 schemes are unconditionally stable. By alternating R, and
Ry, By and R, from layer to layer, alternating schemes are obtained
(explicit schemes with alternating directions) with the accuracy
O(t2h-% + h2), where h = min(h,, hy). Such schemes were proposed in [6].
The same regularizers, multiplied by c,, where c, is the maximum of the
thermal conductivity, can be used for the equation of heat conduction
when the coefficient is variable. Extension to any number of dimensions
involves no difficulties. We can take

1 LA
Rly—Z Yi»  Ry=— 2y
a._1h°' a u=1hﬂ *a

and so on. The resulﬁing schemes are economic, since explicit formulae
are used to compute y at a new layer.

4. METHOD OF FACTORIZATION. FACTORIZED TWO-LAYER
SCHEMES

Many economic schemes have been proposed (see Introduction) for the
numerical solution of the multidimensional problems of mathematical
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physics. After reduction to the canonical form (in the case of two-layer
schemes), most give schemes (3.3), in which B is the product of several
operators. The terminology for these schemes has not yet been entirely
settled (method of alternating directions, splitting schemes, splitting
operator schemes, method of fractional steps, etc.). Without pretending
that there is anything final about it, we shall use the term factorized
schemes (FS) to describe those in which the operator on the upper layer,
B in the case of two-layer, and B + 2tR in the case of three-layer
schemes, 1s the product of a finite number of operators, e.g.

m
B=1|[B,=Bs...B,...Bpn, (3.24)

8eaf

This term does have the advantage of indicating the particular nature of
the regularization procedure, i.e. factorization of the operator on the
upper layer.

The formal method of constructing FS [10, 12] 1s as follows.*

Given a scheme having a definite order of approximation; it it is un-
stable, we transform it, in accordance with § 1, to a stable scheme by
means of a suitable choice of . Generally speaking, this involves a
change in the order of approximation (better or worse).

Take the case when R is
R= R, (3.25)

and satisfies the stability condition

1 i
R = 004, ) =3 Al (3.26)
so that the initial scheme is
m
(E+123,, )y,+Ay.= 0. (3.27)

[ 23}

* FS were considered as initial schemes in [8]. It was noted in [20]
that an earlier [21] economic algorithm for solving the multidimen-
sional equation of heat conduction (with constant coefficients in
the parallelepiped) can be obtained by a formal method of *approxi-
mate"« factorization of the operator on the upper layer, as a result
of which the natural multidimensional scheme is replaced by a factor-
ized scheme (see also [11]).
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Consider the scheme
i +1Ry: + Ay =9, (3.28)

which belongs to the same class of stable schemes (A == dod). Choose R
so that B = E + tR can be factorized, e.g.

E+B=1]] (E++Ra (3.29)

o=1

Scheme (28) now becomes

m

I (E+Ra)y+4y =0, y(0)=yo. (3.30)

a=1i

Comparison of (3.28) and (3.30) shows that

B =R + 0, B=EFE-+4 1R =E+ 1R+ Q (3.31)

Q= D RuRs+71 X RaRgRy+ ...+ 2 []R.. (3.32)

a<<f a<<p<y =1

Turning to the stability conditions for PS (3.30), since B=EF+
TR + 1), the sufficient condition for stability

B=05t(1—2a1)A (3.33)
will be satisfied if

Q > _ciA';

where c; is an arbitrary positive constant independent of T and N. We
have thus proved

Theorem 7

Let the initial scheme (3.27) be stable, i.e. R > go4. Then the FS

(3.30) will be stable in the norm ||yl = ¥ (4y, y) for small T<C7,,

To < 1/4 ¢;, provided (3.33) is satisfied. The estimate (2.10) holds for
the solution of problem (3.30).

Note 1. If
Q= —acR, R = 0.54, (3.34)
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the FS (3.30) 1is stable for v < 1/c; and (2.10), (2.12) hold for it
(with ¢ = 1).

For,B=E +1R+12Q=E+ t(1 — ;7)) R=0.5t(1 —ex)4 + E, t.e.
B>F%, since P>0.54, 1 - c;71>=0.

Convergence of a scheme only requires that it approximate a differ-
ential equation and be asymptotically stable, i.e. on a finite enough
mesh. For a scheme to be realizable, it must be stable on a practically
acceptable mesh (i.e. a "coarse" mesh). This requirement becomes speci-
ally important in the case of variable coefficients. The condition for
the mesh intervals to be small, T<C T, and h<Ch,, where T,, h, depend
on the coefficients of the differential equation, is too onerous and
can lead to the scheme being unrealizable in practice.

Let us distinguish the class of FS which is free from this defect,
i.e. FS which are stable whatever T.

Theorem %

Let R, ..., R, be selfadjoint (R;* = R,), non-negative (R; =>0) and
commutable (R,R, = R, for all s, k =1, ..., m). Then scheme (3.30) is
stable whatever 1, provided

m
R =D} R, > ciA. (3.35)
Sumi
Proof. By the Theorems of [22, 23], we have R B, =0, if Rs? 0,

Rp,=>0, i.e. Q>0. Since R = 0pd(E + 6R = 0.5tA), where R =R +
Q=R > cod whatever 7. Scheme (3.30) is unconditionally stable.

Note 2. When speaking of unconditional stability, all the conditions
are understood to be satisfied for the operators A (see Section 2, § 2)
and Rs whatever T and V(hy).

Note 3. If m = 2, the theorem is still true if, instead of being
selfadjoint, R, and R, are adjoint to one another (R, = R*, see § 4)

and R = R, + R. = 0¢d. For, B=E + R ++2R\R, > E + 1R = 0.5v4,
since (RiRoy,y) = (R'Ray,y) = |Rayl2> 0.

Two conditions need to be observed when factorizing:

(1) PS (3.30) belongs to the same class of stable schemes as the
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initial scheme (3.27).

(2) FS (3.30) and the initial scheme (3.27) are equivalent in order
of approximation on a set of smooth functions V < iy in the sense of
the definition of Section 1, § 4.

The right-hand side sometimes has to be changed in order to retain
the order of approximation. This applies, in particular, when the bound-
ary conditions are inhomogeneous [8]. In the operator form of the differ-
ence equation, the boundary conditions are taken care of by varying the
right-hand side at the mesh base-points immediately adjacent to the
boundary. In an auxiliary operator v2¢) is introduced, ¢ has to be changed

~

to § at these base-points (2].
The following problem is obtained for the error z =y - Py:

(E+R+v2Qzn+Az=vy, O<tc=wo, 2(0)=0 (3.36)

where § is the approximation error for scheme (3.30). Let ¢ = §. Then
we can write

P=v+v, $=0n n=Py,

where ¢ is the approximation error for the initial scheme (3.27). To
judge whether (3.27) and (3.30) are equivalent in order of approximation,

we have to estimate1ﬁ== On 1in some norm Il-lle. This norm is

19lle = lllly = ¥(Qn. n),

if Q is a selfadjoint positive operator. We write 9 as
m —
QTI = Z TSQ-!TI! n= Tzr‘s n= PNvta
§=2
and introduce the notation
inllg, = V(an, n)
(assuming the Qs to be positive selfadjoint operators).

Theorem 9

Let
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m
R=>R, R'=R,>0, RR,=R,R,

=
for all s, k=1, 2, ..., m, B=0p.

Then FS (3.38) with right-hand side

b=0n+v (3.37)
satisfies for any v > 0 the a priori estimates
lz(t)la < M max{xlinlle + 19l (3.38)
() e < Mmgx | Seeromin e, + o) +v0nl |, (339)
8=3
where [z(t)ll. = V(A (2)2(2), z(2)).
Note 4. Let
Q= &0 — aid, g0 >0, i >0, (3.40)
1 -
| (st, U)|< 30(Gsviv)+—é‘(;M’(st: Y)s (3.41)
where
0= 1] (E +1Ra)— (E + <R) = D vQs, (3.42)
a=1 =2
ES, s =1, 2, ..., mn are operators satisfying the conditions of Theorem

9. Now, if we replace Imlly by Inllz and Imllg, by Il o 10 (3.38)

and (3.39), these latter hold for small t<CTy. Conditions (3.40) and
(3.41) are satisfied for a number of FS's approximating a parabolic
equation in the parallelepiped (0 < ra<<le, =1, 2, ..., p). Esti-

mates similar to the above were obtained for them in (9].

There is not space here to dwell in detail on more complex types of
estimate. For instance, if the conditions of Theorem 9 are satisfied

and g has the form



Regularization of difference schemes 107

E:‘ Q"l‘*“l"“}‘gl‘iw

the solution of problem (3.3R) satisfles

12Ok < M max([H @) lo (3.43)
where
Ibfi =¥ + QP + 2 v, + (3.44)
s=1
+ 2 [(AD) e %) + (AD) 19, )1,
a=1
AW, a= 1,2 ..., m, are selfadjoint positive operators, and

m
A® = 4" 1s en. eq. to 4 operators (yd® < 4 < 1240).

o225 )

5. THREE-LAYER FACTORIZED SCHEMES

Three-layer schemes can be factorized by several methods. Three
methods will be considered here for the scheme

v+ TRy + Ay =9, O0<t=o., y(0), yi(Oetven,  (3.49)
belonging to IF3, assuming that

m
R= 231?“‘
Crad

Using the relations

yz = Yo (¥: + ¥7)» Wy = Yt — Y5

{3.45) can be rewritten as

(E +2tR)yy = —Fy,  Fy=(E—2tR)y;+ 24y —2¢.  (3.46)

Substitution of 7Ty; = 2y:— 2y, 1in (3.45) gives
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(E + 2tR) y; = — Fo, Fy= Ay —2tRy; —o. (3.47)
Since y; - y; -+ Y/yty;, , it follows from (3.45) that
2
(E+20R)yy =—Fs,  Fom—(y;+ Ay—q).  (3.49)

The right-hand sides F;, F, and F3; are known, Determination of y amounts

to inversion of the operator £ + 2tR. Replacing it by £ + 2tR and
putting

E+2tR =[] (E + 2tRs) = E + 21R + &12Q, (3.49)

vt
Q= D RaRp+2t D) RaReRy+...4+20)" 2] Rs,  (3.50)
a<<f o<p<y =1

three FS’'s are obtained, which can be written after simple manipulations
as

(E + 4v*Q)yy+ * (R+ 21Q) yy; + 4y = @, (3.51)
(E + 41*Q) y; + v*Ryy + Ay = 9, (3.52)
Y+ 1 (R + 2vQ) y, + Ay = . (3.53)

Some sufficient conditions for the stability of these schemes will
be stated.

Theorem 10

Let

R'=R, RR.=RR, forall s k=12 ...,m, (354)

& 1-4—8}1

R=ZR,>—4— , (3.55)
8==1

where R are independent of t. Then each of schemes (3.51) - (3.53) is
stable whatever T > 0. and their solutions satisfy (2.22) and (2.25),
in which we have to put

1

i =2(4@+u.i+1) +v (B+2e—74)wmu) @56
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for schemes (3.51) and (3.53), and
-~ l 1 ”~ ~ 1.
o= (4G +0,5+v)+2((R—g4)pu) @5

for scheme (3.52).

This is proved simply by showing that the conditions of Theorems 3
and 4 are satisfied. Notice that the present conditions (3.54) are of a
constructional type. For instance, there is no difficulty in selecting
the operators R, for systems of parabolic equations. It is easily shown
that Theorems 3 and 4 imply

Theorem 11
If

14¢
4

m
R= JR.>

Q==

4, Q=-—ahR, (3.58)

then (2.22) and (2.25) hold for schemes (3.51) - (3.53) when T is small:
T Toley).

m
We write 12Q as z 720,.

$=2

The order of accuracy of schemes (3.51) - (3.53) can be estimated
from

Theorem 12

The solution of any one of equations (3.51) - (3.53) with right-hand
side

o = w0 (3.59)

and homogeneous initial conditions y(0) = y,(0) = 0 satisfies

ly @)l < Mmax D, w+2lnl,  lnlly, =V(Qm,n),  (3.60)
T

8

provided the conditions of Theorem 10 are satisfied, llylly oeing de-
fined by (3.56) and (3.57).
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When the order of accuracy of an FS is estimated, the approximation
error is generally written as the sum of several terms: (y = y¢; + ...
+ yp), each of which is estimated in its own norm. Combining Theorems
11 and 12, the estimate

k
flz(2) oy << M max N lIpslce,)
T st

1s obtained for the error z =y - Pyu, where u is the solution of the
initial problem (§ 4). Various algorithms can be suggested for solving
each equation. They all amount to successive inversion of the operators

E + 2tR,. For instance, we rewrite scheme (3.51) as

m

" (E + 2tRa)y: = —F,. (3.61)
a=t
Denoting w =y,, we find y by solving successively the equations [10]
(E + 2tR) wy = —F,, (E4 2R wa = way, 1 <a<<m,(3.62)
Y=y + Wn

Schemes (3.52) and (3.53) are written as

Il (£ + 2tRe) y; = — Fs, (3.63)
a=1
ﬁ (E + 217Ro,) yt-, = F3. (3.64)
G=s]

If we then put w = y;, w = yi, we get

(E + 27R) wy = —PFo, (E + 2tRe) wo = woy, 1<a<m,

y =y + 2twm, (3.65)
(E+2tR)wi = —Fs, (E+2tR)wa=way, 1<a<m,
¥ =2y — § + 2w (3.66)

To realize algorithms (3.A5) and (R.A8), storage of three veci s is re-
quired, while for algorithm (3.62), two vectors (y, wg.;) must Lo stored.
But the total volume of computation is the same for all three algorithms.
They were used in [10, 14) to solve the multidimensional equation of
heat conduction in a parallelepiped.
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Consider two cases when the scheme

By;+vRygz + Ay =9, 0<t€0, y(0), y(rsiven, (3.67)

can be factorized, without assuming that B is the unit operator.

1. Let B, R, Ry, ..., R, be selfadjoint, constant, positive and
commutable, and

1+e¢

4.
4

m
R'—_— ZR“>

=1

Replacing B + 2t R by

B (E 4 2t B-'Ra) = B + 21R + 4720,

o==1

a factorized scheme similar to (3.51) 1is obtained:

B+ 42yt + 2 (R+21Q)yn+Ay =0, y(O0)=1y,  y(v) = y1(3.68)

which is stable, since Q > 0, Q* = (. Problem (3.A8) can be solved by
using the algorithm

(B + ZTRi)wl == —Fi, (B + 2TRG) Wy = Bwa..i, a > 1, (3.69)

;; =y + TWn.
m m
2. Let A® = ZAa, BO — ZBa be constant operators en. eq. to

o255 ] a=1

A and B, so that
0< A <A, 0<B<yBO. (3.70)

We put

1 o 1 @ ®)

R= " (E+ ZRa>-——-—B, Ro=RY + RO,
T —t 2t
(a) 1 + g 1.

a == 'YlAa, R((zb) = EYzBa’ & > O.
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Recalling that y;o — Yfoty-,= y;. (3.67) can be rewritten as

T (E + 2\ Ra )yz‘t +Byi+Ay =9, y0)=y, y(r)=y1. (3.71)

Q=i

m
This scheme can be factorized by replacing E 4 ZRG by the product

II (E 4+ Re):
o=

O==1

T H;. (E+Ro)yy + By + Ay = 0. (3.72)
o=
We reduce FS (3.72) to the canonical form

1
By;+‘”(R+?‘?)ya+Ay=q>, 0<tEa, y(O)=y, y{)=u.
(3.73)

The conditions under which this scheme is stable are: (1) B* =83 > 0,
A = A4a >0, By"=Be>0; (2) Ay, 4s,...,4m, By, By,...,Bp,
are mutually commutable. The condition R=R+Q/t>= (1+e)d/4 is
satisfied, since Q> 0, R=E/v+ '/s(1 +¢e)A by construction. Scheme
(3.73) belongs to IF3, and Theorems 3 and 4 hold for it, with

151 = /(A@+0), 5+ 0+ (R4 10— ed Juows) . 37

The solution of (3.72) is found by successive inversion of the operators

E+ Ry, a=1, 2,...,m (cf. (3.55)). FS (3.73) can be used for solving
problems of mathematical physics that lead to the abstract Cauchy problem

du
B(t)—- +AH)u=(?) (3.75)
in real Hilbert space, The relevant FS (3.73) has the first order of
accuracy in v. By considering schemes with a larger number of layers,

economic schemes of the second order of accuracy in T can be constructed.

Three-layer schemes of the type
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Yi + r’Ryh—i— Ay =9, 0<t= 0., y(O0)=yo y:(0) =7, R = 2] Ry,
a=1
(3.76)

are factorized similarly to scheme (3.45); E + 2tR in (3.46) - (3.48)
has to be replaced by FE -+ v2R. The resulting factorized schemes are

(E 4+ ©®R 4 1/,v'Q) y;, + ¥ Qy; + Ay = ¢, 3.77)
(E+R)y;, +Qy;s + Ay =, (3.78)
(E+ R+ vQ)y; + Ay =1, (3.79)

similar to schemes (3.51 - (3.53). Here,
Q= DRoRs+1 D) RuRpRy+ ...+ 2] Ra. (3.80)
a<<B a<f<<y o=

The sufficient conditions for stability are similar to the conditions
for (3.51) - (3.53); their statement must be omitted for lack of space.

4. Examples

1. The regularization methods described in Section 2 will be illus-
trated by examples for parabolic equations

%:Lu-{-f(x,t), u=u(zr,t), r=(r1,...,¥p)EG, (41)

and hyperbolic equations

02
— =Lu+/(z1), (4.2)

where Lu is a 2nd order elliptic operator.

Let G be a region of p-dimensional Euclidean space, with boundary I,
Only boundary conditions of the 1st kind, specified on I, will be con-
sidered.

To apply the theory of Section 3, difference operators A, approximat-
ing the differential operators L, must first be obtained. Let @, (G) ve
a rectangular mesh in the region G + ' = G.We consider the set of mesh
functions specified at interior base-points w), of the mesh w; and
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introduce into it the scalar product [24]

P
Wv)= Dy@v@)H, H=][[hy  ha="1/s(ha+ k),
Oy o=

where hy is the mesh interval relative to x4 (the mesh may be non-uni-

form), and the norm llyll = V(y, y). The result is a space /I, Let 4 be

an operator mapping 7 into z. The values of Ay are the same as the
values of - Ay on the set 2, of mesh functions which vanish on the
boundary yj, of the mesh, Using Green’s difference formulae, the operator
A(0) en, eq. with A 1s easily found. As a rule, the Laplace difference

operator
o
A% =R bzz,  ATy=—4% (4.3)
a=1
or the operator without mixed derivatives
(0) 5 = ~ 0) (0) 4
A Y = 21 (da (xa) y;a)xu, A Yy = —A Y. ( .4)
o=

is taken as the similitude operator. Once 4 (%) is found, Theorems 5 and
6 can be employed.

2. We start with the elementary operator

Ay=(@@)¥;)x 0<eaa<a<ey,

on the mesh wp = {z; = ik, i =0,1,...,N, h=1/N}, corresponding
to the differential operator Lu = (k(z)u’)’. In this case (using the
notation of [12])

N-1

(y,v)= D yiwik, lyll =7V(,y). (4.5)

{=1

The difference formula gives
(— Ay, y) = (8, 121 <z (1, 2% = ea (— A%, p), A =y,

whence
e (A%, ) <Ay, ) < (4%, y), Ay = —(ay)x (4.6)
A(O)y —_ — y;x. (4.7)
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3. Now consider the selfadjoint elliptic operator

Ay = i (@) y;)r, 0<a<a@) < (4.8)

a=1

corresponding to the differential operator

9
Lu= k
" Za 0Zq ( a(
=1

g;‘a) . (4.9)

By using Green’'s difference formula, it can be seen that

cr(—AOy, y) < (—Ay, §) < (=A%, y), y=Q,

where
o, _
APy = E Yz,

In this case, therefore,

Ay = — Ay, A9y — — A0y — — 2 yxaxu (4.10)

() 3
A%y = a§1Auy, Agy = —yg‘ca{c‘u'

If ag(x) satisfies

c1a(Ta) < a(Z) < C28a(Za), a=1,...,p, (4.11)

the operator en. eq. with 4 can be the operator with separable variables

p
A% = Y Ay, Ay = — (au(za)¥s )

X, ac
(1) u
a=1

(4.12)

4. Consider the elliptic difference operator with mixed derivatives

»
My =g D @4z + s @ W)z, (4.13)

@, p=1

corresponding to the differential operator

P
a du
- > % (& x_.) (4.14)
a’ZI 16.130,, (\ ﬁ( )61‘5
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Suppose: (1) that

? P P
¢y Z Ea2 << 2 kap (z)Ealp << 2 2 Ea?;
a=1 o, B==1 =i

(2) that G = Gy is the p-dimensional parallelepiped (0CTxy<Cly, o =
1, 2, ..., p); (3) the mesh @ = {(ijhy, ..., iphy), iq=90, 1, ..., Ny
hg = g/ Ve =1, ..., p} is uniform relative to each of the xq.

The operator en. eq. with 4y = - Ay is

p
A% = X Ay, Ay =—¥z,, yE, (4.15)

a=1

so that ¢ A® << 4 << 240, Comparison of (4.15) and (4.10) shows that
operator (4.15) is en. eq. with the operators (4.8) and (4.13).

5. Consider the operator of the system of elliptic equations

) 1 & 2 . . i . .
Ay'=—7 2 2 [(ky,% (x)yi?s)xa+(ku]:%(x)yiﬁ);a]’ i=1,2,..,n (416)

a, f=1 j=1

n D n p n p
ax NEPE< D DX kbEE< e X G (4.17)
2 &

i=1a=1 i, j=1a, 1 i=1 =1

Denoting by y = (y1, ..., ya) the vector, and by Kkap = (kap’/) the
n x n matrix, (4.1Ff) can be written as

1
Ay =——= 0 (ka3 (@) ys,), + (ka3 (2) ¥,z 1 (4.18)
2 a. p=1 8’ *a 8" *a
G =G,y is a parallelepiped, while the mesh wj is uniform relative to X

Recalling (4.17), an operator 4(0) with a diagonal matrix of coeffi-
cients can be taken as en. eq. with 4y = - Ay, so that

r
A% = X Ay, (@) = —4i (4.19)

a=1

c1 (A, y) < (Ay, y) << c2(40y, y).
The operator without mixed derivatives

P n
Ayt= 2 2 (aa¥iyl)z (4.20)

a=1 j=1
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n

e D (G Y anilaitel e D) (Bad)?

i=1 i, j=1 i=1

can be considered on 2 non-uniform mesh in an arbitrary region G. For
this,

p
A% = D Ay,  (Aw)'= —u;

a=1

g (4.21)
f. After finding the en. eq. operators A(0), the regularizers R for
the two- and three-layer schemes can be obtained from Theorems 5 and A:

R = 640,

where o =% cp for a two-layer scheme, and o == ((1 4 ¢€) /4)c. for a
three-layer scheme. All the operators 4 and A(0) written above are self-
adjoint and positive definite.

Let G=Go= (0<<za<<l, e =1, 2,...,p) be a p-dimensional
parallelepiped. Then the operators 4,, « =1, 2, ..., p commute with one
another. The parabolic equations (4.1) and systems of equations (u =
(uy, ..., u,) 1s a vector) can then be solved by means of the factorized
schemes of Section 3, §§ 3 and 4, after putting R, =— o4, As a result,
economic schemes are obtained for solving the first boundary value prob-
lem; they are stable whatever T > 0 on any mesh w, under a natural para-
bolicity condition, and have the accuracy O(lh[2 + 1) in the case of two-
layer schemes, or O(|h|2 + v2 in the case of three-layer schemes. In-
dependently of whether a single equation without mixed derivatives is
considered, or a system of equations with mixed derivatives, the transi-
tion from layer to layer is always realized by inversion of three-point
difference operators of the 2nd order in accordance with the usual
successive substitution formulae.

The resulting factorized schemes are convergent when the coefficients
of the multidimensional parabolic equation have a finite number of dis-
continuities of the 18t kind on hyperplanes parallel to the coordinate
hyperplanes. The approximation error of an FS is investigated in the
neighbourhood of a discontinuity in the same way as for ordinary multi-
dimensional schemes [18, 24]. For instance, in the case of a two-layer
scheme, the main role is played by the a priori estimate for the problem

zi+T(R+1Q)z: +4z2=1, z|i==0,

with right-hand side = —tRn, 1 = 4. The estimate will not be
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written down, in view of its analogy with the estimates of (18, 19].
Analogues of Theorems 9 and 12 can be used for weakening the smoothness
conditions for the coefficients and solution, even in the case of con-
tinuous ky(x, t).

The results of the general theory can readily be used for construct-
ing economic FS in the case of boundary conditions of the 3rd kind.

Since the same regularizers are used for schemes approximating equa-
tions of the hyperbolic type (4.2) as for a three-layer scheme corre-
sponding to equation (4.1), there is no need for a separate description
of the FS for (4.2); they follow easily from the general theory of
Section 3.
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