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SVAZEK 10 (1965) APLIKACE MATEMATIKY CisLo 2

O PA3BHOCHTBIX CXEMAX OJ1s1 MHOT'OMEPHBIX
JUPDEPEHLUUAIBHBIX YPABHEHUI MATEMATHUYECKOW ®UIUKU

A. A. CAMAPCKUM (A. A. SAMARSKIJ)

§ 1. OAHOPOJHBIE PA3BHOCTHbIE CXEMBbI

1. B HacTos11ee BPeMs B CBSI3U C IPHMEHEHHEM BBIYMCIIMTEJILHBIX MALUMH BO3ZHUKJIA
MOTPEOHOCTh B CO3JAHMN BBIYUCIUTENLHBIX AJIIOPUTMOB YHUBEPCAILHOIO XapakKre-
pa, MPUroHbIX JJs PEILEHUS MO0 OJHUM M TCM K€ NPOorpaMmaM LIMPOKOro Kjacca
3a/1a4, OTPe/IeIIEMOT0, HApUMep, 3aJauueM THia JU(depeHMaibHOro ypaBHCHUS
1 (pYHKLMOHAJIBLHOTO NMPOCTPAHCTBA AJsl Xo3hduiuentos. Tpebosanue equHoobpa-
314 WM OXHOPOJHOCTH BBIMHCIMTENILHOM MPOLCAYpPbl (airopurma) ecrecTBeHHO
NPUBOJMT K IOHSITHIO OJHOPO/IHBIX PA3HOCTHBIX cXeM (TEpMUH Pa3HOCTHAS CXCMa
TPAKTyeTCs 3/1eCh KaK 3aKOH HalWCaHUs Pa3HOCTHBIX YPaBHEHUH, annpoKCUMHUPYIO-
1mMx ganHoe uddepeHunansHoe ypaBHeHue).

[ TeopuH BaXHO yKa3aTh MCXOJHOE ceMeHCTBO cxeM. Takoit croco® 3a/anust
cxeM ykaszad B [1]. Tak, Hanpumep, B cliyyae JIMHEHHBIX ypaBHEHUH KOIPOULIMUCHTDI
0JIHOPO/IHOI PA3HOCTHOM CXEMbI BbIPAXAtOTCH 4epe3 KOoApHUIUEHTHI MCXOAHOTO
YPABHEHHSI TPU TOMOLIM HEKOTOPBIX (LIAGJOHHBIX) (YHKLMOHAIOB, MPOU3BOIL
B BbIOOpE KOTOPBIX OrpaHWHYeH TPeOOBAHUSIMM ANNPOKCUMALMH, PAa3pelIMMOCTH
u ap. CeMeHCTBO OAHOPOIHBIX CXeM JAHHOTO Tuma OyJaeT 3aJaHo, CCiM yKa3zaHo
ceMeiicTBO UIA0JOHHBIX (yHKIMOHATOB. Lle/bio Teopun OJHOPO/IHBIX PA3HOCTHBIX
CXEM SIBJISICTCS OTBICKaHHME CXEM, TPUTOHbIX JIJIsl PEUICHHSI BO3MOXKHO 00Jice LIMPOKO-
ro KJacca 3a/1a4 (Hanpumep, JJisl ypaBHEHHI ¢ pa3phIBHBIMM KOd(GULMEHTAMM, LIS
KpaeBbIX YCIOBUIT 00OUIero BUAA, ISl MPOU3BOJIbHBIX 00IacTeil — B CIIyyae HECKOJIb-
KMX TIEPEMEHHBIX M T.J.), @ TAKXKC BblAJIeHHE ,,Hamaydiux* cxem. [Ipu cpaBueHun
Pa3JMYHBIX PA3HOCTHBIX CXEM YYMTBIBAOTCSI TAKMC MX CBOHCTBA KaK YCTOHYMBOCTD,
CXOAMMOCTb W TOYHOCTh, NPOCTOTA U IKOHOMHYHOCTH. BOJILLIONA IpakTHyYCCKUit
M HAYYHBIH UHTEPEC NMPEeACTABIISET KJIACC YPaBHECHUH C Pa3pbIBHBIMU Kodduumena-
M. 37ech BO3HMKAET NMpobiemMa BBIACICHHUSI ceMeiCcTBa OJHOPOHBIX PA3HOCTHBIX
CXEM ,,CKBO3HOIO CY€Ta'*, KOTOPbIE NO3BOJISIN Obl peliaTh 3aa4l 10 OJHUM U TeM
Ke popMyJIaM Kak B CJIyyde HeMmpepbIBHBIX, TAK U B Cllydae pa3pbiBHbIX Kod(hduiueH-
TOB, He Ipuberas K IBHOMY BBIJCJIEHNUIO TOUCK WIIM JIMHUI pa3ppia koddhduieHron
(BBISICHEHHE TIOJTOKEHUS JIMHUIA pa3pbiBa KOIDDUIMCHTOB OCOBGEHHO CIIOKHO, €CIIn
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ITH KOIPOULMCHTHL NOJYHAIOTCSE B PE3YJIbTATEe NMPUOIMKEHHOTO PCIUEHUS APYrUX
YPaBHEHUH) M K M3MCHEHHIO CXCMbI B OKPCCTHOCTH Pa3phbiBOB C UCMOJIb30BAHUEM
YCJIOBUIi Ha pa3pblBax.

2. B paborax A. H. Tuxonosa, A. A. Camapckoro [ 1]—[8] usydanuch omopoji-
HBIC PA3HOCTHBIC CXCMbL JUIsl YPABHCHUH BTOPOTO MOPS/IKA IMITTHUCCKOTO, Ma-
paboJIMueckoro U runepOoIMICCKOTO THITOB € O/THON W HCCKOJILKUMU MPOCTPAHCTBCH-
HBIMHA TIEpeMEHHBIMU. OCHOBHOC BHUMAHUC YJICISLIOCH BONPOCY O CXOJAMMOCIH
¥ TOMHOCTH B KJIACCE Pa3pbiBHLIX KOYDQUIHCHTOB, HA HEPABHOMCPHBIX CETKAX, /IS
ciyyast NPON3BOJILHBIX 00J1aCiCii, KBA3MIMHCHHBIX NapaOOIMUCCKHX YPABHCHUI 1 JIp.

TMepBblit LUK padoT 11O TCOPHU OJIHOPO/IHBIX PA3HOCTHBIX CXCM TTPOBOJIHICS JList
npocreiicero kiacca s QepeHIHANIbHBIX yPABHCHHIA
(1) k9D = d k(x) »d“-> —gx)u + f(x) =0, 0<x <.

dx dx,
rae Ic(x), g(x), f(x) — xycouno-nenpepwisubie koa(hduuuentnr. Mycis o, = |[x; =
=ihe[0, 1], i=0,1,.. N} —ccrka, y = ;= p(x;) — cerounas Qynxius,
onpe/IcacHHas Ha o, McXomHoe CCMEHCTBO  OAHOPOHDBIX TPEXTOUCYHBIX CXCM
Ocperes B BUAC

(2) L(I:('q'f))" =(by, —ay)fh —dy + o =0, yg=1{(y;— yvi_()/h,
Vo= (Vigr — AVi)/h .

riae d, b, d, ¢ — Bbipakatores uepes k, ¢g. f npu noMoun mabioHHbIX PYyHKUHOHA-
so A[k(s)]. B[k(s)], F[f(s)], Tax uro a(x) = A[k(x + sh)], b(x) = B[k(x + sh)].
¢(x) = F[f(x + sh)]. PaccmarpuBalotcst ciydan riajknX M pa3pbiBHbIX KO-
uneHtoB k, g, f. UroObl cxemMa B KJacce JOCTATOYHO TJIAAKHX KOYDPHiHeH 0B
nMesa n-ii nopsiok Tounocru (n = 1, 2), HCOBXOAMMO H 0CTATOYHO, 4TOOBL OHa
WUMCJIA TOT JKC TIOPSIIOK AMTTPOKCHMALMI. DTO YTBEPXKICHUC TEPSCT CHILY B ciyuac
paspbiBibIX KOIpPuumenros. Cxema wist ypasuenns L = 0 (g = [/ = 0). y koro-
poit

a; = a(x) = k; — Ykivy — kizy) s b= ki+ Hkipy — ki-y).

HMECT B KJIACCC TIJIKUX KOYPPULHEHTOB BTOPOH MOPALOK TOUHOCTH H PACXOAHTCH
B KJIACCC PABPBIBHBIX KO3 duumerTon (em. [1]).

Mpu MOMOIM YCHICHHOTO TPeOOBAHUSL CXOJUMOCTH — TpeOOBaHUs YCTOH4H-
BOCTH CXCMBI (2) OTHOCHTCIILHO BO3MYLICHUST KOYPOUIMCHTOB — Bbie icHo 13 (2)
CCMEMCTBO CXCM, CXO/ISIIMXCA B KJIACCE KYCOMHO-HETPEPLIBHBIX KOIDPHIHEHTOB

(3) LoDy = (ayg)y — dy + ¢ = 0.

DTO — KOHCCPBATUBHBLIC MJIH CAMOCOTPSDKCHHBIC CXCMBI. ISt HX MOJIyHCHUSE MOXKHO
110J1b30BATLCA METOA0M OAJIAHCA WJIH UHTCTPOHHTEPIOJISIIIMOHHBIM METO,I0M, POop-
My/MpoBanHbIM B [ 1], @ Takxke BAPHALMOHHBIM MCTOOM.
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Haiiziena cxeMa, MMeroUIasi BTOPO MOPSIOK TOYHOCTH B KJIAcCe KYCOUYHO-HEHpe-
PBIBHBIX U KYCOUHO-TH(PDHepeHIHpyeMBIX K03HHIUCHTOB

1 Xi+1 dx -1 1 'Xi+0,5 1 Xi+0,5
a; =|- — , di=- x)dx, ¢@;=- x)dx,
L) AT G
Xixo,s = X; + 0,5k .

Cxemsl (3) eCTCTBEHHO 0606IIAOTCS HA CJIyYall IPOU3BOJIBHBIX HEPABHOMEPHbIX
cetok [2], [5]. OrMeTuMm aBa BaxHbIX (akta. HecMOTpS Ha MOHWXKEHHE JTOKAJIBHOTIO
Mopsi/ika annpoKCUMALMH, 3TH CXeMBI 1) B Kiacce TIIaJKHX KOIPOULMEHTOB HMCIOT
Ha NPOU3BOJILHBIX HEPAaBHOMEPHBIX CETKaX TOT )€ MOPSJOK TOYHOCTH, YTO W Ha
PaBHOMEPHBIX CeTKax, 2) B KJacce paspbiBHBIX KO3(Q(HUIMEHTOB AOCTUTAIOT TOro
e IMopsaKa TOYHOCTH, YTO W JUIS TJIaIKUX KOI(PULUEHTOB, CCJIM BEIOPATH CMCIMATb-
HYIO M0CJICI0BATENBHOCT HEPABHOMEPHBIX CeToK ,(k), momeluas y3ibl ceTKH
B TOUKU pa3psiBa k(x), g(x), f(x).

Jns ypasuenus (1) Takke MOCTPOEHA TOYHAS CXEMA M CXEMBI, MMEIOLIME JTHO0O0it
3aJaHHBIIl TOPSJOK TOYHOCTH B KJIAcce KyCOYHO-HENPEPBIBHBIX KOIpPHUIMEHTOB.
DTU cXeMBbl MO3BOJIWIM MOCTPOUTh T 3anaun LUltypma-JInysums

L5 + Jru = (k(x)u') — g(x)u + Aru =0, u(0) = u(l) =0

cxeMbl 4-ro u OoJiee BBICOKOIO MOPSIKA TOYHOCTH B KJlacce pa3pbIBHBIX KO3hdu-
LIMCHTOB.

3. OmHOpOHBIC Pa3HOCTHBIC cXeMbl (2) s ogHOMepHOro ypasHenus (1) Gbutn
UCMOJIb30BaHBl ISl HOCTPOEHUS OJHOPOJHBIX PA3HOCTHBIX CXeM Mapabosinyeckux
1 THIEpOOIMYECKUX ypaBHEHUH

ou 0%u

= [keny TN ke,
ot ot?

a TaKXKe /IS MHOTOMEPHBIX YPaBHCHUI BceX TPEX THUMOB.

OCTaHOBUMCS JIUIIb Ha OJHOPOAHBIX CXEMax [Jisd KBa3WJIMHCHHOTO YPaBHCHUS
TEIJIONPOBOJAHOCTH

0 A (3
(4) elx, 1, u) ar_ 9 k(x, 1, u) a4 7.
ot 0x ox
k(x,t,u) 2 m; >0, cox,t,u)=my >0, m,=const, =12,
IMycts w, = {t; = jtc [0, T]} cetka Ha oTpeske 0 = 1 < T,

(5) y=y = ), Y= == )T =1y,
Ay = (a(x, t, y*) ye)er y*=05(;-y +y), a=m >0,

A - cXemMa, umcrouas Bl‘OpOl‘;{ NMOopsA0K arMnmpoKCUMALUH.
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P'dCCMOTpVIM HCABHYIO PA3HOCTHYIO CXCMY
(6) o, t, V) vy = Ay + o,

FAC @ W @ ANNPOKCUMHUPYIOT ¢ n f ¢ TouHoctbio 10 O(h?). Dra cxema adco.somio
yemoiuuea u cxodumes pasiosiepiio co ckopocmoio O(h* + 1.

Lo ¢cux mop B JIMTEPAType PACCMATPUBAIUCH JIMLIB CXEMBbL [JISL YACTHOTO CJIyyast
e = c,(x, 1) ey{u). k= ky(x, 1) ky(u).

OcoOblit uHTepec mpeactasiser ciayvaii k(x, t, 0) = 0, nanpumep, k = u°, o > 0.
Cxema ,,CKBO3HOTO cuéra’ npurojiHa u B 3ToM ciydac [16].

§ 2. SdKOHOMUYHBIE CXEMbI

1. TIpu peuicHHH MCTOIOM CETOK MHOTOMEPHBIX 3a/1a4 MATCMATHUYCCKOR (PU3HKH
Ha TCPBbI IJIAH BbICTYNacT TpeboBaHHE IKOHOMUYHOCTH CETOYHOTO METOMA,
TO-CCTh MUHUMYMA apUPMETHICCKHX ACHCTBHI, HCOOXOIUMBIX JIJIST PCLICHHUS 3a1a4u
¢ 3aJlaHHOI TOYHOCTBIO. KpHTepnit 9KOHOMUYHOCTH AJITOPUTMA 1TO3BOJISET, B YaCT-
HOCTH, MIO-HHOMY B3TJISIHYTh HA PSI M3BECTHBIX BLIYHCIUTCIBHBIX MCTO/I0B JIMHCHHOM
anreOpur 1 npoBecTH UX JuddepeHuralnio B TexX cilydax, Korua Jpyrue ux nokasa-
TCJIM COBIAJIAOT.

PaccMoTpuM, Hanmpumep, JBa BapuHaHTa HTepalMoHHOro MeTtona Hekpacosa-
3eiaesrs SIS PCUICHUST CHCTCMbI JIMHCHHBIX aJrcOpandeckux ypaBHEHUI

Ax = f. A = (ay) — matpuna n x n, x = (xy, ..., X,) — BEKTOP:

(7) LDy + A7y = Dy — AYy + f, (LBun3”).
(8) I Dy ™ 4 ATy = Dy — A7y + f, (..BBEpX’),

rjie § — HOMCP wrepalimu, D = (0«5f’ik5ik) — JUIAMTroHallbHasgs Matpuna, A~ =
= (ag) n A" = (aj) — mesas w UpaBask TPCYroALHLIC MATPHILL, djy = Ay, ;= 0
npu k < i,ay =0,a) =agnpuk > i a; = aj; = 0.5a;. CKOPOCTL CXOMOCTH
{(uncno u'rcpauwﬁ) jauts merojon I 1T u ux koMOunauum ognnakoso. Osnako, ecnu
IIPU HONCPCMCHHOM nipuMeHeHni aaroputmos T (npu neuérnpix s) w I (npu uér-
HBIX §) 3AITOMHIATH JIONOJIUTEILHO W3BCCTHBIC BeKTOpbl A" v 1 A7 137! nipespl-
Jlyleit wrepamun, 1o s onpejeienust sekropa »¥ U Bmecto Q = 20 + Snombt
Oy/IcM 3atpaunBath mui, Q = n? + Tn peiicrsuii.

Taxim 00OpaszoM aropuTm ,,BBepx™ — [ ,BHH3" € JOMOJHUTCILHBIM 32110OMHHANHCM
OJIHOTO M3 M3BCCTHBIX BEKTOPoB A~y wit A"y akoHoOMItHICe J11060TI0 13 MCTO0B
LBBEpX” K L BHU3 . DKOHOMUS B HHCIIC JICHCTBHH MIPU BBIMHCIACHI OJIHOH HTC-
panun PakTHICCKH IKBHUBAJICHTHL MOYTH JBYKPATHOMY YMCHBLIICHHIO YHCIL H1C-
patuit.
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AHAJOTMYHO MOXET OBbITh IMOJIyYeHA IKOHOMHUYHASI CXCMA JIJIST PELLCHUS CUCTEMBI
OObIKHOBEHHBIX JU(PepeHIambubIX ypaBHenuit 8]

gg + A1) x = f(1), x(0) = %,

MMEIOILAsT BTOPOi MOPAZOK TOYHOCTH M TPeOyloliasi MeHbIIEro YKcsia ACHCTBHI Ha
KQXKIOM CJIOE 110 ! 1O CPAaBHCHWIO ¢ OOBIYHON SIBHOW CXEeMOIl mepBOro Topsiaka
Tounocty (ms Hee Q = 2n* + 2n).

2. C euie Gostee MHTEpECHBIMHM (aKTaMK MbI BCTpeyaeMcst NPU CPABHCHUMU CXEM
JUISE MHOTOMEPHOTO YPaBHEHHSI TEMJIOMPOBOTHOCTH. JIJIst NPOCTOTHI PacCMOTPUM
ypaBHeHHe € MOCTOSHHBIMH Kosdduumentamu B uwnnape QO = (G + o) X
x [0t TlrueGy, ={0=<x,<1,a=1,..., p}-kyb, I'y — ero rpanuna,

ou r 9%y
(9) Ar-:Au=Z——~»2', (x,t)eQ,-:G()x[0<t§T],
ot a=1 0X,
(10) ulp, = plx, 1), u(x,0) = up(x), X = (X1seens Xy ooy Xp) -
Mycts @), = wy, + v, @, = {x;= (ithy, ..., i,h,)€Gy, iy =1,...,N} — paBHo-
MepHasi ceTka B Go, o, = {t; = jt} cerka Ha orpeske 0 < t < T. Beegem o0603Haue-

wst y = y(xp tyq) = ¥ 0 =y = (v — »")/r. Hycrs A, — oGbruHbIT Tpex-
TOYCYHBI omnepaTop, anmpokcumMupylowwmit Ly = 0*uloxk. PaccMOTpPUM MHOTO-
MEpHBIE CXEMBI
14
(11) y =y + 1Ay, A=) A, (sBHas cxema),
a=1

(12) Yy — 1Ay =", (HesiBHAS cxema).

OG6e cXeMbl HMEIOT OJIUH M TOT e MOpsAoK TouHocTH O(T + hz). Iycth Q, — 4ucio
apupMeTHYECKUX JeHCTBUI /15 ONpPEAesIeHHst ) Ha C0e, TO-€CTh BO BCEX y3JIaX Wy,
q, — Y4MCIo JelicTBUi Ha omuH y3ea, q, = Q /N, rae N, = 1/h’ — uucno y3nos
ceTkn wy,. Jlna siBHOM cxeMbl Q, = O(Np), q, = O(1), To-ecTb uMCITO JACHCTBHI HA
y3eJl He 3aBUCHUT OT ceTkH. JIJIs HesiBHOM cxeMbl y = (E — 1/1)‘I »¥ ¥ OoTBICKaHUE y
CBOAMTCS K 0OpalieHnio MHOroMepHoro onepatopa E — 14, 4to TpeGyer He MeHee
deM Q, = O(1/h37~2) pefictauit u g, = O(1/h*?~") = O(N}~?/?) samucur ot cetkn
ouYeHb CUJIbHO. C Ipyroi cTOpOHBI, HEsIBHAS CXeMa yCTOWYMBA MpU JIIOOBIX T U h,
a sSIBHAsl YCTOMYMBA JIMLLb NPU YCIOBUM

T 1
(13) = =—.
h 2p
Bo3HuKaeT ecTecTBEHHOE CTPEMJIEHMC HANTH PA3HOCTHBLIC CXEMBI, COYETaroLUe
B cebe Jiyyine CBOWCTBA SIBHOM (3KOHOMM‘!HOCTI:, q, = 0(1))  HesiBHOM (6Gesyciion-
Hasl yCTO#4MBOCTD) cxeM. Takue cxeMbl Mbl Oy/IeM HAa3bIBATH IKOHOMMHYHBIMH.
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Jlis HCKOTOPBIX YPABHEHUH MATEMATUYCCKOH (DU3UKM MPE/IONKEH PSUT IKOHO-
MMYHBIX CXCM NEPEMCHHBIX HANPaBJICHHH Win cxem pacuierienns (Muemen u Pex-
dopa [9], Pexkpopa u dyraac [10], Stnenxo [11]—[13], Absikonos [14], [15] n ap.).
O/1HaKO ITH CXEMbl ITPUMEHSITUCH JIHILIb JUTSL IPOCTPAHCTBCHHBIX 00JIACTCit nTpocTeii-
LICTO THITA U JOBOJILHO Y3KOI'0 Kidcca ypaBHCHUH.

Bosibiioi npakTHYCCKU H TCOPCTHUCCKHIE MHTEPCC NMPCACTABIBIIOT YIKOHOMHUUHDIC
PA3HOCTHBLIC CXCMbBL. JIOCTATOYHO [POCTBIC M BO3ZMOKHO O0JICC YHHBCPCAIbHbIC,
TO-¢CTb NPUIOJIHBIC JUISE UBPOKOIO Kilacca ypaslicHiid. Tak, HanpuMmep, B cllydac
napaboJIMYCCKUX YPABHCHITH Mbl TPCOyCeM, 4TOOBI YJKOHOMUYHBIC CXEMBbI ObLIU TpH-
TOJIHBI JIUTSE TPOU3BOJILHON MPOCTPAHCTBCHHON 00J1aCTH, /U1 YPABHCHUI ¢ pa3pbiB-
HBIMU KOIPQUIMCHTAMM, LTS KBA3HITHHCHHDBIX YPABHCHUIMA, JUUIS CHCTCM YPaBHCHUIA,
HA NPOUBBOJILHBIX MOCIC/IOBA [CIABHOCTAX HCPABHOMCPHbBIX CCTOK M HC MCHSUIMCH
NpU NEPEXoc 0T pK p — 1 M OT pK p + [, p — 4KCIO UIMCPCHHUIA.

3. Oka3bIBacTcst, YTO YHUBCPCAJIbHBIC IKOHOMUUHBIC CXCMbI MOKHO TOCTPOHTD.
UCIOJIb3YSL JIHUIb camMoe obuiee cBOHCTBO AanpepeHIHaNibLHOTO ypaBHeHus cu/ot +
+ Au = f — BO3MOXHOCTb TNpPEJACTABICHHS oneparopa A B BHIC CYMMbl orepa-
TOpoB A, 6oJjice NPOCTOR CTPYKTYpPbI (CBOHCTBO a/yinTuBHOCTH). [IycTh, Hanpumep.
JIAaHO ypaBHEHHC

m

YLy —f=0, 0<t<T.

ot a=1

)

D |

(14) pu="" -

~

m m

IpeacraBumM B BUJE CYMMbl f = Zfa U noJioxum Pu = Z P,u, rae

a=1 a=1

Pu=—"~—Lu—f,.
m Ot

Ha cerke . 6y,H,CM NMOCJENOBATCIIbHO pCUIATh M ypilB}{CHHFI

(15)
1 ov . . . . 1 .

e = Ly + f te(o ), =+, =t x=1..m.
m 0t m

14
Ecn L = Z L, — 2JUIMATHYCCKHH Oneparop, HC COJACPKALUMA CMEIUAHHOM npo-
a=1
W3BOJHOM, a
du
ka('\" t) ]

a Xq

Lu = -
ox
1o (15) ccTb opHOMepHOE napabosmucckoe ypasHenue. [lns nero namu patice 6bliia
pasBuTa TCOPUST OJHOPOJUILIX pasnocTibiX cxem [5]—[8]. Pasnocrhast cxema st
MHoromepHoro ypasuetus (14) npeicrasisier co6oii COBOKYNHOCTb HESBHBIX O/1HO-
POJHBIX PA3HOCTHBIX CXEM JUIs OJHOMCPHBIX YPABHCHHI TCILIONPOBOAHOCTH HO-
MepoB o = 1,2, ..., m. D1y cxemy B [16] MbI Ha3BaIH JIOKAJIbHO-0JHOMCPHOI CXe-
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Moif. OHa OJHOpPOJHA 10 MPOCTPAHCTBY M UMKJIMYECKU OJHOPOJHA 1O BPEMEHH
¢ neprnogoM p. OQHOMEpPHBIE CXEMBI SIBJASIOTCS MPOCTEHILNM KOHCTPYKTHBHBIM
3JIEMEHTOM, ,,0710kOM’’ MHOTOMEPHOI CXEMBI.

OmHOMEpPHbIE CXeMbl, Kak crnocod anmnpoxcumMaunu (pacuensenus [11] wru npu-
SmmxenHol daktopusauun [12]) MHOroMepHOW JBYXCIOWHOM CXCMbI TS 3aauu
N—10)(f=0, k, =1, G — napasuesnenunen), ObUIN BNEPBHIE UCTONL3IOBAHbBI
Suenxo [11]. O6uwii nPUHIKHO MOIETUPOBAHUS MHOTOMEPHBIX 3a1a4 NPU NOMOLUIM
OTHOMEPHBIX 3ajau OblT Npe/ioxkeH B [16]; OH MO3BOJMI NMOCTPOUTH JOKAILHO-
OIHOMEDPHbIE CXEMbI /LIS NapaboTMYeCKUX M TUITIEPOOJIMUECKUX YPABHEHHUI 1 CHCTEM
([16] = [20]), y10BAETBOPSAIOLIUX MOCTABIEHHBIM B KOHIE M. 2 TpeBGoBaHMsIM.

4. Iycte G — o6yracTh M3MEHEHUS X = (X{, ..., X,, ..., X,), I — ¢& rpanuua,
w, — pa3sHOCTHas ceTka Ha obyactu G, y, = I' — rpanuna w,. PaccMoTpum napa-
Gomiueckoe ypashenne B Or = (G + I') x [0 <1 < T]

ou 0

P n
Lu + f(x,t), Lu=- ka,x,tﬂz , k=g >0,
a @
xl

ot a=1 0X,

(16)

ulp = p(x, 1), u(x,0) = uy(x).

O6o3HauuM A, — OJHOPOAHYIO TPEXTOYEUHYIO PA3HOCTHYIO cXemy s L,
¢, — ANNPOKCUMANUIO JUTA f, U BBEAEM NMPOMEXYTOUHbBIE 3HAYCHUS Yy, & = 1, 2, ...,
N _ _ j s _ . j+1
. p — L, momaras y, = » =y = y(x, ;). vy =y =y’
OMpeneSeTCs U3 HESIBHOTO Pa3HOCTHOIO YPaBHEHHS

, X € 0y SHAYCHHUE Yy,

(17) y;z=M9=Aay(a)+(pa. XEwm,, l€Ew
T

oa=1,..,m,

KOTOPOE MULIETCS BO BCEX y3JIaX X € w, U annpokcuMupyet ypasuenue (15). U3 (17)
HAXOIUM

(18) Vy = (E = 14) 7" a1y + 70,) -

[paHuuHble YCIOBUS [UIS Y, 3a]1a10TCS HA YACTH Y TPAHUIIBI Y} 3/IECh Y MHOXKECTBO
BCEX TOUEK X € y, nepeceueHust ¢ I' BceX NMPAMBIX -7, MTPOXOJISILMX YePe3 y3Jibl X € ),
napasielbHO OCH KOOPIAMHAT 0X,. Tak, Hanpumep, ecin G napauienenunen G, =
= {0 < x, £ L}, TO 9} cCTb MHOXECTBO Y3JIOB CETKH 0y, + Y, IS KOTOPBIX X, = 0
unu x, = L. TIpy TaKoM NOCTPOeHHH ceTkU w;, = w§>) [17] rpanudubie yeiosus na I’
YAOBJCTBOPSIFOTCS TOYHO, OJ/IHAKO, B CUJIY MPOM3BOJLHOCTH objsiactu G ceTka ),
BOJIM3M TpaHWUBI BCCrAd HEpaBHOMEpHA. MOKHO MOJIYYUTh PABHOMCPHYIO CETKY
0, = oy [16], eciin rpaHuyHbIe 3HAYEHUS IS Y, HA CETKE 3a/1aBaTh NPH TOMOLIN
JIMHEHOM MHTEPOJISILIMY IO HATIPABJICHUIO 0X,. B 000UX citydasix aJjist y,, Mbl MOJTy-
4aCM OJHOMEPHBIC TPEXTOUYCUHBIC 3ajla4yM, pculacMble 1O M3BCCTHBIM (opMyJiam
nporoHku ((popmysam oBpalcHusi TPEXAUAroHaAbHOW MATpuipl). ITo Tpebyet
q, = O(1) onepauuii Ha omuH y3ed ceTku . [lepebupas Bee o = 1,2,..., m,
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T0-CCTh MCHSISl HAMPABJICHUSA, ONPE/ICIUM 3HAUCHUC J = J(,, Ha HOBOM BPCMCHHOM
cmoe t = ;4 y, 3arpatuB Q, = N,q, = O(N,,) neitctBnit. Tlpe/utoxkeHHslid aaropuTm
SBJIICTCS IKOHOMUYHBIM. TaK Kak Mbl UCMOJIb3YyeM B KayecTBe ,,0JI0OKOB’ OJIHOMEp-
HBIC HESIBHBIC CXEMBI, TO JIOKAJIbHO-0IHOMEPHAS cXeMa abCoJIIOTHO YCTOHYUBA W ISl
Hee CIpaBe/UIMB MPUHIUIT MakcUMyMa. HecMoOTpst Ha TO, YTO Kax/loe OTACIbHOE
ypaBHEHUE (17) He armpoKCUMUPYET HCXOJHOTO ypasteHust (16) (morpemHocts
annpoxcuMauuu ¥, = Au + ¢, — 3, qu; = O(1)), cosokymuocts Beex cxem (17)
annpoxcumupyeT ypasuenue (16). TToJ MOrpenoCcTbio aNMPOKCUMALIMI JIOKAIILHO-
OJTHOMEPHOI CXEMBbI TOHUMAECM CYMMY

m

(19) vy,
a=1
.HOK'CUIBHO-O;IHOM@DHB.H CcXemMa B cjiyvyac p‘dBHOMCpHOﬁ CCTKH U);,l) H TPAHHUYHBIX
yCJIOBV[ﬁ CO CHOCOM PAaBHOMECPHO CXOIOUTCA CO CKOPOCTbHIO O(Ih 2 +- ‘L')

14
(20) [yt =, = max |yt — u»"“i = O(Ihl2 + 1), ]hl2 =Y hZ.
mn a=1
€CJIU BBIMOJIHEHBI YCIAOBUSI, IPH KOTOPBIX ¥ = 0(‘/1‘2 + 7:) (h, — war mo nanpasc-
HUIO X, o = 1, ..., p, i — peUICHHUC 3aJauH (16) M ) — PCLUCHUE 3aJauu (18)).

B ciyyae 1npou3BOJIbHBIX HEPABHOMCPHBIX CETOK ITa OLCHKA CHpaBeJsiuBa B HOP-
me [*(w,), a paBHOMEpHAs OLECHKA HECKOJIBKO YXY/UIACTCS TOSBACHUCM B MPABOM
YacTH (20) MHOo¥uTess Buja ln 1/H,, rie Hy, — HauMeHbLIMi 0OBbEM sTYCHiKM CCTKH.

B ornowenuun ob6nactu G KOHCTPYKTHBHO MCHOJIL3YETCS JIULIbL OJIHO TIPEIHOJI0-
KCHUC: TEPCCCUCHNE TPAMOIf, NapaJuIebHON OCH 0X, (o =1, ..., p), npoxonsLLEit
yepe3 Jilo0yIo TOUKy X € G, COCTOUT M3 KOHEUHOIO YHCIa UHTEPBAIOB.

PaccMoTpum elue ojinH npuMep 3KOHOMHUYHON CXEMBI.

5. PaccMOTpUM NpHMEpP MOCTPOCHHS YKOHOMUYHONW CXEMBI JIJTs NapaboJiniyecKoit
CHUCTEMBI YpaBHEHUI
0 ou

(21) gg:Lu-Pf, Lu = [ K(x, 1) , 0<x<1l, O<t=T
ot 0x 0x

€ TPAHMYHBIMH YCTOBUAMH NEPBOTO pojia np X = 0, X = 1 i HAYATIBLHBIM YCIOBHEM
mpu ¢ = 0. 3aceo u = u(x, 1) = (u',....u"). f=f(x.0) = (f",..../") — BekTOPSI,
K = (Ic,-x) — Marpuua n x n,

(22)

n
¢ Y& ¢ = const > 0.
s=1

Matpuuy (k;) upejcTaBuM B BHJIC CYMMBbI IBYX Tpeyrosiblibix matpun K =
=K + K" K =(ki)), K" = (). kiy = ki k =0,
+ co 0 +
kiy = ki npu s > i, k;; + ki; = k;;, @ L cCOOTBCTCIBCHIO B BUJAC CyMMBI JIBYX

L =0 npu s <i. kj

is
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,,TPeyroJbHbIX‘ onepatopoB L = L~ + L'. Ecmu K = (kis) CUMMETPHUYHA, TO €CTECT-
BEHHO NPEINONOKUTD, uTo k;; = ki = Lky;.
Vpasuenue (21) nepenniem B Brze
1 0u

2
23 Pu=)>) Pu=0, Pu=—-——Lu-—f,
@) =L 20t /

rne Ly = L™, L, = L". IIycrs A, TpexToueuHast omHopomnas cxema st L, Tlo
AHAJIOTHM C TIPEIBbIIYUIMM IIYHKTOM ISl pelieHusl ypaBHenuit P,u = 0 ucrnoJibdyem
HESBHBIE CXEMBI

(24) J’E,,:Auy(a)'*‘(f’l, o = 1,2.

Ecm K~ u K monoxurenbHo-onpe/ie/ieHHbIE MATPULIBL, TO cXeMa (24) CXOAUTCSA
1 abCOTIOTHO YCToMUMBA. DTa CXeMa IKOHOMMYHA, Tak Kak ¢, = O(n®) ma ysen,
TO-eCTh ISl OTIPENIEJICHUS y 3aTPAuMBACTCS TOrO Xe MOP/sKa YUCHO ACHCTBUM, YTO
M 75 IBHOM cXeMEBL. B camom geste, 4TOOBI HAWTH BEKTOP Y = V() MO U3BECTHOMY
BEKTOPY y" HaZ0 06paTHTh MOCIEAOBATEILHO TPEYTOJbHO-TPEXTOYCUHBIE ONEPATOPDI
E — 1A u E + t4,. OTO cBOJUTCA K 21 — KpATHOMY NMpUMeHeHuIo hopmys oiHo-
MEpHOU MPOTOHKH, & JIJIsi BBIYUCICHUS MPH 3TOM IIPaBbIX YacTeil Tpedyercs O(nz/ h)
omepaIuit, 4TO U JAeT OlEHKY ¢, = O(n?).

3aMeTuM, 4TO B ciy4yae m = 2 JUIS ypaBHCHHH (21) MOXHO TNPEATIOXKUTH DS
IpPYTUX CXeM, sBIsromuxcst o6o6uienueM cxem [9] u [117], nanpumep

(25) vi = HAyay + 40" + 30, (0, =10, a=1,2),
Vo, = M Ayay + 429) + Lo,

(26) Vo = 05 4,(yay + Va-1) s 2=1,2, yo, ="

Jnst cxemst (25) B citydae cucteMsl (21) HAMH TOJIYSCHBI OLUCHKU JUIA CKOPOCTH
cxomamoctu O(t + h?)u O([72/\/h] + h?), a st exemsi (26) — O(t + h?).

Ipy HOCTPOEHUN IKOHOMMYHBIX cxeM (17) 1 (24) MBI NOJB30BAIUCH OIHUM U TCM
e MPUHIMIOM aIUTHBHOCTH, BBIOUPas omepaTopsl L, Tak, 4ToObI MoJIyHaroluecs
NpoCThIE 327241 GbLIH SKOHOMHUYHBIMH.

B §3 MBI paCCMOTPUM TAKME AAAUTHUBHBIC CXCMBbI TS aGC'I'paKTHOI‘O napa6om1-
YECKOTO YpaBHCHUA.

§ 3. AIANTUBHBIE CXEMbI

1. Tycrs H — jnHeiHOE NMPOCTPAHCTBO CO CKAJISPHBIM TPOU3BEACHUEM (i, )y
u nopmoit |lull, = \/(u, u)y, Tie u, ve H, A(f) — onepatop, 3aBucsimii o1 napa-
Merpa t € [0, T] v umerolmii obaacts onpejeienuss B H u o6nactb 3Hayenuii B H.
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PacemoTpum aberpakTHyto 3anavy Koum

(27) o + Ayu = f(1), 0<t=T, u(0)=u,,

rae HemssectHast Gynkuust u(f) w sananuas ynkuus f(t) OIIpe/ieTIieHbl HA OTPe3Ke
0 <t £ Tu npuUHUMAIOT 3HAYeHUst U3 npocTpancrsa H, a uy € H. B ciyvae cmewan-
HOM 3ajaun JUTS NMapadoJIMYecKOoro YpaBHEHMsI TPAHUYHOC YCJIOBHE BKIIIOYAECTCS
B TpeOoBaHue MIPHHAIUICKHOCTH 1 = u(1) k obsactu onpeseincnus oneparopa A(1).
B pasbueiiwem 6yneM npegnoarats, 4ro 3a1a4a (27) MeCT ¢AMHCTBEHHOE PCIICHHE
u = u(r)GH, 0t=T

Mpemomoxum, uro A(1) umeer Bu

m
(27) 2 A1) = A1),
a=1
i (] Aa(t) OMepaToOpPhl, UMEIONIUE OJIMHAKOBbIC C A(t‘) obnactp onpejiesieHus U 00J1acTL
3HAYCHUH.

2. PaccmMoTpuM JIMHCIHOE KOHEYHOMEPHOE MPOCTPAHCTBO H y CO CKASIPHBIM NPO-
ussenenneM (y, v)y u nopmoii ||y = </(y, y)y- Tlpumepom Hy sisasercs npoctpat-
C¢TBO H* CeTOYHBIX (DYyHKIMiH, ONPEJICIEHHBIX HA CeTKE w;, B 00Jsactn G p-MEpPHOTO
NPOCTPAHCTBA X = (X, ..., X,).

IMpennosoxuM, 4T0 CYUICCTBYET JIMHCHHbBIA onepatop, NpoeKTupyrowmd H Ha
Hy: Pyu = uye Hy, ccmu u € H. TMocieoBaTeIbHOCTL TIPOCTPAHCTB {Hy} 3am-
KHEM MO HOpMe, noJjaras

lim [|[Pyully = |ully the wueH.

N- oo

Paccmorpum onepatopst B, = BQ’(I), o = 1, ..., m, 3aBUCALLMC OT HNapameTpa
te [0, T] ¢ 00utacTh1o onpeesieHus H y 1 MHOXKECTBOM 3HAUYCHUI H y JIJIs1 KaX 1010 1.
Bynem npennoJarate, 4ro

N, - ~ AT
1) BJ(f) mucrpubyTuBiblii oneparop,

2) B:(t) Heorpuuatench juis seex te [0, T]:
(28) (BY(1) v, v) = 0 nutst ;moGoro sniemenTa v e iy .

Breaem na orpeske 0 <t < Teerky o, = {t; = jr, i =0, 1,...}.
PaccmoTpum 3ajiauy

(29) v+ B(1%) v = p(1F) . x=120om, tew,, p0) = Pyuy,

rie 1) € Hy, %6 [t ], manpumep, 0% =ty = 3" =y, =y =
=y v = e = Ya-n)lt



Onepatop E + tB,, oueBnmno, umeer o6pateri onepatop (E + tB,)~ " ¢ 06-
nacteo onpenesennst Hy, npuem [(E + tB,)"'| < 1 npu mobom 7> 0 u 1€
€ [0, T]. Mostomy 3anaua (29) paspernma
(29) Yay = (E + B) " (Vum1) + 700), o =1,2,...,m.
3Hauenue y' = yo) usBectHo. ITo dopmyne (29') nocmepoBatensHo OUpemeTUM
y(l)a ey y(m) = y

3. Teopema 1. 3adaua (29) nocmasiena Koppexmiio u 044 €€ pewenus cnpasedusa

OyeHKa
(30) @) = 1O + Tmax o], re,

20e
= ol 0= 101, loll =5 ol

Joka3aTesibCTBO HPOBOAUTCA METOJOM IHEPreTHICCKUX HEPABEHCTB.
YTOGBI BHISICHHTH YCJIOBHS, IIPU KOTOPBIX 3axada (29) ammpokcHMupyer 3anady
(27), oueHuM pa3HOCTh

Zy = Yy — PaU, Z € Hy,
KOTOpast IBJISETCS PeLCHUEM 3aa91
(31) zz, + Bz = —¥,, a=12...m, teo,, z0)=0,
rae Y, = B,Pyu — ¢, + 6,1 Pyu; — morpemnocts ammpokcumanuu. I[lpubapiss

Y BBIYUTAS BBIPAXKCHUEC

32 0 = Py(Au — f,) — 8, Py —, 8,, =
(32 R R T

du {0, o1,
rae f,€ H, Y. f, = f, 6ynem umets ¥, = Y5 + ¥ (cp. [16]). U3 (32) u (27) Bugmo,
4TO o=t
Yy =0,

(33)

‘ﬁ[vjs

Bonpoc o cBssu 3agay (27) u (29) pewaercs nytem usydenus sagayn (31).

Jlemma 1. [Jas pewenun 3adauu (31) ¢ npassimu vacmamu Y, = Y, yoosiemeopio-
wumu ycaosuro (33), cnpagedausa oyenxa

69 =] S JmT)Jrmax |l tewn, 19 = X il
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Teopema 2. [1s pewenus 3adauu ( 27) Cnpaseoausa oyenKa
(36) [0 = max (/(mT) /= 7] + Tw#]).

Teopema 3. ITycme 0as 6cex o = 1,2, ..., m 8bIN0ANEIBI YCAOBUA ANNPOKCUMALUY
du du
Pyl—(t+0) - —(t
N ( PR A ())

(38) ”(BaPNu - ‘/’a) - PN(Aau - faz)” = 02(hN) s

20e 0 (&) - 0 (k = 1,2) npu € > 0, hy u cq noroxcumesvnvie uucaa, hy - 0 npu
N — o, ¢y ne 3asucum om t U N. Toeda pewenue 3adauu (29) cxodumea xk pewienuio
3adauu (27)

(39) [y = Pyu|| = 0i(x) + 02(hy) + o(/7), tew,.
Teopemsr 2 v 3 ciaenyror U3 TeopeMsl 1 v jieMMBI 1.
Caenctsue. Ecau 0,(1) = O(7%), 0,(hy) = O(hY), mo

(40) HJ’ - PNuH = 0ot + hfv) , ¥ =min(y, 1.

i

] = o(l0]). ¥ = Co,

(37) [

4. ITpusenémM npumMepsl NPUMCHEHUS 3TOH OOLIEH Teopuu.

Paccmotpum 3amady (9)—(10) muist ypaBHeHus TEMUIONPOBOAHOCTH C MOCTOSHHbI-
My koaddurmenTamu uz § 2 st obsmactu G = Gy = (0 < x, < /,, 2 = 1,2, ..., p).
B aToM ciyuae Hy €CTh NPOCTPAHCTBO CETOUHBIX (PYHKUMIA, 3aJaHHBIX HA CETKE

w, = {x; = (iyhy, ..., i,h))€ Gy, iy =1,2, ... . N, — 1, hy = [IN,, a = 1,..., p} .

— YHCJIO Y3JIOB, CKATAPHOE NponsBeiehue (y, v) = Yywihy ... h, Iycrs @), — MHO-

Wh
XKECTBO Y3JIOB, OTCTOSILIMX OT IpaHul X, = 0, x, = I, « = 1,2, ..., p Ha paccros-
Huu, GoJtbieM h,, a ) — MHOXCCTBO BCeX ocTallbHbIX (10rPaHNYHBIX) Y3JIOB CETKH.

Oneparop BY onpenesien rak: B,y = ~Vszx, = — Ay IPH X € Wy,
1 1
(41) Bay = - yx, i 4 npu - x, = h/z )
h, h,
B,y : Vs, + ] y 1p X L, —h
oV = . ,721 T I a = g T Mg
h, h,

(DyHKHHH Py B COOTBCTCTBHUU C OTUM paBHa Py = fa IPU X € Wy, Py = fa + ([l;,"hf)

+ 1,2 L e 1y +
Hle 'xa = ha* (pa = .fa + (/la /ha() I'lplr( '\a - ]a - ha* rjac .“a( - iul.\’u:()’ ”1 - :ulxa =
Taxoe onpeucieHue Ba npennonaracT, 4T1o y ONnpeAC/ICHA BO BHYTPCHHUX Yy3J1ax Wy
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M J3KBUBAJECHTHO OmpenesieHuto B, Iuig y, 3ajaHHOH BO BCeX y3nax w, + 7y, IpHU
YCIOBUHM, 4YTO y = 0 Ha rpaHUIE 7y, (npu Xg=0,x,=L,a=1,.., p).

Pasnoctnas popmyna Ipuna [5] maér (B,y, y) = |ys||* > 0, To-ectb ycmosue
(28) Bcer/ia BBIIOJIHEHO.

B cuiny Teopembl 3 moJiydYeHHAs. aOUTHBHAS CXEMa CXOJAUTCSI CO CKOPOCTHIO

o(|n|* + /).

5. TTapaboimmyeckasi CCTeMa MHOTOMEPHBIX ypaBHEHNUI

(42) = — Z K,(x, 1) @—>, a=1,....p.
a=1 6 0Xm

Bsops Tpeyroibubie Matpuupl K u K}, K, = K; + K., nonyuum 4 = ZA(,,

m=2p, A, = A, npua < p, A, = A2p+1 _ mpuoa > p. A7 u AF annporccmvmpy-
10TCA TpeXTO‘{e‘{HO-TpeyI‘OJIbHI)IMI/I Pa3HOCTHBIMMU oTiepaTopamu B, u B 1o amano-
TMM C mpefpinyiium nyHktom. Tak kak mis obpamenust (E + tBF) Tpebyercst n
TIPOTOHOK JIUIsi KaX/J0M M3 OJHOMEPHBIX 3a1ad, To ¢, = O(n®) u afMTHBHAS CXeMa
B 9TOM Ciiyyae sKoHomuuHa (cm. [20]).

6. YTOOB! MOJIYIUTH AJITOPUTMBI [IJTsl PELIEHNST MHOTOMEPHBIX YPaBHEHUN Y CUCTEM
€O CMEUIAHHBIMU TIPOU3BOIHBIMHU, PACCMOTPUM CIIy4yaif, Koraa

m

(@ A0 = 3 40 B0 = T Bl),

a,p=1
rrie A,y(t) — onepatopsl B H, a B,y(t) — B Hy.

Tpeanonaraercs, uto 1) B,y(t) AUCTPHOY THBHBIE ONEPATOPEI, 2) Y (Bu(t)v,0) 20
a,f=1

118 E0Goro v E Hy.

IlpencraBuM B B BuIe CYMMBI JJBYX TPEyroJbHBIX OTIEPATOPOB
(44) B=B" +B*, B~ :Zﬁ ﬂZlB;,, Z

rae By = B,y npu < a, By = B,y uipu § > o, By, + B,, = B,,.
AITMTUBHAS cXeMa JIJIs 3a]ja4u (27) HMeeT BH/T

”Ms

aﬂ’

(45)  yi, + X Bap(t) vy =3¢a, @ =1,...,m, tew,,
p=1

Vit Y By l) vy = 30,, o' =2m+1—a, f=2m+1-4,
B=a

]+1

}(zm)—}”y O(=1,...,m.

3anaua paspewnma, Tak kak (E 4+ TBJ) CyLICCTBYIOT, €CIIH YCIIOBUC 2) BBIMOJIHCHO

anst B¥. Ipu B,, = By, umeem B, = B;, = 1B

aa*
Hnst cxembl (45) cnipaBe1mBbl aHajorn Teopem 1—3.
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IMpumenenue 3TON CXxeMbl IS NapaboMYCCKOro YPaBHEHM:H CO CMEIUAHHBIMU
NpOU3BOHBIMK TaHo B [20].

7. Ilo anagoruu ¢ (27) pPacCMOTPUM ypaBHCHUC 2-T0 MOPSIKA

2
(46) % + AN u=f(1), 0<t =T, u(0)=u,, (Z% 0) = iy,

m
rac A1) = Y (A1) + A%(1)). A, n Aj — conpskeHHBIC B CMbICJAC CKaJAPHOTO
a=1
npousseneHms (U, v)y ONEpPaTopbL.
B H, paccMaTpuBaloTcs AMCTpUOYTHBHBIE onepaTopbl BY u BEN:

(47 D (B, v) = (B, ),
2) (Biy,y) = (B, y) = 01”)’”2 JUIst IOGBIX y, v € Hy,
3) |(B1); ¥ »)| £ ea(Biy, y). ¢y, ¢; = const > 0, B = B,(1)).
ANIMTUBHAS CXEMa UMECT BUJ
(48) TnVii, + Bdt) Ve + Bi(1) iy = @ ¥(0) = Pyug

2 npu m =2,
1,5 mpu m = 3,

. j+ -1+ o
rae y(a) = yl a(/m’ y‘(’a) = .}J 1/’"* O =

(y(a) - 2}'(41—1) + y\(,z))/fz’ a=1,2, Yoy = v, Yoy =y, m= 2,
Vi, = (.V(a) = Ya-0)YVa-2y T y‘(a))/rz’ a=1273, Yoy = }’{3), V-1 = yzz)’
Yoy =y, m=3.

MeTo1oM IHEPreTUueckuX HCPaBCHCTB JIOKA3BIBACTCS, YTO 3Ta CXEMa YCTOWYMBA
M MMEET MO T, 110 KpaiHel Mepe nepBblif MOpsAL0K TOYHOCTH.

AJIMTHBHAS cXeMa (48) MCMOJIB30BATACH JIJISI MHOTOMEPHBIX YpaBHEHUH rurepbo-
JIMYECKOTo TUMa BTOPOro nopsiaka B [197] u muis cucrem B [20].

§ 4. CXEMbI PACHIEIJIEHW A

1. das obsacreit creuuanbHoro Tuna (AUisl MapajulesiellinesoB) i HEKOTOPOro
KJIACCA YPABHEHMIL NPE/UTOREH DAL IKOHOMHUHBIX CXEM WJIH CXCM ICPEMEHHBIX Ha-
npasnennit (Muemen-Pexpopn [9], Pekdopa-Ayrmac [10], Suenxo ([117-[13],
Hpsikonos [14], [15] w ap.). Heemorpst na pasjnune B TCPMHUHOJNOTHU B BbIMU-
CJIMTEITLHBIX AJIFOPHTMAX BCE ITH CXEMbl MOTYT ObITh MOJIYHCHBI OJIHUM H TEM XKe CII0-
coBOM — MCTOJIOM PACLICTLICHHS.

TIOKaXCM 9TO CHAYAJIA HA NPUMEPE YPABHCHHSL TCILIONPOBOIHOCTH (9) ¢ MOCTOSIH-
HBIMU KO uLMeHTaMH. B KauecTBe MCXOJAHONM CXEMbl BO3bMEM MHOIOMEDPHYIO
CXEMy ¢ BECAMU

(49) yi=Aoy + (1 = 0)y) + ¢. y0) = uy(x),
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P
e y; =(y— )1, 001, A=) A,, A,y = ys.. lpu o & 0 512 cXema He
a=1

ABJIAETCS IKOHOMUYHOIL. [lepenuiuem eé B Buje
14
(E—ot)Ad)y; =4+ 0.
a=1

3aMeHUM CTOSIIMI clieBa onepaTop MPOU3BCACHUEM OJHOMEPHBIX ONEpPaToOpoOB

p
[1(E = o14,) u paccmoTpum cxemy
a=1

p ~
(50) [T(E = ot4,) y; = Ay + ¢,
a=1

I¢ ¢ BbIOMPACTCs TaK, 4TOOBI MOTPELIHOCTH anmpokcumai cxeM (49) u (50) Bo
BCEX y3Jax /000l ceTkH ), oTimyamuch Ha Bexnanny O(t?). Iomydenuyio cxemy
(50) Oymem HasweBaTH IpoM3BOsILEH cxeMoif. Onpenenenue y u3 (50) comurcs
K TIOCJIEZI0BATENLHOMY OOpAIICHHIO OJIHOMEPHBIX TPEXTOUEUHBIX omepaTtopoB E —
— 014, DTO MOXHO ClIeJaTh IO-Pa3HOMY.

PaccmoTpum s ciaydas p = 2, f = 0 anropurmsr [9]—[15]:

1. Meton IMucmena-Pekpopna [9], p = 2, o = 0,5:
(51) (E = 0,5t4,) yuy = (E + 0,5t4,) y*,
(E = 0,5t4,) y = (E + 0,5t4y) yyy -
2. Meron Pexdopaa-Hyrmaca [10], p = 2, 0 = 0,5:
(52) (E — 0,514,) y¢1y = (E + 0,514, + t4,) y' + 100,
(E — 0,5t4,) y = y(1y — 0,5t4,)" .
3. Meton Suenxo [11], p = 2, 0 = 0,5:
(53) (E —0.5t4;) yy) = (E + 0,5t4;) ¥, (E — 0,5td,) y = (E + 0,5tA,) y(y).
4. Merton [psxonosa [14], p = 2, 0 = 0,5:
(54) (E — 0,5tAy) yoyy = (E + 0,54 + 3t4,4,) y" . (E = 0,5tdy) y =y, .
5. Merox [18], p = 2, ¢ = 0,5:
(55) (E = 0,5tAy) wiyy = Ay*, (E = 0,514,) Wiy = Wem1y, 2> 1

y=y 4wy

>

3ametnm, uTo 3 (55) cenyer anroputm (52). B camom Agiie, 3aMensst w,) =
= (¥ — »")/7, mOCITE OUYECBMAHBIX TTpeoGpasoBanmit, nomysum (52) npu p = 2.

Eciu yckimounTs u3 (51)——(55) IIPOMEXYTOYHOE 3HAUCHUE Y (1), TO BCC AJITOPUTMBI
HPHUBOAAT K OJHOM U TOM ke MPOM3BOJIsILIEH cxeme (50). Taxkum o0pa3om, Bo Bcex
paboTax (akTHUECKH PACCMATPUBACTCS OJHA U Ta XKC NMPOU3BOAALLAA CXeMa, 4 pa3-
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JIMYHe MEXIY HUMU JIMUIb B BBIYMCIIUTEIBHBIX aJITOPUTMAX, TO-€CTh, B CHOCOBaX
peleHus TTOJLy4atoLUXCsT areOpanyeckux ypasHeHui.

Ipu srom, kak 3ameueHo B [14], Hano ocoboe BHMMaHne 06palaTh Ha TPAaHUYHbIC
YCIIOBUSL JUIL TPOMEXYTOUHBIX 3HaueHnit y.y. B [14] y, npu x; =0, x; = /|
onpejensiores no Gopmysie

Yay = A"y = W mpn x, =0, X, = b, A, = E = otd,.

B [18] wqy = Ayu; mpit xy = 0, x; = [}, woy = g5 ipn X, = 0, x, = /,. Ecin
na I’y 3afaHbl CTALMOHAHPHBIC 3HAYCHMS, HC 3aBHCsIME OT ¢, To 4; = 0 U Bee
W = 0 mpu x, = 0, x, = [,. Anroputm (51) axBuBasIEHTCH POU3BOAALIEH CXEMe,
ecT MONOKHTL Yiqy = 0,5(y + »Y) — 20,0 mput xy =0, x, = [, w y = ™",
yY=wnpux,=0,x,=0L,a=1,2.

Jlns anroputma (52) Hamo noNokuTh ypy = ¥ — 30 A,y mpu x =0, x; =/,
wy=pwt, yW=wnpux,=0,1,a=12

B [9], [10] Bompoc o rpaHn4HEIX yCIOBHAX He oOcyxaaerca. Eciu 6paTs rpanuy-
Hble ycsoBus Tak: Yy = 0,5(y + »*) B [9], vy = ¥ B [10], To MoxkHO mOKa3aTh.
YTO 3TH JTOPUTMBI CXOASATCS CO CKOPOCTBIO O([rz/\/h,] + [h'z), 4 IPOU3BOJIALIAS
cxema umeer Tounocts O(t> + |h|?).

2. ®opMysMpyeM MCTOJ pacUIeIuieHHst B orepatophoii popme s 3amaun (27).
Ilycrs BbImosHEHBI yeaoBust (28) § 2.

Hanuinem ucxoiHyI0 cXeMy
(56) y; + o BY({) + (1 — o) BYi) ¥ = o(i), »(0) = Pyu, .

m

B(1) =Y B(t), T=tjios=1;+051, 0Z0<1
a=1

A

U COOTBETCTBYIOLLYIO €if TPOU3BOISIILYIO CXEMY

m

(57) [T(E+ otB)y; = =By + ¢, »0) = Pyu,.

a=1
JUJIst petenns OJIy4EHHOTO YPaBHEHUS MOXHO NOJIb30BATHCA OJHUM M3 AJICOPHT-
MoB (51), (52), (54). (55):
(58) (E + 0,5tB,) vy, = (E — 0,5tB,) »* + 0,519

k oa=05 m=2,
(E +05tB,)y = (E = 0.5tB,) yy) + O,Snp}

(59) (E + o1B,) Yy = (E—=1(l —0o)B, - tBy) )Y + T‘/’} =2
(E+01B,)y =y, — 0tBy)"
r
(60) (E + 01B)) ¥y = —tByY + Y (E + 01B,) ) + 10 l

a=1 )
(E + OTB,) Yy = Via-1y % = 2,3, ..., M, Yoy =V ‘

(o1) (E + 0tB)wyy = =By + ¢, (E + 0tB,) Wiy = wioyqye o > | |
y= 0 g, §
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Ilpu omepatopHoil 3amucu ypaBHEHWH BOMPOC O TPAHMYHBIX YCIIOBUSX IS NPO-
MEXYTOYHBIX 3HAYCHUM (1), -++» Y(m—1) PEIIAETCS aBTOMATHYECKH.

3. IlepenuiieM MpoU3BOJISILYIO CXEMY B BH/IC
Y+ B[oy + (1 - (’) w1+ GZTZmei = (;’ >
rae Q,, AMCTpUOYTUBHBIH OmepaTop, paBHbII
Q, =BB,, Q;= BB, + B,B; + B,B; + 0tB,B,B; wut. A

JI71s KOpPEKTHOCTH U CXOAMMOCTH CXEM PACIUCIUICHUS YCIoBui 13 § 2 1.1. 2, 3 He-
AoCTaTo4Ho. MOXHO mokasathb, 4To cxema (57) KoppekTHa, eciu

(62) 1) B, camoconpsikennsiit onepatop (B,v, ¥) = (v, B,y), y, ve Hy;
(63)  2) (By,y) 2 ¢y

3) B,(1) yroBneTBopsieT 1o t ycaouio JIMMmMua B ClieTyHOLIEM CMBICIE:
(64) ((B(1)); , V)| £ ex(Biy,y). By=Byt;). veHy.

rae ¢, = const > 0 He 3aBHCUT OT T U N;

2 ¢, = const > 0;

4) onepatop Q,, YIOBIETBOPSAET yCIOBUIO
(65) o?t(Quys v3) 2 — (1 = &) [[y]> = M{(By, y) + (B'y". y")} 7.

rae M = const > 0, ¢ = const > 0 He 3aBUCAT OT T U N.

Ec/iu BBIMOJHEHBI BCe 3TH YCJIIOBUA U YCJIOBUA ANIIPOKCUMALIUU

'IPN<%:—' (t+0) - du (t)>‘§ = 0,(0)) ,

TO CNIpaBe[IMBA OLEHKA
[y = Pyu| = o,(t) + 05(hy) + O(<?).

B [14] paccMOTpeHbI CXeMBI PACLUCIUICHUS ISl MapaboJIMYeCKHX YpaBHEHNUI ¢ ne-
pemenHbiMi K03bdunmenTamu, B [8] MOCTPOCHBI CXEMbI NMOBBILICHHOTO MOPs/Ka
TO4HOCTH. CXEMBI PACLICIICHHS MO3BOJISIIOT MOJY4HTh TounocTh O(t? + Ih'z),
OJIHaKO, IpU 60Jiee CHIILHBIX TpeOOBaHUSIX TJIAJAKOCTH, YeM AJISL HCXOJHOM CXCMBI.

TIpencraBisieT MHTEpeC W3yuyeHHEe BOMPOCOB O PABHOMCPHOM CXOAMMOCTH CXEM
pacUIeIUIEHHUS, a TAKXkKe O MPUMEHUMOCTH CXEM TaKOro TUMA /I Cliydast pa3pbIBHbIX
K03hGUIMEHTOB, [ KBa3WIMHEHHBIX ypaBHEHUMH, [1Jis obsacteit Gosiee C/OKHOTO
Tuma, yeM OOJACTH, COCTABJICHHBIC W3 INapajUlesIeNUNe0B ¢ TpaHUsIMH, Mapal-
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JIEJIbHBIMU KOOPJAUHATHBIM MJIOCKOCTSIM, U T. 1., TO-€CTh B T€X CJyYasiX, KOrja aaau-
THBHBIE CXEMbI ITPUMCHHMBI.

MBI He UMeeM BO3MOXHOCTH OCTAHOBUTBCS HA APYrHX MpPUMEpax MpPUMEHEHUS
AJJIMTUBHBIX CXEM W CXCM PACLLCIICHUS JUIsl YPaBHECHUS MMOepOOJIMYecKOro TUna
M CHCTEM, HAIIPUMEp, JJIsi CUCTEMbI YPABHECHHUIT TCOPUU YIIPYTOCTH.

CXeMBbI paclleTJICHUS, KAK U3BECTHO, ILIMPOKO MPUMEHSIFOTCS B KAYCCTBE UTCPALU-
OHHOH NpOLEIYPbI AJIst pelleHust ypaBHeHus Jlamuaca u aBistoTest HanboJsiee IKOHO-
MHUYHBIMH MO CPABHEHHIO C JIPYTHMHU UTEPALIMOHHBIMHU CXeMaMu. 3/1eCb HEOOXOAUMO
NPOJIOJDKUTHL UCCIIEIOBAHKE BOMpoca 00 ONTHUMH3AUMKM BBIOOpA MTEPALMOHHBIX
napameTpos.

Crienyet OTMETHTD, YTO UMELOTCS CXEMbI pACUICTUUICHHST 1T ypaBHEHHI napaboJiu-
4ECKOTO THIA CO CMELUAHHBIMU POU3BOAHBIMY [ 14] W J1st cCTEM TaknuX ypaBHCHUIA.
Maxc B ciiydae MOCTOAHHBIX KOIPOUUMEHTOB MpH vuciae U3MEpeHHd p > 2 s
KOPPEKTHOCTH I3THX CXEM, MOMHMO YCJIOBHSL MapaboJIMMHOCTH, KOIPOULHEHTBE
YPABHEHHS! JOJDKHBL YAOBJICTBOPSTb AOMOJHUTEIbHOMY Orpanntiennto [15]. Mpex-
CTaBJISIET MHTEPEC BBIICHEHHUE BOMPOCA O BO3MOXKHOCTH CHSITUS 9TOTO OFpAHUYCHMSI.

Ham npejcraBisietcst Takxke 1EJeCO00Pa3HbIM H3yYEHHUE IKOHOMHUYHBIX PAa3HOCT-
HBIX CXEM Ha KOCOYroJIbHBIX ceTkax. Tak, Hanpumep, Juist napaboIMyeckoro ypaBHe-
HUSI CO CMCLUAHHBIMH NPOU3BO/JIHBIMU B CJIyYae MOCTOSHHBIX KOIPPULMEHTOB MyTeM
JIMHEHHOTrO TIpeodpa30BaAHMSI MOXHO H30aBUTHCS OT CMCIIAHHBIX MPOWU3BO/IHBIX

14 02 P 12
0%u , , o%u
Lu= 3 K, o= > Ly, Lu=b, —
af=1  0X,0x5 a=1 a(xy)

rjae Oufdx, — MPOU3BOJHAS 110 HEKOTOPOMY KOCOMY HarpaBijieHHio. BBojst kocble
(napasiesorpaMMHbIe cencn) W MOJIb3YACh MPUHIMIIOM aJJUTHBHOCTH, MOJIyYHUM
IKOHOMHUYHYIO JIOKAJIbHO-OJJHOMEPHYIO CXEMY, PABHOMEPHO CXOJSLIYIOCS CO CKO-
pocreio O(t + |h[2) W TIPUTOIHYIO JII NPOM3BOJILHOW o0OsacTH. Mexay TeM,
MOCTPOCHHUE aJIAMTUBHBIX CXEM HA NPAMOY20AbHOL cenike ]I YPABHEHHIH CO CMELIAaH-
HbIMM TPOU3BOJHBIMM BbI3bIBACT OOJIbLIME TPYIHOCTH B Cjyvae POU3BOJILHON
obustacTi.
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