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1. To construct efficient difference schemes for parabolic and hyper-
bolic systems, we use the principle of additivity, according to which
the solution of the operator equation
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is reduced to the successive solution of equations
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We used the principle of additivity when constructing local one-
dimensional schemes [11. [2]. [4]. We give here the additive schemes for
parabolic systems of equations with several spatial variables. Relevant
results were reported to the Soviet-American Symposium on Differential

Equations in Novosibirsk (August, 1963) and partly discussed in papers

[2]-[5].

Let G be the p-dimensional range of variation of x = (x;, ..., xp)
with limit . The solution of the parabolic system is sought in the

cylinder Qp = (G + INx[0 <<t < T] without mixed derivatives

p
N S L+ (e nandQy = GX(O < t < T;
at = (1)
ulp=p(1, 0<t<T; u(@, O =u(r), z€G6G+T,

where wuw, u=(x!,..., u"), f=(1,..., /) and p - vectors.
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a du
L,u =6_:ca(ka (=, t) ’6?:) '

k, = (k) 1s the square matrix n x n.

For editorial simplification the minor terms in Ly containing du/dz,
u, will be omitted. They are taken into account without any particular
difficulties. We will assume, as usual, that problem (1) has a unique
solution having all the derivatives necessary for presentation.

- +
We present k, as the sum of two triangular matrices kg 8nd kg a.nd_
accordingly assume L, =L;+L:. We will assume that the matrices kg

+
and k, are positive, i.e.

> GDHEE >0

i, 8=1
for any vector & = (§,..., &), §=0.

Let us introduce difference nets @, for G and o, ={;,=/1& [0, T
in the segment 0 <<t < 7; let t1,&T be the limit wp, i.e. o, = of
(see [2]). For other notations see paper [2] We denote by y= (4, ...,
¥, ..., y")} a petwork vector function given for (w, 4 T4)X®..

Let A;y= (6F¥y- ). be a homogeneous difference system of 2nd order
-3 - 3 xa "a

- +
of approximation for the operator qu; here ay and ay are triangular

- +
matrices determined by kg, and ky by means of a linear positive model
functional and*therefore, satisfying the same conditions of positiveness

as k; and k;:

3 eHEE, >0 (2)

1, =1

on any net of wy.

3. Let us introduce the intermediate values y;,),...,¥y -« Yipp Yoty
<o Yap+i-a) * - Yap-1* assuming that Yo, =y =Y (zi,zjﬂ), Yoo = Y=Y (z tJ-).
The additive scheme for problem (1) takes the form

Y@y — Y(a-1) - «
y?¢= —-——;——-:Aay(a) + @ a=1,...,p Ya) ’Yg=l1 =l"l.‘,ha,t€w_;
' &)
yTa' = A:y(a’) + Pes
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@' =2p4+1—a=p4+1,...2p

(4)
Yiar) = BWithz =1, Yz, 0) = u, (2).
2p
Here @, =g, (z,?') is the difference approximation f_, 2 f, =1, and
a=}

the coefficients g = af {z, a') are taken at the moment (& Izj‘ t5+1},

e.g. t*=1t,

To determine Yiap & = i,...p,Pp+1,...,2p, the triangular three-

point operators E — tA; have to be changed if a<p and E —1A;p+l,u

if o> p. This is achieved by formulae inverting three-diagonal matrices
{one-dimensional rotation). Therefore scheme (3) is effective. To deter-
mine y on the new row ¢ =, it is necessary to have O(nsz) operations,
where N, is the number of nodes of the net w,, the same way as for the
explicit scheme.

Scheme (3) is absolutely stable and converges to the norm %,(w;) on
an arbitrary non-uniform net Wy, X, The rate of convergence was evalu-

ated as O (J#*| 4 V'7), where [h] is the mean square pitch of the net .
The conditions which ensure the maximum order of approximation here and
below, will not be given (see {11, {21).

4. We will now consider problem (1) for a parsbolic system of equa~
tions with mixed derivatives

r
du _ L f(z,0, Lggu=2(k,(@ 120
-87 E aﬁ“ "‘}" (1‘, )7 aﬁu 51“1 af (1‘, ) al‘ﬁ ’
a, f=1
ulp = piz, t) u (z, 0) = u, (2),

)

where ka;B = (kf;‘{3 (z, 1)) are the square matrices p x p with squares n x n,

G, the region composed of parallelepipeds with boundaries parallel to
the coordinate planes. We will assume that the net w; is uniform along
each =z,, a=14,..., p, 8nd the following conditions are satisfied:

Kls = K (6)
n P N s G P .
3D KREEL > ) > (EDH ¢ = const.> 0, 0
i, =1 a, B=1 i=1a=1

We take (k,p = (kue-} 4 (k,p,), wWhere k,,o are trianguler alomg « and
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. 1
B of the matrix, 4, = hyas =7 k,,. We make the operator Laﬂ¥ cor-

respond to the difference scheme of the 2nd order of approximation, e.g.
for the type (see [3]. [11)

{ {+15
Ag¥ipy =5 [(aagyfﬂ)xa—k (a ,3*’ yxa)-al. T =ag (z, ), 'ty 4] (8

To solve problem (5) we use a scheme of the same type as in (3)
o by
Vo =2 Aap ¥ + P ¥; =2 AgpYipy+ oy ®
i ‘o

=&
where ay=2p+1—a, B=2p+ 1B, a=1,2 .., p;
Ya) = Yiay = B ¥ith 2€ 75, ¥ (2, 0) = u, (2). (10)

To determine y, 2p of the one-dimensional parabolic system has to be
solved by a matrix rotation method. O (n®N;) operations are required. It

was shown that scheme (9) is stable and converges to the norm %, (0y) at

a rate of O (hI*+ ¥ T under one additional condition: hy steps of the
T s . 3

net o, are so small, [A|<hy,|k|= (azlhi) that for ":sz and a;"a

inequality (7) is satisfied in which K}, is replaced by agp, and cj by
a comstant c;<:0.5q, If kyg=k,q (t), condition || hy is not required.

A more efficient scheme is given below with O(nva) operations which
uses only one-dimensional rotation.
5. Matrices x_ = (k;’B;) are the elements of matrices ("aa~) and (sz+)'
We present them in the form of the sum of triangular matrices Ay =
. g4t {
TwEx oand W =k =0 if sSL=AL =0 1f s, KL = o k.
The operator L., with matrix (k%5) will be denoted by LYf. The

difference scheme Aggi corresponds to this. Let

(Agae¥h = 2 Afpath  (Agpe¥) = 2 Adpey’

(index { will be omitted from the left, writing down the equations for
the vectors).

The efficient additive scheme takes the form
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a a
T, e e ¥ = 2 e G

a
P D

- =BE AspY@,) T Pap y’-a = Z AupYay + %oy (T DE 0 X0, (1)
=a

ay L} f=a

Yia) = Y(ap = M with =5, o, k=1,2,3; ¥ (z, 0) =y, (2),

where a =1,2,..,p, o, =kp+1,..,Gk~+Dp k=1,23;, a,=k+1)p+
t—a, By=(k+p+1-—-235 §q, 8pproximate functious fak, Ay = Q,
k=0, 1 2, 3,

MM

=6 Yo =Y=Y@ 1L Y= V=Y @)

i e

0 a
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"

Only 4p - 1, the intermediate value of y(ak) is introduced. To determine

the vector y on the layer 1 =1

i1 four triangular-three-point operators

E —rZA;i'Bi, have to be changed successively by ), which requires
8

O (n*N,) operations.
Let the following conditions be satisfied

n P ) LI
2 2 k;sﬁgi% > 2 E (§;)2, ¢; = const. >0, (12)
: o1

i,8=1a, i=1 a==1

Then, by virtue of (6) it will be satisfied also for metrices (ki'f,).
From the definition of (aisl,j—'i) and from (12) it follows (see [3]) that

with a sufficiently small |A|<Ch (c;).

L : PR . .
D aRERE > ) D) (B e =const., < ¢ 43)
= 2

i,8=1a, 1 i=la=1

By methods described in paper [2] it can be shown that scheme (11)
under condition (13) is absolutely stable to the norm %, (w,) and con-

verges at a rate of O(k|*+ YV 7). If the coefficients k,pz do not de-
pend on x, the condition |Aa| hy becomes superfluous.

Remark I. The methods of separation make it possible to reduce the
many-dimensional problem (see, e.g. [6]) of (1) or (5) to p one-dimen-
sional systems, for the solution of which, e.g. matrix rotation has to
be used. For the separation scheme the requirements as regards the
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coefficients of the equation are much more rigid than for additive
schemes (9).

Remark 2. The principle of additivity makes it possible to write down
efficient schemes also for second order hyperbolic systems (see [4]).

Translated by E. Semere
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