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1. Introduction

In this paper we are concerned with the numerical solution of the
quasilinear heat conduction equation

P
ou A4 du
3t i (Ka(0) 5. ) (41

=)
for the cases p =1, 2, 3. As a rule it is assumed everywhere that
K, (u) = nu’,

where oy >1, xg > 9. Although equation (1.1) arises in several fields
of mathematical physics, for the sake of definiteness we shall call the
function u = u(t, xy, ..., x,) a temperature function.

It is shown in [1], [2] that when p = 1 equation (1.1) has solutions
whose derivatives are discontinuous at the points where u(t, x) is equal
to zero, and the flow K(u)du/ox is continuous, i.e. there exists a
temperature front u = 0 (Fig. 1) which is propagated with a finite velo-
city (see [3]). In this case there is no classical solution of the
equation. The existence of a generalised solution of the Cauchy problem
and of the boundary value problems is proved in [4]. In {5]. [6] the
convergence of one explicit difference scheme for an equation of the
form

du  OF () 5
ot T axt (1.2)
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in the class of generalised solutions is proved (these results can pro-
bably be extended to the case of implicit schemes also). In [7] a
generalised solution of an equation of the form (1.2) is calculated by
A.A. Dorodnitsyn’s integral relations method.

FIG. 1.

To calculate such generalised solutions (which we shall call tempera-
ture waves, or simply solutions, below) we use homogeneous difference
schemes for ‘through computation’ which do not require that the points
of weak discontinuity be picked out explicitly. The theory of schemes
of this kind is elaborated in the papers [8], [9], [10], the last of
which also gives a bibliography. However all the proofs of convergence
assume that K,(u) >>c¢ > 0 and, despite the fact that these theorems are
very general leven admitting discontinuous functions Ky = Ky(t, x, u)]
they are inapplicable for the case when K (u) is equal to zero.

Qur purpose in this paper is to show that these schemes are also
suitable for the calculation of temperature waves. They enable us to
use a large time step in the computation, give a good idea of the velo-
city of propagation of the front and when the net is sufficiently fine
give the profile of the fromt itself.

In the case of several space variasbles (p > 1) we use the local one-
dimensional method of variable directions described in [11], [12].
These papers also give a bibliography of work done on this problem (of
which the work [13] should be noted). Let us give a brief description
of the method of [11], [12] applied to equation (1.1).

The time step t/ <t {t/*1 is divided into p layers of identical width
(*fractional steps")

. - j+
g HEDp oy yitaln a=1,2,...,p,
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In the layer numbered o the one-dimensional equation
1 du a ou
14 =5;;(Ka(u)5;> (1.3)

is solved. All coordinates xg differing from x, are taken to be para-
meters. In this stage, as boundary conditions we use the values of the
boundary functions at the points of intersection of straight lines
parallel to the axis ox, with the boundary of the region of integration,
and as initial values we take values obtained in the calculation of the
preceding layer. In fact, the same one-dimensional program (OP) is used
to solve all the equations (1.3), and this program replaces (1.3) by an
implicit homogeneous difference scheme (Section 2, Para. 2).

In our opinion there is at the present time no more suitable method
for the practical solution of many-dimensional quasilinear parabolic
equations. This method can be applied to arbitrary regions (and not only
to parallelepipeds) and the order of accuracy is preserved on non-uni-
form nets [12]. It is suitable for quasilinear parabolic equations of
general form even when there are discontinuities (of the first kind) in
the coefficients. With such a wide range of applicability the method of
variable directions possesses in addition a whole number of practical
advantages: simplicity of program; less rigorous requirements on the
size of the working store (in comparison with most other schemes); sta-
bility of computation for very large time steps, enabling complex prob-
lems which do not require great accuracy to be solved quickly.

Instead of giving the exact profile of the wave, calculation using
any difference scheme gives its own difference profile (the finmer the
net the more exact the profile). In order to study the structure of this
profile for a very large net and to estimate the effective width of the
front we construct the difference travelling wave in Section 5 for the
case p = 1; this is the analogue of the known solution of the form
u = f(ct - x) called the travelling wave (the constant ¢ is the velo-
city of the wave). The difference travelling wave was constructed in
[14] for difference schemes of through computation in viscous gas
dynamics.

It must be stressed that nowhere have we attempted to choose the most
favourable computing conditions for our problem. On the contrary, in
certain cases we have purposely chosen unfavourable conditions to make
the divergence more noticeable. In some instances the space nets are
large, and in others quite fine. The time step is always taken to be
large.
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The authors wish to express their deep gratitude to A.A. Dumova for
writing the program and making the calculations.

2. One-dimensional problems
I. On the velocity of propagation of the temperature front

Let us consider the equation

oQ (u) g0 du
b = | K5, (2.1)

where K (0) =¢ (0) =0; K (u) >0, ¢" (u) >0 when u > 0;
lim [K (u)/g’ (u)] = 0.

The propagation of the hot front in this
case takes place with finite velocity.
Let us denote the position of the front
at time ¢t by §(t) (Fig. 1).

Differentiating the identity ¢(u(t,
£(t))) = 0 and using the condition for
continuity of flow at the front

(K (u) du/dx)—zy =0,

we can derive the following expression
for the velocity of the front:

dt . K (u) ou
@ = l‘m[w(w 07] (2.2)

X—»3

FIG. 2. fIG. 3.
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Below, in Example 1, the initial profile for t, = 0.1 is

" {Vﬂ) (1=27),  o<z<05,
0, 0.5 <z < 1.

Obviously &§(t,) = 0.5 and, from formula (2.2), d§/dt = 5.

In Example 2 the initial profile for t4, = 0.1 is

Y { V10 (1—22), 0<z<0.5,
0, 05 <z < 1.

Here too &(t,) = 0.5 but from formula (2.2) we have d§/dt = 0. The cor-
responding solution in the first case (Fig. 2) is a wave propagated with
constant velocity, but in the second case (Fig. 3), despite the rapid
increase in temperature, the front is not propagated.

2. The computing schene

The one-dimensional program OP was written to solve equation (2.1)
as this is more gemeral than equation (1.1) for p = 1, with boundary
conditions of the first kind

u(t, 0) =p (), u(t, ) =p (.

It is assumed that ¢(u) = u”, but in all the examples given below
r=1.

We replace equation (2.1) by a homogeneous difference scheme (see
(10]) with lead

@ (v) — @ (03) = Aipy (Vi — i) — Ay (vs — viy), (2.3)
where

- Z"-i_- ':»_ vi . ¢
A—;}jk<—‘—a) (2.4)

the quantity with the invested circumflex is calculated in the j-th
step, and the guantities without it in the (j + 1)-th step. The net is
assumed to be uniform: z; == ih, 0 < i< N; ¢ -=J1. With this
scheme there is stability for any step T.

We can solve the system of equations (2.3) for 1 =1, 2, ..., N -1
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in every (j + 1)-th step by the following iterative method. Let s be
the number of the iteration; writing

(s+1) &) (s+1)  (3)
(vi) == (v’l) + (vl - vl) (P (Ut)»

(s41)
we can rewrite equation (2.3) in the form of a limear equation in vy,

omitting the indices (s) over all the other quantities for the sake of
brevity:

(8+1) (#+1) (8+1)
Aigvig — (A + A + B) vi + Ay, + Fi= 0. (2.5)

Here A; are given by formula (2.4)
B; = ¢’ (v3),
Fi P (?J) - @ (?Ji) + viB;.

Each iteration requires the solution of system (2.5) for i =1, 2, ...,
N - 1. This is done by the method of successive substitution (see [15])
with the formulae:

oy = U Clisy = Aiyy T N1
e LT A A=) F B =142, N—1;
A + F,
E N ; N e 5 = 22y ey — 1
ﬁl 0 ﬁz-f-l Ai+1 ’i" Ai (l — a’i) + B’i ¢ 1,2 N 1
(s+1) (s+1) (s+1)
UN = UN; vy = dig i + 3i+1 ' i=N—-1,N-2 .., L

The values of v, and vy are given by the boundary conditions:

vo=p07v), ov=p{).

For the zero iteration we take the values from the previous step:

) N
r; = v;. The condition for the iterations to end is
(8+1) (s)
max vy — U E.
1<is" N1

In all our calculations we have put & = 10-3 (see Section 3, Table 3).

For each example we calculate the actual number of iterations v/ and
the *Courant ratio-
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vy = max [K (u) t/h?],

which characterises the size of the time step.

3. Example |. A wave propagated with constant velocity

We use the analytic solution of the equation

ou 0 s ou )
a_t == &(’Kou ()_:L'> , (2())

which is a travelling wave:

y :{ [O'Cual (ct + x; — x)]1/c) for r <2 + et, (2.7)
0, for x4 ct <o, ’
The parameters of the calculation are o = 2, Kg = 0.5, ¢ =5, x; =0.
From the solution (2.7) we selected initial values for t; = 0.100 and
the boundary conditions

w(t,0)=10Vt, w(l, zy) = 0.

The net is quite fine: h = 0.02, ¥ = 50. The calculation was carried
as far as t = 0.200 with the step T = 2 x 10-4 (x = 5.0). The analytic
solution and the results of the computation are shown in Fig. 2. Except
for certain nodes near the front the deviation between the calculated
solution and the exact solution nowhere exceeds 0.002. The number of
iterations v <(3.

4. Example 2. A non-propagated front

We use the analytic solution of equation (2,6) for - = < ¢t < ¢:

s (r1 — £)2 .
— {[ (e — £) ] for r < uy,

2%0(54-2) (c — 1)
0 for ry < x.
b

(2.8)
The parameters of the calculation are ¢ = 2, x; = 0.5, x; = 0.5,

¢ = 0.1125. The step of the net is h = 0.02, the number of nodes N = 50.
From the solution (2.8) we took initial values for t, = 0.100 and the
boundary conditions



952 A.A, Samarskii and I.M. Sobol’

u(t,0) =1/1/0.9=8¢ wuf(t, zy) =0.

The calculation was carried to ¢t = 0.110 with step 7 = 10-4 (x = 6.2).
The analytic solution and the results of the calculation are shown in
Fig. 3.

The absolute error for t = 0.110 does not exceed 0.03. The number of
iterations v<(3.

It should be noted that the initial and boundary condition in Examples
1 and 2 are very similar, and the conditions of the calculation are
identical.

5. Example 3. A wave propagated with variable velocity

We use a similarity solution of equation (2.6) put in the form of
the series

n g 1 1 1 —g)? Ve
:{c(t+c1) (1 — g tEalo g aloP iy ocex,
0, by E<z,
(2.9
where
$ = 2/, E=D ({4 ¢)",
and the constants are
m=n5+1’ D2= )(ocG ,
2 me(l+ a1+ a4 ---)°
_ nas—m g = g L0502+ D @B+ 1) —4(s+1)]
Y I ) I 2 = 1 321 1) .

The parameters of the calculation are 0 =2, n =0, ¢ = 1), ¢; =0,
kg = (1 + a; + ay)2. The step of the net h = 0.05, the number of nodes
N = 80. The initial profile was calculated from the above terms of the
solution (2.9) for t, = 0.010. The boundary conditions are

u(t,0) =10, u(t, 4) = 0.

The calculation was done up to t = 0.090: (a) with step T = 2 x 10-4
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(x = 6.7) and (b) with step 7 = 10-3 (x = 33.6). The difference between
the results of the two calculations does not exceed 0.02 anywhere apart
from a few nodes near the front.

TABLE 1.
t 0.02 0.03 0.04 0.05 .08 0.07 (.08 0.08

a) 4 4 4 3 3 ’ 3 3 3

b) 8 7 6 6 6 6 5 5

Therefore in Fig. 4 we have put all the points obtained in variant (a)
and only some of the crosses corresponding to the results of variant (b).
The continuous curve was calculated from the terms in (2.9).

The number of iterations v is given in Table 1.

FIG. 4.
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Clearly, by increasing the step five times we double the number of
iterations. Thus computation with & large step is more profitable pro-
vided that it gives sufficient accuracy.

6. Example 4. +Decay of a discontinuity~ and calculation for
steady flow

With the pre-set boundary conditions
u(t, 0) = u,, u(t,l) =0
equation (2.6) has the stationary solution

u = uy(l — VY, 0 <. (2.10)

Let us choose the parameters for the calculation: ¢ = 2, k; = 3,
ug =10, ! = 1. The step of the net h = 0.02, the number of nodes N = 50.
The initial profile for ¢+ = 0 is the same as in [7]:

% (0 @::1& 0205,
! 0 05<z<1.

The boundary conditions are
u (¢, 0) = 10, u(t, 1)= 0.

Using the comparison theorem of [3] we can estimate the time t* when
the front reaches the point x = 1. To do this we have to construct two
analytic solutions of equation (2.6) for ¢ = 2 and x, = 3 such that

ul (01 x) < u (01 27) < u’! (01 x)
and
u (6,0 <ult,0) u,(t,0),

and to find the corresponding times ¢;* and t,*.

As u, we can take a solution of the form (2.9) for n = 0, having
found the arbitrary constants ¢ and ¢; from the conditions u,¢0, 0) =
10, €,(0) = 0.5 (Fig. 5). We obtain t,* = 2 x 10-3. As u, we choose a
solution of the type (2.7), where the parameters c¢ and x, are found
from the conditions u(0, %) = 10 and t* = max. We obtain

u, =20 Y600t — =z + 0.75 (Fig. 5) and t,* = 0.4 x 10-3. Thus we
have the estimate
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0.4 x107% < ¢* < 2.1 <103,

The calculation (a) was carried out
with the step T = 10-5 (x = 7.5) up to
t =5 x 10-3; the time t* turned out
to be somewhat smaller than 1.5 x 10-3
(the results were printed out after 50
steps). At time t = 5 x 10-3 the pro-
file was still not steady. The number
of iterations was:

9

955

FIG. 5.

K

45 50

r=g

FIG. 6.
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It is proved in Section 5, Para. 5 that in this example the steady
profile does not depend on the time step. It is thus better to take a
large step. The calculation (b) was carried out with the step t=2x 10-%
(X =150) up to t = 2.5 x 10-2. The profile was already steady for
t = 10-2.* For all t, starting from 5x 10-3, the number of iterations
v = 1.

3. The tvo-dimensional problem
I. Computing scheme

The program was written to solve equation (1.1) for p = 2 with the
boundary conditions

u(t?01~y) :Ml (t7 y)’ u‘(t1 I, 0) =p‘2 (t7 l‘),
u<lvllv y) =l_“1 (l, y)i u(t, .’C, l2) =E2(t’ .’12);

for simplicity we shall use x, y instead of x|, %, as our independent
variables.

The net is assumed to be uniform: x; = ih), 0 CU < Vs yp = kho,
0<ChkCNy; t7 = .

At the initial time t, = 0 the matrix of initial values (v?k) is

given. Transition from the matrix (vﬁ) in the step t/ to the matrix
()Y is carried out in two stages:

1) the matrix 0%;”). is calculated. The same one-dimensional pro-
gram OP is used for this (Section 2, Para. 2) with N =,
Ay = ™K, [0.5 (viy + )],
vy =y ((j + -i,‘) T, khy),

Z‘A‘vl = El ((]' —+‘ '.]?) T, /]"I‘Z)‘

* Subsequent changes in the values of v; do not exceed one unit in the
sixth significant figure.
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This program calculates the row vit' in turn for all k =1, 2, ...,

Ny ~ 1, for each row ink-

2) we insert N =N, in the OP program:

Ay = thy K, [0.5 (v + o),
2;O = !‘L2 ((] + 1) Tv ihl)’
vy, = Py (7 + 1) 7, ihy),

and using this program for each column vzf/’ we calculate the column

vii' in turn for all i =1, 2, ..., Ny -1

Thus the OP is used as a sub-routine which transforms the rows (vzk)

into the rows (¢i1”), and then the columns (v1;”) into the columns (vi}).

Altogether in each step the OP operates (¥, - 1) + (N; - 1) times.*

To give an idea of the step-length e calculate the quantities

v, = max [K, (u) ©/h}] and %, = max [K, (u) ©/hl].

In order to observe the course of the computation easily at each step

the quantity
Ni-1 Np-1 ”
2

5 {3 (e — w (i, iy, b2 )

i=1 k=1

is calculated; in some measure this characterises the deviation from
the exact solution.
2. Choice of the analytic solution

We can look for the solution of equation (1.1) in the form of a plane
travelling wave u = f(w), where

P
©w =1 — 2 Aoy
a1

and Ay, ..., 7\p are constants. Substituting this solution into equation

* We could take the boundary conditions in the first state at any other
time t' 1lying between tJ and ¢J 11,
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(1.1) we obtain an ordinary differential equation whose integral has
the form

p u’* du
Q):Cl+z xa}"igu_c;

a=1

where C and C, are constants of integration.

The family of solutions corresponding to C = 0 has a very simple form:

Iy
0 =C + 2 (. /0,) A (3.1)

a=1

3. Example 5. An anisotropic plane wave

Let us consider the two-dimensional equation (1.1) with parameters

O, =4, %y =4  0y=2 = 0.25

250 g 714
FIG. 7. FIG. 8.

and for the calculation let us use the solution (3.1) with given con-
stants C; =0, A; =1, A, = 2. The corresponding solution is

05Y =¥+ VT A6 —z— 2y for t>0- 2y, (3.2)

0 for t<C -2y,

the net is crude: h; = hy = 1, the number of nodes V;, ¥, = 30 x 20 =
600. We take initial values from the solution (3.2), i.e. u(0,x,y) = 0,
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and boundary conditions on the straight lines x
y = 20. The calculations were carried out up to t = 50; (a) with step
T =0.2 (x; =37.2, Xy = 0.34); (b) with step T = 1.0 (x; = 186,

Xg = 1.7); (c) with step T = 2.0 (x; = 372, ¥y = 3.4). Some of the re-
sults for t = 30 are shown in Figs. 7 and 8, where the crosses denote

0, x =30, y =0 and

TABLE 2. TABLE 3.
, -
¢ 10 20 30 50 . 5 10 15 20 25
) a) 10.290]/0.438|0.543 | 0.457 10 0.35610.963 1.4771.89 | 2.27
&’ b) | 0.53810.935(1.270| 1.019 1078 1 0.217(0.290(0.392 | 0.438| 0.509
c) ,0.825]1.55 [2.13 | 1.8 10-% | 0.217/0.2900.39210.438 0.509

the results of variant (c), the dots those of variant (a); the continu-
ous curves show the analytic solution.

The deviation from the exact solution is given in Table 2.

The reduction in the deviation for t = 50 is explained by the fact
that the wave already embraces almost the whole
TABLE 4. rectangle, and the process of equalizing tempe-
rature stabilization is calculated better than

the process of propagation.
Score| a) l b) c)
To exclude the possibility of vunderiteration®
ITo =z 5 ' 10 l 15 we calculated part of variant (a) with three
Moy | 2 3 4  different values of & (see Section 2, Para. 2).

The corresponding values of §J are given in
Table 3.* The maximum number of iterations v_,, are given in Table 4.**

The comment made at the end of Para. 5, Section 2, remains valid.

* When € = 10 only one iteration is computed in each step.

*+* For all t for which there are columns the values of v are equal to |}
for those rows (columns) which the wave has not yet reached, and to

v for most of the other rows (columns).

max
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4. Comments

Because, in the computation for p = 2, we used boundary values taken
for t = tJ*%, the profiles v(t/*l, x, y,) agree with the boundary condi-
tions for x = 0 less well than the profiles v(tf+1, x;, y) agree with
the boundary conditions for y = 0.

At first sight it appears that all the values of v(tJ¥l, x, y) on
the line x + 2y = const. must be included between the corresponding
values of u(t/*%, x, y) and u(t/, x, y). However, in the second step of
the computing process w.r.t. y, certain values, mainly in the neighbour-
hood of the front, can become smaller than the values of u(t/™%, x, y).
In principle, this phenomenon can lead to the appearance of non-mono-
tonic behaviour in the computation. In our example, even when the step
is large, the non-monotonic effects are very small, and in the variant
(a) they do not exceed two to three thousandths.

Finally we note that in the anisotropic problem changing the order
in which the directions are computed - first w.r.t. y and then w.r.t.
x in general affects the accuracy of the result.

4. The three-dimensional problem

I. The computing scheme

The program was written for the solution of equation (1.1) with p=3

in the cube 0 <{x 1;, 0y <1y, 0<Uz (1 (we shall write x, y, 2z
instead of x;, x,, x3;) on the surface of which the values of the unknown

function are given.

.

The net is uniform: z; = ik, 0 < i <Ny Y, = khy, 0 <k <Ny
I = mhy, 0 <M < Ny ¥ = Jr.

At the initial time t, = 0 we have the initial table of (vikm). The
transition from (vg}m) to (vi;’}n is done in three stages:

1) first the sub-routine OP transforms the "rows* 0 <(i < N; of the

table (vi:km) into the "rows" (vif;',/f), using the boundary values

u (tiv'h, 0, yg, zm) and wu (t7*'%, 1, Yi, 2m); in this stage N = N, and

Ai — Th;z Kl [0.5 (Ui_]_ + vi)];
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2) the "columns" 0<Ck <N, of the table (v{;:/,:) are transformed by
the OP sub-routine into the "columns* (v’;;:’;i) with the help of the bound-

ary values u (t#*%, z;, 0, z,,) and u (tj+'/‘, Zi, Iy, 2Zm); 1in this stage N=N,
and

A = K, 10.5 (vk_y + vi)];

3) the rheights' 0 <(m <N, of the table (2};/}) are transformed into

the rheightse® (U{I}n) using the values of u (i, x;, yx, 0) and w (¢4,
Zi, Yx» lg) on the assumption that the number of nodes in the OP is
N =N, and

A, = thi? K, (0.5 (v + vm)].

In all, in each step, the sub-routine OP operates (N2 ~-DHN; -1+
Ny-D®O; -1) + (N} - 1)(Ny - 1) times.

2. Example 6. An isotropic plane wave in space

Let us consider the three-dimensional equation (1.1) with parameters
0y = 0, = 0y = 2, ®, = %y = %y = 0.06

and for the calculation we use the solution (3.1) with given constants:
C, =0, Ay = A, = A3 = 1. The corresponding solution is

" :{ (103) Vi —a —y —32, for t=z+y+s, (4.1)
0 for t<z 4y 4z

The net is coarse: h, = h, = hy = 1; the number of nodes N, x /N, x N3 =103.
From the solution (4.1) we take our initial values, i.e. u(0, x, y, 2)=0,
and the boundary conditions on the planes x =0, x =10, y =0, y = 10,

2 =0 and z = 10.

The calculation was carried out from t,
step T = 0.2 (X = 1.2) and (b) with step 7

0 tot =9.0:* (a) with
1.0 (x = 6.0).

* By this time the wave has not reached the plane x + y + z = 10, and
so we can use zero boundary conditions orn the boundaries x = 10,
y = 10 and z = 10.
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We judge the results to be good: at a distance of two computing
intervals from the front the computed values are already near the exact
ones. As an example, in Table 5 we give the values of v;,, (i.e. the
values of the function at nodes lying on the straight line y =2, z = 1)
at time t = 9.

TABLE 5.
i 1 2 3 4 5 6 7
u 7.4536 | 6.6667 | 5.7735 | 4.7140 | 3.3333 0 0

a) | 7.4541 | 6.6673 | 5.7740 | 4.7154 | 3.3587 0.735 0.001

by | 7.4547 | 6.6710 | 5.7832 | 4.7352 | 3.3901 1.419 0.002

To show how well the velocity of propagation of the wave is given,
in Table 6 we show the values of the function v at all the internal
nodes lying in the plane x +y + z =5 for t = 8§ and in the plane
x+y+tz=6 for t =9 (variant (a)).

TABLE 6.

=8 5.7744 t=9

l 5.7743 ' ! 5.7744 | 5.7742

1 5.7742 } 5.7741 }

57143 | 5.7742 | 5.7742 }

] 5.7741 ‘ 5.7739 ! 5.7740’ ‘ 5.7740 l 5.7740 I 5.7740 ‘ 5.7740 l

The numbers are placed in the tables as the corresponding nodes are seen
from the point (0; 0; 0). The value of the exact solution u on these
planes is equal to 5.7735. (It might be mentioned here that the itera-
tions were computed to an accuracy of & = 0.001.)
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The maximum number of iterations v,

x 1s equal to 3 or 4 in variant
(a) and to 4 to 6 in variant (b)).

3. Comparison with the calculation using an explicit scheme

We calculated the same problem using *Fuler’ s scheme*:

j+1 1) 1)
vgkm = Vigm + Ai+1km (vi+1km — vikm) —_ Ai(km (vikm - vi—lkm) -+
(2) (2)
+ Aiciam (Vikaam — Viem) — 4 om (Vikm — Vik-1m) +

3) (3)
+ A%kmﬂ (vikmﬂ'_ vikm) — Alm (Z’Vkm — Tikm-1)s

where

Aillt)m = TkIZ -Kl [0~5 (vi—lk‘m + vikm)]’

ARy = 'K, (0.5 (Vigym + viem)],

Ai?:)m = rk;2K3 [0.5 (vigm-1 + vikm) .
All the quantities on the right hand side are calculated in the j-th
step. The net and the boundary conditions are the same as in Para. 2.
To obtain roughly the same accuracy as in the method of variable direc-

tions we had to reduce the step length 20 times (7 = 0.01 and T = 0.05).

The computing time with the explicit scheme was almost four times
longer. *

5. The difference travelling wave

I. Definition

Let us construct the solution of equation (2)3) satisfying the con-
dition

vl = o7}, (5.1)

where 3 >>1 is an integer. Obviously, such a solution preserves its

We know that as y increases the explicit scheme loses its stability.
The need to carry out the calculation with a small step can be

avoided, but at much greater cost (more than four times), when the
heat conduction equation is part of a system of differential equations.
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profile from step to step (w.r.t. j), shifting to the right by P comput-
ing intervals. Thus the velocity of motion of all the points of the pro-
file is constant and equal to ¢ = Bh/T.

Inserting (5.1) in (2.3) we obtain the equation
¢ (i) — @ (vivp) = Aiyg Wig — vi)— A; (vs — viy),
which contains all the quantities in one step. This equation has a

first integral":

B
Ay (Tiyg — v3) + ZCP (?7i+k) = (. (5.2)

k=1

All solutions of equation (5.2) are called difference travelling waves.

These solutions can be very useful in the study of various interpola-
tion methods (i.e. various methods of calculating A;).

We shall put ¢(v) = v below.

2. A difference travelling wave propagated along a null
background

The solution of equation (5.2) which is a wave moving over a null
background (Fig. 9) can be found as follows. Let §0 = xi0+1 be the posi-

tion of the difference front. We shall take

Vijpp = UTigs = + = - == Uiyp = 0,

and Vi, # 0. Let us find this value with

the help of formula (2.2) on the assump-
tion that the equation

K ou 8

u Jr T

is valid at the fictitious point xio + 1

. (h / T) fliu.g.],(l’i,,n B z‘io) @_h_

0.5 (2544 + ¢3) o FIG. 9.

This gives us the condition for finding vio:

Aio‘” — 0.5 3 '\:—).d)
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We shall find all the values of v; for i1 < i, from the equation

B
Aiyy (Vi —v3) + 2 vigp = Cpy (5.4)

k=1

where, clearly, C; = - 0.5 Buio.
When K(u) = xgu® it follows from (5.3) that
vy, = 2 (he/2my)1°,

where ¢ = Ph/t is the velocity. It is not difficult to verify that this
value differs from the corresponding value on the analytic travelling
wave (see (2.7)) by the factor 0.5 (20)1/9. In particular, when o = 1
(Boussinesque’ s equation) and also when o = 2, the profile of the wave
we have constructed, (5.3)-(5.4), is very near that of the wave (2.7).

3. The difference front in the case of a through computation
scheme

In the through computation of a wave propagated over a null back-
ground we have to deal with a solution which, strictly speaking, satis-
fies the condition at infinity

v; - 0, when ( —oo.

instead of the solution (5.3)-(5.4). The appearance of the front is
associated with the appearance of the "machine zero" or, in other words,
is determined by the allowable accuracy of the computations. This means
that in order to study the through computation scheme (Para. 2, Section
2) we must consider the solutions of the equation

g
Ay (Wi — ) + 2 vik = 0. (5.5)

k=1

It is easy to prove that all the positive solutions of equation
(5.5) are monotonic, tend to zero as 1 - » and tend to © as 1 - - o,

Let us introduce the new variables

RS S
Wi = %o Ui

where y, = KOTh'z. In the new variables we obtain instead of (5.5) the
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equation

8
0.5 @i + wi)]® Wins — wi) + Dy = 0. (5.6)

k=1

Therefore, the profiles of the required solutions depend mainly on the
non-linearity (o) and on the velocity (8) and not on the net or xg.

Let n denote the smallest admissible number in the computation (in
other words, any number less than n is considered to be zero). If
w;+; = 7 then it follows from (5.6) that

a /{o+ —1
wy = (2 — 2 4 o ().

Therefore, if we denote the number of the last non-zero number w; by i0
we can say that the only values which are possible in the computation
are*

c—1

. o \/(o+1)
n <wi, < (2) T

In fact, if w; is less than n the last number of a non-zero w; will
be less than i, and if w; is greater than the right-hand side we have
Wi +1 >n and the last number is greater than i,.

In Table 7 we give the values of w; corresponding to the case ¢ = 2,
n=25x10-10 for p=1and p = 2; i, = 10.

TABLE 7.
i 0 1 2 3 4 5 6 7 8 ' 9 l 10
B=1 |3.359{3.0622.736 ’2.372‘ i.955| 1.45410.820 0.158, 1.0-10-%3 [2.5.10"19 0
B=2 [4.253(3.81413.333|2.801/2.205]1.530[0.822)|0.158(1.0-107% {2.5-1071 0

4. Numerical example

The problem considered in Example 1 (Section 2) was calculated with

* For simplicity we give the argument for w; and not for vy
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a very coarse net: N =50, h = 0.25, from ty = 0.10 to t = 2,00 with

step T = 0.05 (x = 80) and with step v = 0.10 (x = 160). These parameters
satisfy the condition ct/h = fp for 3 = 1 and P = 2 so that, with a
special choice of the boundary conditions, the solution could turn out

to be a difference travelling wave.

In our example, after a few steps the computed profile becomes very
close to the difference travelling
wave. Subsequently this profile is S+
displaced with a velocity near c,
being somewhat rearranged so that

vl — vih| - 0 as j increases. In
Fig. 10 we give, on a large scale,
the analytic solution (2.7) in the
neighbourhood of the front at time

t = 2.00 (the continuous curve)

and the results obtained in the com-
putation (the dots for T = 0,05, and
the crosses for T = 0.10); the
broken curves are the profiles of
the difference travelling waves FIG. 10.
calculated using the table at the

end of Para. 3, from the formula v; = un/}/i;.

Since the front is "blurred® for a very coarse net, the error in the
neighbourhood of the front is quite considerable. As the distance from
the front increases the error rapidly decreases.

For the first of three variants the number of iterations at each
step v = 9, and for the second v = 12 (cf. the end of Para. 5, Section
2).

5. A difference stationary solution

The stationary solution of equation (2.3) given by the condition
J

Vi = U{_ly (5‘7)

can be considered as a special case of a difference travelling wave for
B = 0, when the velocity of the profile is equal to zero. The difference
stationary solutions satisfy the equation

Aiy (044 — v5) = C, (5°8)
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which is completely analogous to (5.2), where C; is an arbitrary con-
stant.

In Example 4 we found a stationary solution satisfying the boundary
conditions v, given, vy = 0. It is not difficult to verify that this
solution does not depend on the time step 7 (this is a property of
homogeneous difference schemes).

In fact, since, in this example, o = 2 we can rewrite equation (5.8)
(using (2.4)) in the form

(vis1 + Ui)z (Vigg — vi) = — 3,

3
where C = — V 4C.h*/%,t 1is again an arbitrary constant. Let us make
the substitution v; = Cw;. To find w; we have the equation

(Wisg +wi)? (W —wiyy) = 1.

have then to choose the value of the arbitrary constant C = vo/w, and
find the required values v; = Cw;. It is clear that this solution de-
pends only on N, i.e. on the size of the space net.

Knowing wy = 0 we can find all the w;, 1 = N-1, N-2, ..., 0. We

In the calculation of example 4(b) we obtained values which coincide
with the stationary solution calculated in this way to an accuracy of
0. 0000001.

TABLE 8.
z; 0.2 0.4 0.6 0.8 0.9 0.08 |
u(z;) 9.283 8.434 7.368 | 5.848 | 4.642 | 2.714
N=50 9.289 8.447 7.393 | 5.900 | 4.733 | 2.981
v | N=10 9.308 8.495 7.486 | 6.091 | 5.052 —
N=5 9.332 8.551 7.592 | 6.298 — —
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In Table 8 we give the values of the analytic and difference station-

ary solutions for this problem for N = 50, N =10, N = 5.

10.

11.

13.

Translated by R. Feinstein
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