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WE SHALL consider homogeneous difference schemes of “through” computation
(see [1]-[3]) for the non-linear parabolic equation
_8_ ou ou ou\ __
.@u:ax(k(x,t)a—)c)—{—f(x,t,u,g;,a_t =0 (1)
with a discontinuous “heat-conduction coefficient” k(x, 7).

Attention is devoted chiefly to determining the order of accuracy of the six-
point schemes 2, (see [3]) for the third boundary problem in a bounded region

TJO<x<1,0<t<T).

The investigation is carried out directly for a wide class of homogeneous differ-
ence schemes (see § 1.4), given in terms of pattern functionals of the type indicated
in [1] and [3]. The functionals satisfy conditions which ensure a second order of
approximation (with respect to x) of the scheme. Similar difference schemes (in the
case of the first boundary problem) for the linear heat-conduction equation when

f(x, tou, %, 2—:‘) = f(x, )—q(x, Hu—c(x, t)g:—‘
were studied in [3].

Difference boundary conditions of the third -kind, with the same order of ap-
proximation as the scheme in the class of solutions of the equations Pu = 0 are
formulated in § 2.

The problem of the accuracy of the difference problem obtained can be reduced
to estimating the solution z of a linear difference equation with linear difference
boundary conditions and zero initial condition by using the functions %, » and
v,, where v is the approximation error of the scheme, », and », are the approxima-
tion errors of the boundary conditions in the class of solutions of the equation
Pu = 0. A priori estimates are used to evaluate the solution of this problem. These
are generalized from the estimates [4] and [5) to a more general equation and more
general conditions.

The so-called “fixed discontinuities” of the coefficient k(x, t), i.e. discontinuities
on the finite number of straight lines x =7, = const., parallel to the t-axis in the
plane (x, #), are considered in this paper. By separating the error connected with
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the approximation error of the boundary conditions it can be shown that the third
boundary problem has the same order of accuracy as the first (see § 3).

The principal result has been formulated as Theorem 4 in § 3. It has been proved
that any scheme %5, of the initial family (see § 1.4) converges uniformly for 0-5 <
< « < 1, when the intervals of the difference set A = Ax and v = At tend to zero
independently. The order of accuracy in the class of discontinuous coefficients is
also evaluated. Results for the explicit schemes (x = 0) are not given because they
can be formulated by analogy with the case of the linear equation (3).

As has been pointed out several times (see [1], [3], [5]), the difficulty in investi-
gating uniform convergence in the case of the discontinuous functions k(x, ¢) and
f(x, t,u, p, q) lies in the fact that the difference scheme does not approximate to
a differential operator near the line of discontinuity of the coefficient k(x, 7).

For six-point schemes convergences can be proved only by using an improved
a priori estimate (Theorem 2) which uses the norms |jy|l; and |jyls« of a special
type for an integral estimate of the approximation error .

Although uniform nets are considered, the principal results and, in particular,
Theorem 4 are applicable to difference schemes on non-uniform nets also. This
question has been treated separately.

The method of investigation adopted can be used to prove Theorem 4 for more
general boundary conditions, including non-linear ones also. § 1 and 3 remain
practically unchanged in that case.

It should be noted that there are a number of papers (for example [6]-[11])
devoted to the investigation of difference schemes of a partial type for non-linear
and quasi-linear parabolic equations (1) in the class of smooth functions k(x, ?)
and f(x, t,u, p, ¢). In most of the papers either average convergence or uniform
convergence has been studied using the principle of the maximum (involving bound-
edness for t/h?) for partial cases of eqn. (1). The method closest to ours is the
one described in paper [10], in which the uniform convergence of a scheme for
the case of boundary conditions of the first kind and the continuous functions
k(x, 1) and f(x, t, u, p, q) was proved. The results given there follow from Theorem
3 of our paper. The a priori estimates used in [10] are unsuitable for proving con-
vergences in the class of discontinuous coefficients.

§ 1. HOMOGENEOUS DIFFERENCE SCHEMES FOR THE NON-LINEAR PARABOLIC
EQUATION

1. Formulation of the problem

In the rectangle ﬁz O<x<1, 0<t<T7T)Ilet us consider the finite number
of non-intersecting differentiable curves I, (» =0, 1, ..., %,+1) taken in pairs,
given by the equations x = #,(¢) in the segment 0 < ¢ < 7. We re-number these
curves in such a way that 7, (£) <#,,(t) when », <, and put 75(t) = 0,7, 4,
(1 =1. 4, and [J denote the regions
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A, =0, <x<u(0))0 <t<T),  0<v<w, ﬁ:ZAv,

=0
The initial problems is formulated as follows:
Find a solution u(x, ¢) continuous in JI of the equation
- a du ou ou\
}u=a—x(k(x,t)ég)—}—fl(x,t,u,a—x,a‘t)—0 in ﬂ, (1)
satisfying the boundary conditions
d
ki —o(u=u@), x=0 2)
du
kaﬁ‘dz(t)u: u,(1), x=1, (3)
and the initial condition
u(x,0) == uy(x). (4)

The coefficient k(x, f) has discontinuities of the first kind on the curves I',(»

=1, 2..., ¥). The continuity conditions (matching on the left and right of the

function u(x,f) and % ?—;) are satisfied on each of these curves:

p; .
[u}, =0, [kE;E‘],ZO for x =qy(1), 0<t<T, (5)
where [u]l, = Uy y—un,, Uy, = u(n(O+0, 1), Uy, = u(n,()—0, 1) etc.
The function f;(x, ¢, u, p, q) for the variables (x, f) has discontinuities of the
third kind on the curves I,,v =1, 2, ..., %, and its derivatives with respect to
u, p and q are bounded, or more precisely,

oq

< M, @KM, (6)

where m and M are positive constants.
The coefficients k(x, t) and 0,(¢), 6,(t) of the problem satisfy the conditions
0<m<kx, )< M, o6,()20, 0:()=0, o,(DFoyz=m>0 (7)

The condition ¢,(¢)+0,(f) = m > 0 signifies that the case when o,(f) = 0 and
a,() = 0 simultaneously (second boundary condition) is not considered. Without
any loss in generality we put

du du du Ju
fll(x, t,u.a,g)=f(x,t,u,2k(x,t)5;,a—t), (8)
i.e. henceforth we shall consider equation (1) in the form
P} cu ou Ju ,
?u:z};(k(x, t)a‘.—x)—l"f‘(x, t,u, 2ka—x;3—t~):0, (1)

. e s . . ou . .
This substitution is convenient because the argumentka is continuous because
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of the condition (5) on the lines [, of discontinuity of the coefficient & (x, f). Since
k(x, £) = m > 0, the conditions (6) for the function f(x, ¢, ©, p, g) will be satisfied.

We shall call the problem defined by the conditions (1), (2)-(7), the problem
(D It will be noted that the equation

2} d ou o
a(k(x,x)m(u)g-;)-;aﬁ(x, t,u,g-z,-a—;-u)= 0, 9)

is reduced to equation (1) if the new function

u= p(u) = [ du. (10)
0
is introduced.
The existence and uniqueness of the solution of boundary problems for a par-

abolic linear equation of the type

.%(k(x, z)g‘g)+r(x, t)%‘ —g(x, Hu-+f(x, H—e(x, 1) % =0 (11

with discontinuous coefficients was studied in [12]-[15]. A large number of papers
have been devoted to the solubility of the quasi-linear equation

é a &
a%(k(x, 1) 53’—:) +rix,t, u)é—;f-—}—f(x, tou)y—c(x,t, u)a—;' =0 (12)

with smooth coeflicients.

We shall assume below that a solution of the problem (I) exists and has the
differential properties necessary for our discussion, leaving aside the question of
conditions ensuring these properties. Only those requirements for coefficients of
the problem are formulated which are used directly in proving theorems on the
accuracy of the difference schemes studied.

NotEe 1. The derivative gu on the lines I'y of discontinuity of the “heat-conduction coefficient”

ot
k(x,t) undergoes a discontinuity equal to
du Ju
[2] = - [#] %o, x=mo (13)

The equation (13) follows from the identity

du(ny(1), 1) (ou au\ | u au\
ar (a—z)n,ﬁ (a)n,ﬂv“) = (a‘:)"*‘ (a—x)n,,"v<’>~

It can be seen from (13) that the derivative du/8t is continuous along I'y only when 7, (¢1) = 0
i.e. on these straight lines 7y = const. (in this case we say that k(x, #) has a fixed discontinuity).

Nortke 2. If the new function

x

v = uexp (S (r/2k)d$),
0
is introduced, the linear equation (11) is transformed into a linear equation for v not containing

a term with the first derivative with respect to x{r = 0). But with this transformation the second
continuity condition becomes more complex.

dv
kg—rv V%O x = ny().
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2. Integro-interpolation method

The integro-interpolation method (IIM) (see [1], [2]) can be used to obtain
difference equations corresponding to the differential equation (1). Since physical
processes are usually characterized by integral equations expressing a certain law
of conservation (for example, the amount of heat, momentum etc.), in writing
difference equations describing the process approximately it is natural to start
with integral balance equations written for a certain volume in the neighbourhood
of a nodal point of the difference net. The integrals of the function and its deriva-
tives occurring in the equation and taken over the surface of the volume considered
are replaced by difference expressions by making additional assumptions regarding
the behaviour of the function in the neighbourhood of the nodal point. As a result
we obtain difference equations the form of which depends on the nature of the
local interpolation used. The choice of interpolation is subjected to the requirements
of stability, accuracy and simplicity (for the same order of accuracy) which the
required difference scheme must satisfy. As an illustration of the method we take
the heat-conduction equation

R X X)) (14)

We consider in the rectangle (0 << x < 1,0 < ¢ < T) a uniform net !7, ie. a set
of points (x;, t;) with the coordinates x; = ih, i=0,1, ..., N(h = 1/N); t; = jz,
J=0,1,..., L(x=T/L). The heat-balance equation for the rectangle S;;
—_—(xi__% x<x,+%,11 t<t)x %-—-x —0:5h is:

Tit} '
[ e rp—ute, fpdxt § Wy, D—Wixiy, 0ldr (15)
xi_& ’j—l
=SS f(x, 1) dxdt,
Sij

where W = —k% is the thermal flow.

We shall consider that the values of u are taken at the points (x;, #;) of the net
and the flow W refers to the point (x,_ e t;).

Suppose, for example, that W = W,_ 3 = const. in the interval (x;_,, x;). Then

the expression W = —k —g%will be replaced by the approximate relation
X; x; d
X
wa—u= | Whdx~ Wiy | 7,
*i—1 Xi—1
ie.

Uj—y—Uu; 1 dx -t
W,--ézai—, ai“—’[— S _k_] . (16)
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To calculate the first integral in the balance equation (15) we suppose that u
= u; = const. in the interval (x;_4, x,,;), so that

*it+}
% S udx = u,. (17)

xi_%

It can be easily seen that the assumptions u = const. when x,_ 3 <x <Xy
and W = const. when x;_; << x < x; do not in general agree with one another.
But the assumption W = const. when x;., < x < x, if consistently carried out,
leads to a more complicated scheme without increasing the accuracy.

Other interpolations of the required functions for deriving a difference expression
for the flow are also possible.

If the flow is to be expressed in terms of the value of u at two nodal points, then
from the equation

it follows that all formulae obtained for w,._ s will have the form

Wi—% = agh’k)(ui—l_ui)/h s

where a{™® is a coefficient depending in general on 4 and on a function k(x, ¢) in
the interval (x;_,, X;), i.e. it is a functional of the coefficient k.
If the integrals in ¢ in equation (15) are replaced by, for example, the formula
'
S Wdt=aWit+(1—a)Wi-, o<a<t,

tj—l

we obtain the difference equation

J j—1 W W‘I l l i
y_—ry' LA udAl BT +*+F{; (18)
. t; i+ )
Wiy = a2 = T ndxdr
fj—1¥i-}

The balance method (IIM) leads to convergent schemes in the class of discon-
tinuous coefficients, as was shown in [1] for the stationary equation of heat con-
duction. In this paper we shall show that this is also true for a parabolic equation.

3. Notations
Let Q(x;=ih, t;=jt, i=0,1,...N, j=0,1,...,L,h=1/N, T=T/L) be
a difference net, 2 the set of its internal points (x;, t)) (where 1 <<i <N—1,1<
LJ <L), wpx; = ih, 0 < i < N)is a x-net.
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A function y/ given on the net 2 or part of it will be called a net function. In-
stead of y/ we shall simply write y or y(x, ); the dependence of the net function
on the intervals 4 and 7 of the net also will not be indicated. Further, we shall use
the notations

y=y@x,t—1), yV=yx+h1, yV=yx—h1),
ye=@—yOh,  y.=0UV—ph=HD  yr=({y-Y.
Hence
a0 =D — i~y = (@)

We shall use the following notations for sums over the net w, or part of it

N-1 N N-1
,v)= Zyi'vihi O, v]l= ZJ’i'vih; ly, )= Zyivih;
=1 =1 i=o

N

ly,vl=2yi,v,h- (19)
i=o0
We shall use the norm
lzilo = rr(lgth\,

where the maximum value is taken from all points of the net «, in which the net
function z is given.

Depending on where the function y is given, we use one of the following defini-
tions for the norms:

1 1 1
[plle =Ll lwlle=C9T° Wll=[1L1pf1",  o=1,2, (20)

without specifying this in cases where there is no possibility of confusion. Thus,
for example, if the function z is given on the entire net w,, its “difference derivative”
z, is defined at the points x = h, 2h, ..., Nh = 1; therefore

lzzll. =, 22;]%, where zg — (z2)% 1)

In our previous papers (see [4], [S]) we introduced the norms

3= 2 = _xh N,
s = limlles  w(x) th P(x') )

llgllae =1llells  liglle = llwls+lw: DI liwlles = llllae 1w, D]-

The positive constants independent of the nets (i.e. of 4 and 7) will be denoted
by M and m. o(d) will everywhere denote an expression uniformly tending to zero
when d— 0, so that o(d)] < go(8), where go(6) depends only on § and gy(6)— 0
when 6 — 0; 0(6™) (m >0) is an expression with the order of magnitude 6™ when
84— 0, so that |0(6™)] < Mé™
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When no confusion can arise we shall write

In referring to formulae of another section we shall use two numbers, for example
(1.20) is the formula (20) of § 1.

4. Initial family of homogeneous difference schemes

The integro-interpolation method described in section 2 is useful in selecting
the initial class of schemes for differential equation (1). As we have seen in the
example of the linear heat-conduction equation, this method gives six-point schemes,
the space part of which is a self-conjugate or conservative scheme of the type
(ay5).+¢ and the coefficients @ and ¢ are functionals (depending on the nature of
interpolation) of the coefficients & and f of the differential equation.

On the other hand, it was shown in [1] in the example of the stationary heat-
conduction equation (ku’)+f = O that only the conservative schemes (ayz).+¢
converge in the class of discontinuous coefficients. We shall bear these two points
in mind in choosing the initial family of difference schemes for non-linear parabolic
equations.

Let us consider the differential equation

2 du ou ou
Wuzgg(k(x, t)a—x)‘i-f(x,t,u,Zka_x,E):O 24)

and the corresponding six-point homogeneous difference scheme
Py = (@) +ag(x,t,y, dVy+ayg, yi)+
+(1—0)p(x, 1, ¥, 84V, +ayg, yr) = 0. (25)

The superscript « indicates that the expression is summed up over the rows ¢ and
t—7 with the weight factors « and (1—a)

@ = av+(1—x)9,

where « is a numerical parameter, 0 << a <|.
The net functions a(x, ¢) and ¢(x, t, 4, p, q) are calculated with pattern function-
als (see [1], [3D

AMu(s)] (~1<s<0) and Fu@)] (—05<s5<05), (26)

defined in the class of piecewise continuous functions Q@ (u(s) € Q) and depending
in general on the parameter h:

a = A'k(x+sh, 1),
o= @(x,t,y,a*Vy, +ayz, ;) = FPLf(x+5sh,t,y, a4 Yy +ap;, y7)l-

The dependence of a and ¢ on h will not be indicated explicitly.
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For the linear equation
Pu = (%(k(x, t)g_’;)—q(x, Dutr(e, 02 —c(x, 5 =0 (1)
the difference scheme (25) assumes the form
Y = [(@ys)x—dy+b(@*Vy,+ay:) +¢]® — @y = 0;
its coefficients are determined with the same pattern functionals (26) by the formulae:
a= AMk(x+sh )], d=Fq(x+sh,1)], b=Fr(x+sh,t)] 7=rp2%,
¢ = F'f(x+sh,t)], o= Flc(x+sh,1).

A class of homogeneous schemes for the linear equation (11) when r(x, £)=0
was introduced in paper [3]. The difference between those schemes and the ones
considered here is that the coefficients d and ¢ were calculated independently of
the coefficient ¢ using the functionals D*[u(s)] and R*[u(s)] (—0-5 < s <05

respectively. The term r(x, t)% in (11) can be approximated by using a simpler
2

expression, for example
FHr(x+sh, )]-0-5(y<+yz)-

But, as will be seen below, a higher order of accuracy in the class of discontin-
uous coefficients can be obtained by approximating with the expression b(a‘*Vy, -+
+ayz).

For the same reason we take 2ku’ (see section 2) and not ' as the argument
of the function f.

The class of homogeneous difference schemes %, is determined by choosing
the class of pattern functionals 4* and F* and the parameter «. We shall assume
that the (D) conditions are fulfilled:

(@,) The functional of A*[u] is of the third rank and F*(u] of the second rank;

(D,) F*[u] is a linear functional;

(®,) The pattern functionals 4*[p] and F*[u] satisfy the necessary conditions
for the second order of approximation (see [1], [3]).

We shall examine the six-point schemes (25) satisfying the conditions (P) as
an initial family of schemes.

If the pattern functionals are canonical, i.e. are independent of A, the scheme
is called canonical. Since non-canonical schemes are equivalent to their canonical
part as shown in [1], [3], we shall deal with canonical schemes only. However,
all the results are also valid for non-canonical schemes forming the initial family
defined above.

Let us consider the properties of the canonical pattern functionals 4fu] and
F[y] in greater detail. Here the conditions (D) denote:

1) A[u] is a linear homogeneous functional (A4[cu] = cA[u]) having a differential
of the third order, i.e.
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Alp+06-f1= Alu]+0- Alp, f1+84:lp, f1+64p, f1+8%(5),

where ¢(0)— 0 when d— 0, |f] < M;
2) A[u] and F[u] are non-decreasing functionals, i.e.

A[Mz] = Alu), F[/‘a] = Flu) for p, == p;
3) A[u] and F[u] are normalized functionals, i.e.
All}=F1]=1;

4) A[u] and Flu] satisfy the necessary conditions of a second order approxima-

tion
A,[s]= —05, F[s]==0, @27
where
Ajls] = A4, 5].

1t will be noted that schemes symmetrical with respect to change in the direction
of the x-axis satisfy the conditions (27).

The difference scheme 2}, belonging to the initial family, and having the pattern
functionals (see [16])

g 0.5
081" Flue = d 2
awon=[{ 555] 7 rwe1= 1w e8)
so that
p dé -1 . 1 x+0-5k )
a0 =[5 Sam] , PELrp9) _7‘}-5,.5& fELy. p.a)dE (28"

occupies a special position.

This scheme will be called the best canonical scheme because it gives the best
accuracy in the class of discontinuous coefficients among the initial schemes.

In practice discrete schemes [1] are often used, the coefficients of which are
calculated from the values of the coeflicients of the differential equation at particular
points. We shall give the pattern functionals for some of the discrete schemes:

. 2e@u(=1) — 0 —
Alp()] = g e, Al@] = 05[pO)+p(= 1],
Alp(s)] = pu(—03),
Flu()] = p©),  Flu()] = 05[u0-5)+u(—03)] etc.
instead of scheme (25) another equivalent to it in accuracy can be considered
Py = (@) + o (x, 19, YD, (a*Vy, +ay;)®, y;) =0, (25y)
where /) = ccz—{-(l—oc)vz,} =f{—7.
The difference equations 2%y = 0, where 2§,y is determined by the expressions
(25) or (25,), are non-linear with respect to the values of the required function

y(x, £) on the new row. For this reason its solution can be found only by iteration.
The difference equations
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Doy = @O+ 1,5, 8 DF5+85z, y;) =0 (252)
are linear with respect to y(x, ¢), if the function f(x, ¢, u, p, q) depends linearly
on ¢:

feetup,q)=f(x t,u, p)+f(x.t,u p)q.
In this case the difference equations (25,) can be solved by the non-iterative method
of successive substitution (see § 2.4). But the difference scheme (25), is only of the
first order of the approximation with respect to ¢ for any o, 0 <<« < 1.
It should be noted that all the results obtained below for the scheme (25) can
be easily transferred to schemes (25,) and (25,).

The family of homogeneous schemes for the equation

a ou du du
P = — = =, )= 29
Pu o [x (x, t, u) Em ]+f(x, t,u,2x 3’ ar ) 0 29

with the heat-conduction coefficient » depending on the temperature « can be determined similarly
In this case

Phey = (ay)P+ap(x,1, y, a+Vy.tayz, yi)+

+(—a) @, 1, 5, & VY +3¥5,y) =0, (30)
where
a=a(x,t,y*) = AxG+sht,yM],  y* =050+, an
(p(x;tau’p,q)=Fh[f(x"}_Sh!t’u’paq)- ]

Here A® and F* are the functionals defined above.

5. Equation for the solution error

Let y = y(x, t) be a solution of the difference equation (25) and u = u(x, 1)
a solution of the differential equation (24). We shall show that the error z = y—u
satisfies a linear difference equation. To do this we form the difference

Py —(Pu)® =Py —Pru]+¥ =0 on L, (32)
where
':[I = ?;.,u— ("Pu)(a) .
Let us transform the expression
gzry—'@i'wu‘ = (aZE);a)+°(B1+(1 _a)th
where
‘Bl = w(x' t’ y’ a(+1)yx+ay§s y;)‘(P(x’ t9 u, a(+1)ux+au_'x', u?)y
By = (%, 1, 3, 80P, + 85z, y:)— (%, 1, 11, 8O0, + ks, 1)
Taking account of the differentiability of the function f(x, ¢, u, p, g) with respect
to the arguments u, p and ¢, and using the mean value theorem, we obtain
TN T e O RNINTIR 7
B, = £ z+ » (@*Vz tazp)+ 3q 2

where the line on top indicates that the value of the derivative is taken for certain
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mean values of the arguments u, p and g. Because of the linearity of the functional
F[u] we have

o9 af dp of

= [Ei (x-+sh,t,u,p, q)] I F [E (x+sh, t,u, p, q)] ,
op of
g =F [?;

Using similar reasoning for the difference B, we obtain from the identity (32)
the following linear difference equation for the net function (z(x, #):

Pz = (az5)P+Q(2)—ozi = —¥ on 0, (33)
where

0(2) = by zy+-byaZy+bo 25+ by z+d 2 +4dy2, (34)

bll = ota("'l) g;’ » blz = (1 —M)a(+1) ‘%,;;" » b22 = oa zz 3

v 3__;
b21 == (1—a)a_a%‘,

o 0* (33)

d=as, d=(1-0)F-, ¢*=oe(iup4q),

g 9P (1) 0
Q = a'a—q' ( ) aq .

The net function ¥ = ¥(x, 1) is obviously the approximation error in the class
of solutions u = u(x, t) of the differential equation (24) and can be written in the
form:

=94y,  p=vtv,+y, v =ay;+1—0)yr*, (36)
Yo = (auz),— (ku')’, (37)
v, = @(x, t,u,a*Vu +aug, u)—p(x, t,u, 2ku’ i), (38)
Yo =X, u, 2k’ i) — f(x,t,u,2ku’,4). 39)
v =%, t,u,d Vu +aug, u;)—@(x, t,u. a*Vu, +-auz, u), (40)
PE* = g(x, I, &, 80, + Gk, ) — @ (%, 1, i, 8Vl - ik, 1) - (41

6. Approximation error of initial schemes
Let us investigate the asymptotic behaviour of the approximation error ¥ for
any scheme 2%, of an initial family when A— 0 and 7— 0. The asymptotic order
of p depends on the properties of the pattern functionals of this scheme, and the
order of y, on the values of the parameter o (of course, when the solution u(x, 7)
of the differential equation (1) and the functions k(x, ¢) and f(x, t, u, p, g) are differ-
entiable the required number is 1).

LemMA 1. If in a fixed neighbourhood of the point (x, t) of the net £ the functions
k,,(x’ ’)’ fl(x,t7u’ p’ q)’ u’,,(x’ t)
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satisfy Lipshitz’s condition for x, and the function u(x, t) satisfies the condition for
t, then for sufficiently small h and =

Y =0 +0() for 0<a<l. (42)
(The dash indicates partial derivatives with respect to x, # = du/0r).

1t will be remembered first of all that, by hypothesis, the function f(x, 7, u, p, ) has derivatives
&f|3u, fidp, Of!dq that are finite for any values of u, p and g.
For any initial scheme we have

a= k~o'5hk'+h=(-5§-'- g & A,m)w(h*), D = gt RO,

e, tu, p,q) = f(x,t,u, p,@)+hf"(x,t,u, p, YF[s1+OR) = f(x,t,u, p,a)+0(h?),
ie. yp = O(h%). With the expansion

2 2
uy = u’+0-5hu”+~hs—~ WLOM), ug = w—0-5hu"+ -”3- WO,

we find
Vo= O, a+Vu, = auz—2ku’ O(h%)
and hence

By
‘Pp e —ag (a{+1)ux+aa§-2ka’) = O(bg)’

where the bar above means that the derivative is taken for a mean value of the argument p. Thus,
for any values of the parameter o

¥ =Yat¥ptye= 0.
Using the mean value theorem we obtain

Yg = “-g—g‘(“i—ﬁ)—f-(l-—a) c?;‘ —i) = 0(),

Since - = it+0(z) = #+0 (). QED.

LeMMA 2. If the conditions of Lemma 1 are satisfied and, in addition, the func-
tions k, u', % satisfy Lipshitz’s condition for t, and the derivative of{dq satisfies the
condition for t, u, p and q, then

Y =00h)+0(@m) +0ht), i.e |P|<MMBE4m),
where
_ ! 2,0 =05,
"= U0,
To prove the lemma it is sufficient to prove that
Yq = O(x"H+OHT).
From the conditions of the lemma we can write
o(x, t, u, d+Dugtauz, u;y—o(x, t, u, dF Dut-aus, i)

= 2 ey 1o, 6 D au, ) — O,

ggi Ce £, 4, GO it ik, ) = -g% s 1,0, Duxt-auz, iy +0()+0k),
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taking into account that
au_—ati = ku'— ki’ +0(h) = O()+O0(h).
For y, we obtain the expression

Vg = oyt (l—o)ys* = %% (x, 1, u, d+Vuxt-auz, i) (0—0-5) it + 0 (+H)+-0(h7).

whence it can be seen that only when « = 0-5
g = 0 O{7).

Since hr < A%+ 7% we obtain || < M(h%+%).

As can be seen from (43) Lemma 2 is useful only for symmetrical (with respect to ¢) schemes
when o == 0-5, because when « # 0-5 the order of approximation of this scheme cannot be increased
by increasing the smoothness of the solution u(x, t) and the functions k(x, ¢} and f(x, ¢, &, p, ¢).
For this reason we shall always assume that the conditions of Lemma 2 are satisfied only for the

schemes @2;5(a = 0'5), and the conditions of Lemma 1 for all schemes P4 when 0 < « < 1. We
shall also assume that the conditions of Lemmas 1 and 2 are satisfied in each of the domains

Ay (v = 0,1, ... ... , ) into which the principal domain 7 is divided by the lines of discontinuity
I’y of the coefficient k(x, t) (for more details on this see § 3.2).

Lemmas 1 and 2 are also true for scheme (25;), and Lemma 1 is true for
scheme (25,).

§ 2. DIFFERENCE BOUNDARY PROBLEM

1. Difference boundary problems of the third kind

In order to formulate a difference problem corresponding to the boundary
problem (1) for the differential equation Pu = 0, it is necessary to write the difference
boundary conditions when x = 0 and x = 1. The conditions of the first kind « (0, ¢
= (1), u(l, ¥) = uy(t), considered in [3], can be represented exactly on the differ-
ence net, if we put (0, 1) = y, = w(¢) and y(1, t) = yy = u,(¢); for the function z
= y—u, where y is the solution of the difference problem and u the solution of the
problem (I), we obtain the homogeneous boundary conditions z, = 0, zy = 0. Hence
the error in z for the solution of the first difference boundary problem depends only
on the approximation error ¥ of the scheme 7f,. We cannot accurately satisfy
boundary conditions of the third kind on the difference net. The function z will
therefore also depend on the error due to approximation of the boundary conditions
by the difference conditions. The difference boundary conditions must naturally
have the same order of approximation as the scheme itself. Incidentally, direct
substitution of the derivatives occurring in conditions of the third kind leads to
difference boundary conditions of the first order of the approximation only. We
shall illustrate this with an example of a boundary problem of the third kind for an
ordinary differential equation

k()Y = —f(x), o<x<l1, ¢y
ku' — oyu = uy, x =0, 2)

ku'+o.u = u,, x=1. 3
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Let us examine the case of the boundary condition for x = 0. We shall consider
the difference boundary condition
By Vs, 001V = Uy

and calculate the approximation error
V= (alux,0‘0'1"‘0)—‘(150“(’)“0'1”0) = alux,o““kouq’) (ko = k(0) etc).
Taking into account that a; = k,+0-Shky+O(h?), Uy, o = Uy+0-Shuy +O(h*) we
find that
v = 0-5h(ki )+ O(h?) = O (h).

Using this expression it is easy to write a difference boundary condition with
a second order of approximation in the class of solutions ¥ = u(x) of the differential
equation (1). From (1) we write

y = —0-54f,+0 (h?

and consider the difference operator

1Yx,0—01Yo+05hfy =u,. 4

It follows from the above reasoning that this operator has a second order of
approximation in the class of solutions of a differential equation satisfying condi-
tion (2).

Now let us examine the third boundary problem for (1.1):

Pu = (kw'Y + f (x, t,u,2ku’, u) =0, Q)
Wy = k' —o, (Hu =u,(t), x=0, (6)
By = k' Loy () = (1), x=1 N
L
(hereu = U= ar)’

The difference boundary conditions satisfying (6) and (7) can be written directly
by analogy with (4).

[Py = (@*Vy,—0,0) P +0-5h[0f (0, 1,3, 2ky,, ;) +
+(L=a) £ (0, 1,3, 2k5, ) = w™(1) for x —0,  (8)
Iy = (ayz+0.0)0—05k[af (1,1, y, 2kys, y;)+
A=) f(1, 1,5, 2kF5, )] =4f0) for x =1,  (9)
where #'= t—1 (the arguments of the functions %, y, y,, yz will not be indicated).
We may point out that 2a¢*Vy, (or 2ay;) can be written instead of 2ky, (or 2ky;)
in (8) and (9) (see section 4).

We give below some other boundary conditions equivalent to (8) in its order
of approximation:

Py = @+ Vy,—0,0)D+0-51 (0,19, 3@, 2(k, )P, y;) = u®, (8
Py = (a*+Vy, — 0, )®D-L0-5h1 (0,1, 2kY, , y;) = u®. (85
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From the boundary condition (6) we have
SJO,t,u,2ku’ 1) = f(0,t,u,20,u-+2u,,14).
Instead of 2ky, (or 2a'*Vy,) in (8) we can write 20, y-+2u,. The boundary condi-
tion for x = 0 will then have the form

IOy = (@*Vy, —0,y)D40-5k[af (0,1,, 20, y+2u;, )+

(1= £(0,£,5, 20, 3 +200y, ) = u®, (8,
or

Dy = @4V, — 1)@ +0:58f 0, £, 3, 26,5+ 20y, ;) = uf®. (84)

As already mentioned boundary conditions (8), (8,)-(8,) have the same order
of approximation.

We prefer to take the boundary condition in the form (8), although (8,), (83)

and (8,) are simpler, because it is easier to pass on to the case of a non-linear boundary
condition of the form

ku' == x(t, u, ft).
All the results obtained for condition (8) can be easily adopted to any of the bound-

ary conditions (8,)-(8,).
We write the approximation error of the boundary condition

vy = [P — (D)@

in the form of a sum

vy = (Vo) P+, (10)
where
v, = a*Vu,—ku' 40501 (0, ¢, u, 2ku,, ), an
v, = O05h[f(0,¢,u,2ku,,@)— f(0,¢,u,2ku,u)], (12)
vy = avg +(1—a)r3¥, (13)
vy = O0-5h[f(0,¢t,u,2ku,,u;)— £ (0,t,u,2ku,, )], (14)
** — 0-5h[£ (0,7, 1, 2kit,, ur)— £ (0,1, kit , )] (15)

We shall find the condition for z = y—u, where u is the solution of the differ-
ential equation (5) satisfying the boundary condition /Wy = u; and y is the net
function satisfying the condition Yy = «{®. For this purpose we use the identity

KLy — 1My = —v,;. (16)
Using the mean value theorem we shall have

£0,6,7,2kp5, 3:)— £ (0, 1,4, 2kux,u,)—_g§ +3L af ez + an

O E, 5,250, 95y O,y 2ty ) = L +af 2kz x+g’ z  (18)
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where
2 - - = af @ v o —
'é';:'é{'(ostauspsQ)’ ‘55='£'(09tau*sp'sg*) ete.
ﬁ:u—{—ﬁlz, ﬁ=2k(ux+alzx)’ 6=u;+612;, 0<t, <1,
0t = +0,2, p* =2k +0:7), §*=u;+0z;, O<o<l.
Substituting (17) and (18) in (16) we shall have for z the linear boundary condition
Lz =(a"V2,—0,2)+hqy(2)—C1z;= —w for x =0, 19
where
@(2) =Tlpz+ 512\2+}~112x+)~12\é’x’ (20)

) ¥ of
ta =050, La=05U-)F  Iu—okgl,

u

_ . - 21
v Of* *
Am=(1--a)k§—p, & = —O'Sh( %-—}—(L—m}%}.

Taking into account that

oF éf
*3;<-m or ~—a—q>m>0,

we find
61 = mh > O,
where m is a positive constant independent of h. Since the derivatives of/du and
df]dp are finite,
lCSk{<M3 EzskI<Ms S,kal,z.

For x == 1 at the other end there is the similar condition
lz= (az;—i—azz)(“)—-hqz(z)—l-sz;= —Vy for x =1,
4x(2) = Loz HCn 2+ Aoa 25+ A 250

The approximation error ¥, is determined from formulae similar to (10)-(15).

In investigating the order of accuracy of a difference problem corresponding to
problem (I) we shall require the asymptotic expansion of ¥, and », when hA— 0
and T 0.

LeMMA 3. If the following conditions are satisfied:

(19"

1. The function —?;f-(o, t,u,p,q) satisfies Lipshitz’s condition for p, and %
0,1, u, p, q) the condition for q

2. The functions k”', w'"* satisfy Lipshitz’s condition for x in the fixed neighbourhood
of the boundary x =00 <x <X, 0t T)

3. @(0, 1) satisfies Lipshitz’s condition for 1,
then the approximation error of the boundary condition (8) in the class of solutions
u(x, t) of the differential equation (5) satisfying the condition (6) has the form

v = ¥ 40 (hr)+0 (B). (22)
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where
_ k 74 k, ’7 k/’ k, 2 ,
R R e L

1 9f R
T op ©O,t,u,2ku’ , u)ku [ (23)

and if, moreover, éii (©, t, u, p, q) satisfies Lipshitz’s condition for t, u, p, and (0, t)

the condition for t, then

v, = Y@+ 0 (hi™) 40 (h®), (24)
where
{2, « =05,
m, =
1, a %= 05,

Similar expressions can be obtained for »,.

The error v; is determined from formulae (10)-(15). We shall show that v,+v, = 4+ OF).
From the expansions

al+1) = k+0-5hk’+h2(—k2LA1[s2]+ (k,;)z Aa[s])+0(h3),

2
Uy = W 0-5hu’ - % w’ O,

we find

k 4 k/ 1’ kl/ k/ 2 , 3
we [ g rrow e

From the relations
ug—u' =0(h), aFVu,—kw = 0-5h(ku’y +0O(h?),
vP = O'Sh[f(()’ t,u, Zkuxs i‘)_f(oy tyu, 2kll', ;‘)]
= —% ©, t,u, 2k’ , w)(kux—ku')-h+0 (%)
it follows that

vp = % O, t,u, 2k, @Yk |x—oh*+O(h®).

Combining this with (25) we obtain v+ v, = n+0*h); 4 can also be evaluated without difficulty.

Norte. If g_{l satisfies Holder’s condition of the order y > 0-5 for ¢, u, p and g, then

vy =3P+ O B+ +O ().
This calculation is sufficient for the proof of Lemma 4 in § 3.
2, Statement of the difference boundary problem

Having chosen the initial family of ‘homogeneous difference schemes (see § 1.4)
and written the difference boundary conditions, we can formulate the difference
boundary problem corresponding to (I) as follows:

Find a function y = y(x, f) defined on the net 2, satisfying the difference equation

Pry = (ay)P +ap(x,t,y,a¥Vy +ays, y;)+

+(1—a)p(x, 1, 7,8+ D), +a):9;) =0 on 2, (26)
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the boundary conditions

Py =up), x=0, (8)
Py =uP@), =x=1, 9

and the initial condition
y(x,0) = uy(x) (27)

The continuity conditions (1.5) are absent in this formulation because we are
considering a through computation scheme in which the lines of discontinuity of the
coefficient k(x, 7) are not explicitly separated.

Because of conditions (1.6) and (1.7), and the normalization and monotonization
conditions of pattern functionals (see § 1.5), the following inequalities must be
satisfied

d a9 |
Dlem |Zlam, on
@>0 0,0, oyto,>m>0, (29)

We shall call the difference problem defined by the conditions (26), (8), (9),
(27)-(29), the problem (II).

Mzalx,)2m>0, 0<m<——-@~<M,

3. Difference boundary problem for the solution error

To investigate the problem of the convergence and accuracy of the solution
y(x, t) of problem (II) as compared with the solution u = u(x, 1) of problem (I) it
is necessary to evaluate the net function z = y—u in terms of the approximation
errors ¥, v, and ¥,. Taking into account the results obtained in § 1.6 and § 1.2, we
see that z(x, ¢) is a solution of the following difference boundary problems:

(a0 + Q) —pz;= ¥, (30)
Lz={(a""Vz,—0,2)?+hq(z)—E1zi=v,, x=0, 3D
liz= (az;+022)(“)—hq2(z)+€2z; = —¥, x=1, (32)
2(x,0) =0, (33)

where
Q(2) = by zy+bio 2 +bpzs+ by 2+ dy 2+ ds 2, (34)

g1(2) = (Cuz+ 122+ i Ze+ 41222 |xmo, } (35)

42(2) = (Lo + 2+ A 25+ An Z5) =1,
The coefficients g, a, by, d,(s, k = 1, 2), defined by formulae (1.35), and the

coefficients &, Cy, A4(s, k = 1,2) defined by formulae (20)-(21) satisfy the con-
ditions
O<m<o<M, O<m<<a<M, pul<M, |dJ<M,
C=2mh>0, 0,20, otoa=m>0, [[u4<M,
Pal <M (5,k=1,2).
The problem defined by (30)-(36) will be called problem (III).

(36)
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Here ¥ is the approximation error of the scheme %, , », and #, are the approxima-
tion errors of the boundary conditions in the class of solutions of the differential
equation (1.1). These functions are defined by (1.36)-(1.41) and (10)-(15).

4, Solution of difference equations
We introduce a computation scheme for the solution of the difference problem (II)
Phry = [@y3)e+b0x, )@+ Vyxtay)—d(x, )y+o(x, O —((x,0))® . y; = 0,

37
Py =u® for x =0, IPy=ul for x=1, y(x,0)=ux) for t =0,

corresponding to problem (I) for the linear equation (1.11). Assuming that ¢(x, t) > 0 and hence,
d(x, t) > 0, we rewrite the difference equations and the boundary conditions (37) in the form
(ayp)e—(d+e@/far) y+b(@+Vyt-ay) = —F*, (3%)

Yo=211Hiy, IN=%¥N-1t¥;, 39
where
1—«a

F* = o@yjaz+ (@5 )x—dr+5+B@HDY+ay I+ o0, 1),

[+4

% = @f(@+0h+Ehjar), %, = ay)(an+oah+Eahfat),
31 = a;(14+-0-5kb,), ‘;N = gn(1—0-5hby -1), ;1 = 07-+0-5hq,, ‘;s = o3-+0-5hgy,

= %, {hC1) 0@y T (G Y, 0 01 Yoy (1 — o) oty + (s +-0-SAf )@/},
fl):f(o’t)s qﬂmq(oﬁt)r quq(lat)9 y0=y(0:t)1 al=a(h‘t) etc,

We shall not write the expression for ..
Because of the conditions 6,>0, 6,20, oyx-toy>m>0, E&>mh>0, E>mh >0,
g > 0 one of two cases is possible (when @ > 0, see (43)):

Doy <l, 0<x<l; 0<m<l, <<l 40

The solution of the problem is known at the moment £— 7. Hence the right-hand side of F* and
the coefficients ., %,, #; and p, are known while determining the values of y = y(x, ¢) on a new
row of t. Consequently all the calculations on each row are reduced to a solution of the difference
boundary problem

Aiyi~i—Ciyit-Biyies = —Fi, O0<i<N, 4D
Yo =1+, YN = % ¥N-1FUas (42)
where
F; = WF, A; = a(1—05hb;), B; = ai+,(14+0-5hb;),

Ci= A+ BitiDi, Dy=di+o{®far,
a; = a(x;, 1), b =b(x,1) etc,

The problem defined by (41)-(42) can be solved if
4;>0, B;>0, D;>=>0, “43)

The conditions 4; > 0, B; > 0 will be satisfied if 1—05 &by > 0 or & < hy = min 2/|5,
i.e. if the x-net is sufficiently fine. If b; = 0, then the condition # < A, disappears.

The difference boundary problem defined by (41)~(42) the coefficients of which satisfy the
condition (43), and hence the conditions (40), can be solved either by one of the iterative methods,
or the non-iterative method of successive substitution widely used in recent years in computation
work (see [171-[19], [2], [11]). We shall consider this method in greater detail.
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1. The dispersive formulae for the right-hand side are

- B

= > ] ’ = » 44
iy e e w7, L @
Bior = ZL M4 F), 1<i<N, Bi=m, @43)
1
;; =i+ Vit1HBivr, OKI<N, yn=(pg+#Bn)/(1—%3an). (46)

The arrows — and « indicate the direction of computation: — from i to i+1, « from i+1 to i.
Formulae (44)-(46) can be derived by using either the factorization method [17], or the exclu-
sion method (see [18], [19]) described below. The solution of our problem will be investigated in
the form (46), where «; and f; are coefficients to be determined. We write y;—; = a;y;+5; in
equation (41):
(4ii—Ci) yi+Biyi+1+Ai i+ Fi = 0;
then, using (46) we eliminate y;:

[(4ioi—Ci)oti +1+ Bil Vi1 H(Ai i —~C1) Bi 41+ (A Bi+ F] = 0.

Formulae (44) and (45) are obtained from the condition that the expressions in square brackets
are equal to zero. The initial conditions «; = %;, §; = p, follow from the conditions y, = %y, +
+u, = wyy1+ P, the expression for yy (from the formula yy—, = ayyy+ 8y and the boundary
condition yN = x,yN—1+u, after eliminating yy—,.

Computations according to the formulae (44)-(46) are stable if conditions (40) and (43) are
satisfied. All oy < 1and ay < 1,if %, < 1, and ay = 1, if %, = 1, D; = 0. Therefore the expression
1—-x»,ay is always positive.

2. The dispersive formulae for the left-hand side are:

bn A; ,
;= , 1 , = %, 47
H= 4GB 1 TISN = “n
;= ‘%(Bi’?Hr{'Fi), 1<i<N, nN=u,, “8)
3
Yier=&ivrVitMivr, O<I<N, yo=(@:tmm)/(1—x6y). 49)

3. Cross-dispersive method. Sometimes, especially in manual multiplication (or when the
internal store of the computer is small) it is convenient to use the cross-dispersive method (shuttle
method) in which the computation is carried out independently by formulae (44), (45) and (47),
(48) up to a certain i = n. The continuity conditions determine y, and computation is continued
on the right from the point i = n from formula (49) and, independently, on the left from formula
(46). Suppose the quantities o, +1, Bn+1, En+1 and 9,4+, have been found. Then we shall have

Yn = ocn'*-l,yn+1‘*'lgn+1; Yn+1 = En+1.Vn+7]n+1-
Eliminating y,+, we find

Br+1t0n+1Mn+1
= —/—— .
1—ont1Mn+1

Knowing y,, all y; for i < n can be found from formula (46), and all y; for i > n from for-
mula (49).

Various iterative methods are generally used for solving non-linear difference equations and
the dispersive method is used to compute the iterations. We cannot deal with this question here
(see, for example, [10], [11] etc.). Scheme coefficients independent of the required function on the
preceding line are sometimes taken to avoid iterations, so that a linear equation may be obtained
for y on the new row. In this case of course a scheme of the first order of approximation with
respect to T is obtained.
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§ 3. ACCURACY OF THROUGH COMPUTATION SCHEMES

1. Evaluation of the solution of problem (III)

In § 2 the problem of the order of accuracy of a solution of problem (II) was
reduced to an estimation of the solution of problem (III) for z = y—u by using
the approximation errors ¥, », and ¥,.

The solution of problem (III) was evaluated with a less general formulation in
[4] and [5]).

THEOREM 1. If the following conditions are satisfied

a< M, lg|<M, o <M, (o) <M s5=1,2, (1)
05 <agl, (2)
then for the solution of problem (II1) with the initial conditions
z|r=o - Z(x, 0)

the following inequality is true when Tt < 7, is sufficiently small

=t

e, 0o < [ Y 7lizrtx, t)!'z]% M (|2, Dlig +250x, ) <

t'=7
=t

< M {llz(x, Ol + [lz5(x, 0o+ | X7 ¥(x, r')llz]*}, &)

t'=t
where M and M are positive constants independent of h and T,

lz(x, Dl = llz(x, Olla+91/2(0, ] +2lz(1, 1), 4)
Ys=0 for o;=0, ys=1 for o5=m>0,

1P (x, D] = [P (x, D]la~+ 0|+ 750 &)

)

vi(t) = —lzvs(f) for €, > mh >0,
Vi (s =1,2),
v¥() = v,(t) for E; > m >0,
Expression (3) is true for the first boundary problem (z(0, f) = z(1, #) = 0) if we
formally put »,=20, s =1, 2.

Theorem 1 was proved in [4), [5] for the case Ly =+ 0, A5 = O(s, k = 1, 2), i.e. for the bound-
ary conditions

Bz = (@20, )@—¢zp= v, =0, } ®
iz = (az;-{-o,z)(’)-{—(f,z‘— = —7vs, x=1,
and also for the operators
Q(2) = byzxst+byZxstdyz4+dyz,  zze = 0-5(zz+2) M
and
Q(2) = bizg 4 by s +diz+dy7. ®

The method of deriving (3) proposed in [5] is perfectly suitable in our case. The modifications
necessary because the operator Q(z) is more complex are so insignificant that we shall not discuss
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them. On replacing conditions (6) by conditions (2.31) and (2.32) on the right-hand side of identity
(2.11) of [5] we have the additional term

R= ‘rh(CuZo+Cla}o+lxlzx,o+lla}x,o)z;,0+Th(tnzN+
+Cm\7:N+1naZ'x,N+ lleg,N)Z;,N (zo = 2(0,1), zy=1z(1,t) etc.).
With the arguments usual for the procedure described in [4] we obtain the expression
IRl < 5 (€125 (+Cazk D+ Med+H.
The main integral inequality (2.17) from [5] and all the subsequent calculations remain unchanged.

Evaluation of the right-hand side in terms of the norm |[¥'], is too rough for
proving the convergence of the solution of problem (II) when the heat-conduction
coefficient k(x, #) is discontinuous. An improved estimate was obtained in [5] for
solving problem (III) with the additional assumptions

=99 9n=99 =733, C)]
oM, EKM, <M (10)

and the norms
([9lls = [wllatBal+Pels  [fpllse = [pllast-af+ [l (1n

THEOREM 2. If the conditions (1), (2), (9) and (10) are satisfied, then the following
a priori estimate is true for the solution of problem (II) when t < 7, is sufficiently
small

122, Do < M {0, Ofls B, et

+ [ vl e, )t s, t')s')z]%}-l-ﬁ 1> diwe, t)ll%]%, (12)

=1 t'=7
where M = O when by = by, = by, = by = 0.

This theorem corresponds to Theorem 6 of [5] with the qualifications made above regarding
Q (2) and the boundary conditions. To prove it the solution of problem (III) must be written in
the form of the sum z = v+ w, where w is the solution of the “stationary” problem

(aw)x = —9, @Wxo—0Wo = —51, ANW; yF+oaWy = 75
We then obtain the following conditions for »
@)@+ @) —gvy= —¥*,  ¥* = QW) —e),
hy = ”1"l ’ = (‘:1W;,0—0"517(511Wo+Clz‘\1”0+7~11Wx,o+llz‘:’x,o),
Lhov=—vf, »f= fnw;,N—o‘Sh(szwN—}-Cn;’N'*‘azzw;,N'{‘lle;,N)-

To evaluate the function v(x, t) we use Theorem 1. Taking account of the expression obtained
in § 1 of [5],

wllo < Milyllse,  IIwrlle < Mllgllss,  Iwx,ol < Mlplls+

e wl < Mllgllsss  [Iwzlla < Mlipllss
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we find
e W)lla < M([gllss+ g5l ls)+M1liplls-

Notk. It can be seen from (12) that, when bg =0 (s, k = 1,2) and ¥(x, 0) = 0, the in-
equality (12) contains only (ly s« and Ilz;; Ilgs-

2. Properties of the solution and coefficients of problem (I)

To simplify the formulation of the following theorems we shall always assume
that the solution of problem (I) and the functions in the differential equation
#u =0 and the boundary conditions have differential properties (over the entire
domain Z or in each of the domains 4, = (5,(t) <x <7,,(f), 0<t < T),»
=0,1,2, ..., %), which ensure the maximum order of approximation of the scheme
and the difference boundary conditions. These conditions will be formulated below.

It is assumed everywhere that the function f(x, ¢, u, p, g) has finite derivatives
a9 o o
ou’ op?’ oq

The functions k(x, ¢) and f(x, t, u, p, g) have discontinuities of the first kind
with respect to the variables (x,7) on a finite number of curves I',(x = 7,(?),

for all values of the arguments (see (1.6)).

y=1,2, ..., ¥, which divide the domain JI into subdomains 4,. The following
notations will be used

kn,v= k(n,(t)—O,t), kn,v =k(7,’,(t)+0,t),
fn,v - f("]v(t)_ 0,1, u(nr(t), t)’ Z(ku,)n,n i‘n, v) etc.

If a function v(x, t) is considered in the closed domain

Zr =) < ¥ < (1), 0 << T,
it is assumed that v(n,(t), ) = Un v, Vy41(6), 1) = Vs ps1-

The curve I', intersects each of the straight lines ¢ ==j7, j=0,1,..., at the
point x = ,(t) = x, +0,h, where 0 <0, <1, x, =n,h,n, is an integer, (x,,, ©)
is a point of the net 2. The numbers 7, and 6,, generally speaking, are functions
of h and t,n, = n,(h,t) and 0, = 6,(h, t). If the line I', is parallel to the f-axis
(fixed discontinuity), n, and 6, will depend only on h; n, =n, (h), 6, = 6,(h).

In this paper only fixed discontinuities are considered, i.e.

x=n,=const.(v =1,2,...,%) for 0<t < T.
We shall assume:
(K,). The conditions of lemmas 1 and 2 are satisfied in each of the domains

A,. Then the approximation error of the scheme &, in the class of solutions of
the equation Pu =0

1, =05,
¥ = O(h?)+0 (1), where M, = { * (13)

2, o # 05,
at all points of the net £, except the points

(X,,,, ) and (x,.v“, 1), v=1,2,...,%;, t==,27r,..,Lt=T.
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The asymptotic order ¥ when 2— 0 and - 0 at the points mentioned is exam-
ined in section 4.

(K,). The conditions of Lemma 3 by virtue of which the approximation errors
of the boundary conditions have the order

vy = PR L0 (hr™)+O(K), s=1,2, (14)
where », is determined from formula (2.23), are satisfied.
(Kj). Lipschitz’s condition is satisfied by the functions o,(f} and o,(¢) for r when

0 <<t < T and by k(x, 1), in each of the domains 4,.
(Ky). The limiting values of the functions

k, k’, k”, ul, ull' uul

satisfy Lipshitz’s condition for r along each of the lines I'\(¥ = 0,1, ..., v, ¥,+1)
and the limiting value of the function d%/0xdt only along the internal lines for
v=12,...,v.

For the smooth function k (x, £) and f (x, ¢, u, p, q) condition (K;) is sat-
isfied over the entire domain ZI_ and condition (K,) only when » =0 (x = 0)
and v=v,+1 (x=1).

It follows from these conditions that the following inequalities are true for the
coefficients of problem (III)

O<mh<EMh, O<m<Lo<M, O<m<a<M, O0<o,()K<M,

(15)
]Csk{ < M’ M’sk' < M’ s,k=1,2, (16)
lal <M, |l < M, an

Theorems 1 and 2 can therefore be applied when 0-5 << a < 1.

3. Effect of the approximation error of boundary conditions on the accuracy
of solution of the difference problem

The solution of problem (III) can be written as the sum of two partial solutions
z = z;+2,, wWhere z; is a solution of the problem with the homogeneous boundary
condition (»; =0, ¥, =20), and z, is a solution of problem (III) with a homogeous
equation (/¥ = 0).

As mentioned in section 2, we are considering fixed discontinuities only of the
coefficient k(x, 1).

LeMMA 4. When © < t, is sufficiently small the following expression is true for
the error z, of the solution of problem (II) because of the approximation error of
boundary conditions

llzo(x, Ollo < M(B2+1™), f0S<a<l. (18)

To prove Lemma 4 the solution z, of problem (III) has to be evaluated for
¥ =0. We write »; and correspondingly z, in the form

vs=v04+®,  z=z{P+zP wP =9,
Py == 7082, (B = O (hr™=)-+ 0 (h%),
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where #9 is determined from formula (2.23) and depends on the values k, k', k",
W, u’, u'”, 4 when x = 0 (there is a similar expression for #{").

Usmg Theorem 1 we find

legBo < My B me-t-57). 19

To evaluate ||z{V{l, we use Theorem 2, which gives

2]l < M {maxl| 500 300+ GO+ EE e+

+ PO+ OO A
Since [#®] and |(#®);| are bounded it follows that
| < MR,

Using (19) we obtain (18).

4. Accuracy in the class of continuous coefficients

Now let us suppose that the coeflicients k(x, f) and f(x, ¢, u, p, g) do not have
lines of discontinuity (¥, = 0) and the conditions formulated in section 2 are satis-

fied over the entire domain JJ. Then
¥ = O (h*)+0(t™) at all points of the net £ (20
THEOREM 3. When h and T independently tend towards O the solution y of problem
(11) uniformly converges to the solution u(x, t) of problem (1), so that when v < 1,
the following inequality is true
ly—ullo < M(B2+H2")  for 0O5<a<], 2n

if condition (20) is satisfied.

To prove Theorem 3 it is sufficient to evaluate z—the solution of problem
(1) when », ==0, v, = 0-—from Theorem 1 and then use Lemma 4.

Noting that jw(x, £)|, = O(h®)+O0(z™) and using Theorem 1, we find

lz(x, D)o < M(B24-7ma).

5. Approximation error in the neighbourhood of a line of discontinuity
f , g and g—g
have discontinuities of the first kind with respect to (x, f) on a certain curve x = #,(f)
belonging to the family {I,} (see § 1.2). We shall investigate the asymptotic behav-
iour of the approximation error ¥ of the scheme &5, at the points (x,,,?) and
(Xn, ,,> 1) of the net £2.

To simplify the notation we shall omit the index » and write 7, n, € instead
of n,, n, and 0,, setting 9 == x,+0h, x, = rh, 0 << 0 <1 (see section 2). The net
function

Let the functions k(x, r) and f(x, ¢, u, p, g) and their derivatives —-

¥ = ("/’a + Yp + '/"q’)(a) + Yq (22)
is determined from formulae (1.36)-(1.41).
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The expansion for ¥, at the points x = x, and x = x,,, was obtained in [1}:
fn/’a,n =0 (1)@ h?pa,n+1 == 0(1)3 ?f}a,n+wa,n+1 = 0(1)
(¥a,n = Yal¥n; 1)) (23)

for any scheme of the initial family. For the best canonical scheme (1.28) with the
pattern functional

1] 0.5
-1
Al = [S %} . Fluen= S p(s)ds (24)
-1 —~ 0B
we have
Vaon = O(),  YontWunsr = (05— ku')n—(ku)a]+ O (). (25)

Now let us consider the error v, at x = x, and x = x,,4
o9 .
Yp,n = (ap) (an+1ux n+anux n 2(ku );a)-

b9 ,
Yo, ne1 = (%)"H (@ns oty nr1HAnigthe, n— 2(kU" )y 41)

where (3g/dp), and (O¢/dp).s, are the values of the derivative Jdoldp for certain
mean values p_,‘ and 5,,“ of the argument p; thus, for example,
Pn = 2(kt' )+ 0,(@n 4 1the, n+antiz, o —2(k0"),) . 0 <0, <1,
It follows from the expansions u,,, = Oup+(1—0)us+0(h), uz , = uz+O0(Hh)
Ug, i1 = Unt O ), ay = ky+0(h), apsz = kn+O(h) that:
Gnst,wt-yt, o= 200 Yo = [ara 2| =1 |0 .

’ 8 1—6
Anially ni1tBnir iy n— 2k )y = [an+1(7‘:+ "“k_n”)—l ]W+0(h)s

where W = k,u, = kyuy (see (1.5)

Hence
Yo, n = 0(1)5 Yo, n+1 = 0(]) (26)
in the initial class of schemes, and for the best canonical scheme
Yp,n — O(h)) Yp,n+1 = O(h)3 (27)

because in this case
6
aria (s + 1 = O ).

It can be easily seen that the following lemma is true.

LemMa 5. If n = const. when O <t < T (fixed discontinuity) and the function
.

o {(x, t, u, p, q) satisfies Lipshitz’s condition for t,u, p and gq, then

[(wp, wli | < MEY, (), nen)i | << MB2, (28)

where % = 1 for the entire class of initial schemes, x = 2 for the scheme (24).
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We now find out the value of the expression
Yo = Ff(x-tsh, t,u,2ku’, u}—flx. t,u,2ku’ 1) (=05 < s < 05).

at the points x = x,, and x = x,.;.

It will be assumed that the discontinuity is fixed, i.e. 7 = const. when 0 < ¢t < T.
Because of Note 1 (§ 1.1) the derivative u is continuous when x = n(ii; = uy).

Two cases are possible: 8 < 0-5 and 6 > 0-5. We carry out the reasoning
assuming that § < 0-5. Since the discontinuity is outside the interval (x,+0-5h,
Xp+1+0-5h), we find directly that ¥, ,.: = O(h)* for any initial scheme.

Next we consider the best scheme (24), for which

0.5
Yo ="\ SOt sh t, 16, 2(kU')y, ) ds~ (X, b, e 2060V ), (29)

~@8

and assume that the discontinuity is fixed.
Expanding the function under the integral in the neighbourhood of the point

x =n we find that:
1) I s <8, then

Syt 20 ) ) = Ft {5~ 0) (L) ~[( L) st
+(-§I§)n2(ku');,+(gg)na,;]a}h-w ) (ix - %g;,) (30)

2} If s > 8, then

J(xatsh, b, u,, 20k )y, thy) = fu + {(s~8)( = )u {( ?:) u;—i—{ ) 20wyt

+Z) is]ojrr o0 = futhis- o) L) +prtoam.  GD

The expansion for the second ferm in (29} is obtained from formula (30) when
s = 0. Substituting these expressions in (29) we find

» = (05 —0)(fa—fo)+
+0-5(0~5»«6)[(0-5+6)(~§~£~)ﬂ+(0-5—~6)(%)n+25]1:-}-»0(/1}. (32)

To expand v, , for an arbitrary scheme of the initial family we use formulae (30)
and (31), writing the principal terms only:

Joutsh, t g 2(ku )y, ty) = f*(s)-+ O (B), (33)
where
* - fn s< 8,
f {S) {fn s> 8,
Then

Yo,n = FLf*$)]—fat- O () = O0Q). (34
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Collecting all the results we obtain the following expansion in powers of A for
¥y and Yot

pom (4 B B O =5t O 6= vetmptr,  G9)

Yt ¥nsr = Yot 11+ OB = (Yut-9ni1) + O (A, (36)
where §_, depends on the limiting values of the function X, &’ of the left and right
on the lines x =1, f, and y, depend on the limiting values of k, &', v, u”, B;;
depends on the limiting values of k, &', k", v/, ', u'"', &',

B_1, Bos> Vo, By and y, satisfy Lipshitz’s conditions for all the arguments. For

the best canonical scheme (24)
=0, yo=1(05-0)[(P)s—(Pu)s] = 0.
the following lemma is then proved automatically.

LeMMA 6. If k(x, ) and f(x, t, u, p, q) have discontinuities of the first kind on
the straight line x = 7 == const. and all the conditions mentioned above (in sections 2
and 5 ) are fulfilled then

;@)‘n == O(hx—l), @n+@n+1 = O(kx_l)s } (37)
hyr=0""", @utpsr)i=0H),
where % = 1 for the entire class of initial schemes, % = 2 for the scheme (24).
Since # is continuous for x = % in the case of a fixed discontinuity,
1wy = O(7™)  at all points of the net £

If the discontinuity is moving, then @, # #; and y, % 0 for scheme (24) also
{condition f_, = O for scheme (24) is always satisfied).

NoTE. As the above arguments show, if a line of discontinuity passes through the points (x,, #)
or (x,+1,t) of the net 2(6 = 0 or 8 = 1) and the function f(x, #, 4, p, q) is continuous when x = 7
then for any initial scheme

Yo=0), Yni:=O0®).

If however the point x = 7 is irrational, then & must also be irrational, i.e. in this case the condition
0 = 0 or 8 = 1 cannot be realized for any & = 1/N,

6. Accuracy in the class of coefficients having fixed discontinuities
We shall now evaluate the order of accuracy of the difference problem (II),
assuming that k(x, 1) and f(x, ¢, u, p, q) have discontinuities of the first kind on
the straight lines x =, = const. (» =1,2,...,%), 0 <t << T. Here ¥ must be

written as a sum
y] == g’l"f‘ Tg, (39)
where

Yo
Po= N,y =, 0% X))+ Py 11008 Xy, (40)
v=0

d(x, £) is Kronecker’s symbol (8(x, &) = 0 when x # &, d(§, &) = 1).
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The following expression is true for the function ¥, at all points of the net £
¥, =0 +0(@m™). (41)
Expressions for y, and ¥, ,, are obtained from formulae (35) and (36).

Since the effect of boundary conditions has been taken into account by Lemma 4,
it remains to find an expression for the function z; which is a solution of the problem

@20+ Q@) 0z = — ¥, | e
Lhz=0forx=0, Lz=0forx=1, z=0frz=0,

In accordance with (39) we write

2y = I+ 21,
where z;, is a solution of the problem (42) with the right-hand side of ¥,, and z;,
a solution with the right-hand side of ¥,. Noting that [|[¥,ll; = O (h)*-+0F™)
and using Theorem 1, we find
lIz1allo < M(A2H-7™9). 43)
To estimate z,; we need
LemMa 7. Let z* be a solution of problem (42), where

V=",  y* = P.0(X, %) +ns1 0%, X1 (44)

then if © << 7y is sufficiently small we have the inequality

llz%(%, Dlle < MK 20|+ 1|9 (0) -+ 41(0)]+
+maghwxa’}g+§<&;;;<z'>>; D4Rt Y+ Fasalt )+

Ve Ga W+ max e, (49)

where M = 0 when by = 0,5 =1,2; k=1,2.
To evaluate |z*(x, 1) |l, we need inequality (12) of Theorem 2 containing [[F'* ||,
flp* llge, ¥llse. Let us calculate these quantities. We first evaluate the function

xi=x

u J
p(x, 1) = L hyp*(x', 1).
x'=h
Substituting expression (44) for yp* we find
0, X < Xn,
p(x, 0= My, X 5= Xp, (46)

h(;"+%+l), X 2 Xn .
In particular, p(xy-y,t) = A(p,+p,+1). Therefore

g{if"*v }}i =h i@#'i“@ni-]j' {4?)
Using (46) we find

¥l = il [ D] < B [l + 21+ Tl s
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ll*]le = llello+1Cw*, DI < A¥pn| 42 [@n+Pnsa| b,
”'/’:'”4‘ < hzl(ﬁ,,),—[-«i—Zh[(@"—{-@nH);j .

(45) follows from this and inequality (12).
Because of Lemma 7 we have for zy;

n-l
llz1a(x, Do < MR * (48)
and consequently

x—L
l|za(x, Do < M(R * +2m). (49)
This result is used to prove the following theorem.
THEOREM 4. If 'k (x, t) and f (x, t, u, p, q) have discontinuities of the first kind on
a finite number of straight lines x =, = const., v= 1,2, ..., v, and all the conditions
mentioned above (in sections 2 and 5) are satisfied, then the solution y(x, t) of the
difference problem (I1) converges uniformly to the solution u(x, t) of problem (I) when
h and v tend independently towards 0. Thus for any scheme 2%, of the initial family
the following expression is true when T << 7, is sufficiently smalil

1
Hy—u”0 < M +1™) for 05 < a < 1 (50)
and for the best canonical scheme (24)

=l < M(A* -+-779), (s1)

To prove this theorem it is sufficient to evaluate the function z,(x, f) from sec-
tion 3 and use Lemma 4.

REMARKS

1. The solution of problem (II) for an arbitrary difference scheme 2%, of the
initial family in a class of discontinuous coefficients k(x, f) converges under much

less rigorous conditions: 1) k, k', f(x,t,u,p,q), ¥, & are continuous in A, (¥
=0,1,..., %), 2) k,u satisfy Lipshitz’s condition for ¢ along I',, 3) k(x, #) in 4,
and o,(f) when 0 < 7 < T satisfy Lipshitz’s condition for ¢. Under these conditions

”J’“‘u”o < 0o(h)+04(7),

where gy(h) — 0 when A— 0 and g,(t)—> 0 when 7 0.

2. To simplify the treatment only the conditions sufficient for ensuring the
expressions obtained above are formulated. Some of the requirements imposed
on these solutions u(x, #) and the coefficients of problem (I) can be relaxed. Thus,
for example, Theorem 4 remains valid without the requirement that the limiting
values of the functions k", '”’, ' on the straight lines ',(» = 1, 2, ... , %,) should
satisfy Lipshitz’s condition for ¢.

3. If —Z{; (x,t,4,p,q) = 0 and one of the following conditions is satisfied: 1) u(x,0) = # (x,0)
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= 0. 2) The heat-conduction coefficient k is independent of ¢, then instead of (50)-(51) the following
inequality

y—ufle <M #4270,
is satisfied, i.e. inthe class of discontinuous coefficients scheme (24) has the same order of accuracy

as in the class of small coefficients k(x, 1) and f(x, t, u, p, ) of the equation Pu = 0.

4. Theorem 4 is also true for the first boundary problem (u(0, ) = u,(t), u(1,t) = u,(¢)). In
particular, the corresponding results of [3] for the linear equation of heat-conduction follow from
this. For a four-point scheme f?ﬁ)(a = 1) Theorem 4 can be made more rigorous by using special
a priori estimates which will be considered separately.

5. Differential difference equations obtained by Rothe’s method and the method of straight
lines are investigated similarly.

In conclusion the author takes this opportunity to express his gratitude to
A. N. Tikhonov for discussing the results obtained.
Translated by PRASENIIT BAsu
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