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When finite difference methods are used to solve a differential equation
one of the most important theoretical problems which arises is to deter-
mine the convergence of the difference scheme in question when the differ-
ence net is divided up in an unrestricted way.

The difference z between the solution y of the difference boundary
problem and the solution u of the corresponding problem for the original
differential equation usually satisfies a non-homogeneous difference equa-
tion with homogeneous boundary and initial conditions. The right-hand side
Y of this equation denotes the approximation error for the difference
scheme on the solution u of the original problem.

The question of the convergence of the difference scheme reduces to the
estimate of the function z in the following form.

Izl <Mk, (@)

where || ||, and || ||, are norms and ¥ is a positive constant independent
of the difference net.

Work devoted to a priori estimates for simple difference approximations
of parabolic type differential equations has appeared recently (11, [2].

A particular interest is attached to a priori estimates when there are
difference schemes for which the principle of the maximum does not, in
general, hold good.

In the study of the convergence of difference schemes in the class of
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smooth coefficients, the asymptotic orders of approximation and accuracy
usually coincide, i.e.

2l <M
where ||z ||;= max | z| and w, is the difference net.
(4]

For discontinuous coefficients this is not generally true (see [3], (4],
[5]). In the neighbourhood of a discontinuity of the coefficients the
difference operator, generally speaking, does not approximate to the differ-
ential operator. Therefore we cannot apply the principle of the maximum in
the study of convergence. Other a priori estimates with a specially select-
ed norm must be found.

In the article [3], using the example of schemes for the very simple
equation

Ly, j_x[/c(l;) %:_]——q(x)qu Ja)y=20

it was shown that convergence in the class of discontinuous coefficients
follows from the a priori estimate of the form (a), where

N—1

o= 3 b

i=]

i

28 Ry
k=1

An @ priori estimate was obtained in [1] on the assumption that the
difference analogue of the heat conduction coefficient was "differentiable"
with respect to x.

In Section 1 we derive a similar a priori estimate free from this re-
striction, and this enables us to use the estimate for stationary (motion-
less) discontinuities of the heat conduction coefficient as well. We shall
consider the difference boundary problem with boundary conditions of a
very general form.

In Section 2 we obtain an integral formula enabling us to obtain a
priori estimates on the assumption only that the net functions, the coeffi-
cients of the equation, are bounded. These estimates are valid for the axi-
symmetric case and for the spherically-symmetric case. The new a priori
estimates are an effective means for proving the convergence also of the
estimate of the accuracy of the difference schemes in the class of dis-
continuous coefficients.

However we shall consider questions of convergence and accuracy of the
various difference schemes separately.
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1. First a priori estimate

In this section we obtain an a priort estimate for a six-point differ-
ence equation on the assumption that the coefficients of the equation and
of the boundary conditions are differentiable.

1. Notation
We give the necessary definitions and notation.
Let [ = (0~§§x-<§1’ 0 <\t \T) be the basic region. We cover it with a

difference net ), with the nodal points (x,, tj) where x; = i + h, i=

0,1, 2, ..., N, h=1I/N, tj>]'r,j—0 1,72, ..., ,r-ﬂl let
be the net with respect to x, 1i.e. the set of po1nts x;o=1" - h.i'=
0 1, ..., i = x/h and let m be the set of points t; ] r, j7=0,1,

= t/r.

Then th = wi x aﬁ. let QhT be the seF of internal points (x;, tj) of
the region Q,_, for which 0 < i <N, 0<j<L.

°

Let zi or z(x, t-) be some net function given on the net £ .

For the sake of simplification in writing we shall omit the indices 1
and j everywhere, and instead of z{ we shall simply put z or z(x, t), not
forgetting that here (x, t) is an nodal point of the net, i.e. a point of
the set th We shall also not indicate the dependence of the net func-
tions on the net and shall write z instead of z" or z(F7).

For the difference ratios we use the following notation:

L (v ) ~z@—"h1) . sk ) —z(x 1)
NK - /1 ! “a - h ’
. s, t)—z(x, t —7) . s{x, t+T)— (2, )
ar = T r ~t = t .
In addition, we shall write
1=z (x, t — 1), =1z (z, t + 1),
210 =z (x — h )., 3N =z (x + /i, 1).
The expression
A (aszJ: al (zj — zj) —a zi~z’:_ )
V2 = At . L el (Azi = Vzigy = Si1 — 30)

h? hz
using this notation will be written in the form (az),.

We shall be using various sums taken over the net wi or over part of it.
We shall use an indexless notation for them too:
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N—) N
(@ %) = Do b (p ] =D gipil;

N—t N
l(P, ‘P) T Z (P«‘P«/l, l(P* \p] = z (Pi\pih;

=0 1_()

2¢ h == 2 hwm_m

----- E-—0
Il

where ¢, and ¢; are arbitrary functions given on the net wi.

For a priori estimates we use the norms

[$l = max (), f¥h = () 1),

ok O R Y
@—'Z}WMLWM‘me LP, D) s = e e,

i'=1

1<m< oy oo =110 (1) @les |9l = max [$7]s,
0=0,1, 2, 3, 4,5, 6,
It is clear that ||¢{l; < Nl < “'“'2\”‘/’”0

2. Green’s difference formulae
let ¢ and ¢ be arbitrary net functions defined on the net mal).
Using the identities
(@9)c = ¥ + PP = ¢ + VP,
P (a\pi)x = (G«(P’lp;c)x — a V@, Py,
it is not difficult to show that the difference analogues of Green’s
formulae for the operator Ly = (ay7), are valid:

1) the first Green formula is
] L _ - - -
(@ L,y) @%bl + age ;o — o, ,;
2) the second Green formula is

(P: L,9) — (b L,@) = ay (@%; — bo5)y — az (99, — bg.),.

(1)
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We shall frequently use the first Green formula, and also the formulae
for summation by parts:

(¢, $) = — (¥, ‘P_;-] 9Py — Vigo : (3)
(@ p:) = 1, @) 7 @y, — G%)e- (4)

3. The simplest inequalities

Lemma 1. For any function i) given on the net wf‘”. we have:
WP () o292 - 29 1 (B, g ], (a)
‘pz ($) ‘\:;\ 2'¢j _;~ 2 (IPD \p\ln (b)
V() <0293 ¢ 2 (g (c)

To prove (a) for example, we need the identity

Ol = (L) Xl ) — a3 ple) + (1 — D)o 4 oy

and the inequalities
(" z P @) Y ), (B b @) A=) X AR,
RN IR YANGAN RESACNg ] x<x’ <

In particular, if ¢, = ¢y = 0 then

V() < Vo (b 0,

Lemma 2. If the net function y(x) given on “’;:1)

Yy = 0 then

satisfies the condition

PB4 T ) 1< vsee

LA (2 - hl;:i—_il) (Kl o l}) , ‘P;fj ) ma==1, D <
’I¢I!§< _(Z:%(T_n—_i——l——)_ ((J o %)m’ urfJ ) 1 me < 2.
For \Pz(l) \( <2 /l\h(l ) ( L ﬁ e . QJ;’ - ‘}:)* ”1/2)2\
o\ < S |
S h (a: )m Y2 (z') - Z‘j e (_7@’ - _;L)’"'" <

Jt<x <1 X{x’' <1
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since

If w,,, # 0, then the expressions on the right of the inequalities in the
lemma must be multiplied by 2, and 2:,[:” must then be added to them.

To transform the product into a sum when constructing the upper bound
we use the inequality (see [6])

r r
II ik 2 ViTy,wheretx > 0, v >0, \ Ve == 1. 6))

Fe=—1 h=1 )\ =1

4. The difference boundary problem

In the basic region Q ;'1) X w}lr) we consider the boundary problem

for the equation which 1is the difference analogue of a parabolic differ-
ential equation

pz; —a(az:), — (1 — @) (az;); == ¥ on Q. (6)

where a is a numerical parameter, 0<(a <1

YO o (1 —a) Ty, W= (b2) + ez + gz (7)

The required function z, the coefficients p, a, b, ¢, ¢ and also ¢ are
net functions given in the basic region (), and, generally speaking, de-
pendent on the steps h and r of the net. However, to simplify the writing
we shall not indicate this dependence.

For x = 0(i = 0) and x = 1(i = N) we have the boundary conditions

wal Nz 4+ (1 —a) a0z, = & z; + a5z + (1 — ) gz, x=0(i = 0),
aaz; + (1 — ) zzz;_ = — &y2; — A5z — (1 — ) 6y5, x=1(i=N). (8)
the coefficients &, and o, of which (¢ =1, 2) are functions given on the
net w( T and dependent, generally speaking, on h and 7.

Ve note that the boundary conditions of this kind are the difference

analogue of the boundary condition for the differential equation
@ ou (l du ~
© 91 = Vo T
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where & = & (t), a = a(t), 0 = o(t) are functions of t =10, T}.

Difference boundary conditions of a higher order of accuracy, corre-
sponding to the boundary conditions of the 3rd kind for the differential
equation for heat conduction are of the same form as (8).

At the initial moment of time, the function z satisfies the condition

=0, 1=0( =0). (%)

|2}

The boundary condition of the first kind z = 0, for x = 0 for example,
can be obtained formally from (8) if we put @ = 1 and take the limit as
0, ~» = (assuming all the other coefficients to be bounded).

The linear equation (6) is obtained for the error z = y - u (y is the
solution of the difference problem, u is the solution of the problem for
the differential equation) not only for linear, but also for non-linear
parabnlic equations.

In this article, however, the equation (6) and thg relation between its
coefficients a, b, p etc. on the coefficients of the original differential
equation will not interest us.

5. Conditions for the coefficients

We assume everywhere that the coefficients of the difference boundary
problem (6) - (9) satisfy the conditions:

K,) the net runctions p and a are bounded below by a positive constant,
independent of h and r:

p > ‘MO > 07 a ;,/7' .7‘10 \/\’ 0;

K,) the net functions b, ¢ and q are bounded in absolute magnitude by
constants which are independent of the net (i.e. of h and 7 ):

bi< bt igi <M o] <e¥
K,) all the coefficients g, , o, (k= 1, 2) are non-negative;

K,) at least one of the coefficients o, (k= 1, 2) is bounded below by
a positive constant ¢_ independent of h and r.

It follows that there cannot occur cases when ¢; = 0 and 0, = 0
simultaneously, and also that 6, » 0 and o, » 0O as h» 0 and r - 0.

Any constant which is positive and not dependent on h and r we shall
denote by M. We shall usually not indicate the structure of the constants
M nor their dependence on other constants.



494 A.A. Samarskii

It is not difficult to see that the following lemma is true.
Lemma 1*. If the conditions K;, K; and K, are satisfied, then for any
net function v given on the net wgl)
P M,
where

a

fn, (r2)").

6. The initial formula

As we can see, the "differentiability" properties of the net functions
a(x, t), b(x, t) and p(x, t) will play an important role in the estimate
of the solution of problem (6) - (9).

In Section 7 we shall obtain an a priori estimate for z with the norm
Il Il on the assumption that the net function a(x, t) satisfies the
Lipschitz condition with respect to t in the region ©Q,_, and that the net
function b(x, t) satisfies the Lipschitz condition with respect to x; in

other words, the difference ratios a7 and b; are bounded:

Ky) o M, M.

let us pass now to the derivation of a basic identity which we shall
use to obtain the a priori estimate

P2l < M
We make a scalar multiplication of both sides of equation (6) by rz3:

2

(o, 2p) — ot ((az5),, 5) — (1 —a) T ((azy),. z7) = v (¥, z7). (1o

To transform the second and third terms of the left-hand side we use
Green’s first difference formula:

—at ((az7) . 57 — (1 — @ (t55) 0 57) = a(a, 22] — (I — @) (a. LS
—(aa — (1 — @) a. 221 = T5 (@aH0s, 4+ (1 — @ @t05), —
— T (aaz, -~ (I — a) hER)X. (i
Then, using the boundary conditions (8) we find

w5, (@attz, - (1 — @) @z, =

7= 18y (zp )+ a0zl — (1 — @) 6122 — (a0, — (1 — a) 1) 2,2,
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- Ty (aaz; + (1 —a) d'E;)N =

= 18, (z; ) + 0028, — (1 — @) (;2212\, — (a0, — (I — @) ‘(}2)}1\,21\_.

Putting these expressions in (11) and then in (10) we obtain the initial
identity

tle, el =t (¥ )+ 1 —a ] + 0, (12)

where
[ = (a, Z%] + Ulzg + UZZ?\]} (13)
e, 271 = (ps 27) + & (5 ) + & (51 \)° (19

0 =(aa— (1 —a) a, 22221 + (@0, — (1 —a) 63) 242 + (00, — (1 — a) Gp)z 2 .

For the first boundary problem, when we have the conditions z = 0 for
x=0and x = 1 instead of (8), relation (12) becomes

@)+l =t (¥ z) + (1 — ) [+ (@a — (1 — ) 4, 2], (127)

where y
I = (a, 21 (137

It can be obtained from (12) by putting z, = zy = 0.
To evaluate the expression ¢ in (12) we require the following lemma.
Lemma > 1f the function g(t) >0 given on the net satisfies the condi-
tion
g1 < M.V gg, (15)
then
l{og — (1 — @) g) | <<
! v
< (20 =114+ —a+|2a—1]) M7) (g7 + gv?), (16)

where v is an arbitrary net function on m,f.ﬂ-

For, since Vg <V & (1 + M;r ), we can write

N

| (ag — (1 — a) g) vo| =| (1 —a) (g — &) + (& — 1lg)vz71
< —a) MirVgg|ov|+12a — 1] (1 + M0 Vgg|vil
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This gives (16), since
I B
|V ggro | < (g2 1-g9).

It is not difficult to see that the condition of lemma 3 is satisfied
for the function a from conditions K; and K.

Let us make the requirement that o, and 0, satisfy the condition (15):

Ko Lo | << My Vo, 51,2
Then, from Lemma 3, we can estimate the expression ¢) in formula (12):
OI< 2 (2u— 40 —at 20— 1) M) (7 + D). (A7)
This, together with the identity (12), gives us the inequality
2elp R+ (1 — aMD) I < (4 aMyt) I 20 (W, 5),  (18)

if 0.5 a<< 1.

Let us now transform the expression

(W, ) = a (W, 5) + (1 —a) (7, ) + (. 2p),

where ¥ o= (hz): + czc + gz
Since the coefficient b satisfies condition K, we can write

POV ) | <TOO0D +0) 2|+ |(q+b)n L7 ) <

<Mz ) + (2 D)+ (o, 2)
or
(¥, 2) | <M T+ (o, (5)9),
using the conditions K;, K, and the inequality
{uuﬁg—i—Auz-{_—}Z— ?,

where A > 0 is an arbitrary number, together with the Cauchy-Bunyakovskii
inequality and condition K,, which gives

(z, 2) < MI  (Lerma 1*)

Since
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we can transform (18) to the form
¥ v 2 .
tlp, G2l - I <T + Mx (T 1) Tﬁ% . (19)

If 7 is sufficiently small, so that r < r,, it follows that

M 2 " o 14 M7
[l b kTR, vhere x — -4t 20)

7. An @ priori estimate
We solve inequality (20) with the initial condition
I°=0 when t=0

Successively applying inequality (20) we find

(1)

b

7 2 J 14 i d it
P<agp 20 w7 HIWEM X v
=1 =t
or

I <Mf‘”"ﬂ“§’, if v, (217

From Lemma 1* we conclude that

12l < M [ 3 o B[, or [ < M

i'=1

We have thus proved the following theorem.

Theorem 1. The solution of the difference boundary problem (6) - (9) has,
for sufficiently small r <  r, the a priori estimate

i 1
lebo <M [ Seppig]”, 05 <a<t, @2)
=1
> (21 << M[ls. (227)

if conditions K; to K, are satisfied.
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It is clear from the above reasoning that the theorem is also true for
the first boundary problem. The proof in this case will be simpler. It
will be necessary to put z, = zy = 0 formally throughout.

8. Notes

1. If the original function th=0 = o(z) £ 0, then, as it is not
difficult to show, the a priori estimate

i
2t < M{(De)97)" + ()"} jehere I° = 0193 + 098, + (a (= 0), (@3]

i'=1
will be valid.

2. The condition | ag|<C # (K;) does not exclude the possibility of
there being stationary discontinuities of the net function a(x, t) as
h- 0, 1.e. discontinuities for fixed x = const for all t& w»r . The a
priori estimate (22) was obtained in [1], [2] for the case a = 1 in the
assumption that |[a |<CM, which excludes the case of stationary discon-
tinuities in the heat conduction coefficient. If a has a discontinuity on
some line x = (¢) (n, # 0) then the condition K; cannot be satisfied. We
shall call a discontinuity of this sort oblique or mobile. When there is
an oblique discontinuity we need more exact estimates with the sole condi-
tion: 0 < M; <L a<(M, for the coefficient a. Section 2 is devoted to this
problem.

3. If homogeneous boundary conditions
aath 24+ (1 — a) @t z,=— &, 2: + aoyz+ (1—a) 0,z2—py, z =0 (i =0),
aaz- -+ (1 — a)tvzzv; = — &gz —aoyz— (1 — @) Sy 2 — gy, z =1(i =N),
are given for x = 0 and x = 1, then Theorem 1 still applies if, instead of

[l¥]l;, we write the expression

_ 2 2
WE=lvi+g + 45

so that

2
2.

i
lzle<M 2 o7
i'=1

4. let us consider the more general differential equation

P = oo (RO 05 ey (G O (O .
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For n = 1 we obtain a homogeneous equation, the value n = 2 corresponds
to the case of axial symmetry, and n = 3 to the case of spherical symmetry.

Introducing the mass variable x ~. r", we can rewrite the equation in
the form

a a a 7}
p?';__—_&(x’"ka—:)—}—%(xmbu)—i—qu + £,
where =£(-'in_—11, Ogmg—g.

The difference analogue of an equation of this kind is
par — @ (Az)z — (1 — a) (42D, = ¥,
where
Yo g+ (1 —a)V+ ¢, ¥ = (B2)z + gz
4 = (z——g)m a, B= (:c-{—%)m‘b-
The coefficient @ in the boundary conditions (8) must be replaced by A.

If a satisfies condition K, then 4 also satisfies this condition.

Therefore all the reasoning which led to the inequality

i .,
1)< M3 <v'E,

=1
still holds. I(t) will be erpressed by the formula
I = 0,5+ 0,2y + (4, Zi]

Using Lemma 2, we can write

lzp<MI, 0<m<2,

and we obtain the estimate

J .,
lzlE <M 3 o)v" | 1 <m2.

i'=1

In addition, we have
2 < M(:c—l— %)‘“".nl, m==1.

If m = 1, then we have
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E<Mm—Lo .1
z 5

and, therefore, we obtain the a priori estimates:
1) if m > 1 then

2l << MR [,

2

(12, 1 < MBhwhere2 < p < 2 :

2) if m= 1, then

(127 DY < MpPles

where p -2 is any number.

These estimates can possibly be improved. An @ priori estimate similar
to (22) also holds for the solution of a parabolic differential equation
and for a Poth scheme and the straight line method.

2. The second a priori estimate

In this section we obtain a priori estimates for the case of a four-
point difference equation (@ = 1) without assuming that the coefficients
a and b are "differentiable".

1. The boundary problen

We consider the difference boundary problem (4) - (9) of Section 1 for a
four-point equation (a = 1):

pzp — (az)), + gz = (02); -+ o5 W (4}

atvz, = &z F oz, =0, 1ol

—azz = &yzp + 022, x =1, LS 0]} (2)
Zji=o = 0, z= ). 3

We shall assume that the functions p, @, g, b and ¢ are defined on the
net Q, , and the functions &x and o, (k= 1, 2) are defined on the net
mLT), and satisfy the conditions K; - K, and, moreover, we shall make the
requirement that the conditions

Ko) [ &, 1< M 8y, 1 =1,2,
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Ky | ppl < M.
are satisfied.

We introduce the new function ;, putting
t

z=2(1+M: r)?(tEmf), (4)
where M is an arbitrary positive constant.

For the function z we obtain the following boundary problem:

p_ia’t"‘— Gz’;)x + EE = (Ez_); + ¢ 2}? + 1]_:’: ©)

a(+1’2x = 812{ -+ al—z.s x :_0; (6)

—az = &, 27 + Opz, T =1; 7)
le:o =0,

where
G=a( M, b=b+ M) c=cl+ M)
G —om (L + M)+ M m =1,2), g =pM +q(l+ M)
3
P =+ Mo (8)
Ve shall make our choice of the constant ﬁ;nnre precise later (in
Section 5). Meanwhile we assume that the choice of M ensures that the con-
dition
4> 0= MM,+ g+ M-v)>0.

is satisfied. It is clear from this that without loss of generality we can
take ¢ >0.

To simplify the writing we shall use the notation of the problem (1) -
(3), bearing in mind that we are in fact considering the problem (5)- (7).
However, for the coefficient of z we retain for the time being the nota-
tion 3’

In formulating the final results we shall turn to the initial problem
(1) - (3) and take the transformation (4) into account.

2. The equation for the function 22"

Let us consider the sequence of functions

[\ 1 n n—~1\2
z=12. 3=23%..,,%8= ( z ) s ... (n=0,1,2,..,

1
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n n
where z = 22, and let us form the difference equation and difference

boundary conditions which the function 2 must satisfy if z is a solution
of the problem (1) - (3).

We use the obvious identities
22-z; = (2°); + h(25)% 22-2, = () — h (22)% 22-7; = (2); + T (5)°

and write the recurrence relations
<n n—1/ n—l) (n 1)" (n—l) n n—in—1 n—1\2
az;c)x=22\az;x+a(+1) z.) +a y Zr=212 ZT“"(ZF)
From this we find

n—1 N
a z—) = 2n_y n-k—-l ( k \2 k\2
( x 2"z (az )x —+ 22 z;) + a0z, ]'z2n_2k+1 9
k=0
n 9, roon wey [E\2
2 = z2 '—lz_._ Qn—. -1( _) n_ok+41
t T Z z[ z2 2 + .
k=0

(10)

For z— and z we obtain expressions similar to (10) (in the case of z
the sign + stands in front of the sum).

We have used the relation

n—1
II z = 228,_*_2804-1_‘.....*_2“"1 — z’zn-—2$', SO = 0’ 1, 2, ey n — 1--

§=18,

As a result, we obtain the following boundary problem for the function

n—lL

L e U B B e
==
= 2", ¥ = (bo)z + ez - W5 (11)
2Dz, = glz_ 4 2%z + Elzn—*—l(ha(ﬂ) )zx) - v&, (;;)2) R e SRR
k=0
a3 =8+ o+ 3 2 (i) ey (5)) i, o= 1 (a2
k=0

2l = 0. (13)



Difference analogue of a parabolic differential equation 503

It is seen that, because of conditions K, and K

n n

max z, <, max 7y,
mt o!
T T
n n
matx Zy < mtax Zyn_y -

W ®

T

Therefore it will be sufficient to obtain the estimate for the function
z; at internal points of the net w}ll)

3. Integral formulae of the nth rank
To derive the basic integral relation for the function 2 we make a_
scalar multiplication of equation (11) by 1 and calculate the sum ((azy3)

1). To do this, we make use of Green’'s first formula and the boundary ::o;-
ditions (12):

n ( n n n n n n n
— <(az3—)x, 1>: —\az—)N + @5y = &y &yzp y + 2 (olzo T of_,z,y) +
n—i

4 Z on—k—1 {(hal (;x 0)2 . tén"l(,;m)2>z(2,“—2"+l -

k=0

tlnan (5, )+ et )

N

Then, since

n
-
A

) B,

p

(3]

using the notation

[97 Z] = (f)’ §> -+ é'»plgo ‘1L 522]\' (PO = (—(f-l!, pN - fé}‘f),
[57 2] = (5’ 2) + o, ‘:'lo -+ 52:;1\1’

we obtain the following identity:

B T T

A R [p (&), o] —om e wy (o 2 )
k=0
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which we shall call an integral identity of the nth rank (n>1).
When n = 1 we obtain the identity of the first rank:
o 221 & 2(a, (z2)?) - 2 . 2] v (p. (2] — 2 (2, W) 4 lo-. 721 (45)

which the solution of the boundary problem (1) - (3) must satisfy.

By leaving out the underlined expression on the left-hand side of the
identity, we obtain the integral inequality of the nth rank

los): + 2T v 2o < 2n s,y + [or, 2 (16)
where
T = (o ()] S {(a (5 ]y faen(Z), o))
k==

We make use of this inequality when constructing a priori estimates of
the solution of the problem (1) - (3).

4. Estimates for the right-hand side

Consider first of all the expression
2" (z'n, W), where¥ = (bz); + cz_ + ¢, v, = 2" —1.

Without loss of generality we can take b = 0 for x = 0 and x = xy_ ;.

For, let us put b = b + £ where f is a linear function equal to b for
x=0and x=xy_; so thatb —bN = 0. Then we shall have

by_1—bo

(b2); +cz; = 0Dz + (c + ) 5+ froo fr= 75—

The summand 2"(f;z, 2 Ya) = 2%(f;,2 ")can be combined with the term
2™Q, 2) on the left. Then we obtain the expression

Q=M -My+q +M-1)—£>0,

for (), where ;!. is an arbitrary constant which we shall choose later.

To slmphfy the wnung, we shall as before write b instead of b and ¢
instead of T= ¢ + f©

Since by = by_;= 0, from formula (4) of Section 1 we have
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(z", (bz);) = — ("), b2). (18)
We derive a formula for the difference ratio

v v n—it n—1
(z n)x r = (z(+1)) n—1, Z, + z _(z"n-—l)x_

Successively using this recurrence relation, we find

n—i k
( z“n)x - 2 (zHDYR. 2R g, (19)
k=0

We put (19) in (18) and use the inequality

n—L

ZM (Lemma 1°),

together with the Holder inequality:

n—1

2 S ((#h) - Pz, br) | <
k=0
<M "2‘ ( 1, ;)1/2"—"-—1/2". ( 1, Z)*/.—l/z”—"+w".(zvn—"k+1' (:x)’)'/'<
k=0
< 1]4.2"(1, :)’/'. ni"l (z"“““"—i‘l, atty (};x)zy/, (bN—-x = 0).
k=0
Therefore, since
n—1 n—1

S ol < V(3 o))"

-1
and using (17) for T * we obtain

2" (2™ Galp) < (-2 Vip (1, 5) 4 477 (20)

v
We turn now to the expression (z ", ). We introduce the function @ de-
fining it by the conditions

so that

O = 3 hy(@), Oy=y,. (21)
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Using the identity
(2™ 9) = —((&")x ©) + 2" D, (22)

by analogy with what we did before we find that

ori(m, gy < MUT )™ 22 (VA s o+ | )

and therefore

2" (2, ¥) l< -%*—nfl + (M-2". Vﬁ)w (v “‘)2"_ (23)

v
The last summand 2™(z ™, czg) can be estimated very simply:

n—1\1, n\Y,
"z ez) 12" M(z, | 22" 1—1zl) M.2z (I> -(1, z)
or .
2" (2", e22) |1 << M-Z"(i, z)+ —%— I, (24)
since
" . 1 'n—I-l
(), 22 (2" < 1 -
Collecting together the estimates (20), (23) and (24) we obtain
nygr.ov \ nl n n
2@ | <T 4+ 2 M2 (1, 2) + M ol (25)
where
My = (M2 V), MR = M.n.2", (26)

From conditions K, K, and K, we have

[p,, ZJ‘ M[ ] (27)

5. A priori estimates

let us turn now to the inequality (16) and use estimates (25) and (27):

ol + T 2lo s < a2l 2 (4, 54 aeny. o9y

let us now choose the arbitrary constant ¥ so that
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Q=MMy+(q—HU + M) >MP (1+M).
This condition will be satisfied if r <C o(n)

where
Mb*

T(n) < —7f + M.

It is clear from this that r, does not depend on n when b = 0,

507

(29)

When M, is chosen in this way, the inequality (28) can be rewritten in

the form
[ 2): + T < M5, 2] + M2 opor

or

This gives us
n n—1 __t_ ¥
o ]+ ST <t + M7 (o o+ M2 S A+ M0
wt reol
Since
z2=0 for t=0

we obtain

n—1

[ s]+ e T <@+ 95 2 + ooy

30

(’l V)"

n eM-t
;" <[o2l< M 2 2Tl =0 (1)

w
T

or

Izl < M-MP 3 (i)™

wl

This proves the following theorem.

(32)

Theorem 2. If conditions K; - K,, K; and K, are satisfied, then the

estimates
1

o 217 < Ma| Do qwi0™] " <M-Mofi
i'=1

(33)
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L

12 < Mo e, (34)

are valid for the solution of the difference boundary problem (1) - (3) for
sufficiently small values of 7 <(r, where i = C, - 2"y ne 2:2%1 and n>1
is any integer, C; - C, are positive constants not depending on n, h or r,
and

To=To(n) <M (14 2 ).

n-2"

The magnitude of 7 does not depend on n when b = 0 or if (bz); is
taken on the preceding layer t — r.

Let us derive one more a priori estimate. The inequality (31) gives

DT <MY Dt (pl) (35)
mt

ol

Then, since z <M I (Lemma 1*), we have

n n—l|
ZIT-Z M;‘rl (36)

The following theorem follows from this and (35).

Theorem 3. If the conditions of Theorem 2 are satisfied, then we have
the a priori estimate
an 12" ~
(Z 2 ) < MM, [, 37)

where n >1 is any integer, ¥, is the constant of Theorem 2 and M is a
positive constant independent of n, h and 7.

To illustrate the effectiveness of the a priori estimate (34) let us
consider the following example.

Let = 1/h(3; i+l T 1 ) where &; , is the Kronecker symbol,
0< 1<1v 0<ig SN Tt Nell, = \/2/\/h but

Z Ry ’

i'=1 12

ibls = = 8: 1l == VA, pls = s = VR

and therefore
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1p -
(Zz%h) < M« V hwherep = 2"

L

O

This gives us

2l << M, R,

Fixing p = py > 2(n> 1) we obtain on the right a quantity which tends
to zero as h» 0,

Choosing n dependent on h, it is not difficult to obtain the estimate
12o < MR (b = 0), (28)

for sufficiently small values of h, where ¥ is a constant which is inde-
pendent of h and 7, and where p(h) » 0 as h » 0.

6. Notes

1. The a priori estimate (34) is also valid for the solution of a
boundary problem for a differential equation the analogue of which is the
difference boundary problem we have been considering. Of course, it must

be remembered that
1/2™

2R = (i #dz) (39)

ol = [§ dz(iwda)*f# ]glwdz[. (40)

0 (]

2. Theorems 2 and 3 are valid for the solution of the same boundary
problem for the differential-difference equation of Roth [5]

{)Z't‘ —_—

tla@oE]+ra@ns =50 @0+ ez +v

in the region 0 <Cx <1, te !, where || :”1 and [|¢]|, are given by

formulae (39) and (40).

3. Theorem 2 can be generalized for the boundary problem
pz; — (Asp)e+ g-2 = (Ba); + ¥
/ h\m h\m 3
A=a(x—-7) ,B=b'<x'}—7), O<m<-§-;
A.(+l)zx = (é’]z"t"'l"olz’ xr = 0; '—AZ; = 8227 "I" 0227 r = 1;

ZI[:O = 01
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where a, b, g, p, & and 0, (k= 1, 2) satisfy the conditions of Theorem 2.
This equation is the difference analogue of the differential equation

[ a / dz 2
P — 35 (Thage) + a2 = 5 (@™b2) + 4,

which includes, as we showed in Section 1, Paragraph 8, the cases of axial
(m = 1) and spherical (m = 4/3) symmetry.

The norm [|¢]| or [|¢]|g (for m = 1) is used for the estimates of the
right hand side of ¢. The a priori estimate (34) takes the form
1

| 212" < Mo[$le, 5=5 or 6.

4, If the original function z = ¢(x) #£ 0, then'the a priori estimate
for z takes the form
1 1

121 < Maliwh + lok] + lo= I

The case of a non-uniform net presents particular interest. We shall
therefore discuss it separately.

7. Non-uniform nets

So far we have only been considering uniform nets with steps h = 1/N
and r = T/L. It is not difficult to show that the a priori estimates of
Section 1 and Section 2 still hold for the non-uniform nets

(,)}l= {zy = 0, iy v« oy Ty o 0 0y TN = 1, hi= x{— Ziihy
T "
w:={l=20,1t,..., tiy .o ty=T, 1;= t;— tjy}

with variable steps h; and e
Let z{ or z(x,, tj) be any net function.

We use the following notation:

j g i, —4f
zj = | gi | a= fli_fl
S == ———— = ’
x, i h; ’ x, § hH—l

i i —al
ik, = i&lh__ where ; = 0,5 (hy + Ritq)s
g i
) j—1
i 2l —1zf
T T
For convenience in writing we shall, as before, omit the indices i and
j in the net function and simply write z instead of z’i, putting
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G N —~ j
2 =g =27 z=T Y = 2y, h=h, ATV =h, etc.
so that -
7z — g1 Pated VI
=T BT mn (B ete

In this case there are two kinds of sum:

N— —1 N
1) ((P’ \p) 2 (PN% ir (P, 1|9) E q’i‘pihi—i-l) ((P, ‘p] = Z (Pﬂpihi.
pr = )
(q" ‘q’)' Z‘Pt‘pl i
i=Y

where ¢ and ¢, are arbitrary net functions.
We introduce the following norms:

l[pllo = max [, 9l = (1, ]9 ))*",

H‘P“;’:(‘p’ ), ”‘I’”szumllzy O=P;= Z Yulix,
k=1
”‘~P”4=”‘p”3+‘|‘|’“1-

The difference operator Lyf, which is equal to (ay;), on a uniform net, is
defined in the form Lyt) = (al,/J;);o on a non-uniform net, i.e.

i
Lnpi = —h—' A (ai Tz) A% = y¥ipr = Yip1 — Pi
Green’s first formula on a non-uniform net becomes

(9, (@p)2)*= — (a, @z%;] + (apP;)y — (@FVPP),.
Clearly the difference equation takes the form
pz— a(azg)y — (1 — a) (az;); = V.
An additional requirement must be introduced in the formulation of the

theorems: the ratio h; /h; of two neighbouring steps of the difference
net is bounded on both sides:

! i4-1
0.- 0 <<,
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where C, and C, are constants not depending on the number N.

This ratio, hi4—1/hi’ is a local characteristic of the non-uniformity
of the net.

The basic inequality (22) of Theorem 1 takes the form
A

[l <M | ¥ i3]

i'=1

The second a priori estimate is unchanged of course, though, the
symbols 1n (34) must be understood to apply to the non-uniform net.

The use of the a priori estimates of Section 1 and Section 2 in the
question of the convergence and accuracy of difference schemes for para-
bolic type equations will be considered separately.

In conclusion, the author is glad of the opportunity to express his
gratitude to A.N. Tikhonov for his interest in this work, and also to I.V.
Fryazinov, discussions with whom enabled several of the estimates to be
made more exact.
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