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THE solution of the Sturm-Liouville problem for the equation

%[k(x) j—ﬂ—q(x)u(x) M

by the method of finite differences has been the subject of a great many studies.
The question of convergence and accuracy in the class of smooth coefficients
for difference schemes of a particular form were considered in [1]-[3].

In this paper we employ the homogeneous difference schemes, studied in [4],
for solving the Sturm-Liouville problem in the class of discontinuous coefficients
Q0. The formulation of the problem and the characteristics of the initial family
of difference schemes are givenin § 1. In § 2 the convergence of the difference method
is proved. In § 3, with the aid of a priori estimates we establish the order of accuracy
in Q™D of the solution of the difference problem when i — 0. It is shown that the
difference scheme

L&Dyt (X)u=0, 0<x<l, L%Du=

L2 p = (ayz),—dy+hey,
where

) ds —1 05 05
= \—] » d= x-+sh)ds, = \ r(x+sh)ds,
; [_Slk(x +sh)] JaGands o= | et

ensures the second order of accuracy in the class of discontinuous coefficients.

§ 1. DIFFERENCE BOUNDARY-VALUE PROBLEM

1. Sturm-Liouville problem. We shall consider the homogeneous differential
equation (1) with homogeneous boundary conditions

k@ O)+0u (@) =0, k()uw ()—cyu(l)=0, )

where 0, and o, are some constants.

The Sturm-Liouville problem, or the eigenvalues problem, consists in finding
those values of the parameter A (eigenvalues) at which there exist non-trivial solu-
tions (eigenfunctions) of the problem (1)-(2) and also in finding the eigenfunctions.

Henceforward we shall everywhere assume that the coefficients entering into
equation (1) and the condition (2) satisfy the conditions
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0<a<k<e, 0<a<r()<e, 0<Kg()<cs, 3
0,20, 6,20, o,+0,>0, A

where ¢;(j=1, ..., 5) are some constants.
If k(x) has a discontinuity of the first kind at the point x = E(0 < £ <C 1), then
at this point the conditions of conjugation (continuity of u(x) and k(x) u'(x))
must be satisfied:
[4] =0, [ku']=0 when x=E&, )

N1=rfi~fi, L=fC—=0), fi=fE+0)

The problem defined by condition (1)-(4) will henceforward be termed prob-
lem (I).

We shall use the following notations: Q™ [, l,] is a class of functions which
are piecewise—continuous on the line segment [l;, I} together with their derivatives
to the mth order inclusive; Q™™ [I;, L] (0 <y < 1) is a class of functions from
Q® [1,,1,], the mth derivatives of which satisfy on the intervals of their continuity
the Hélder condition of the order v; C™[l,, ] is, as usual, a class of functions
having an mth continuous derivative.

As we know, problem (I) is equivalent to the variation problem:

(1) In the class of piecewise-smooth comparison functions ¢(x), satisfying the
conditions

where

1
H[{]= Scpz(x)r(x) dx =1,
0

k@ ¢ (0)—019(0) =0, k(1)g'(D)+o.0()=0,

find the minimum of the functional

1 1
D[] = {k (%) (¢')’dx+ {4 () ¢* () dx+ 616" () 0a 2 (1). ©)

0 0
This minimum determines the first eigenvalue

% = minD [¢] = D ]
(2) The remaining eigenvalues A, (n > 1) are found as the minimum of functional

(5) in the class of piecewise-smooth comparison functions ¢(x) satisfying the ad-

ditional conditions
1

Hlol=1, Hlp, u,,,]:Scp(x)um(x)r(x)dx:O when m <n,
0

k¢ 0)—09(0) =0, k()o'(D)+op(l)=0,

where u,,(x) is the eigenfunction of the number m. This minimum determines the

nth eigenvalue
A, = min D [¢] = D [u,]

and is reached at the nth eigenfunction u, (x).
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The Sturm-Liouville problem (I) for piecewise-continuous coefficients k, ¢,
re Q® has the denumerable set of eigenvalues A; <X, < ... <A, < ..., to which
there correspond the eigenfunctions u,(x), uy(x), ..., u,(x), .... (see [5]).

We shall indicate certain known [5] properties of eigenfunctions and eigenvalues.

1. To each eigenvalue there corresponds only one eigenfunction.

Let us assume that to A, there correspond two eigenfunctions #,(x) and %, (x).
Then their linear combination #, (x) = u, (0)u, (x)—u, (0)u, (x) satisfies the condi-
tion #, (0) = 0 and is also the eigenfunction corresponding to A,. From the condi-
tion k (0)it' (0)—o,i2(0) = O for 6, # oo we obtain #'(0) = 0. It follows from this
that #,(x) = 0. In the case of the condition of the first kind (5, = oo) one can select
it, (x) = 4, (0) u, (x)—u, (0) &, (x). We can therefore write A, < 2y < ... < A, < ....

2. Eigenfunctions {u,(x)} form an orthogonal system normalized with weight

r(x):
Hiu,, u,]=0 when mzn, Hlu)=1.

3. All eigenvalues are positive: A, >0, n=1,2,....
4. Eigenvalues ), —» oo when n — oo, or, more accurately,

e <A, < e, ©)

where ¢4 and ¢, are positive constants independent of the number n and dependent
solely on ¢;(j=1, ..., 5).
5. Eigenfunctions and their first derivatives are bounded — more accurately,

Ly ()| < csy (%) | < 3V < com, (7

where ¢ and ¢, are positive constants dependent solely on ¢;(j =1, ..., 5).
For the case k,q,r e C® proof of (7) is given in [5]. This proof may also
be transferred, with certain changes, to the case k,q, re Q.
x

Let us introduce the new variable 1 = Sr(x) dx. Then equation (1) takes the
0

form

df- d] - .. __ ,
-&I:k(t)d—t]—q(t)u+)\u=0, 0<r<l, 1

where
1

k@O =k@rx), q0)=qg@[r®), @@ =uX), l=S’(x) dx.

0

We multiply equation (1') by #’(f) and integrate from O to ¢:

kO OF 43 (0) = k@O OF+N (1)—2 { qui ar,. ®)
0

We integrate once more with respect to ¢t from 0 to I, and bear in mind that
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1 !

gaﬂ(t) dt =1, S%(t) W ORde <,
] 0

i !

2]§ dt(sléﬁﬁ' dtl) <2 - cs(g[a2dtg[a'(t)]ﬂdz)*<%’%;/Kcmﬁ. )
0 0 1] 0

As a result we will have
FOF OFH3 O <2+ el (10)
Returning now to (8) and bearing in mind inequalities (9) and (10) we obtain
kO OP+32 () < 2—? + el N

From this, and from (6) there follow estimates (7).
Problem (I) is equivalent to an integral equation with synthetizable kernel:

1
#(x) =ASG<x, Eyr () u(®) &, 11

0

where G(x,£) is Green’s function for the operator L*9% with boundary con-
ditions (2), and also to the integral qquation

1
u(@) =[G (%5 (r@—g @) u@ &, (12)

0
where Gy(x,£) is Green’s function for the operator L®u = (ku’)’ with boundary
conditions (2).

2. Notations. Let us consider on the line segment [0,1] the difference mesh
(0],={x0=0, ceey xi=i' h,..., xN=N‘ h= 1}.
The mesh function y,;, defined by w,, will henceforward be designated by y or y(x).
when this will not give rise to misunderstanding. We shall aiso write

+1n =1 (-0 (+1)
Yy =Yu1s Y =y, Ya=@—y)h y=(Cy —»h

Let v be some mesh function defined on «,. We shall introduce the notations
N—-1 N—-1 N N
(y’ 'U) = Z y,v,h, [y, v) = Zyivih’ (y,?)]: ZJ’z%h, . v] = Zyi'vih'
i=1 i=0 iaal i=0
We shall use the following norms:

folle = max|v;|, [o]le =[v]°, 1] (6 =1,2),
©p

N-1 i
lolls= 3 #| Shoy|, (13)
k=1

le=]

lola=lvls+ (e, D+ o] - A+ |ox]| A (14)
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It may be found that the function v is defined not on the whole mesh, but on part
of it. For example, the function y; is defined at the points x; fori= 1,2, ..., N,
and the function y,—for i=10,1,2,...,N—1. In this case

Iyzlo=max |yz |, [yzlo=(ly=]% 11*°,
O<igN c=1,2.
[Velo=max|y. |, |yslo=[|y<]% DY
O<i<N
We shall also write
v, 41 = (, ¢)+yov1+J’sz, (15)
where ¢ is a function defined at the points x;,i= 1,2, ..., N—1, if we formally
put hqlo = 51, thN = ;2.
The difference operator (a;41(yis1—y)—a(yi—y;-))/h* with the aid of the
notations introduced, will be written in the form (ayz),.
We shall need henceforward:
(1) the formula of summation by parts:

[y"vx)= —(v:yil'l—(yi’)lv—(yv)o; (16)
(2) Green’s difference formulae

((@72)x, ©) = — (@, yzv3]+(@yzo)n— (a1 y, v, amn
((ay;)x’ 11) = ((av;)x’ y)+aN (zv—yvon—a (7« ‘U'_}’vx)m (18)

We shall not deal with the derivation of these formulae, since it is elementary. We
shall designate by p(h) any expression, uniformly converging to zero when h'— 0.

All constants independent of h will be designated by the letter M, without, as
a rule, indicating their structure or their relationship to other constants.

3. Difference schemes. In deriving a difference scheme for the solution of prob-
lem (I) we shall use the results of [4]. We shall introduce the notations

L&y = (ku'Y —qu-tdru, L4y = (ay3).—dy+ ey
We shall assume that L% is a homogeneous conservative scheme of the stand-
ard type [4]. Its coefficients a, d and p are expressed with the aid of the standard
functionals
A, feQV[—-1;0; D*[f(s), fe@®[-05;05];
R'[f ()], feQ©®[—-05;0.5],
defined in the class Q@ (fe Q©®), in terms of the coefficients k, g, r of the differential

equation (1). Each coefficient of the scheme depends on only one coefficient of the
differential equation (standard-type scheme):

a=A"[k(x+sh), —1<s<0: d=D'[q(x+sh)], —05<s<05;
p=Rr(x+ph)], -05<s<0s5.

(The dependence of the coefficients a, d and p on h is not explicitly indicated).
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As the initial family of schemes we shall consider conservative schemes, since,
as shown in [4], non-conservative schemes

LfD y = (byx—ays)[h—dy
do not give convergence in Q™. In the class of smooth coefficients the scheme
L9 can be transformed into the conservative scheme

L9y, = p L Oy, = @3)s, i—diyi,
where

i1 —
Bi = H (bk/ak-i-l)’ a=ay, di=dy
k=1
(see [4]).

If the scheme iﬁ,k' 9 has an mth (m=1,2) order of approximation and
k(x)e C™+  then p;= 140(h™). From this it follows that the results obtained
henceforth for k(x)e Ct*), g, re C™ will also be transferable to non-conservative
schemes.

We note that the authors of [1]-[3] only studied discrete schemes of a particular
form (e.g.,a = k(x—h), a = k(x—0-5h), d = g, p = r(x)), whilst in addition discrete
schemes of the fourth order in C™ were studied in [3].

The difference scheme L{%*) is characterized by an approximation error
in the class of differentiable coefficients

¢ = Lf,"' oMy [, u,

where u is any function differentiable a sufficient number of times.

In studying convergence and accuracy, we shall be dealing with the approxima-
tion error on the solution u(x) of equation (1).

In [5] the concept of the rank of standard functionals was introduced.

If all the standard functionals have a rank m(m = 0, 1, 2), we say that L{23)
is a scheme of mth rank. The requirement of definiteness of the order of approxima-
tion leads to certain conditions (which will not be written out here) to be satisfied
by the standard functionals and their differentials with respect to h and with respect
to the functional argument. We shall indicate two properties of standard functionals
which are fulfilled for schemes of all ranks, beginning with a scheme of zero rank:

(a) A"1] = D"[1] = R*[1] = 1 (normalization condition)

(b) the functionals A*[f], D*[1] and R*[f] are non-decreasing: A*[f,] > A*[f]
if fo = f1, and so on.

Moreover, we assume that D*[f] and R*[f] are linear functionals.

From this, and from (3) in particular it follows that the coefficients a, d and p
satisfy the conditions

0<o<a<e, 0<a<p<e, 0<d<cs, (19)

where c;(j=1, ..., 5) are constants entering into condition (3)
As the initial class of difference schemes L¥¢*) we shall consider in § 2 schemes

of zero rank.
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In § 3 we shall also examine the family of difference schemes of the second rank
satisfying the conditions of the second order of approximation (see [4]). This family
belongs to the initial class, and we shall call it the initial family of schemes of the
second order.

If the standard functionals are canonical, i.e., do not depend on the parameter
h, the difference scheme is called canonical.

Two schemes are termed equivalent with respect to the order of approximation
(accuracy) if they have an identical order of approximation (accuracy). It is not
difficult to see that any scheme of mth rank is equivalent to its canonical part [4],
i.e., to a scheme with canonical standard functionals A®, D@ and R©® which are the
main terms in the expansion of A*, D* and R* with respect to h.

It follows from this that the entire exposition may be made for cannonical schemes.

We shall give more detailed characteristics of the properties of the canonical
standard functionals A [f], D[f] and R[f].

The linear canonical functionals D[f] and R[f], satisfying conditions (a) and
(b) have any rank, as high as one wishes.

The canonical functional A[f], which is generally speaking mon-linear, has
mth rank if, apart from conditions (a) and (b), it satisfies two further requirements:

(c) A[f]is an homogeneous functional of the first degree, i.e.,

Alcf]= cA[f],

where ¢ is any positive number:
(d) A[f] has an mth differential, so that in particular we may write

A1+ - f1=14000) (if | f| < M) when m = 0,
A[1+3 - f1=1434,[f1+3p (3) when m = 1,
A48 - f1=1484,[f]+3%4,[f]1+3% (8) when m =2,

where p(3) » 0 when 3 — 0, 4,[f] is a linear functional and 4,[f] a quadratic func-
tional.

The necessary conditions for the mth order of approximation of the scheme
L2 have the form (k,q,r e C™[0,1])

a=kX+0@", d=qX)+O0E"), p=r®+0¢H"), X=x—05h, (20)
m=1,2.
Any canonical scheme of the first rank satisfies these conditions when m = 1.
A canonical scheme of second rank satisfies the conditions (20) when m = 2, if
A, [s]= —05, D[s]=0, R[s]=05. 2n
It is easy to show that for any symmetrical scheme of the second rank condi-
tions (21) are satisfied.

4. Difference boundary-value problem. Before formulating the difference
analogue of problem (1) we have to formulate difference boundary conditions corre-
sponding to conditions (2).
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We shall consider the boundary operator
10y = K (0) &’ (0)—o,u (0)
and its difference analogue

l_}nl)y = &1 Yx,0— 01 Yo
It is easy to show that the operator I{) has only a first order of approximation.
In fact, let L® be a scheme of second rank, satisfying the conditions (21) for the
second order of approximation, so that a = k(x—0-5h)+O(h?) for ke C®,
Weshall then have
a, = k(0)+0-5hk' @)+ 0 (B, 1y, o=’ (0)+0-5hu" (0)+0 (42),
Iy — [y = 0:5h (ku')’ | c=o4-O (h?) = 0-5h (q ©)y—rr (0)) u (0)+0 (h?),
where u(x) is a solution of equation (1).
It follows from this that the difference operator
Iy = a,y;,0—06y+05r (0)yo,  where o, = 0;-+0-5kg (0),
has a second order of approximation in the class of solutions of equation (1).
The same property is possessed by the operator
Iy = ayyz, n+02yy—0-5Shhr (1) yy,  where &, = 0,+05kg (1),
which corresponds to the operator
1Py = k(D) u (1)+ou(l).

The Sturm-Liouville difference problem will be formulated as follows.
We are required to find those values of the parameter A* (eigenvalues) to which
there correspond non-trivial solutions (eigenfunctions) of the homogeneous equation

(ayz)x—dy-+Atoy =0 at the points x = x;, i=1,2,.,N~1, (22)
with homogeneous boundary conditions
@1Yx, 0— 1Yo+ N0y, = 0, aNJ’?c‘,N'l*EzJ’N—m\hPNJ’N =0,
where
po=05r(0), px=05r(l), 5 =0,+05hg(0), T =0 +0Shg(l), (23)

and also to find these non-trivial solutions (eigenfunctions).
The coefficients of the problem satisfy the conditions

0<a<a<e, 0<a<e<e, 0<d<e, 6,20, 020,
6,406, > 0. 29

In the neighbourhood of discontinuity of the coefficient k, the conditions of
continuity, like conditions (4), are absent, since we are considering homogeneous
schemes, which do not envisage the explicit isolation of the points of discontinuity
of the coefficients of equation (1) (schemes of through-computation).

Henceforth the difference boundary-value problem (22)-(24) will be termed
problem (II).
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5. Difference variational problem. Let y and A\* be the eigenfunction and the
corresponding eigenvalue of problem (II). Putting v = y in formula (17) and using
conditions (23) we find

A = Dy [y)/Hy [y}, (25)

where .
Dyl = la,yA+ei+50% (05 =07, (26)
Hy[¥]=Ip, %, po=05r(0), pn=0-5r(1). 27

Using Green’s formula, it is easy to see that difference boundary-value problem
(I1) is equivalent to the following variational problem:
(1) find the minimum of the functional Dy [¢] in the class of mesh functions o,
satisfying the conditions
a19x,0— 0190 +ADy ¢l po9o =0, an¢z, n+G2on—hDy[¢]enen =0,
Hylel=1;
A{ = Dy [y:] = min Dy [¢]

is the least eigenvalue and y, the corresponding eigenfunction of problem (II);
(2) find the minimum of Dy [¢] in the class of comparison functions satisfying
the conditions

Hylel=1, Hy[p,yml= o9, ¥ml =0 for m=1,2,..,n—1,
a,9x,0—0199+hDy 9] popo = 0, aytz, v+ Ga¢n—hDylg]l enon =0,
where y is the eigenfunction of the number m: moreover
min Dy [¢] = Dy [y,] = A}

is the nth eigenvalue and y,(x) its eigenfunction.

and

6. Integral relation. Let us examine Green’s difference function G*(x, £), which
is definable from the conditions:
_S(x,z) 1, x=E,

h 0, x #E,
0,Gh,0—5,Gh =0, ayG5 y+5sGh=0.

Introducing the functions «* and $* which are solutions of the homogeneous
equation

( aG;)x—dGh - R where 3 (x,£) = {

(ayz)x—dy =0,
satisfying the initial conditions
—_ h h -
aol =1 ao =500 =0; ayPzn=—1, anfzatcfh=0,

we represent Green’s function, by analogy with [4], in the form

TAOEO, x<k
¢®H=1, @8)
N o (8) B* (), x>E,
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where
A= o 5 (1@ ] = P+ (14, 6] = const.
1

From this there immediately follows the symmetry of Green’s function
G"(x,8) = G* (&, X).
By analogy with [4] it is easy to show that G" and its difference derivatives G';: and

G'g' are bounded:
0< G < My, ”G flo < Mza”Gg”o <M,

where M, and M, are positive constants independent of A.
If d =0, then «® and B* have the form

x'=1

o (x) = —+§;a(x) FE=5+ %

5 a(x)
1
A:—gl—-{--—az—l-(l, l/a].

If, moreover, a; = 0, then «*(x)=1,A =1
From now on we shall require

LEMMA 1. Let GE(x,E) be Green's function of the difference operator (ays), with
boundary conditions (23), and G,(x, ) Green's function of the differential operator
(ku’y with conditions (2). If k(x) € Q° and lla—k|; = p(h), then || GE—G, ll, = p(h),
where p(h) > 0 when h— 0.

In fact, noting that

lot—ato=p (), 8" ~8%s = (h),

where

x 1
1
a®(x) = _+Sk(t) 5o(x)=;;+s kd(t,)’
we find ¥
1Ge—Gollo < M|a—k|,=p (h),

since G, is defined by the same formula (23), in which «” and B* are replaced by the
functions «® and {9,

Using the second Green’s formula (18) it is easy to see that the Sturm-Liouville
difference problem is equivalent to the difference analogue of the integral equa-
tion

y=W"IG" o3, (29)

which, with the aid of the substitution
eM=Ve@y®), K'xE=vpXeE G (xE)
is reduced to the equation
o = M [K*, ¢] (30)
with symmetrical kernel K*(x, £).
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If we use Green's function G% of the operator L{¥, instead of (30) we obtain

the equation
y = [GE, (Mo —d) ), 3BhH

where dy = 05¢(0), dy=05q(1), po=05r(0), py=05r(l).

7. Properties of eigenfunctions and eigenvalues. The Sturm-Liouville difference
problem (II) is a purely algebraic problem. It is therefore not difficult to prove the
following propositions:

() there exist N real eigenvalues A, AL, ..., A%, to which there correspond the
eigenfunctions y;, Vs, ...» VN3

(2) to each eigenvalue there corresponds only one eigenfunction (this is pro ved
in the same way as for problem (I) in Section 1), so that we can write Af << 22 ...
<M< <Ny

(3) all eigenvalues are positive (this follows from (25));

(4) eigenfunctions form an orthogonal system normalized with weight p

HN [ym’ yn] = [py,,,,y,,] — [09 m# n,
L men
®) Mt <t < My (n=1,2,..,N), 32)

where M, and M, are positive constants independent of both h and n.
LEMMA 2. Let y,, M be the n-th normalized eigenfunction and the n-th eigenvalue
of problem (II). Then the functions y, and (v,); are uniformly bounded:

1yalle < Min®, [ ()sllo < Man™ (33)

where M; and M, are constants independent of both h and n.
Let x and x’ be any two points of the mesh ;. Let us examine the two ob vious
identities:

FE-PE = 3 POk = 3 DO+H6—hE0 b (9

s=x—h
(e®)yz (@)’ —(a(x)yz ()= ; h[(a(s) yz ()]s
s=x—h
= 2 (@@rs(©)s - @)z @ +als+h)y ()] - b
s=x—h
= 2, ([d6)-¥e @)l @yz(s)+als+h)y: )]y (s) - b
x>0, x>0 (35)

(the index n is dropped for the time being).

From the condition of normalization [p, y?] = 1 it follows that there exists at
least one point x’, at which g (x’) 2 (x") <1 and hence, y* (x") < 1/c;. Using the
Cauchy-Bunyakovskii inequality for transformation of the right-hand side of (34)
and bearing (32) in mind, we shall obtain
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1 h
PO < Ao @< 2y 36)
Cs C1C3 ]/(:163

Further from the condition (a, y2] << A* it follows that there exists a point x’, at
which
a (x) ¥z () < ¥
i.e.
(a(x)yz (XN < e

Then, by using the Cauchy-Bunyakovskii inequality for the transformation
of the right-hand side of (35) and bearing in mind (25) and (32), we shall have

B < :w'+2 SO+ = 2‘/62“ W' < M3n. (37)
1

3

From the inequalities (36) and (37), by virtue of the arbitrary nature of x, the
estimates (33) follow.

Estimates (33) are rougher in comparison with estimates (7) for problem (I).
However, so as not to complicate the exposition, we shall not deal with their refine-
ment, all the more since for our purposes there is no need to do so.

The condition of normalization Hy[y] = 1 determines the eigenfunction y with
accuracy except for the sign. For unambiguous definition of the eigenfunction we
must introduce a further condition to select the sign. In the case of a boundary
condition when x = 0 of the second or third kind, we may require for this purpose
that y(0) > 0, and in the case of a boundary condition of the first kind, (y(0) = 0),
require that y, , > 0. An analogous selection of the sign may also be made for the
eigenfunctions u(x) of the initial problem (I). Henceforward normalization of the
eigenfunctions, side by side with the conditions Hy[y]=1 and H[u]=1, will
also include selection of the sign by the method indicated above.

§ 2. CONVERGENCE OF SOLUTIONS OF THE DIFFERENCE PROBLEM

The convergence of the eigenvalues and eigenfunctions of the difference problem
(1) to the eigenvalues and functions of the initial Sturm-Lioville problem (I) when
N — oo (h — 0) was proved by Courant [1] for the simplest scheme a = k(x—h),
d = ¢(x), p = r(x) in the class of smooth coefficients. In this section, we shall use
Courant’s method to prove convergence for problem (II) in the class of piecewise-
continuous coefficients (k, g, r € Q).

Wesshall prove the following

TuEOREM 1. If the scheme L% has zero rank, then the solution (7\, Vn (x))
of problem (II) converges on any sequence of meshes when h — 0 to the correspond-
ing solution (A, u,(x)) of problem (I)

M—=dy=o(), [ya—thulo=p(h)

for any piecewise-continuous coefficients k,q,r € Q©, satisfying condition (3).
We shall consider the case of the first eigenvalue (n= 1).
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Let ¢(x) be any piecewise-smooth function. It is not difficult to see that
}lvim Dy[9] = D[], I},im Hy [9] = H{9].

It follows from this, that Dy[p] <X M, where M is a constant independent of N (or
h = 1/N).
Let y = y(x, h) be a mesh function which realizes the minimum of the functional

Dylol:
A" = Dy[y]
with the condition of normalization Hy[y]= 1.
We shall consider the sequence of mesh functions {y(x, 4)} on some sequence
of meshes.

LEMMA 3. The sequence of functions {y(x, h)} is equally continuous and uniformly
bounded.
If x’,x"" are mesh points, then

s=x'""—h

YOy = 3 b ye(sh.

Then, using the Cauchy-Bunyakovskii inequality and the limitation on Dy[y]
we obtain

=y B <V - VIV X [<MY[F=F]. (9

From the condition of normalization Hy[y]= 1 it follows that at least at one
point x = x’ the inequality
. PP, e |[yE.B|<1Ye
is satisfied.

From this, and from (38) there follows the uniform bounding of the sequence
{y(x, h)}: 1 7] ’ ’

Y& | <|y",B)—y . b)|+|y(x, B < M.

According to Artzel’s theorem, which is used for the sequence of mesh functions,
there exists some sub-sequence {y(x, h,)} which converges uniformly to some function
#(x), which is continuous on the line segment [0, 1]:

1y (x )= (%) o = p ()
We shall assume that the sequence {h,} is such that the numerical sequence
{M% = N(hy)} converges to some limit A :
lim A(h) = A.
B0
Otherwise we would have selected from it a convergent subsequence and would
have considered only those numbers k which correspond to this subsequence.

LeMMA 4. For some sequence

lim A(B) =2,
B0

then X <.
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Let u*(x) be some piecewise-smooth function, for which
A* = D[u*]/H[u*] < A+e, £>0,

and let
A* (h) = Dy, [u*]/Hy, [u*] (N = 1/hg).

By virtue of the principle of the minimum A(h,) < A*(h,) and A*(h,) - 2* when
h; = 0. In the limit when h, — 0, we obtain

A A < Ade.

From this, by virtue of the arbitrary nature of ¢, it follows that A < A.

Our immediate aim is to show that the limit function satisfies conditions (1)
and (2) when A=2.

As was shown in § 1, Section 6, difference problem (II) is equivalent to the equa-
tion

¥ =1Gs, Wo—d)yl, (1)

where G} is Green’s function for the operator (ay;), with conditions (23). We shall
now perform the limit transition to (31) when h, = 0 and use Lemma 1. We shall

then obtain
1

i(x) =Gy (x, &) (Ar (©)—q (®) ) &5, (39)

0

where Gy(x, £) is Green’s function for the operator (ku')’ with conditions (2).
From this, by the definition of Green’s function, it follows that the solution
#(x) of the integral equation (39) satisfies the differential equation

L&D L it =0
and the boundary conditions
kO@ua' 0)—6u(0)=0, kQ)a’'(D)+ozu(l)=0.

Since to each eigenvalue of problem (1) there corresponds only one eigenfunction
u;(x), and A = A, is the least eigenvalue, then

A=x  and  d(x)=u (%)

It also follows from what has been said that the whole sequence {y(x, h)} con-
verges uniformly to u(x) and M = A,(h) converges to A, when h — 0:

In—wlo=rp®, MN—r=p(h).

The reasoning above related to the least eigenvalue A%

In the case of other eigenvalues A! for n > 1 all the reasoning remains valid,
if we bear in mind that 2! and A, are defined as the minimums of the functionals
Dylp] and, correspondingly, D[p], with the further conditions of the orthogonality
of Hyle, y,] =0 and H[pu,] = 0 (1 < m < n). Theorem 1 is thus proved.
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§ 3.ON THE ACCURACY OF THE DIFFERENCE METHOD

1. An equation for eigenfunction error. Let (A", y) be the solution of the differ-
ence protlem (II) and (A u,) the corresponding solution of the initial Sturm-Liouville
problem (I). We shall answer the question of the asymptotic order when h — 0 of
the error z = y—u in the norm || ||, and also for the difference AA = A*—A. We shall
first of all formulate the boundary condition for z. We shall substitute y = z+-u
in equation (22) and bear in mind equation (1) for u; we shall then obtain for z
the inhomogeneous difference equation

(azz)s—d - z+Np - z= -, (40)

where
V¥ = {4+ (M"—2) pu, 41)
b= L oM u— L% 4"y = [(auz),— (ku'Y1-(d—@ u+r(e—r)u. (42
Function ¢ is the error of approximation of the difference scheme on the solu-

tion of equation (1).
For function z we obtain the inhomogeneous boundary conditions

axzx.o"‘glzo‘l‘h)\hpozo =V aNZE,N"{"EzZo“'h)\hPNZN = — Vs 43)
where
vi=hM—=2) pothy+v,, va=h (AP —2)pytty-+V,
(po = 0-5r (0)), pn = 0-5r (1)), (44)
Y, = (@1, (0)—5, u (0) -+ hhpou (0)) — (k (0) u' (0)—0,u (0)), (45)
Ve = (anuz (1)+o3u (1) —khey u (1)) — (K (D) o’ (1) +ozu (1)). (46)

Thus to ascertain the accuracy of the solution of the difference problem we have
to estimate the solution of equation (40) with boundary conditions (43). This problem
will be called problem (III).

2. Formula for A\ = A —)\. Parameter A* is an eigenvalue. Therefore problem
(III) is solvable only in the case when the eigenfunction y of problem (II) is ortho-
gonal to the right-hand side of the equation and the boundary conditions, or more
accurately:

[V, 5] = [4 21+ (=) [pu, ] =0, 47
where

[, 3] = (4, 7)) +ViYo+Vayw,
Bo=%, hy=% po=05(0), py=05r(l).
We shall assume u and y to be normalized functions, such that
Hul=1, Hy[yl=1

By virtue of Theorem 1 {ly—u||, = O when h — 0. Therefore with a sufficiently
small h < hy we can assert that [pu, y] 0. To the eigenvalue A* there corresponds
only one eigenfunction, which is definable with accuracy up to the arbitrary factor.
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We shall select the factor C in such a way that the function y = Cy is orthogonal
to the difference z= y—u:

7,21 =0, where z=jy—u (48)
Tt follows from this that
le, yul = lp, 1 =Clp,»1 =C,
le, #°1 = [, ¥*1-+[p, 2] = C*+-Ip, zul,

C* = o, u*|—[p, 2]
or
1—C* = [p, u] —(Hy []— H[uD. (49)

By virtue of Theorem 1 it is clear that C2 — 1 when h — 0. We shall assume that
C >0, i.e., the signs of u and y are coordinated (see § 1, Section 7). Formula
(49) will be needed for the estimate of |C*—1|.

We shall use condition (47) to define

A= N —x = — [, 31/l 3] = — [$, J1/C> (50)

We shall transform the right-hand side. We introduce the function v with the
aid of the conditions

x'=>
Nz = "p’ Mo = h% =9y, 7 (x) = Zoh q) (x’)-
Applying summation to both sides of (16)
N’, —)—’] = - ["']’yx) +ynnn

and also Lemma 2, we obtain

< M@ | ¢

where
N-1 i N
EA W AR W ARRIEARRAE 14)

M(n) is a positive constant dependent on the number n of the eigenvalue.
This proves

LEMMA 5. If the conditions of Theorem 1 are satisfied, then
where the function Y is defined by formula (42).

3. Integral relation for z = y—u. For estimating Z we shall reduce problem (III)
to the “integral” equation
z=2NM[G, ezl +1G, ¥, (52)
where G = G"(x, £) is Green's difference function of the operator L{9y
= (ayz),—dy with boundary conditions (23).
The eigenfunction y of problem (II) satisfies the equation

¥y =M¥I[G, pJl. (29"
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We introduce the symmetrical kernel

Kx)=Ve@eBG®E  (ewm, Econ
(the dependence of G and K on h will not be indicated) and the new functions

2@H)=Ve@Z(), eW=Ve@r® (>05>0),
Then from (52) and (29’) we shall obtain for the mesh functions v(x) and o(x)
the equations

v=M[Kd+f, f=IKY], FT=¥)e (53)
o =MIK,¢]. (549)

It is easy to see that the condition of the orthogonality of ¢ to the right-hand
side of f is automatically satisfied by virtue of condition (47) and equation (54)

[p, f1 = le ), K. 5), T ®Il = [¥ ©), KE, %), 0 ]

1 & 1TY — 1
=—-—l1’;, = —| — =——\F’ =0
¥ O 00 7\,‘[]/9 yl/p] %21
Let A* = A% be the eigenvalue of number n and cp,,(y'c) its normalized eigenfunction
([(Pns (Pn] = 1)-
Condition [y, pz] = 0 is written in the form
[¢n> 21 = 0. (55)
Moreover, we have
[9., f1=0. (56)

We shall find the resolvent R(x,%;\), with the aid of which the solution of
equation (53) is given by the formula

v =f+MIR.f]. G

From this and from conditions (55) and (56) there follows the orthogonality of R

to ¢,
[R, ¢, =0. (58)

This same property is possessed by the kernel

N
K (%) = K (%, £)— 3_(’%3(_9 -3 mx;gk(a) .

(k+#n)
The resolvent R is determined from the equation
R(x%, M) = K, (%, E)+ M [Ky (%, ), R(1,E M)
and can be written in the form
R = K1+ Rla
where
% 1 () 91 ()
=1 NMNM-D

#n

Ri=R, (x’ E; ;\2) =
(¢
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Kernel K; is bounded by virtue of the limitation of Green’s function and the
eigenfunction ¢,(x) (Lemma 2). We shall therefore have:

N
S HO) gy 1< M

=1 ()?
(k#n)
N 2
3 _ (R B S )
”Rl “2 - [Rl (x’ = 7‘ )’ 1] Zl ()\2)2 (l ___)\:/)\:)2 < M’
(n#k)

(Rl <[ Kl [ Rifa < M.
Resorting to formula (57), we obtain

lollo < (1+22[ R2)[fTo- (59)
4, A priori estimates
THEOREM 2. Let (Mh,y,) be the eigenvalue and the normalized eigenfunction of
number n of problem (1), and (A,,u,) the eigenvalue and normalized eigenfuncticn
of number n of problem (I).
If the conditions of Theorem 1 are satisfied, then at a sufficiently small h<h,
the inequalities
l):—)\n] < Ml(”)“‘*b“b (51
lyn—tallo < Ma(m) || 4 la+M | Hy [u] — HI4]|, (60)
are satisfied, where M, (n) and M, (n) are constants dependent on n and independ-
ent of h.
For proof of the theorem it is sufficient to establish inequality (60), since an
estimate for A"—3, has already been obtained in Section 2 (Lemma 5).
We shall turn to inequality (59) and examine | f||,, where,

=K +0-nIK,Veul, §=4¢/e
The second addend, taken with respect to the norm | ||, is dominated by the
quantity M |\*—21|, or, in accordance with Lemma 5, the quantity M,(n) |||l
We shall now transform the expression

K91 =Ve (G (x,8), § ).

Introducing the function ), with the aid of the conditions

7= = ¢, ")ozh@ozgn
we obtain

[K 81 =Vo ®){—1Gz (%, £), 1 () + G (%, 1) Ynh— G (x, Dnw_1 ).
From this, by virtue of the boundedness of Green’s function and its first differ-
ence derivatives (see § 1, Section 6) there follows

1K, 4o < M| ¢ -
Ifllo < M (m) |94

Thus
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and hence
- M
12 < 22 A RIDI9ke < M @141 (6
3
We are interested in the difference
z=y—u,
which is expressed by z:
_z  1-C
zZ= E + C u,
fzflo < i{ llo + (1+C)Hu”0 M(|Z)o+[1—C2])  when h <h,

since C » 1 when h — 0, and ||ul|, is bounded by virtue of (7).
Turning now to formula (49), we find

|1-C*| < M| z|lo+| Hy [u]— H4]|
and hence

Izllo < M@)||Z]lo + M| Ha [u,]— H[u] |-

Then, bearing in mind estimate (61) for ||Z||, we obtain inequality (60). Theorem
2 is proved.

S. The order of accuracy in the class of smoath coefficients. By virtue of Theorem
2 the order of accuracy of the solution of difference problem (II) depends on the
error of approximation of the difference scheme, including the boundary conditions,
and also on the error of approximation of the normalized functional Hy, i.e., on
the magnitude
X = Hy [un]_II[un]'

The estimation of ¢ with respect to the norm Jj§ ||, proves useful even in the
class C™), since it enables us to reduce by one order the requirement of differen-
tiability of the function k(x), and also the rank of the standard functional A[k(s)].
In fact, as a priori estimates (51) and (60) show, for the difference scheme to have
an mth (m = 1, 2) order of accuracy, it is sufficient for the condition b, = O(h™)
to be satisfied. At the same time the scheme may also fail to have an mth order of
approximation, i.e. the condition ¢ = O(h™) will not be satisfied.

It will be shown below that |||, = O(h™) in the class k,g,r e Ct™ 1D, if the
scheme has rank m and satisfies conditions (20) for an mth order of approximation.

In § 1, Section 3, we agreed to consider only schemes of the standard type. We
would also recall that D[f] and R[f] are linear functionals.

THEOREM 3. If the difference scheme L% has 2nd rank and satisfies the con-
ditions (21) necessary for the second order of approximation, then the solution of
problem (II) for k,q,r € C®&Y has a second order of accuracy:

(M2 < MWE,  ||ya—ut,lle < M(n)h%.
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For proof of the theorem it is sufficient to estimate ||{ ||, and ¥ and use Theorem 2,
the conditions of which are satisfied.
We shall consider the error of approximation

Y=op—(@d-qutr(p—r)u
(the index n is dropped), where
o = (auz)y— (k') = LPu—L®y,

If the conditions of the theorem are satisfied, there exist derivatives 4"’ and (ku’)"”,
satisfying the Lipschitz condition.
We shall therefore have

(ku') = (ku'), + O (W),
where the bar above denotes that the expression is taken at the point X = x—0-5A.

Let us first consider

x'=x—h X' =x—h

xzh ho (x') = xgh (a (x)uz (x") —]?(_x’—)li—(JF))x h+ O (h%)

= a(@uz () —k D u B — (a() ug &)~k @) & )|+ O (4.
By virtue of conditions (21) a = k-+O(h?). Then, bearing in mind that uz = '+
+O(h?) (since u'’ satisfies the Lipschitz condition), we obtain auz ku’ = O(h?), and
hence

A'=x—h

2, (=007, |ols=00).

The difference boundary conditions (23), as we saw in § 1, Section 4, have a second
order of approximation in the class of solutions of equation (1), i.e., vy = O(h?)
and v, = O(h?). It follows from this that

lolls = O(#?*), more accurately, |e¢l, <M - A%

Then, bearing in mind that by virtue of conditions (20) d—g = O(h?®), p—r

= O(h?), we shall have
19 lls < M (m) B2

Noting that Hy[u] is a quadrature formula for H [u] of the second order of

accuracy in the case r e C0 and u € C®D we find
¥ = O(h%.

Theorem 3 is proved.

6. The order of accuracy in the class of discontinuous coefficients. We shall
now assume that k, g, r e Q@9[0,1]; then u’ e Q®1), (ku’) € Q*V, We shall de-
note §; = x,, +0,h(x,,j =hn;,0< 0; <1, 0<g; < 1) all the points of disconti~
nuity of the functlons k(x) q(x) and r(x). The number j, of such discontinuities
is finite: j=1,2,
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In computing ¢ in this case we shall refer to § 3 of the paper [4]. Let L{+%
be a scheme of 2nd rank, satisfying conditions (21). We shall represent ¢ in the

form of the sum

¢ =4+,

where
¢ = 0= U S, + bnj 4180 n 415
F=12,..:0, Six= {(1): iii
By the same reasoning as in the proof of Theorem 3, we obtain
[ $]ls = O(#%), more accu-ately |||, < M (n) A2

It must be borne in mind here that hy = vy, by = ;.

(62)

We now turn to the computation of |{||,. We shall note first that for every

scheme of the above-mentioned family, the conditions

hin; = OM), Ay 1 =0(1), h($s; + dn;0) =0 M),

J=1,2,...,].
are satisfied.
For the difference scheme

LWy = (ayz)e—d - y+2 - oy
with coefficients

ds ~1 G5 05
a=[5m] , d= S qg(x+sh)ds, p= S r(x-+sh)ds
05 -05

-1
the conditions [4]

h'\pnj = O(h), h"puj-f-l = O(h)’ h(¢nj+"pnj+1) = 0(}12)’ 1 = 1,2,

are satisfied.
It is easy to see that

- Js
141 <,§1 (B | b, | + Bl g+ D1 D

_ Jo
B0 < 35 00 [y [ 28]y D

LemmA 6. If
05

p=p=Rlr(x+shl= | r(x+sh)ds,

-0s
then for r(x) e QOY gnd ueCW, y’ € QMY the estimate

x = Hy[u]— H[u} = O ().

(63)

(64

ajo'
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To simplify the notation, without disrupting the generality, we can consider
that there is only one point £ = x,4-0-h of discontinuity of the function r(x).
We shall represent y in the form of a sum:

N
L= Z Ai * h:
i=0
where
05
A= § retshit () -2 @tsh)ds,  0<i<N,
—0-5
0-5h
Ay = 0:5hr (0) u2 (0)— § r(x)u? (x) dx,
0
1
Ay =0Shr(Du()— | r(x)ud(x)cx.
1-0-5h
It can immediately be seen that Ay = O(h?), Ay = Oh?). If i £ n, i # n+1, then
05
A=~ § (r(x) + shr (x) + ho (1)) (G sh+ O (B) ds = O ().
—05
We shall now assume that 0 << 0 << 0-5. Then
(3] 0-5
A, = S (n+o®m)- Oy ds+ S (=+O0M®)- O ds =0,
—05 6

R=rE—0), re=rE+0), Ag,=O00).
If, however, 0-5 << 0 < 1, then
A, =0MmY, A,y =0().
In both cases A,+A,; = O(h). It follows from this that
1= h A+ D)) + O (h) = O ().
CoroLLARY. If R [r(s)] is an arbitrary functional, then
x=I[p—eru¥]+OH?) for reQOv,

NoTte. Using the representation of linear functionals in the class of discontinuous
coefficients (see § 1, Section 11, reference [4]) it can be shown that there exists only
one linear canonical normalized functional, for which y = O(h?) in the class Q™
for any m > 1.

We have thus proved the following theorems

THEOREM 4. For any diff:rence scheme of second rank, satisfying conditions (21)
in the class QWY (k,q,re Q®V) the relations

])‘2_)&[ < M(n) h’ “yn"'—un”O < M(n) ¢ h’
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are satisfizd, where A, u,(x) are the n-th eigenvalue and the n-th normalized eigen-
function of problem (1) and N, y, the n-th eigenvalue and n-th eigenfunction of the
Sturm-Liouville difference problem (II).

THEOREM 5. The difference scheme (63)—(64) ensures in the class of ccefficients
k,q,re QY the second order of accuracy:

|>\z—)‘n1 < M(n) hz’ ”yn—un ”0 < M(n) r2.

At a later date we shall consider homogeneous difference schemes, giving any
order of accuracy in the class of piecewise-continuous coefficients of equation (1).
Separate consideration will also be given to the question of accuracy on non-

uniform meshes.
Translated by G. XK. ELLIOTT
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